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An Investigation of Extensive Air Showers, using Cerenkov Detectors 
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Abstract. A method for studying extensive air showers is described, in which 
four detectors are used to record the Cerenkov light produced by the shower 
particles in tanks of water 20 cm deep. The size spectrum has been measured 
for shower sizes between 7 x 10° and 2x 107 particles, and the results are in 
good agreement with those of other workers. The lateral distribution function 
appropriate to the Cerenkov detectors has been determined and found to be 
consistent, in the range 10m <r < 200m, with the predictions of electron-photon 
cascade theory. 


§ 1. INTRODUCTION 


XPERIMENTS carried out at the Massachusetts Institute of Technology 
(Clark et al. 1957) and Harwell (Cranshaw et al. 1958) have established 
that extensive air showers containing as many as 10® or 10° particles can 

arrive at sea level. The integral shower size spectrum, giving the flux of showers 
containing more than N particles, is of the form K.N~”’, where y~1-5 to 2 over 
the range \ ~ 10° to 10° particles, and this size spectrum can be related to the 
energy spectrum of the primary cosmic ray particles incident upon the earth’s 
atmosphere. Estimates of the relation between primary energy and shower size 
at sea level give E,vina.y ~ N x 10 ev to within a factor of 3 (Galbraith 1958); 
but this is true only on average, and large fluctuations may occur for individual 
showers (Oda 1960, Zatsepin 1960). Before the relation between primary energy 
and shower size can be found accurately, further knowledge of the details of 
shower structure is required. 

From the astrophysical point of view, there is great interest in the detailed 
shape of the primary cosmic ray energy spectrum in the region 10” ev to 10" ev, 
since it is thought that primary particles of energy lower than 10” or 10! ey are 
produced within the galaxy while particles of higher energy may have an extra- 
galactic origin. One aim of experimental work is to detect the presence of a 
cut-off, or any irregularity in the primary energy spectrum, by measuring the 
size spectrum of extensive air showers with adequate precision. 

The present paper describes some preliminary experiments towards this end. 
One difficulty in studying very large air showers is their low flux, and the 
corresponding need for large collecting areas. Showers containing more than 
108 particles, for example, fall on an area of one square kilometre only once in 
two days, and the steep slope of the spectrum calls for a rapid increase in collecting 
area with increase in the shower size to be recorded. For the present experiment, 
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a very modest collecting area of about 10* square metres only was used, a suitable 
site being conveniently accessible at the Imperial College Field Station, Silwood. 
Park, Berkshire. Accordingly, the shower size spectrum has been examined 
in the region of N between 10° and 10° particles. 

Accurate size measurement is essential for a detailed study of the spectrum: 
in the present experiment each shower size is measured to within 20%. ‘This 
precision is obtained with a detecting array consisting of only four detectors. 
Each detector, moreover, is of very simple and economical construction. ‘The 
same method of shower measurement could, therefore, be used to cover a very 
much larger collecting area without the cost becoming prohibitive. 

Each detector consists essentially of a tank of water, the amount of Cerenkov 
light produced by the shower particles in the water being detected by a photo- 
multiplier tube and recorded photographically as a pulse on a cathode ray 
oscilloscope. Such Cerenkov detectors are cheap in comparison with scintillator 
slabs or hodoscoped Geiger counter trays, and they have some merits of their 
own. Because of the detector thickness, the Cerenkov light output differs for 
different kinds of particles falling on the detector and for different particle 
energies. Cerenkov detectors thus do not measure the same characteristics of the 
shower as do Geiger counters or thin scintillator slabs. ‘This is particularly the 
case at large distances from the shower axis, where the Cerenkov light output 
depends more upon the flux of incident photons than upon the electrons (§ 4.3). 
Since the photons are more numerous and carry more of the energy, this is a clear 
advantage in the measurement of shower size. 

The Cerenkov detectors used in the present experiment have a depth of 20 cm 
of water. This depth is the minimum that allows a single particle traversing the 
detector to produce a measurable light signal at the photomultiplier: even so, 
the detector signal depends significantly upon incident particle energy. For 
electrons and p.-mesons, the energy must exceed 40 Mev to penetrate this depth, 
therefore particles of lower energy will not contribute their full quota of Cerenkov 
light. Each high energy photon may give 30% as much light as a fast ~-meson, 
through pair creation and Compton recoils. High energy electrons may 
contribute appreciably more light than p-mesons, through the subsequent 
conversion of bremsstrahlung. 

It follows from the above that the light produced in the detectors, and the 
voltage pulses delivered by them, are not proportional to the density of charged 
particles incident upon them. In most experiments on extensive air showers, 
however, it is just this density A which has been measured. The lateral 
distribution of the charged particle density is known to follow closely the function 
f(r) calculated by Nishimura and Kamata (1950, 1951, 1952, Kamata and 
Nishimura 1958) for pure photon-electron cascades, with the age parameter s 
equal to 1-3 (Khristiansen 1956, Antonov et al. 1957, Rossi 1960). Thus 


DEN] (Te ee (1) 
where N is the shower size, 1.e. the total number of charged particles at the level 
of observation. 

For the Cerenkov detectors, equation (1) must be replaced by one describing 
the lateral distribution of the amount of Cerenkov light A produced in 20 cm 
depth of water. We put 


\=Ng(r) Pecee(2) 
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where A is regarded as a characteristic feature of the shower structure in its own 
right, and the function g(r) is expected to be similar to, but not identical with, 
the Nishimura—Kamata function f(r). It seems reasonable to assume that g(r), 
like f(r), is essentially independent of N: in other words that the energy spectra 
and relative numbers of the different shower components do not change with 
shower size. If they do change, the shower size spectrum obtained with Cerenkov 
detectors will differ from the spectrum obtained with a Geiger counter array: 
it would then be necessary to decide which distribution was a better guide to the 
energy spectrum of the primary particles. 

The principles of operation of the array, some experimental details, and the 
results obtained, are described in subsequent sections. It is shown that the 
present method of shower detection gives the same shower size spectrum as was 
obtained by previous workers. It is also shown that the response of the Cerenkov 
detectors to shower particles is in general agreement with what would be expected 
from the calculations of Kamata and Nishimura (1958) on the lateral distribution 
of energy flow in pure electron—photon cascades. 


§ 2. PRINCIPLES OF OPERATION OF THE ARRAY 
2.1. Array Geometry 
The array consists of four Cerenkov detectors arranged as shown in figure 1. 
An array of the same geometrical pattern was used by Williams (1948) in an 
experiment employing ionization chambers. ‘The advantage of this geometry 


p 


/ 


te 
Figure 1. The detector array. 


is that the showers recorded can be readily assigned to a definite collecting area 
(§2.5). The measurements reported in the present paper were obtained using 
detector spacings (i.e. the distance d in figure 1) of 30m and 100m. 


2.2. Shower Axis Location and Determination of g(r) 

The signals received from the detectors in the form of pulses are corrected 
for the different relative gains of the signal channels so that the signal SS from 
each detector bears the same relation to the amount of Cerenkov light X produced 
in the detector by shower particles. Writing S=RA in equation (2) we have 

SaNe(ry a ieee (3) 
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The determination of the relative gains of the signal channels, and the value of k, 
is described in $§3.3 and 4.2. If the function g(r) is known, the four signals 
produced by each shower may be used to locate the shower axis. 

For this purpose the assumption is made that showers fall vertically on the 
array, so that the distances y of equation (3) are measured along the ground, in 
the plane of the detectors. The validity of the assumption is considered in § 2.7. 
The signal ratio S,/.S, may now be used to construct a locus along which the axis 
of the shower must lie. A second signal ratio S,/S,; determines a second locus 
which in general intersects the first at two points. The signal from the fourth 
detector provides a further signal ratio, e.g. S,/S,, which is then used to remove 
the ambiguity in axis location. It also provides an indispensable check on the 
validity of the function g(r) used in the analysis since, in the absence of statistical 
fluctuations in the recorded signals, the third locus should pass through one 
of the points of intersection of the other two. In practice, it is necessary to 
determine whether, on average, a failure of the three loci to intersect is due to 
statistical fluctuations, or to the inapplicability of g(r). 


2.3. Shower Size Determination 


Once the shower axis is located, the shower size follows directly from 
equation (3) and any one of the recorded signals. It will be seen that only three 
signal measurements are used quantitatively in any one size measurement: 
consequently it is appropriate that the triggering condition for the array, which 
must be fulfilled before a shower is recorded, is that at least three of the detectors 
should register a signal greater than the smallest signal acceptable for use in the 
analysis. The criterion which determines the size of this trigger signal is 
discussed in the next section. 


2.4. The Trigger Signal 


It is clearly necessary that the signals from the detectors should be produced 
by a sufficiently large sample of the shower particles to have a statistical weight 
adequate for the determination of the shower size. Excessive statistical fluctua- 
tions will produce a distortion in the shape of the observed shower size spectrum, to 
an extent depending upon the statistical weight of the signals and the shape of the 
incident size spectrum. It can be shown that appreciable distortion is avoided 
if the size of individual showers is measured with an error of less than about 25%. 
To achieve this the errors in at least three signal measurements are required to be 
less than 20%. As the detectors respond not only to shower electrons but also, 
to some extent, to the accompanying photons (see § 4.3), the number of inde- 
pendent events producing each signal is larger than the number of incident 
electrons. For the 30m array the trigger signal was set equal to the signal 
produced by the incidence of 20 electrons per detector and their accompanying 
photons ; for the 10m array it was set equal to the signal produced by the 
incidence of only 10 electrons per detector and their accompanying photons. 


2.5. Collecting Area 


In order to measure the flux of showers it is necessary to define a collecting 
area. ‘The collecting area of the present array is the triangular area enclosed 
by the perpendicular bisectors of the lines joining the outer detectors to the 
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central one (see figure 1): its area is 1:3d2, where d is the detector spacing. 
Showers whose axes fall within this area may be readily selected from the data 
by requiring the central detector to record a larger signal than any of the others. 
Limiting the collecting area in this way is not wholly arbitrary. ‘The intersections 
of the loci which determine the position of the shower axis become oblique 
outside the triangle, producing large uncertainties in shower axis location and 
in size determination for small uncertainties in observed signal ratios. It does 
mean, however, that about one-half of the showers which are recorded by the 
array are rejected subsequently because their sizes cannot be measured sufficiently 
well. (In the present experiment, some account has been taken of the showers 
whose axes fall in the area between the collecting triangle and a circle of radius 
equal to the array spacing drawn about the central detector.) 

In an array covering a much larger detecting area, a considerably smaller 
fraction of the showers would be rejected in this way. In such an array there 


Figure 2. Proposed large array. 


would be many detectors (figure 2) and each group of four would constitute a 
unit cell and define its own collecting triangle. Showers whose axes fell just 
outside the collecting triangle defined by one cell would generally be within the 
collecting triangle of an adjacent cell. 


2.6. Efficient Showers 


Only those showers which are able to satisfy the triggering condition imposed 
by the array wherever their axes fall within the collecting area can be used for a 
measurement of incident shower flux. Showers larger than a certain critical 
size Ny, which just meets this requirement, are referred to as ‘efficient showers ’. 
A shower has most difficulty in meeting the triggering requirements when its 
axis falls at one of the three positions M in figure 1. If S, is the trigger signal, 
the critical shower size is given from equation (3) by 

So 
kNo= 377-34) evi (4) 

where 1-3d is the distance from M to the two furthest detectors. Showers smaller 
than N, may be able to trigger the array when their axes fall in preferred positions, 
but they are rejected in the course of the analysis. 

Equation (4) determines the minimum shower size for which a flux can be 
measured in the two arrays with d=30 metres and d=100 metres. ‘These 
minimum sizes are 7 x 10° and 5 x 10° particles respectively. 
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2.7. Zenith Angle Effect 


The measurements of Clark (1957) show a zenith angle intensity distribution 
of the form I(@)dQ =1(0) cos" @dQ where n~10. For such a distribution, the 
most probable zenith angle is 17-5°, and this means that distances measured in 
a horizontal plane are on average about 6% greater than the true radial distances 
from the shower axis. Furthermore, there will be a distribution in azimuthal 
angle, and this too will lead to distortions in the apparent lateral distribution if 
vertical incidence is assumed. 

Although, in an experiment designed to examine the average behaviour of 
showers, the distribution of zenith angle can be allowed for on an average basis, 
it is clear that a study of the properties of individual showers would require 
the arrival direction of each shower to be recorded. One method of measuring 
the arrival direction is to record the time of arrival of the shower front at each 
of the detectors (Clark et al. 1957). The method of analysis described in the 
present paper can readily be adapted to use this additional information. 


§ 3. APPARATUS AND EXPERIMENTAL DETAILS 


3.1. The Cerenkov Detectors 
A scale drawing of a detector is shown in figure 3. ‘The detector consists of 


a white ‘Darvic’ cylindrical tank, 20 cm deep and 0-6m? in cross-sectional 
area, filled with water. A 2-inch diameter photomultiplier tube (E.M.1. 6097) 


Rubber Seals —_ Seren Duralumin 


Photomultiplier 


7. 
Water Darvic 


Figure 3. Cerenkov detector. 


and its associated circuits record the Cerenkov light produced in the water by 
shower particles. ‘lhe material used for the walls of the tank must have the 
property of diffusing light with a high coefficient of reflection in order that 
the light incident on the photomultiplier should be proportional to the total 
amount of Cerenkov light produced in the detector. It must also be chemically 
inert if the water is to remain clean over periods of months. The use of Darvic 
was suggested by Porter (1956, private communication). A duralumin disc 
and rubber seals prevent the escape of water vapour which might otherwise 
condense on circuit components. Each detector is enclosed by a thin metal 
box and housed with auxiliary apparatus in a small trailer. 


3.2. The Recording System 


Figure 4 shows a block diagram of the recording system. The output pulse 
from each photomultiplier head unit is transmitted to a central recording station 
where it is shaped to a rectangular pulse of 1 sec duration by a shorted line 
consisting of 100 yards of coaxial cable. In order to provide an overall factor 
of 100 in pulse height measurement two oscilloscopes are used with different 


~_ 
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gains. Each pulse is delayed before being displayed by the oscilloscopes so that 
the four pulses appear side by side on the screens. The oscilloscope traces are 
triggered by a master pulse and photographed with Shackman 35 mm cameras. 
A discriminator and coincidence unit receives the pulses from the detectors 


SA eer , 
UeELECLO Delay 


Amplifiers Lines 


Limiting 
Amplifier 


High Gain 
Oscilloscope 


Neon Lam 
Gating Unit paces 
1234 


Signals from Calibration 
Geiger Counters at Detectors 


Low Gain 
Oscilloscope 
T| 
Au 
Zan 
Neon Lamps 


Figure 4. The recording system. 


without delays. The master trigger pulse is produced when pulses greater 
than the trigger signal S, arrive simultaneously from the central detector (C1) 
and two others. 


3.3. Calibration Apparatus 


At each detector there is a calibration unit, consisting of two Geiger counter 
trays, each of area 180 cm?, and a coincidence unit. When a Geiger counter 
coincidence occurs at the same time as a shower is recorded, the coincidence 
unit sends a pulse through a gate operated by the master trigger pulse, and so 
causes a neon indicator lamp to light up in the field of view of one of the cameras. 

The probability of obtaining a two-fold coincidence in the Geiger counters 
when a flux of charged particles, density A, falls upon them is 


Pet aeree | eae (5) 


where a is the area of each counter tray. During the course of the experiment, 
data were accumulated on the relative frequency (i.e. the probability) with which 
the Geiger coincidences occur, as a function of the pulse height produced in the 
Cerenkov detector. By matching the observed distribution of probability against 
pulse height with the probability against density relation of equation (5) the 
relation between pulse height and particle density is obtained. ‘To the extent 
that the lateral distribution functions of particle density and Cerenkov detector 
signal, f(r) and g(r), are different functions of r, this calibration is only an average 
one, appropriate to a particular range of r. It is shown in §4.2 how this 
calibration, which provides immediately the relative gains of the detectors, is 
used to determine the value of k in equation (3). 
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3.4. Tests on the Cerenkov Detectors 


A y-meson telescope, consisting of two 5-inch diameter scintillator slabs 
with photomultipliers, and a lead absorber 15 cm thick, was used to select 
single j.-mesons which penetrated the detector. ‘The pulse height distribution 
produced by these particles was found to be broad, corresponding to the 
emission of between 1 and 2 photoelectrons at the photocathode on average. 
This number is rather small and must contribute to the statistical errors in the 
density measurements, but the effect is not serious. ‘The use of a 5-inch diameter 
photomultiplier, or a deeper tank, would make the effect negligible. ‘he mean 
pulse height from the detector varied by less than a factor of 2 as the »-meson. 
telescope was moved from near the centre of the tank to the circumference. 

In a preliminary experiment with an array spacing of only 2m, a pulse height 
distribution was obtained from each detector which showed excellent agreement 
with the density spectrum of small air showers obtained by Norman (1956) 
and other workers. By removing one of the detectors to a point 30m from the 
other three, and requiring the distant detector to record the largest signal, it was 
possible to examine the signals produced in the group of detectors by showers 
whose axes fell at least 15m from them. Under these conditions, where the 
particle density at the group of detectors was known to be sensibly uniform, the 
fluctuations in the recorded signals were consistent with those expected from 
the statistical weight of the signals. 

In addition to giving confidence in the performance of the detectors, these 
measurements also provided a check on their relative gains, so that the main 
experiment could begin with approximately correct settings of the gain controls 
in the different signal channels. 


3.5. Operation of the Array 

406 showers were recorded on the array at a spacing of 30 m, and 256 showers 
were recorded at a spacing of 100m. ‘The measurements were taken inter- 
mittently between January and August 1959. Careful watch was kept on the 
stability of the amplifiers during this time with the aid of a pulse signal generator, 
and the overall gain in each channel was checked by looking for drifts in the 
Geiger counter calibration (particle density per unit pulse height). At the 
conclusion of the measurements, enough Geiger counter data were available to 
provide both the relative gains of the detectors and the absolute calibration in 
terms of particle density with an error of the order of 10%. 


§ 4. RESULTS AND DiscussION 
4.1. Lateral Distribution 


As has already been stated in §1, the lateral distribution function g(r) 
appropriate to the signals from the Cerenkov detectors is a characteristic feature 
of shower structure, which may be different from the distribution function for 
particle density f(r). The function f(r) is known to be given, to a close 
approximation, by the Nishimura—Kamata function for an age s=1°3> the 
function g(r) must be determined empirically from the experimental array data. 
A method of finding the approximate form for g(r), due to one of us (D.APBS) 
is outlined in the Appendix: the function so determined was used as a eit 
function in equation (3): 

S=kNg(r). 
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For each shower, the procedure of § 2.2 yielded a best estimate of the position 
of the shower axis, and the signal amplitudes in the four detectors then provided 
four estimates of kN, the shower size in arbitrary units. The mean kN was 
taken as the most probable value, and the ratios S/kN were plotted for comparison 
with g(r). 

Empirical adjustments were made to the shape of the trial function g(r) 
until a satisfactory statistical scatter of the points about the line was obtained 
(figure 5(a)). The function so determined has the analytical form 

g(r) OC p85 +6-1 x 10-*r?) +) ene (6) 
where r is in metres, and the expression is valid over a range of r from 10 metres 
to 200 metres. Values of g(r) found for smaller values of r are liable to error 
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Figure 5. (a) Experimental verification of the function g(r); (b) comparison of experimental 
data from the 30 m array with the Nishimura—Kamata function for s=1°3. 


since, as an effect of statistical fluctuations, the position at which a shower axis 
is located tends to be systematically too far away from a detector when the true 
position is in fact very close. 

The function g(r) has a shape very similar to that of the particle density 
distribution f(r) when r is greater than 40 metres, as can be seen from figure 6. 
For smaller + the difference is quite significant. In figure 5 (6) the shower data 
from the 30 metre array have been analysed on the assumption that the correct 
form for g(r) is the Nishimura~Kamata function for s=1:3; the scatter of the 
points is much greater than in figure 5 (a). 

The interpretation to be placed upon the shape of g(r) is discussed in $4.3. 


4.2. Shower Sizes 
The analysis of the lateral distribution (§4.1) provides relative shower sizes 
kN only. To determine the value of k, use was made of the Geiger counter 
calibration (§3.3). In this calibration, pulse heights from the Cerenkov 
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detectors are matched against probabilities of discharging a Geiger counter array. 
The matching depends particularly on the pulses for which the corresponding 
Geiger discharge probabilities lie between 0-2 and 0:8. The distances between 
shower axis and detector for such pulses (as determined in § 4.1) fall in a narrow 
range (90-120 metres for the 100m array); accordingly the calibration gives A/S 
at a distance of 105 metres from the shower axis. ‘Thus from a comparison of 
equation (1) and equation (3)—in which f(r) is the Nishimura~Kamata function 
the value of k was obtained. ‘The accuracy depends mainly upon the 
accumulation of statistics, and in the present work was about 15%. 
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Figure 6. Comparison of the empirical Figure 7. The integral size spectrum. 
structure function g(7) with the 
Nishimura—Kamata particle density 
distribution f(r) for s=1:3. 


The accuracy of shower axis location was within about 4 metres for the 
30 metre array and 6 metres for the 100 metre array. ‘The numbers do not 
change in proportion, because of the shape of g(r). ‘The overall accuracy in kN 
for an individual shower measurement was within 20°, Checks were made 
which confirmed that the ‘efficient’ showers (§2.6) fell uniformly over the 
collecting area. 

The experimental results give only the number of showers above a given size 
per unit area per unit time. ‘The zenith angle distribution measured by Clark 
(1957) was used to determine the effective solid angle for collection, which was 
0-56 steradian. The size spectrum could therefore be plotted in the conventional 
manner, vertical flux per unit solid angle. 

The integral size spectrum derived by combining the results from the two 
arrays is shown in figure 7, where each of the points plotted is independent and 
the total number of showers represented is 102. It is given by 
(2 N == (6°8 £04) 10 ON ex LOSS) es Ole rn aie ote ad a re (7) 
over the range of N from 7 x 10° to 2x 10" particles. Over this range it is in 
excellent agreement with the measurements of other workers (Clark et al. 1957, 
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Cranshaw et al. 1958, Rossi 1960) despite the differences in measuring technique. 
Since the measurements are essentially measurements of different components 
in the shower structure, this agreement helps to confirm the assumption that the 
average shower structure is independent of shower size. Tests with detectors 
considerably thicker would be valuable to check this point further. The chief 
conclusion to be drawn, however, is that the Cerenkov detector array provides a 
reliable, as well as a simple, way of measuring the shower size spectrum. 
4.3. Detector Characteristics: Shower Particle Energies 

It was pointed out in §1 that the output from a Cerenkov detector depends 
upon both the nature of the incident particle and its energy. While both 
electrons and photons may participate in cascade multiplication, a u-meson 
(if its energy exceeds 40 Mev) will simply pass straight through and contribute 
20 cm of track length to the sources of Cerenkov light. We take the light output 
per u-meson as the unit with which to measure the sensitivity of the detectors to 
other particles. 

Measurements were made of the signal produced when single ~-mesons 
passed through the detector: the technique is described in §3 in connection 
with tests of the optical properties of the detector. Although the statistical 
spread was considerable, it was possible to obtain a value for the average 
detector signal per «-meson. 

Now the Geiger counter calibration provides a value for S/A at distance 7, 
S being the detector signal when the density of shower particles is A as measured 
by the Geiger counters (§4.2). We can thus compare the detector signal per 
incident electron with the pulse height per ~-meson. ‘This ratio we call n(r): 
it is shown in figure 8. The dependence of n(r) upon r is clearly given by the 
ratio of the two distribution functions g(r)/f(r): the importance of the ~.-meson 


ae \ T a Tt oT a | 
2-0 L } at 
~ 10 ie | 
OS F =| 
L i ——s ic 
10 20 50 100 200 
7 (metres) 


Figure 8. The function n(r)=f(r)/g(7). The full line is determined from figure 6. ‘The 
points are derived from those of figure 10. 


calibration is that it gives the absolute magnitude of n(r). It is difficult to 
determine n(r) with precision, since not only is the observed g(r) subject to 
error, but so is f(r), which corresponds, according to different authors (Clark 
et al. 1957, Cranshaw et al. 1957, Antonov et al. 1957, Rossi 1960) to Nishimura 
and Kamata age parameters between s=1-25 and s=1-4. A value of s=1-3 
has been used in what follows. 

It will be seen that n(r)~ 1 for large r, but is appreciably greater than 1 for 
+<20 metres. Similar effects have been observed by Brennan et al. (1958), 
Wallace (1960) and Oda (1960), when using scintillator slabs of 5-10 cm thickness. 
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The following considerations show how this could arise. We begin by considering 
the region of large r (~ 100 metres), where n(r)~1. Ina comprehensive paper 
on photon-electron cascades, Kamata and Nishimura (1958) have suggested 
that the electrons at considerable distances from the shower axis (> 100 metres) 
are of low energy and do not radiate. These electrons are produced (mainly 
by the Compton process) from relatively low energy photons which have 
travelled from an origin close to the shower core. Suppose, then, that we are 
dealing, both in the detector and in the atmosphere above it, with straightforward 
photon absorption; then, since air and water are similar in absorption character- 
istics, we may assume that the ‘beam’ is attenuated uniformly through both 
with its characteristic absorption length x9. 

A value of «)=60gcem~ is appropriate to a fairly wide range of photon 
energies and represents the minimum absorption. If we write E as the energy 
carried into the detector by the photon beam, and « the ionization loss of the 
secondary electrons per unit track length, then the energy absorbed in thickness 
dx gcm~? of either air or water is E dx/x and the resulting electron track length 
is (E/e)(dx/x)). The number of individual electrons which must traverse the 
thickness dx to produce this track length is E/ex9, and this therefore is the electron 
flux that would be measured by, for instance, thin-walled Geiger counters. 
(If there is appreciable obliquity of the electron tracks to the direction of the beam, 
the number of electrons will be smaller. However, Compton recoil angles are 
mostly less than 10° for photon energies greater than a few Mev, so that the effect 
is not likely to exceed 1%.) Ina thickness of detector x small enough for the 
decrease in E with depth to be negligible (~<x,), the total track length produced 
by the photons is (E/e)(x/x)). But x is now the track length per u-meson; 
accordingly the equivalent number of y.-meson tracks is E/exo, which is just the 
same as the electron flux. Thus (r)=1. With a detector of thickness 20 gcm~, 
as in the present experiment, a straightforward correction leads to an expected 
value for n(r) of 0-9, which is consistent with the experimental data of figure 8. 

We conclude that the experimental value of u(r) is in accord with the theory 
of Kamata and Nishimura and that in the region about 100 metres from the core 
the electron component is wholly secondary to the photons. The electron and 
photon quantum energies cannot exceed a few tens of Mev. It follows immediately 
that the number of photons is greater than the number of electrons, in the ratio 
of their path lengths. This too is reflected in Kamata and Nishimura’s 
calculations of energy flux, which give more than ten times the energy of the 
electrons to the photon component. Evidence for the large number of photons 
comes in the present experiment from the relative smallness of the fluctuations 
in the detector signal measurements (§ 4.1), even with the 100 metre array, where 
the trigger signal was as low as ten electrons per detector. It is clear that the 
Cerenkov detector outputs depend on a much larger number of independent 
events than would be counted by a Geiger tray. 

Having thus found an interpretation of the value of n(r) shown in figure 8 
for large values of 7, we turn to the region r~10 metres to 20 metres, where 
n(r)~1:5 to 2. Here we must suppose that cascade processes are dominant. 
In simple cascade theory (Approximation A, and very high energies) one expects 
the number of photons to exceed the number of electrons in the ratio TL Na) 
a more realistic approximation Kamata and Nishimura (1958) calculate the 
relative flux of energy in the photon and electron components as a function of r. 
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At r~10 metres they find the average electron energy to be about 100 Mev and 
the corresponding flux of energy in the photon component to be 1:6 times larger. 
This ratio is the same as the photon-electron number ratio calculated by Richards 
and Nordheim (1948) for energies in excess of 100 Mev, and we may make a rough 
picture by supposing that the electron and photon energies at approximately 
10 metres from the axis are both 100 Mev, and that there are 1-6 photons per 
electron. 

The electron track length produced by such an incident flux was estimated 
on the basis of cascade calculations by Arley (1938). The radiation length in 
water is 38gcm~*, so the depth of the detector is about half a radiation 
length. In this length, high energy photons give about 0-3 times the track length 
produced by a z-meson. An electron of a few hundred Mev gives about 1-1 track 
lengths. It is thus expected that the total track length per electron incident 
upon the detector should be approximately 1-5, but not much larger. 

The calculations accordingly predict that n(r) should equal about 1:5 for 
values of r less than about 10 metres. Between 10 metres and 100 metres, n(r) 
should fall smoothly to a value of about 0-9, and for larger values of 7 it should 
remain constant. ‘The experimental data (figure 8) are broadly in agreement 
with these predictions, but the range of variation in n(r) is rather greater than 
expected, and values of n(r) greater than 2 are found for r<10 metres. The 
discrepancy may possibly be attributed to experimental errors in the determination 
of g(r), but if so the errors are larger than expected. It was mentioned in $4.1 
that, for small values of r, shower locations are subject to a systematic error, 
which would have the effect of increasing both the apparent g(r) and the n(r) 
derived from it. However, the systematic error is thought to be small for r 
greater than 8 metres. An alternative explanation of the discrepancy is that the 
function f(r)—the Nishimura—Kamata function for s=1-3—does not correctly 
describe the particle density distribution function at r~10 metres. An age 
parameter s= 1-2 would give n(r) = 1-5 at r= 10 metres, which is quite satisfactory. 
An age parameter, s=1-4, much used at one time, requires n(r)=2:7 at 
r=10 metres, and is certainly inconsistent with the present results. 


4.4. General Comments 


The values of n(r) calculated above relate to Cerenkov detectors in which the 
shower particles have to traverse 20 cm of water. For counters of different 
thickness, the trend in n(r) will be similar, but the limiting values for small and 
large r will be different. Whatever the thickness, however, n(r) will be a constant 
for r greater than 100 metres, and for such distances the detector will give a lateral 
distribution function g(r) of the same shape as the true particle density function 
f(r). For smaller values of r, g(r) will become progressively steeper than f(r) as 
the detector thickness is increased. The limit will be reached when the detector 
is thick enough to be essentially a detector of energy flux: according to Kamata 
and Nishimura g(r) is then roughly one power of r steeper than f(r). 

These considerations hold for scintillation detectors as well as for Cerenkov 
detectors, in so far as their response is proportional to electron track length in the 
scintillator material. They serve to explain why the M.1.T. group (Rossi 1960) 
obtain what are essentially particle density distributions when using 10 cm thick 
scintillator slabs at large distances from the shower axis, whereas both Oda 
(1960) and Wallace (1960) find discrepancies between the indications of 
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scintillation counters and Geiger counters close to the shower axis. Wallace 
points out that the nucleonic component may be partly responsible for his effects, 
but this cannot be the explanation in the case of Cerenkov detectors. 

The p-meson component in extensive air showers is sufficiently penetrating 
to pass through several metres of water without attenuation: for -mesons 
n(r) is therefore equal to 1. A Cerenkov detector much thicker than the photon 
absorption length of 60cm water, can have n(r) for the electron—photon 
component much less than 1, say about 0-5 for a depth of about | metre. 
Accordingly, such a detector will have an output which depends preferentially 
on the p-meson component. This feature could be useful in tracing the lateral 
distribution function of the -mesons and in determining the proportion of 
ju-mesons in showers as a function of shower size. 
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APPEN DIX 
DETERMINATION OF THE EMPIRICAL STRUCTURE FUNCTION g(r) 


We are presented with the problem of finding a function g(r) which will give 
consistency between the Cerenkov detector signals S,, Sj, S3; and S, it being 
assumed that the output signals S (adjusted to equal gains in the four channels) 
are given by equation (3) 

S= RIN S(7).» = pS (epee ee (3) 

Merely by assuming that the function g(r) is a monotonically decreasing 
function of 7, we can use inequalities of the type S,>.S,, S,> S, etc. to locate 
each shower axis within the collecting triangle in one of the six subsidiary triangles 
shown in figure 9. Since the array is symmetric with respect to the detectors 
C2, C3 and C4, one can then relabel the S’s and locate the axes of equivalent 
showers in just one of these areas (A) with S,>S,>S,> S,. 

Now consider the distribution of the ratio S,/S, among different showers. 
Shower axis positions which yield a particular value for S/S, will all lie on a 
certain locus within the small triangle; all showers on that side of the locus 
nearer to the central detector (recording S,) will yield a smaller ratio, while all 
those further away will yield a larger ratio. For the small range of distances 
involved on a given locus one can assume that .S,/S, is a function of r,/r, so that 
a locus which has r,/r, constant is also a locus for a fixed ratio S,/S,. Showers 
whose axes fall on the particular locus 7./r, = x such that one-half of all the shower 
axes fall to one side of this locus and half to the other, must therefore be 
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on 


responsible for the median value in the distribution of the values of mahoye Le 
the analysis is limited to the efficient showers ($2.6), we know that equal areas 
in the triangle contain equal numbers of the axes of recorded showers. 


Figure 9. Determination of trial function for g(r). The loci 7./r;=1-5 etc. each divide 
the subsidiary triangle A into two equal areas. (The line marked S,=S, should read 


S3= 5S.) 


air), f(r) (relative scale) 


20 50 100 200 
7” (metres) 
Figure 10. Experimental points obtained by the method described in the Appendix 
compared with g(r) and with the Nishimura—Kamata functions for s=1-2; 1-3 and 
1-4, referred to an arbitrary value at 13-5 metres. 


Consequently, for efficient showers, the locus r[r = which bisects the area 
of the small triangle defines the value of r,/r, which yields the median value of 
S,/S, in the distribution. a4 

If we write 7, for the mean value of r, along the locus 7,/r, = inside the small 
triangle, we have 
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In a similar manner the distributions of S,/.S, and S,/S,, and partition values 
other than the median may be used to obtain further information about g(r), 
and so a complete trial function may be constructed. Using this g(r) the shower 
axes can all be located and kN determined for each. 

If all the recorded showers are used for the above procedure it will be found 
that they do not fall uniformly over the area of the small triangle, since nothing 
has been done to eliminate those showers which are not ‘efficient’. But rough 
estimates of shower size kN are nevertheless obtained and the smaller showers 
may then be removed from the data leaving only the efficient showers for which 
the above analysis is valid. The analysis may then be repeated to obtain a better 
approximation to g(r). 

In figure 10 the points indicate the information about g(r) obtained by this 
method. It will be seen that it gives a close fit to the function finally adopted, 
and so can greatly reduce the labour which would be involved in finding the 
correct function purely by trial and error. 
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Abstract. ‘The present investigation draws attention to the potentialities of the 
high-current toroidal discharge assembly, sCEPTRE, as an intense source of the 
higher spectra. By way of illustration, several new classified lines of Ne tv, 
v and vi which have been observed in the range 2200A to 23004 are reported, 
thus permitting some revision of, and extension to, the analyses of these spectra. 
The complete F v1 triplet 3s*S—3p?P° has also been observed for the first time. 
Two new experimental methods of differentiating between the stages of 
lonization are given. With SCEPTRE, in contrast to conventional sources of spark 
spectra, gaseous samples are easily introduced into the deuterium plasma. Thus, 
such a discharge apparatus will be of value in exciting the spectra of the rare 
gases. 

Experimental evidence is presented to show that the contribution of the 
Stark effect to the large observed widths of Ov and F vi lines is very small. 
Consideration is also given to the detection of the coronal lines with SCEPTRE 
and to their value in studying ion motion within the plasma. 


§ 1. INTRODUCTION 


HE volumes of the Atomic Energy Levels (Moore 1949, 1952, 1958) testify 

to the achievement of many workers in the elucidation of atomic structure 

through the observation and classification of spectral lines. Yet even 
today many of the spectra of highly ionized atoms of the lighter elements have 
been inadequately analysed (for example, Ne v1) and some have not been analysed 
at all (for example, Ne vit) as the latest survey shows (Meggers 1959). Certain 
omissions are conspicuous in connection with the great interest in high-current 
discharges for thermonuclear research and, in particular, with the problem of 
proving the existence of high temperatures in these discharges (Hughes and 
Kaufman 1959). This problem can in principle be resolved by measuring the 
Doppler broadening of spectral lines for ions of different mass. However, in 
the spectral range above 20004 the chief difficulty in attempting to apply this 
method in practice is the lack of suitable classified lines of ions with the requisite 
degree of ionization. ‘Thus, there exists a practical need as well as an academic 
desire to add to our knowledge of the structure of highly ionized atoms. 


+ In former publications 5, Kaufman; now at Department of Physics, The Hebrew 
University of Jerusalem, Israel. 
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he ring discharge has long been known as a spectroscopic source (‘Thomson 
1891). It is the object of this paper to draw attention to the potentialities of 
high-current toroidal discharges as intense sources of the higher spectra. Working 
with the apparatus SCEPTRE 111 (Allen et al. 1958), some spectral lines hitherto 
only feebly excited have now been observed to be intensely bright, while several 
new lines of the Ne Iv, v and vi and F vi spectra in the near ultra-violet region 
have been observed and classified. An account is also given of the experimental 
methods which may be used to differentiate between the stages of ionization. 


§ 2. THE SPECTRAL SOURCE 


Following the observation of the excitation in SCEPTRE 111 of the O v triplet 
at 27814 and, to a lesser extent, of the Cv triplet at 2271 A, it was found that 
other highly ionized atoms could be excited. Certain impurities are easily 
introduced into the deuterium plasma in the form of a gas or vapour. ‘Table 1 
shows which elements have thus far been deliberately introduced and in what 
form. If the proportion of impurity to deuterium is excessive, the electron 
temperature may be lowered and the spectrum to be analysed will be weak or 


Table 1. Eleménts introduced into the Plasma of SCEPTRE III 


Element Compound 

Helium 

Been Boron trifluoride (BF,) 
Diborane (B,H,) 

Carbon Methane (CH) 

Fluorine Boron trifluoride 

Neon 

Argon 

Xenon 


completely absent. ‘lhis effect was observed when too much boron trifluoride 
was added to the deuterium. ‘The experience gained thus far indicates that a 
concentration of impurity atoms up to about 10% of that of deuterium is satis- 
factory. When the impurity-gas supply is turned off, the intensity of the corres- 
ponding spectral lines generally falls to one tenth of the original value after about 
100 subsequent discharges. However, certain lines, such as the resonance lines 
of Bir, are known to persist feebly for many more discharges. 


Sos IDENTIFICATION OF THE STAGE OF IONIZATION 


In conventional spectroscopic sources, such as vacuum sparks and Geissler 
tubes, spectra from different stages of ionization can be distinguished by altering 
the characteristics of the electrical circuit. It should be possible to do likewise 
with SCEPTRE II, for example, by reducing the quantity of energy supplied to 
the gas, but this has not yet been tried. However, two other methods can be 
employed. 

In the first method the excitation of the spectral line, both temporally during 
the current pulse and spatially within the torus, is examined. In the present 
arrangement the line is selected by a Hilger quartz monochromator (focal ratio 
f/7) with a photomultiplier attachment. Oscillographic traces from ten successive 
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discharges are usually recorded superimposed on one photographic plate in order 
to average fluctuations in the luminous intensity. The spatial intensity distribu- 
tion of the line across a section perpendicular to the torus axis is determined by 
scanning the vertical viewing window of scEpTRE (Allen ef al. 1958) with a narrow 
aperture and then applying the Abel integral equation to the intensity distribution 
obtained in this manner (Meek and Craggs 1953). Circular symmetry, assumed 
in the application of this equation, can be checked by similarly viewing the dis- 
charge through the horizontal window also mounted perpendicular to the torus 
axis. ‘The determination of the spatial intensity distribution by graphical 
integration is tedious and a programme for the solution of the Abel integral 
equation by digital computer is now under consideration by Bockasten (private 
communication). 

Figure 1 (Plate) shows that the H« line makes its appearance early during 
the current pulse while the O v line, typical of highly ionized atoms, appears later 
and does not reach its peak intensity until the current is approximately at its 
maximum value. Comparison of spatial intensity distributions provides a 
further and more sensitive test of the stage of ionization. As shown in figure 2, 
the distribution for the O1v ion (ionization potential 77-4ev) is quite different 
from that for the O v ion (ionization potential 113-9ev). Variations in electron 
temperature for different discharge conditions can also be studied qualitatively 
in this manner by observing the relative strengths of spectral emission in different: 
stages of ionization. 


Intensity 


= Tube Bore - 


Figure 2. Spatial intensity distribution of O v and Oivlines. A: Ov, 27814, B: O1v, 3381 A. 


The second method of distinguishing between lines arising from atoms in 
different stages of ionization depends on comparisons of Doppler broadening. 
The dispersion of the Hilger medium quartz spectrograph (focal ratio approxt- 
mately f/12) is adequate to permit measurement of the broadening of lines like 
the Ov triplet. Exposure times of about one hour, corresponding to 1000 
discharges at a repetition rate of twenty per minute, are sufficient to record the 
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O v triplet as intense lines. The photographic record represents the integrated 
light detected by the plate during the entire period of the current pulse. 

It is found with scEPTRE III that ions of the same element but in different stages 
of ionization possess different Doppler half-intensity widths. ‘This dependence 
on ionization potential appears to be related to the spatial and temporal distribu- 
tions of the emitting ions: the largest broadening is observed for those ions (for 
example, O v and Brv) which are predominantly excited on the torus axis and at a 
time when the current is at its maximum value. To cite one example: the 
Doppler half-widths of O v (2781 A) and O1v (30724) on the same spectrogram 
are 0-594 and 0-41 respectively after allowing for instrumental broadening. 


§ 4. THe NE IV, V AND VI AND F VI SPECTRA 


We now consider the classification of some of the new lines recorded with 
SCEPTRE UI. Within the short range of about 100A between 22004 and 23004 
new lines of Ne rv, v and vi were observed. ‘The newly identified multiplets are 
presented to illustrate the potentialities of SCEPTRE as an intense source of the 
higher spectra and are not the only new neon multiplets detected in the spectral 
region above 2000 A. 


4.1. Wavelength Measurement 


The spectral lines, recorded on Q3 photographic plates (by Ilford Limited), 
were scanned by a modified Hilger recording microphotometer fitted with an 
accurate micrometer screw. Almost all the wavelength standards were lines of 
Cu 11 and 1 (Shenstone 1936, 1949) produced by the discharge itself which was 
contaminated by copper and aluminium vapours from are formation (Craston 
et al. 1958). Wavelengths, the means of triple readings, were measured with an 
accuracy to +0-02A (standard error) or better, except where stated in tables 3 
and 4. he line of sight of the spectrograph was normal to the direction of the 
gas current, so that wavelength displacements observed for tangential viewing 
(Hughes and Kaufman 1959) were not anticipated. Confirmation was obtained 
from measurement of the Cv line at 22714 (table 5). 


4.2. Ne Iv 


The spectrogram displaying the new lines of Ne Iv, v and vi was obtained 
from 300 discharges under the following conditions—deuterium at a partial 
pressure of 1-8 millitorr with neon at a partial pressure of about 0-2 millitorr, the 
capacitor bank charged to 25 kv, turns ratio 16:1, initial toroidal magnetic field 
of 500 oersteds and peak gas current of 7-5=x10tamp. The neon lines were 
recognized by comparison with other spectrograms obtained without the intro- 
duction of neon. 

The terms relating to the Ne Iv quartet 3sP—3p*P° are known from measure- 
ments in the vacuum ultra-violet region (Paul and Polster 1941). Two lines of 
this quartet were observed (table 2), thus confirming the term scheme and 
increasing the accuracy slightly. The full multiplet should be observed for a 
longer exposure time as was the case with the iso-electronic Fim quartet. The 
observed Ne trv lines were distinctly broader than Ne 111 lines in close proximity. 
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Table 2. Nerv Spectrum. Classified Lines and Revised Term Values 
Int. A (air) v Classification Remarks 
1 2220-81 45014-6 2s*2p°(*P)3s*P24—2s*2p°(P)3p4P, 4° 
2 2203-88 — 45360-3 ‘Py, *P2;° dB 
Desig. J Level Interval 
3p *Pe 13 524666 oe 
DE 525011 345 
dB: observed by de Bruin (1932). 
Table 3. Nev Spectrum. Classified Lines and Extended Analysis 
Int. A (air) v Classification Remarks 
1 2306-6 43340 2s?2p(?P°)3s%P,°—2s?2p(2P°)3p3D, blend Init; £, 
1 2282-61 43796 apo 8D, Es 
6 2265-71 44123 3p,,°— IDNs blend Cu 11; FE 
[2263-6] 44164 sp ,o- ‘D, blend Cu 
3 2259-57 44242-5 SP 0- sD, 
0 2236-1 44707 2s2p2(4P)3s°P,—-2s2p2(4P)3p8D,° blend Cut; E, 
4 2232-41 44780-7 5P.— AD) e 
Desig. Af Level Interval 
he ede 6) [596258] [368] 
1 596626 902 
2; 597528 i 
3p°D 640422 446 
2 640868 733 
3 641651 
3p5D° 0 
1 7422144+%x 
2 
3 
4 7432934%x 


[ ], calculated. £,, estimated error in wavelength of +0-1 A. 
E,, estimated error in wavelength of +0-05 A. 


4.3. Nev 

The identification of the Nev triplet 3s?P°—3p#D (table 3) is fairly certain. 
The wavelengths agree with those obtained by extrapolation along the iso- 
electronic sequence. Also, the line widths were greater than those of Nerv 
and the iso-electronic Fry triplet was strongly excited for similar discharge 
conditions. The intervals of the #P term fit the iso-electronic sequence better 
than the values derived by Paul and Polster (1941) while those of the *D term 
are also consistent with extrapolation along the sequence. However, no further 
check of the 3D term is at present possible since the other multiplets related to 
it are expected at wavelengths less than 2000 A. 

Only two members of the Nev quintet are identified (table 3). However, 
the identification appears to be fairly certain judging by the line widths and 
wavelength extrapolation along the C1 sequence. The relative intensities of 
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the newly observed triplet and quintet also agreed with those of F rv for similar 
discharge conditions. The unobserved member °P,—*D,° was most probably 
obscured by the line Cu 1 2227-775 A. From the present data no improvement 
to the °P term (Moore 1949) is possible. 


4.4. Ne VI 


Three very broad lines are attributed to the Ne vi quartet 3s*P°—3p*D (table 4). 
The identification is satisfactory in that their relative intensities are approximately 
in agreement with those of the iso-electronic F v lines and that there is a good fit 


Table 4. Nevi Spectrum. Classified Lines and Extended Analysis 


Int. X (air) Vv Classification Remarks 
[6] 2293-6 43586 2s2p(*P°)3s*Py3°—2s2p(?P°)3p*Do4 blend Cut; E, 
10 2258-02 44272-8 Pe say 
7  —- 2253-17 44368+1 {Pio "Dojsa3 blend, Ne? 
Desig. J Level Interval 
354po i 
ip 833331+4% se 
23 834113 +x 2 
spb} 
14 
2k = 877699 +x 
31 —«- 878386 +x oe 


[ ], estimated. £,, estimated error in wavelength of +0-1 A. 


with extrapolation along the BI sequence. However, confirmation is required 
from further observations of lines related to these terms. ‘The other strong 
members of the quartet were apparently obscured by interfering lines. 


4.5. Unclassified Neon Lines 


A number of additional neon lines are listed intable 5. The stage of lonization 
was estimated from their line widths. 


Table 5. Additional Lines in the Range 2200 4 to 2300 4 


Int. X (air) v Identification Remarks 
7 2285-79 43735:0 Netv dB 
6 227358 43969:9 Neur dB, KR 
5 2270°89 44021-°9 Cv 2s*S,—2p3P,° E 
9 2264:54 44145:-4 Netvory 
9 2262:10 44193:0 Nevorvt 


dB, observed by de Bruin (1932). 
KR, recorded by Kayser and Ritschl (1939) as Ne rrr. 
E, 2270-91 A by Edlén (1952). 


SCEPTRE III—An Intense Spectroscopic Source 73 


4.6. F vi 


The complete F yi triplet 3s3S—3p°P° (table 6) was observed for discharge 
conditions similar to those used for the observation of the neon lines. 


eh se Se SP a ed 7 Ee Oe aN 
Table 6. F yi Spectrum. Classified Lines and Extended Analysis 


X (air) X (air) 


Int. ) ificati 

; Pa) v (Edlén 1935) Classification 
5 2327-28 42955-4 not observed 2s(#S)3s°S,—2s(?S)3p°P,° 
] 2323-31 43028°8 2323-35 3S,- Spar 
2 2315-37 43176:3 2315°39 383,- ese 

Desig Ji Level Interval 

=) Oad ebee ) 790253 _ 

1 siueah 74 
190527 


It has been suggested that the broadening of lines like F vi and Ov may be 
due to extraordinarily large electric fields present in the plasma and not to ion 
motion. If it is accepted that such fields could exist, then according to the 
theory of the Stark effect, such lines should be displaced from their zero-field 
position and the line widths of each member of the triplet should be different. 
In addition, the broadening of the O v triplet should be greater than that of the 
F vi triplet. The contrary was true. Edlén’s values for the F vi wavelengths 
were confirmed. ‘The half-intensity widths within the members of the triplets 
were practically identical and the F vi lines were broader than the O v lines. 


§ 5. Discussion 


In the earlier work on the spectra of highly ionized atoms, a spectroscopic 
source like a vacuum spark favoured the excitation of elements in solid form. 
Thus, it was possible to produce the Na viii and Mg ix spectra but not the iso- 
electronic Ne vil spectrum which has a lower ionization potential. With 
SCEPTRE III the roles are reversed since the element is easily introduced as a gas 
or vapour. Hence, sCEPTRE is well suited to the excitation of the higher spectra 
of the rare gases. 

Although scEPTrRE II is an intense source of even the weaker lines of the 
higher spectra, the presence of impurity lines impairs the accuracy of wavelength 
measurement because of the frequent occurrence of blends. ‘This is particu- 
larly troublesome because of the large Doppler broadening present, which 
reduces the effective resolution on a spectrogram. The Doppler broadening in 
itself does not reduce the accuracy of measurement; the line profiles are 
symmetrical and their centres can be accurately determined on the microphoto- 
meter chart. Many of the impurity lines are of copper and aluminium in the 
first stages of ionization. ‘Thus, their intensity should be reduced by recording 
the light emitted during the period about maximum gas current. It may also 
be possible to reduce the degree of Doppler broadening by a suitable selection 
of discharge conditions, without affecting the degree of ionization. 

Should the electron temperature in SCEPTRE rise to about 7x 10° deg K 
attempts could be made to record the strongest of the coronal lines with a large- 
aperture spectrograph. The detection of some forbidden lines from high-current 


Phe A. S. Kaufman, T. P. Hughes and R. V. Williams 


discharges has already been considered (Kaufman 1957). For the more bighly 
ionized atoms, such as Ax, the spontaneous transition probability is relatively 
large, so that a chance to detect the forbidden lines exists. ‘The detection of these 
lines is not only of great astrophysical interest. The forbidden lines arising from 
transitions in the ground configuration of an ion occur at comparatively long 
wavelengths. ‘Thus, when the electron temperature is very high and all the 
strong spectral lines occur in the soft x-ray region, ion motion could still be easily 
studied by measuring the Doppler broadening of the forbidden lines. 


§ 6. CONCLUSION 


The observation and identification of new lines in the neon and fluorine 
spectra illustrate the potentialities of high-current toroidal discharges as intense 
sources of the spectra of highly ionized atoms. With such sources the oppor- 
tunity now exists of extending the study of the atomic structure of 1ons which 
have an ionization potential below about 200 ev. 
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Abstract. Measurements are made of the signal picked up by a microphone in 
the ultrasonic beam launched across a fluid in a region containing the wake of a 
cylinder. Because of the disposition of vortices in the wake there is a difference 
of phase in sound rays reaching different parts of the microphone and the signal 
fluctuates periodically. These modulations of the ultrasonic signal are related 
to fluctuations in the velocity in the wake. The experiments are carried out (a) 
in water using a towed cylinder, (0) in air behind a cylinder fixed in a wind tunnel. 


§ 1. INTRODUCTION 


ONSIDERABLE interest has been evinced recently in the transmission of 

sound through a turbulent region and in the sound originating in the 

turbulence itself. ‘The author has been making experiments in the open 
air and in a wind tunnel in which he has sought to compare the diffraction or 
scattering of the sound in the turbulent boundary layers formed near the ground 
with that near the tunnel walls. 

Experiments are also desirable in which the interaction between the sound 
and discrete vortices can be investigated, for in this way the theory can be tested 
under the simple conditions in which it is framed, 1.e. unique values of wave- 
length, eddy size and sound velocity. 

A flow system that suggests itself for this purpose is that of the eddying wake 
behind a cylinder when the regular and equi-spaced Benard—Karman vortices 
are proceeding downstream with constant velocity. In air this regular system 
is overlaid with other disturbances at a Reynolds number greater than 300 so that 
with a cylinder in a wind tunnel, very low velocities must be used to give rise to 
vortices of a reasonable diameter. If, however, a cylinder held at one end is 
towed through water then, as the author has shown, the cylinder 1s set in strong 
vibration at its natural (cantilever) frequency over a range of speeds, and in doing 
so throws off a regular street of vortices at this frequency up to velocities much 
higher than a limitation to a Reynolds number of 300 would suggest (Richardson 


1958). 


§ 2. EXPLORATION OF WAKE OF CYLINDER TOWED IN WATER 


The water experiments were carried out in the towing tank of the Naval 
Architecture Department of King’s College, Newcastle. ‘The cylinders were 
brass tubes 1}in. and lin. in diameter D, clamped in a vertical position to the 
carriage. They projected about 3ft below the surface of the water. In their 
motion they occulted the horizontal beam of ultrasonics passing between two 
facing quartz 2 Mc/s transducers 20cm apart mounted on a frame with heavy 
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base resting on the floor of the tank. The wavelength in water at this frequency iS 
about 0:75mm. The beam was at a depth of 18in. below the water level. ‘The 
transducers were in watertight holders, secured to the frame by screws which 
allowed them to be adjusted in azimuth to give the maximum signal. 

One quartz was operated as source either in ‘ pulses’ or continuously, while 
the other served as detector. The signal picked up by it was, after passing 
through a tuned amplifier, fed to a cathode-ray oscillograph and photographed. 
The passage of the cylinder itself occulted the beam. Thereafter, as the vortex 
filaments in the wake behind the cylinder intercepted the beam, a change in the 
amplitude of signal was recorded (figure 1, Plate). ‘These fluctuations are due 
to the diffraction of the beam by the passing vortex, and are partly amplitude and 
partly phase modulations of the original signal. 

In the interpretation of the records certain precautionary tests are necessary: 

(i) The cylinder in vibrating sets up a dipole pressure field, which might be 
picked up by the receiver. This is eliminated from the record by using high 
frequency transducers and tuned detectors. 

(ii) Pressures may be set up by the disturbance of the water surface level as 
the cylinder passes. However, vigorous stirring of the surface water had no 
effect on the magnitude of the signal. It was verified, by using a short cylinder 
penetrating only 9in. below the surface, that no fluctuation of the signal occurred 
unless the end of the cylinder cut the ultrasonic beam in its passage. 

Since, in the above treatment of the problem, the differences in magnitude of 
signal result from differences of phase over the surface of the crystal, it is neces- 
sary to establish a relationship between these quantities. This is done by keeping 
the two transducers at a fixed distance apart in still water and turning the sender. 
Results of this test are shown in figure 2 and indicate a near-linear relation between 
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Figure 2. Effect on signal of yawing the receiver in still fluid. 


4 and 3 degrees of yaw; beyond this setting the signal begins to rise and fall in a 
series of diminishing peaks as the diffraction wings pass across the face of the 
receiver. In the experiments to be described there was no difficulty in holding 
the signal within the linear region. 

_ (ii) One factor of importance is the width of the ultrasonic beam or aperture 
of the crystals. Ideally, for the sake of calculation, the ultrasonic beam should 
be a parallel one. In fact there is some spreading of the beam although the 
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quartz crystals were wide (2-5 cm) compared with the ultrasonic wavelengths in 
water. ‘T’he sender must not be ‘stopped’ down too much or the radiated beam 
will spread: the relevant factor is y=27a/\ where acoustically a is the radius of 
the transducer and A the wavelength of the sound in the medium (cf. the corre- 
sponding Rayleigh equation in optics). A typical value of y for the full width 
of the crystals in water was 80 for the 2 Mc/s source. In air, values of y will be 
4-5 times greater than in water. ‘There is however a limitation on the size of eddy 
which may be detected, if the source is too wide. In order to test this, the full 
width of the beam was occulted in turn with opaque objects (match sticks and 
wires) moved athwart it. It was found that the ‘limit of resolution’ was reached 
when the obstacle was about one-third the width of the crystal detector, i.e. it 
failed then to be detected in its passage. When measurements were being made 
on the wake of the cylinder in water this limitation was of no account, but it did 
set a limit to the frequency which could be detected in the more turbulent wakes 
of the cylinder at higher Reynolds numbers (see below). Some masking of the 
crystals and consequent reduction of signal amplitude can be tolerated, but the 
change of signal with phase is thereby also reduced. 

An alternative method of operation was tried for the narrow beam because of 
the naturally small fluctuation which resulted using the above system of detection 
circuit. This involved comparing the mean phase at the detector with a sample 
derived from the source. As the transverse flow in the vortex street varied 
throughout the period (see below) so did the phase difference between the signal 
as launched and that which arrived at the pick-up and this was duly recorded on 
the oscillograph. 


§ 3. VELOCITY IN THE WAKE 


We take the formulae for component velocity v (across) and wu along the 
stream (undisturbed velocity U) for a vortex street as originally propounded by 
Karman and Rubach (1912), that is 


Be. sinh (27/l)(y + $h) 


sinh (27/l)(y — th) 
~ cosh (27/1)(y — 3h) — cos (27/1) (x — $1) 


eee sin (27/1)(x« + 41) 
= OT EE 1)(y + 4h) —cos (2n/Ll)(x + 41) 


+ aoe ec | 
cosh (27/1)(y — 4h) — cos (277/1)(x — ql) 


Here K is the circulation in a vortex, / is the distance between eddies in line, 
h that across the stream; x is measured downstream from a plane halfway between 
a pair of vortices and y from a plane bisecting the system. Across any section 
the integral of u should be constant since it represents the general flux following 
the cylinder after it has passed. ' 
The integral of v however varies from section to section, thus 
+ 0 


3 7 aT. 
[edy=2K tan] tan(Z = 7) +tan (F ee *)] 


—— Oo 
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so that the accretion per unit of path to the velocity of the sound cast athwart the 
wake varies periodically from section to section, being zero when x is an even 
multiple of //4—in line of a vortex centre where the stream lines are parallel to 
Ox—to + 47K (alternately) at the odd multiples. 

Provided the beam is narrow compared with the eddy spacing, then as indi- 
cated on figure 3, the difference in the times of passage of sound rays at the 
extreme sides will be zero when the beam straddles a vortex core rising to a maxi- 
mum halfway between these positions in approximately sinusoidal fashion, as 
the above formula indicates. The signal should fluctuate in magnitude in a 
similar fashion, except that the receiver does not distinguish between positive 
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Figure 3. Vortex street with parallel rays delimiting beam (assumed collimated) launched 
at various locations relative to vortices. 


and negative differences. The variation of extreme phase difference will become 
distorted from this form as the beam is made wider in relation to the eddy spacing. 
When one considers that the velocity variations in the wake are of the order 

1 msec™! and the velocity of sound in water 1500 msec~! (Mach number 0-007!) 
it is perhaps surprising that the signal is affected by the motion at all. ‘The 
general diffraction amounts in fact to an angle whose tangent is 10+. ‘The 
variation in time of passage of neighbouring rays of the beam however results in 
a difference of phase on arrival at the receiver which may be appreciable com- 
pared with the ultrasonic time period (~10~®sec). These conclusions are 
borne out by the form of records such as those reproduced in figure 1 (a, 4, c). 
The signal from the unmasked crystal fell by about 40°% of its undisturbed 
value per degree of yaw and to zero in 24°. The fluctuations in signal for the 
Lin. rod at 6-5 ftsec! (figure 1 (a, b)) were about 25% (just behind the cylinder), 
amounting to an extreme difference in the path of }mm or a difference of velocity 
at these extremes of 3 msec! (assuming an effective wake width of 10cm anda 
sound velocity of 4350 ftsec-!). For two traverses taken with a beam //10 in 
width (figure 3) this would correspond toa system of vortices with K = 1-25 ft? sec}. 
. Two other features of the films may be noted: (i) the decay of the vortex 
circulation with distance behind the cylinder, (ii) the existence of ‘overtones’ in 
the signal from the wake behind the cylinder when the latter is vibrating at large 
amplitude (figure 1(c)). These overtones seem to be rapidly damped and the 
system then settles down to a simple periodic one. It was not expected that in 


these cases the vortex system would correspond to the simple one observed behind 
a rigid cylinder. 
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For example, if the decay of circulation in the fundamental vortex frequency is 
represented by an exponential function In Ky/K = «x, the value of « for figure 1 (a) 
is 10~* per ft when the rod scarcely vibrates, but may be considerably greater at 
first when the rod has a large amplitude of vibration. Such estimates, readily 
obtained with this method, could only be derived from hot-wire results at the 
expense of great complexity and tedium. 


$4. THE UpsTREAM EFFECTS 

If the cylinder were steady in its forward movement, no effect would be felt 
by the sound beam passing afore, to the extent that the detachment of the vortices 
does not affect the flow in advance, but if the cylinder vibrates it pushes the fluid 
to and fro in front of it and this causes the integral of wdy across this area to fluc- 
tuate and with it the phase, which is what one observes (figure 1(c)). 

It is possible to derive the streamlines for a cylinder vibrating sinusoidally 
and hence the phase variation in the signal as it passes just aft of the cylinder. 
The variation is not very different from that astern. 


§ 5. WAKE BEHIND A RIGID CYLINDER IN A WIND TUNNEL 


A wooden cylinder (2 in. diameter) is set up in a 2 ft 6in. wind tunnel which it 
spans. ‘The probing ultrasonic beam passes between two transducers set behind 
holes in the vertical walls behind the cylinder, mounted on rubber supports. 
Typical records of the signal at Reynolds numbers of about 5000 are shown in 
figure 1(d). 

Sources of 300 kc/s and 1 Mc/s have been used, operated in continuous fashion, 
the use of pulses in air being precluded by the long ‘ ringing time’ of the crystals. 
The fluctuation of the signal in the receiver is led to a cathode-ray oscillograph 
and there recorded. 

In an attempt to discover the sensitivity of the method and to supply a standard 
against which it could be assessed, a 1 cm cylinder was moved at 8cmsec™? in air 
between the two 1 Mc/s crystals, so as to probe the wake at a Reynolds number of 
55, which corresponds to Kovasnay’s detailed hot-wire measurements. ‘This 
proved to be just at the limit of sensitivity for this set-up and a high amplification 
has to be used which was beginning to make the electronic ‘noise’ troublesome. 
Within these limits traverses such as those plotted on figure 3 corresponded 
adequately to the sound-probe measurements. 


§ 6. ANALYSIS OF RECORDS OBTAINED WITH CYLINDER IN WIND ‘TUNNEL 


A length of the film record is analysed as to power spectrum of the modulation 
by the method of computation described in the appendix. . 

In the absence of the cylinder the turbulence in the tunnel gives rise to a 
modulation spectrum with amplitude falling approximately with rising frequency 
as (1+f?)~! (figure 4, curve a). With the cylinder vertical and the probing beam 
horizontal the octave of the fundamental Strouhal frequency (given by 
{D/U=0-2) and, at somewhat smaller amplitude, the second harmonic of this is 
clearly distinguished from the background (figure 4, curves b, Gc), Vike curves 
of figure 5 show the decay of fundamental and overtones as the wake proceeds 
downstream. The harmonics seem to be due to distortions of the flow near the 
confines of the wake, already apparent weakly in Kovasnay’s (1949) and 
Roshko’s (1953) hot-wire measurements at a Reynolds number of 180 and more 
strongly between 300 and 10000. 
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Figure 4. Analysis of signals in wind tunnel; a, in absence of cylinder; 6, c, with vertical 
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Figure 5. Signals at speed 2:2 m sec~! and various distances downstream of vertical 
cylinder. 


§ 7, CONCLUSIONS 


Measurements such as these can be regarded from two aspects. Either one 
considers the ultrasonic beam as a probe for the wake, giving an integration of the 
transverse component of velocity in the path of the beam and so leading to a 
method of studying wakes and turbulent regions alternative to hot-wire and 
visual methods, or one can study the fluctuations in the sound signal as a 
stochastic process for its own sake. 

The author has considered his work from both aspects, but he is more 
interested in obtaining a correlation between known vortex systems and the 
fluctuations in the sound beam, because he proposes to use this as a basis to analyse 
similar variations in the signal from a beam launched through a boundary layer 
or a jet, both model ones set up in a laboratory and those due to natural turbulence 
in the atmosphere and in the ocean. 
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From whichever aspect the work is regarded, the effect on the sound beam can 
be calculated from a velocity integral along the path, provided the wavelength of 
the sound is short compared with the diameter of the eddies encountered by it. 
When we expect to detect eddies comparable in size with the wavelength we 
enter the Rayleigh—Gans scattering region of optical theory and we may also 
meet apparatus limitations. 
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APPENDIX 
Calculation of the Spectral Density using the Autocorrelation Function 


The programme was adopted to calculate the spectral density of amplitude 
modulation of an ultrasonic signal by turbulent flow. The mensuration of 
ordinates was done on film records (with average enlargement tenfold). The 
number of observations NV in different examples was from 260 to 885. ‘The time 
difference At between two nearest observations was in most cases 2:6 msec. 


Calculation of the Autocorrelation Coefficients 


If #; is an element of data: 1=1,....1 N, the normalized autocorrelation 
function is given by 
N-k N-k N-k 
(NV ar k) pa Hii je Pe x; p2 Nitk 


Pk E 
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where & is the phase lag. . ; 
In most cases computations were made for k=1,.... 40 which sufficed for 


the analysis of the most important part of the spectrum. 


Calculation of the Spectral Density 


Given the autocorrelation coefficients p, (k=1...n) the spectral density 
function was computed using the relation 


n—1 rk 
_ { {1+ (= 1) yp.) +S Aupacos — | 
n 1 


where X,, is a weighting factor. (In this case Bartlett’s smoothed periodogram 
has been used in the form A;,=1—h/n.) 

After computing a,, the estimated spectral density at the frequency r[2nAt c/s 
is given by (nAto?/7)a,, where o is the standard deviation in the set of original 
data x,. As nAto?/7 is constant, the spectral density 1s proportional to a,. 

When, as in the wind tunnel signals, the frequency spectrum of fundamental 
and harmonics is overlaid with background, the estimation of the peaks due to 
the former is not simple, especially when, due to attenuation, they do not protrude 
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far above that background. Mr. M. B. Priestley of Manchester University 
has indicated (in a private communication) his method of doing this, but it is 
not yet in the form of a computer programme. Our approximate method of 
testing this point is to re-compute the spectral density function with m equal to 
several different values, e.g. 10, 20, 40, and to see whether the peaks in which we 
are interested retain the same amplitude each time. 
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Perturbations in Classical Mechanics 
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Abstract. Vhis paper describes a method of evaluating perturbations in 
classical mechanics which is similar to quantum mechanics time dependent 
perturbation theory. 


$1. INTRODUCTION 


N classical mechanics perturbation theory is usually dealt with in a much 
more complicated manner than in quantum mechanics. Fuess (1927), in a 
very detailed treatment, shows how true this is. 

Therefore it would be convenient to develop a concise method to treat many 

problems, such as calculations of satellites’ orbits, plasma stability, etc., in a 
simpler way. In this paper we try to achieve this aim. 


§ 2. ‘THE S OPERATOR 


Let us call F(q,p) a function of the canonical set of conjugate variables 
g=q(t) and p=p(t), which does not depend explicitly on time. So as not to 
make the exposition cumbersome, we restrict ourselves to two conjugate variables. 
If we designate by { the operator that generates the total time derivative at the 
time origin, Taylor’s theorem is written as 


F{q(t), p(E)}=EPF (Go, Pole nse (1) 


G00), fg=Pl0), nae (2) 
Since the dynamical time evolution is carried through by the time evolution 
of g(t) and p(t) we have 


where we define 


i= +b 

040 OPo 
where g and # are the time derivatives of q and p at t=0), and 0/0g and 4/dp, 
are the operators defined by the commutators 


0 0 
le 27 sais Ex |=1 
Oqo a | Po Po 


If H=H(q,p) is the Hamiltoniant of our system and we write 


Soni eat 
r= a a= 3g 


with the help of Hamilton’s equations we can write 


O= 


fe 


0 ] 
O= H,(40 Po) a5 Ado Po) 5 : veeees (4) 


+ The Hamiltonian is time independent. 
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Let us suppose that the Hamiltonian H can be decomposed into two parts 
Hea =H ae) eee (5) 
and that the equations of the time evolution generated by H® have been solved 
exactly in such a way that, if H' is considered as the perturbation Hamiltonian 
the functions 
q= l(t); P=Pot) tenes (6) 
are the solutions to the unperturbed motion with the boundary conditions 
qo= 400), Po=Po() 
identical to the perturbed motion boundary conditions. Consequently we write 
now 


O= Of OQ? 
where 
) 
(1° = F,,°(4o Po) 340 = Haba) 55 , | 
ort 0 
irene (7) 
A) 3) 
He G28) — yu Po) a | 
0 0 


However we suppose that the unperturbed motion is completely solved. 
This fact is represented operationally by 


F(qo(t), Po(t)) = exp (2°) F(qos Po) Exp (— #2"). vase (8) 
In this expression we make use of the functions (6). 
Therefore we obtain. 


F(q(t), P(t) = SMF (qo(t)s Polt))S) ve eee (9) 
where S(t) represents the operator 
(2) =exp (CO yexp (= 1) aaa. (10) 


that is the solution, with the boundary value S(0)=1, of the differential equation 
dS(t) 
ae =15(¢)Q (t) ee eeee (PL) 
where 021(¢) =exp (#°)Q1 exp (—°). This satisfies the integral equation 
t 
S(t)=1+ ( at S(E)QT i), a eee (12) 
0 
which we can now solve by iteration to obtain the different perturbation terms. 
§ 3. INTERPRETATION OF (1(Z) 
We define above the operator Q!(t) by the relation 


Q1(t)= exp (#Q°)Q! exp (— #2). 


For internal consistency we have to write 


, 
exp (00%) exp (—1Q°)= : 
0 


exp i022) a exp (= 70°) = 
0 
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in such a way that the operator a becomes 


Q) 1 1 é 
(t)=,'(4o(t), Po(t)) ae — H\(go(t), po(t)) Bi 


Our problem is completely solved if we approximate the canonical set of 
variables 
g(t) =S(t)qo(t)S(0) | ve 
P(t)=S(t)p(SAy ff 
since the time evolution of F is given by 
F(g(t), p(t) =F(S(t)qo(0)S“(t), S(t)po(t)S2(0). 
In doing so we will have to evaluate quantities such as dq 9(t)/Aqo(t"), the 
partial derivative of a time function with respect to the value of the same function 


at another instant of time. ‘To achieve this aim we write the unperturbed motion 
solutions as functions of the boundary values at ¢=0: 


o(t) = 4o(4os Pos t); Po(t)=Po(Go Port), «saves (17) 


From here we obtain g)(t') and p,(t'), and the corresponding expressions 
for q(t) and p(t) with the boundary values go(t!) and p(t!) at t= 


go(t) = do(o(t"), Po(t*), tt") } 
Po(t) = Po(Go(t*), Pole"), tt") 
where we can now evaluate the partial derivatives with respect to go(t') and po(t*). 
As an example we will consider the case when the unperturbed motion 
corresponds to a harmonic oscillator whose Hamiltonian is H°=}p?+ }w*q?. 
Then 


P 


Qo(t) =o COS wt + ~, Sinwt 


Po(t) = — Gow Sin wt + py cos wt 
and therefore 


an =cosw(t—t*), ar = —wsina(t—t") 
qo Cop 

0qo(t) Opo(t) _ jpn 
apt) 0 ne al p(t!) = cos w(t—?'). 


With the help of these last expressions and using the iteration expansion of S(f) 
we can evaluate the successive perturbations to the harmonic oscillator motion 
caused by any perturbing Hamiltonian H'. 

Generalization to any other case is quite evident. 
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Abstract. Previous interpretations of ion mobility measurements in liquefied 
argon and helium in terms of gas kinetic theory have shown that these liquids do 
not behave as compressed gases. A more detailed analysis of the total ion energy 
shows that in some instances the results have been incorrectly interpreted, while 
in others it would appear that impurities caused the apparent failure of theory. 
The re-interpretation indicates that kinetic theory is applicable to these liquids, 
and that the collision cross sections for ions in argon and helium I are very nearly 
the same in both the gaseous and liquid phases. Polarization attraction is shown 
to be of greatimportance. In liquid helium I] it is necessary to consider quantum 
effects, but the experimental data can still be explained adequately by gas kinetic 
equations. 


§ 1. INTRODUCTION 


ECENT measurements by Williams (1957) of ion mobilities in argon and 
helium liquids have been interpreted in terms of classical kinetic theory, 
and the large discrepancy between the calculated cross sections and the 

corresponding gaseous cross sections was taken to indicate that these liquids 
definitely could not be considered as compressed gases. ‘The kinetic theory 
employed gave an electron collision cross section for argon liquid which was 
about one hundredth of the gaseous cross section, and also predicted the existence 
of electrons with mean energies as high as 22 ev (i.e. considerably above the ioni- 
zation energy). ‘This interpretation confirmed the earlier measurements of 
Malkin and Schultz (1951) who obtained cross sections and electron energies of 
a similar magnitude. Positive ion mobility values for A+ in argon liquid were 
similarly inexplicable, since in this case the predicted cross section was 10° times 
greater than the recognized gaseous cross section. ‘The temperature and field 
dependent mobilities of both positive and negative ions in helium liquid only 
emphasized the apparent departure from gaseous kinetic theory in the condensed 
phase. 

It will be shown, however, that the measurements for liquid argon by Malkin 
and Schultz and by Williams, and also Williams’ data at 4:2°K in helium liquid, 
are in accordance with the predictions of classical kinetic theory provided that 
equations are employed which are valid for the particular conditions of tem- 
perature and field concerned, and that the effects of impurities are considered, 
Some more recent measurements of ion mobilities in liquid helium by Meyer and 
Reif (1958) are also examined, and it is shown that even below the A-point the 
gaesous kinetic equations can be used provided allowance is made for quantum 
effects. A survey is given of the relevant equations and the conditions under 
which they are applicable, and this shows that the equations employed by Williams 
were, in many Cases, not valid, 


Ion Mobilhities in Argon and Helium Liquids S7 


§ 2. ‘THE THEORY oF ION MoBILIty 

An ion drifting in a gas under the influence of an applied field reaches a 
dynamic equilibrium in which energy gained from the field is lost in collisions 
between the ion and gas atoms. The field E superimposes on the random 
thermal motion of the ion a drift velocity V’ which is determined by the ion 
mobility j. according to the relationship V=,E. he ratio of E to the gas 
pressure p is a measure of the gain in ion energy from the applied field and pu is 
constant for low E/p. At higher values of E/p, depending on the nature of the 
gas and the ion, « becomes a function of E. 

In general, ion mobility may be evaluated on the basis of kinetic theory and 
satisfactory agreement with experiment is found, but in certain cases a quantum 
theory is necessary in order to account adequately for all the forces between an 
ion and an atom. ‘This latter case arises only when the ionic and atomic cores 
are identical ; and even then the kinetic theory equations can still be used provided 
certain modifications are introduced. 

Three types of ion—atom interactions are known to be effective. These are 
(1) gas kinetic elastic collisions, (ii) polarization in which a passing ion induces a 
dipole moment in an atom which is then attracted to the ion, (ili) symmetry effects 
which include resonance attraction and repulsion and also charge transfer where 
the electron can pass back and forth between ion and atom during a collision. 

In the earlier theory due to Langevin (1903) only (i) was considered. Ion— 
ion interaction was neglected and it was assumed that the thermal velocity of the 
ion was large compared with the gain in velocity from the field. ‘The final 
equation, applicable therefore to low ion concentrations and low field strengths, is 

_ 0-815eA/M + m\1? 

eee 

in which A is the mean free path, MW the mass of the atoms, m the mass of the ion, 
c the thermal agitation velocity of the ion and e the electronic charge, assuming 
singly charged ions. ‘This equation predicts that » should be proportional to 
e, A and 7-12, and also should be independent of the dielectric constant of the 
gas, none of which are confirmed by experiment. It does, however, give the 
correct dependence on density. 

Langevin (1905) sought to remedy the shortcomings of (1) by including the 
polarization scattering in the derivation. ‘The forces due to the induced dipoles 
of the polarized atoms have the effect of increasing the number of collisions, and 
provide a means of momentum transfer without direct encounter. As in the 
earlier derivation the field energy must be small in comparison with the thermal 
energy. ‘The original equation given by Langevin has been modified slightly by 
Hassé (1926) and can be written 

A =)" aT; (2) 


fol DRX am eras 
where p is the gas density and ey is the dielectric constant. A is a function of a 
parameter Z where 


mC 


14 a | 
eis toe (3) 
(er—1)e?M 
in which |S is the sum of the radii of the ion and the atom and k is Boltzmann’s 
constant. The value of Z is a measure of the relative importance of elastic and 


polarization scattering. Large Z corresponds to negligible polarization effects 
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while as Z decreases these forces increase in importance until they completely 
predominate when Z is zero. With a suitable value of S, the constant Z may be 
determined and A computed (Hassé 1926, Loeb 1955). Clearly the value of 
S is critical in determining 1 and in view of the unreliability of many measurements 
of atomic diameters care must be taken in deciding the most suitable value for 
the conditions concerned. In many cases diameters deduced from viscosity 
measurements have been used. Wannier (1954) has calculated the effective 
ion—atom cross section for rare gas positive ions in the parent gas from measure- 
ments of the drift velocity at high fields and symmetry effects are automatically 
included. With 7S? set equal to these experimentally determined cross sections 
reasonable success for gases has been obtained by Hornbeck (1951) and Varney 
(1952, 1953). It will be interesting to apply the same procedure to ions in the 
liquid phase. 

There are two further equations which involve mobility and which also apply 
in the low field range. Firstly, the macroscopic. properties of the liquid or gas 
can be introduced through Stokes’ law expressed in the form 


w=el@ma 9° =" = 9) eae. (4) 


where 7 is the viscosity and a the radius of the diffusing particle. Secondly, 
there is the Einstein relationship 


p= Del se * Se See (5) 


in which D is the self-diffusion coefficient at the absolute temperature 7. ‘These 
relationships will be useful in comparing results derived from the various equations. 

Equations (1) to (5) fail when the energy gain from the field per mean free 
path is no longer much smaller than the thermal energy, and a comprehensive 
theory based on Boltzmann’s transport equation has been developed by Wannier 
(1953) for this high field situation. The effect of different mass ratios has been 
included so that the results are applicable to electrons as well as ions. Gas 
kinetic repulsion and symmetry effects are combined in a single elastic ion—atom 
cross section o,, which, as mentioned earlier, can be evaluated from drift velocity 
measurements. Only elastic collisions are assumed to take place. ‘The theory 
leads to the general mobility equation for the high field range 
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which has been found to give good agreement with experiment both for ions in 
the parent gas and for electrons. In conjunction with this equation Wannier has 
shown that the total ion energy in a high field can be expressed in the form 


ano) - eee (7) 


The first term on the right-hand side of (7) represents the energy of drift 
motion, and the second term that of random motion. For electrons m<M and 
«=iMV*. It can be seen from (6) that if A is assumed to be a slowly varying 
function of ion energy, the mobility is no longer independent of E, and, in fact, 
is proportional to E'. ‘The equations (6) and (7) are well established for 
gaseous ions but with a single exception have never been applied to ions in liquids. 
Williams used similar equations to interpret his electron drift velocity measure- 
ments in argon liquid, but the results were most unsatisfactory and apparently 
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indicated that the liquid departed widely from a gas-like state. For the inter- 
mediate range where field and thermal energies are comparable, an approximate 
equation can also be derived from Wannier’s work giving 


o_ ff 3kT rt M+m\/ e ae 3RT | 
Me 2ME2 m pok J *_ (sain) teens (: ) 


in which g is the collision cross section. In the high field limit (8) reduces to (6), 
while for negligible field energy an approximate low field equation is given 
which differs from (1) by only 20°, in the numerical factor. 

Experimental determinations of mobility frequently involve measurements 
of drift velocity under definite conditions of field and temperature, and in using 
the theoretical equations to derive cross sections from these results, it is essential 
that the correct equation be employed. This applies particularly to experiments 
at low temperatures or those in which large temperature changes occur, since 
it is possible to pass from the low to the high field condition by a reduction in 
temperature at constant field as well as by an increase of field at constant 
temperature. In view of their low temperatures and therefore low thermal 
energies, the liquefied gases argon and helium are particularly interesting, and 
a careful analysis of the energies of ions in these liquids will show that previous 
interpretations of mobility measurements are not correct in many instances. 

A useful criterion for determining whether high or low field conditions hold 
has been given by Wannier. If low field conditions are satisfied, then 


& is 7) BES ie Tig an oly shies (9) 


ae 

and the reverse is true when high field equations are applicable. ‘The factor 
M/m+m/M is necessary when the mass ratio is very different from unity as in 
that case the energy transfer on collision is small and the ion can store energy 
over many collisions. Rearrangement of (9) into a more convenient form for 


application to liquids gives 
_, pakRT ( mM 
fics Me (ar M2)" 


For ions in the parent gas or liquid =m and 


. pok fie 


a esee, & oarer (10) 
while for electrons m<M and 
E< pias Seer (11) 


Although not accurate, (10) and (11) determine the energy range involved 
and hence indicate the appropriate mobility equations. 


§ 3. Ions in ARGON LIQUID 


Application of (10) and (11) to ions in liquid argon at 90°K shows that high 
field conditions pertain to electrons for fields in excess of 2vcem~', and low field 
conditions pertain to positive ions over the whole of Williams’ experimental 
field range, which for positive ion measurements was from 24kvcm™! to 


1(S7 ky cm—!. 
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3.1. Positive [ons 

Williams used equation (1) for the interpretation of positive ion mobility in 
argon liquid and, obtaining the meaningless ionic mean free path of 2-6 x 10° cnn. 
concluded that ordinary kinetic theory was not applicable. However, it now 
appears that this value was wrongly calculated since a further dete aimiatom 
by the author using equation (1) gives a mean free path of 2-4 x 10° cm, which 
is reasonable. 

Table 1 shows the mobilities of positive ions in liquid argon calculated from 
all the low field equations and compared with the measured values. ‘The spread 
in experimental data is small and reasonably accurate comparison is therefore 
possible. The gaseous cross section which includes charge exchange 
(9:3 x 10-15 em?) was used in all cases, and very little difference was obtained 


Table 1. Mobilities of A* in Argon Liquid at 90°K 
and of Het in Helium Liquid at 4:2°K 


Equation (1) (2) (4) (5) Experimental 

Argon (cm? v-! sec x 10°) 6-0 3°24 ES 2°86 2:8-3:2 
(Williams) 

Helium I (cm? vy sec—! x 10?) 24-0 3-4 16-0 — 3-6 


(Meyer and Reif) 


when the cross section deduced from x-ray diffraction was used instead 
(Eisenstein and Gingrich 1942, o=6-35 x 10- cm?). : The simple Langevin 
theory (equation (1)) predicts a mobility which is too high by a factor of 
about two, but the inclusion of polarization (equation (2)) gives excellent 
agreement. ‘The mobilities deduced from viscosity data through equation (4) 
(7=2:5 x 10% poise) and from the diffusion coefficient through equation (5) 
(D=2-07 x 10 cm? sec}, Corbett and Wang 1956) are also in reasonable 
agreement with experiment, but deviations are to be expected if polarization 
attraction and charge exchange are important since in measuring the self-diffusion 
and viscosity coefhicients uncharged particles were used. 


3.2. Negative Ions 


The negative ion mobility must be examined in terms of equation (6) alone, 
since the ions are undoubtedly free electrons and high field conditions are always 
satisfied. ‘The high drift velocity of these ions is direct evidence for the absence 
of electron trapping to form stable negative ions. 

Williams modified equation (1) to take account of the field dependence of 
both the mean free path and the r.m.s. velocity of the ion, the final equation 
differing from (6) when MS m by a numerical factor of about 0-9. Introducing 
the electron energy from (7) and the collision cross section o into (6) gives 


SOME NE EB 
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This form is convenient for direct comparison with gas data recorded at a 
temperature 7’g, and the equivalent pressure for the liquid must be derived 
from the relationship p=pkT,/M. ‘The drift velocity of electrons in liquid 
argon is shown in figure 1 and from these results it is possible to calculate o as 
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Figure 1. Drift velocity of electrons in liquid argon, gaseous argon, and argon—nitregen 
mixtures. 


a function of electron energy. ‘lhe cross sections deduced in this way are seen 
to be about 100 times smaller than the gas cross section, and the mean energy 
appears to be about 20 ev, which is nearly twice the first excitation potential of 
argon and well in excess of the first ionization potential of 15-7ev (figure 2). 
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Figure 2. Collision cross sections for electrons in liquid and gaseous argon and in gaseous 
argon—nitrogen mixtures calculated from equation (12), 


Williams suggested that the interaction of neighbouring atoms was responsible 
for the very small cross section in argon liquid, but this concept is artificial and 
unnecessary if the influence of likely impurities is considered. An examination 
of recent measurements of electron drift velocity in pure gaseous argon and in 
mixtures of gaseous argon and air, oxygen and nitrogen, shows that the presence 
of very small concentrations of molecular impurities can appreciably increase 
the drift velocity of electrons. Figure 1 shows measurements by Bortner, Hurst 
and Stone (1957) of the drift velocity of electrons in pure argon gas and in 
argon—nitrogen mixtures. ‘These can be compared with the measured electron 
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drift velocities in argon liquid since they were taken at comparable conditions 
of E/p. ‘The collision cross sections can be calculated for the pure gas and for 
the gas mixtures from equation (12) in the same way as for the liquid, and these 
are shown in figure 2. The cross section for the pure argon is in reasonable 
agreement with the recognized gaseous cross section (Massey and Burhop 195Z, 
p. 116), confirming the validity of equation (12) for electrons at very low E/p, 
but the addition of nitrogen appears to reduce the cross section and increase the 
mean electron energy. The addition of small percentages of air or oxygen to 
argon has a similar effect. 

Comparison of the estimated cross section for the liquid phase with that 
deduced from a mixture of argon and 0-2°% nitrogen shows that they are of 
similar magnitude and energy dependence, which suggests that in fact the liquid 
argon used by Williams and by Malkin and Schultz contained a small percentage 
of dissolved molecular impurities. ‘The very small collision cross sections 
calculated from kinetic theory must therefore not be considered as conclusive 
evidence that liquid argon does not behave as a compressed gas, and it will be 
necessary to redetermine the electron mobilities in liquid argon under carefully 
controlled conditions in order to show whether the transition from the gaseous 
to the liquid phase appreciably alters the elastic collision cross section. 

Stacey (1959) has recently proposed that electron trapping by neutral argon 
atoms in the liquid is responsible for the field-independent electron drift velocity 
observed by Williams, and finds that good agreement is obtained between theory 
and experiment if the neutral argon atoms are assumed to have an electron afhnity 
of 0-03 ev and a capture cross section of approximately 10°18 cm?. However, 
the theory is seriously in error, as can be seen by consideration of the mean 
free path between trapping sites. ‘The atomic number density in argon liquid 
is 2-1 x 1072 cm~%, and if the cross section for trapping is of the order of 10-18 cm? 
then the mean free path between traps is of the order oi 5% 10 “cm in 
travelling this distance an electron will suffer many non-attaching elastic collisions 
with argon atoms, and since Stacey assumes that the elastic scattering cross 
section is not altered appreciably by the transition from the gaseous to the liquid 
phase normal mobility theory must be applied as expressed by equation (12). 
It is clearly incorrect to assume, as Stacey does, that the electron will accelerate 
over the whole mean free path as in a vacuum, and the mean energy of the electron 
between traps will therefore be given by }MV? and not }mV2. If the mean 
kinetic energy of the electrons is about 2 ev (Stacey 1958), then the actual drift 
velocity between traps would not be approximately 8x10’ cmsec~! as 
envisaged by Stacey but only approximately 3 x 105cmsec~!. Since this latter 
value is less than the observed drift velocity by a factor of about three the trapping 
mechanism is obviously invalid. 

A quantitative theory for the increase of electron drift velocity in argon gas 
containing small percentages of molecular impurities has been given by Klema 
and Allen (1950), but a simple explanation can be given by reference to the 
momentum transfer cross section for argon which will allow an estimate of the 
true electron energy to be made and which is quite adequate for the present 
purpose. In the pure argon gas at E/p of 0-5 vem (mm Hg)~' the electron drift 
velocity is found to be 3-56 x 10° cmsec~! corresponding to a mean energy of 
2-76ev, and at this energy the momentum transfer cross section is increasing 
rapidly with electron energy. Below the first excitation potential of argon there 
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are no inelastic losses, but if a very small quantity of nitrogen is added this will 
introduce inelastic scattering at energies as low as about lev through the 
excitation of vibrational and rotational modes. ‘The influence of this impurity, 
therefore, is to reduce the mean electron energy below that for pure argon, and 
with the lowering of energy there is an accompanying decrease of the momentum 
transfer cross section for the argon as a result of the Ramsauer effect. Ata given 
value of E/p the drift velocity is inversely proportional to the momentum transfer 
cross section and to the square root of the mean energy, and since both are reduced 
as a result of the impurity there is an increase of the drift velocity. ‘The 
concentration of molecular impurity must be small so that the majority of electron 
collisions are with the argon atoms. ‘Thus, although the drift velocity measured 
by Williams indicates that « is as high as 20 ev, the true mean energy is below that 
for electrons in pure argon. ‘This erroneous deduction led Williams and Stacey 
(1957) to conclude that some electron multiplication was probably taking place 
in their liquid argon, whereas with the lower mean energy the probability of 
ionization is greatly reduced. 


$4. Ions IN HeLium LIQuip 

Measurements of the mobilities of positive and negative ions in both liquid 
helium I and liquid helium II indicate that the negative ion is not a free electron 
but has an effective mass slightly in excess of the positive helium ion. ‘The reports 
of the investigations in which these mobilities were measured do not give details 
of the purity of the helium employed, but some observations by Williams suggest 
that impurities were present which were particularly effective in the trapping 
of electrons to form low mobility negative ions, particularly as in one series of 
experiments the negative ion mobility was of the order of 15 cm*v~'sec"}, which 
could only be due to free electrons. Davidson and Larsh (1950) have shown that 
a very small concentration of dissolved oxygen in liquid argon is extremely 
efficient in removing free electrons by an attachment process, and since complete 
saturation of the helium liquid with air did not affect the measured mobilities it 
seems very likely that a similar process was also occurring in this liquid and that 
the observed ions were actually oxygen negative ions. Qualitatively this idea is 
supported by the fact that the negative ion mobility _ was always less than j1,, 
which on a basis of mass difference is to be expected. Because of the lack of 
information concerning the effects of dissolved or suspended impurities in liquid 
helium it is not possible to consider this point further, but since variations of j 
and yz... with temperature and with field are similar only the measurements of p. 
will be considered in detail. The nature of the ion is not certain but it is assumed 
to be the atomic ion Het. The collision processes occurring in liquid helium I] 
are very different from those occurring in a normal liquid, and for this reason it 
is necessary to consider separately measurements taken at temperatures above 
and below the A-point. 


4.1. Helium I 


Equation (10) can be applied to He* in helium liquid at 4-2 « and low field 
conditions are satisfied if E<3-4x 10!%o. Since o is not likely to be less than 
10-4 cm2, this requires that E<3kvcm~, and this is satisfied by the experi- 
mental conditions of the investigation by Meyer and Reif (1958). Measurements 
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by Williams at 4:2°K were taken at fields greater than 3 kv cm, and consequently 
the higher mobility observed by him is to be expected. hee 

It was shown in $3 that good agreement can be obtained between experi- 
mentally determined positive ion mobility in liquid argon and kinetic eben 
polarization attraction is considered, and the contribution of polarization ae 
scattering cross section is likely to be of importance in helium liquid also. € 
cross section necessary to give the value of 1, reported by Meyer and Suir (see 
table 1) can be calculated from equation (1), and is found to be 2:5 xl Oe emis 
at 4-2°K. This is very much larger than the cross section measured in the gaseous 
phase (3-8 x 10-1 cm?) which takes into account only elastic collisions and 
symmetry effects, suggesting that polarization effects are oy important in ae 
liquid. Putting 7S? in equation (3) equal to 3-8 x 10~¥ cm? we find Z=0'19, 
showing that scattering due to polarization is indeed predominant, and from 
equation (2) the mobility of He* in liquid helium becomes 3-4 x Lp cmv ~“isec™". 
As for liquid argon, the agreement between theory and experiment 1s excellent 
when account is taken of the dielectric constant of the liquid. The mobilities 
of Het at 4-2°K as calculated from equations (1), (2) and (4) are shown in table 1 
and the gaseous charge exchange cross section has been used in each case. Stokes’ 
law (equation (4)) predicts j., too large by a factor of ten, and this discrepancy 
can be attributed to the absence of charge exchange and polarization attraction 
on the viscosity of uncharged helium atoms. 

It is of interest to consider briefly the magnitude of «_ in helium liquid at 
4-2°K. Recent measurements of the mobility of gaseous negative oxygen ions 
in the noble gases have been reported by McDaniel and Crane (1957), and 
assuming that mobility is inversely proportional to density the observed mobility 
at 0°c and 760 mm Hg can be reduced to liquid helium densities. ‘This predicts 
that the mobility of an oxygen negative ion in liquid helium would be 
1-67 x 10-2cm?v-1sec-1, which is to be compared with the measured value of 
1:7x 10-*cm?v-tsec-+, Considering the extent of the extrapolation the 
agreement is remarkably good. 

Williams measured pp, at 4-2°K using applied fields between 4kvcm~ and 
130kvcm~4, and the inequality (10) indicates that low field equations must not 
be applied indiscriminately. It is apparent from the reported data that even at 
4-2°K the mobility was field dependent, and this implies that both field and thermal 
energies were of importance. For this condition equation (8) can be used to 
determine the ion-atom cross section, and since in the derivation of equation (8) 
only elastic collisions are considered, the cross section derived in this way is an 
effective hard-sphere cross section which will include an appreciable contribution 
from polarization attraction. At 23kvcm-) po, was 7-8 x 10-4 cm*yv— sec 4, 
and from equation (8) the effective cross section is 1-4 x 10-™ cm2. The equivalent 
hard-sphere cross section calculated from low field data and equation (1) has 
been shown to be 2:5 x 10-™cm2, and since the contribution of polarization to 
the cross section is inversely proportional to the ion velocity a smaller total cross 
section at higher fields is to be expected. 

‘The temperature dependence of ju, at a field of 23 kv cm! is shown in figure 3, 
and between 4:2°K and about 3°K the mobility decreases with decreasing 
temperature. If the cross section is assumed to be temperature independent, 
then equation (8) predicts a slight increase of j., with decreasing temperature 
(figure 3); but equation (3), which gives an indication of the relative importance 
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Figure 3. Mobility of positive ions in helium liquid as a function of temperature. 


of polarization attraction even when the field and thermal energies are comparable, 
shows that the influence of polarization is increasing very rapidly in liquid helium 
as the temperature is lowered below 4:2 K. (It is assumed that 7S? is independent 
of temperature within this small range.) ‘This results in an increase of the total 
effective cross section and therefore in an overall decrease of the mobility. 


4.2. Helium II 


In liquid helium II the ions do not collide with the superfluid liquid but only 
with the excitations, and above 1°k, where the roton density is very much larger 
than the phonon density, the mobility is determined by ion-roton collisions alone. 
Recently Careri, Scaramuzzi and Thomson (1959) have confirmed the mobility 
measurements of Meyer and Reif and have shown that agreement between theory 
and experiment can be obtained by assuming only ion-roton collisions to be 
important. It appears that these collisions can be interpreted in terms of an 
elastic hard-sphere cross section. Since liquid helium II can be considered 
as a roton gas in a superfluid background liquid, it is of interest to apply the 
equations for ion mobility as derived from classical kinetic theory to the case of 
an ion moving in the roton gas. ‘This is of particular interest in the case where the 
energy gain from the applied field is very much greater than the random thermal 


energy. ye 
The number of rotons per cm* at a temperature 7’ is given by 
2pr*P, 2iked )h4 } “ 


where 1, is an effective mass, P, is a constant with dimensions of momentum, 
and A is the minimum energy required to excite a roton. The density of rotons 
is NrP,2/3RT so that the effective roton mass for collisions between an ion and a 
roton is not py but Py?/3RT. Using the values of pur and P, given by Atkins (1959), 
the roton number density and effective roton mass my can be expressed as 
N,=7:3 x 10272 exp (—A/RT) and mr=16my,/T, where my, 1s the mass of 
a helium atom. The inequality (9), which indicates the limits of the low field 
equations gives 


E <4 10"oy-7* exp (—A/RT) vem, 
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where oj is the ion-roton collision cross section (assumed independent of 
temperature). It has been suggested that oir ~ 10 “Bem? and if A/k~7°K, 
then at 2°K low field conditions are satisfied if E<7kvcm™, while at 1:2°K 
E<180vcm—!. The field range employed by Meyer and Reif (50-200v cm ™) 
is such that the thermal energy is predominant, but Williams’ measurements 
were taken at fields as high as 50kvcm-+, and clearly the thermal energy will 
be only a small part of the total ion energy. 

Consider first the low field equation (1). Substituting for NV, and assuming 
m, is much larger than the ionic mass we find 


_ 3-38 x 10-18 


exp (AiRD 0) 9 eee (13) 
Cir 
where y is in practical units. 

Except for a small difference in the numerical factor this equation is the 
same as that applied by Careri, Scaramuzzi and ‘Thomson to the data of Meyer 
and Reif, and from a plot of In(u7) against 1/7’, A/k can be obtained and the 
cross section ojp can be estimated. ‘The results are given in table 2. 


Table 2.. A/k and Ion—Roton Collision Cross Sections 
as deduced from Kinetic ‘Theory 


Equation (1) (2) (6) 
A/R (°K) 6:9 8-43 8°25 
air (em?) Oslo" ~10-% 2x 10-8 


Equations (1) and (2) were compared with the low field data of Meyer and Reif, and 
equation (6) was compared with Williams’ high field measurements. 


The value of A/k deduced from equation (1) is very much lower than usually 
found experimentally, and it has been suggested that polarization may give rise 
to a local compression of the medium near the charge, and that as a consequence 
less energy is necessary to produce a roton at that point. It should be possible, 
therefore, to make use of equation (2), which includes the effects of polarization, 
and from this deduce a value of A/k which agrees more nearly with results obtained 
from experiments in which polarization is not important. If it is assumed that 
the density concerned in equations (2) and (3) is the density of the normal fluid, 
and that the dielectric constant is given by the Clausius—Mossotti relationship, 
then equation (2) can be written in the form 


e276 <0 Aen (ART) eae oo eee: (14) 
where y is in practical units. From the experimental data of Meyer and Reif 
A/k can be calculated as 8-43°K, which is in excellent agreement with values 
deduced from oscillating disc experiments. If it is assumed that polarization 
forces are completely dominant A can be replaced by 0-51, and j, can be 
predicted as a function of temperature from equation (14). This is shown in 
figure 3. ‘The agreement obtained is exceptionally good considering that the 
experimental data may be in error by as much as 50%. 

If polarization forces are predominant, then Z as derived from equation (3) 
must be very small. Putting Z~10-2, 7S?~2 x 10-4T-1cm?, and this shows 
that the physical dimensions of a roton are comparable with the interatomic spacing. 
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Willams has measured jx, as a function of temperature at a constant field of 
23 kvcm~? and as a function of field at a constant temperature of 1-45°K, and in 
both cases the field energy is considerably in excess of the thermal energy. 
Equation (6) must therefore be modified for the case of ion—-roton collisions. 
Substituting for NV; and my gives 

wy) as 
ce wa exp(A/RT) ae. (15) 
where E is the applied field. Both F and p are in practical units. 

Using equation (15) and Williams measured data (figure 3), A/k and o,, can 
be obtained and are given in table 2. The value of A/k is most satisfactory, and 
the very large cross section indicates that polarization attraction is still important 
in the high fieldrange. At23kvycm |! the thermal energy is not entirely negligible, 
and ideally equation (8) should be used. However, there is very little error in 
using (15), the cross section obtained from (8) being about 10°, smaller than 
that predicted by equation (15). 

Using the values of o,, and A/k deduced from the temperature variation at 
constant field, the variation of j.. with field may be obtained from equation (15). 
This is shown in figure 4, and the agreement with Williams’ data is reasonable. 
A closer fit can be obtained if the thermal energy is considered by using 
equation (38). 
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Figure 4. Mobility of positive ions in helium liquid at 1:45 °K. 


§ 5. CONCLUSIONS 


It has been shown that it is possible to explain both ionic and electronic 
mobilities in argon and helium liquids by kinetic theory provided that the correct 
equations are used and likely impurities are considered. In argon liquid and 
liquid helium I the collision cross section for positive ions is the same as found 
in the corresponding gas phase, with polarization scattering of extreme importance. 
It would appear that for the explanation of ion mobilities these liquids may be 
considered as compressed gases. ‘The collision cross section found for electrons 
in argon liquid is shown to be in accordance with that expected if some molecular 
impurity were present in a very small concentration. In liquid helium II, where 
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ion—roton scattering is predominant, kinetic theory may be used to predict the 
mobilities, and very satisfactory agreement is obtained both for high field and for 
low field data. Again polarization is of great importnce. 
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Abstract. Using carefully selected oscillator strengths the logarithm of the 
average excitation energy, measured in rybdergs, appropriate to the Lamb 
shift is computed to be 4:37+0-03. ‘Taken together with recent calculations 
by Pekeris, the theoretical value of the ionization potential of helium is 
198310-674 + 0-025 cm! compared with 198310-8, + 0-15 cm7}, the experimental 
value. 


§$ 1. INTRODUCTION 


HE major uncertainty in the theoretical value of the ionization potential of 

helium arises in the evaluation of the average excitation energy ky appro- 

priate to the Lamb shift. According to Bethe (1947) kp is defined by the 
equation 


> (EB, —E. yin (E,—E,) 
ary pm 25 FA at ek 0 lO a 
ay Plates fa) @) 


where f, is the oscillator strength of the electric dipole transition from the ground 
state with binding energy E, to the nth excited state with binding energy E,,, the 
summations including integrations over all the continua. Clearly most of the 
contribution to k, comes from transitions corresponding to photo-ionization. 
The first estimate of k, was given by Dalgarno and Lynn (1957), who used 
oscillator strengths with an asymptotic form determined to ensure that four sum 
rules are satisfied. A much improved estimate was then presented by Kabir 
and Salpeter (1957) who used oscillator strengths with the correct asymptotic 
form, which, however, satisfied only one sum rule. A combination of the two 
investigations should result in greater precision. In any event, a re-investigation 
is desirable since the contributions to , from transitions to doubly excited states 
according to Dalgarno and Lynn and according to Kabir and Salpeter are very 


different. 


§ 2. Sum RULES 


If r, and r, are the position vectors of the two electrons referred to the nucleus 
and yo(r,, rp) and y,,(ry, rz) are the wave functions of the ground and nth excited 


states respectively, 

fr= 4(Ey—E,,)\(4o» [ri+ rol, )Ps ee (2) 
E, and E,, being measured in rydbergs and distance in units of dy = 5-292 x 10-*cm. 
The oscillator strengths satisfy the sum rules (cf. Dalgarno and Lynn 1957) 
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ee caw F 
(i) Sa=¥ fa(Eo— En)? = SF (ho [5(F1) + 8(r2) Ho) 
where 8(r) is the three-dimensional Dirac 6-function. 
(11) Sy = > fr Bo En) =H Eo + 2(ho Pr- Poio)}/3 


where p, is the momentum of the 7th electron in atomic units. 


(iii) SS 


(iv) S_4= > frl (Lo En) = Cho [ra + re}fo)/3, 
(v) S_s=>fr/(Lo— En)? =%/4, 

where « is the dipole polarizability in units of a)°. 

(v1) S_4= DFn/(Zo— En)*=8 


where £ can be determined from experimental data on the refractive index and 
from experimental data on the Verdet constant. 

We adopt the values for S;, given in table 1. S,, S, and S_, are taken from 
Pekeris (1959), S_, from Essen (1953) and S_, from Dalgarno and Lynn (1957). 


Table 1. Values of Sum Rules 


Direct, theory or experiment Derived from oscillator strengths, 


Zin igiio—iy) in(Z,—£,) = 530-2 
Ss WANES} 121:3 
Sy 8:17 8-17 
So 2 2 
Se 0-7525 0-7525 
ise 0-349 + 0-003 0-346 
Sa 0-098, 0-0963 


The accuracy of the experimental value of S_, is uncertain. 


§ 3. ASYMPTOTIC Forms 


‘The transition matrix element may be written in the length, the velocity or the 
acceleration forms. ‘T’he arguments of Dalgarno and Lewis (1956) suggest that 
for high energy transitions, the acceleration matrix element is the least sensitive 
to the wave functions adopted. ‘The oscillator strength for a transition into the 
continuum described by an electron of energy e rydbergs moving in the field of a 
helium ion He*(1s) in its ground state is accordingly written in the form 


faq+o{ an (Yo E =. at |) 7 BS = (3) 


a (+e 
il 1/2 
falta Fa)= 5 6) {tup(ry) exp (ik. rp) +149(rg) exp (ik.ry)} ...ee (4) 


where J is the first ionization potential of helium. 
For large values of ¢, we may replace %,,(r,, r,) by 
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where U9(r,) is the wave function of Het+(1s) and k is the momentum of the 
ejected electron such that k?=«. Then using the identities 


ir Pease ics oe. ; 
eo cal ap k’ exp (7k’. rr) 
: ae i 
a(r)= dk’ exp (ik’. 
(r) | exp @k'.r), 
it follows from (3) that for large values of e 
df P 
oo eat 
de : 
where 
S124 F 2 
C= = | bo(ly, O)ug(r,)dr,|. wee (5) 


Expression (5) has been obtained previously by Kabir and Salpeter (1957), 
using an apparently new method. ‘They evaluate the leading term of the velocity 
matrix element in momentum space after carrying out a certain transformation. 
However their transformation is equivalent to that which transforms the velocity 
matrix element to the acceleration matrix element in coordinate space. Kabir 
and Salpeter demonstrate by explicit calculation that C is insensitive to the choice 
of u(r), r2), their recommended value of C being 286. The method used by 
Kabir and Salpeter does not provide any estimate of the energy at which (5) is 
a satisfactory approximation to the oscillator strength and our purpose in pre- 
senting an alternative is to demonstrate that (5) is merely the leading term of (3), 
which may, of course, be evaluated without making the approximations involved 
in obtaining (5). 


§ 4. OSCILLATOR STRENGTHS 
4.1. Singly Excited Discrete Transitions 

Calculations of discrete oscillator strengths up to 1957 have been briefly 
reviewed by Dalgarno and Lynn (1957). Since then, Low and Stewart (un- 
published) have computed further values and they conclude that the use of the 
length matrix element leads to the most reliable results (see also Stewart and 
Wilkinson 1960). The results of Low and Stewart based upon the six-parameter 
Hylleraas (1929) representation of ib, and a modified hydrogenic wave function 
for ys, are reproduced in table 2. The value for the resonance transition agrees 
closely with that recommended by Miller and Platzman (1957). 

There are no reliable experimental values. 


Table 2. Values of the Oscillator Strengths for the (1s*)!S— (1s, mp)'P 
transitions in Helium 


n 2 3 4 5 6 
0:275 0-0746 0-0304 0:0153 0-00878 


4.2. Singly Ionized Transitions 


Oscillator strengths for singly ionized transitions have been computed by 
Huang (1948) using the six-parameter Hylleraas representation of # and a 
hydrogenic approximation for the continuum in the length, velocity and acceler- 
ation formulations. Dalgarno and Lynn (1957) suggested that his velocity matrix 
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element is too large at the spectral head, and this has been confirmed recently 
by Stewart and Wilkinson (1960) who used a Hartree-Fock representation of the 
continuum state. We adopt the values recommended by Stewart and Wilkinson 
for energies « up to 1 rydberg and Huang’s acceleration values (extended to higher 
energies) for e« greater than 1 rydberg. ‘This choice differs from that of Kabir 
and Salpeter (1957), who adopted Huang’s velocity values for all «, but is justified 
by the demonstration in § 3. 


Experimental Values 
+ Lassettre (unpublished) 
4 Lee and Weissler (1955) 
e Axelrod and Givens (1959) 


02|/- As ‘) 


0 0:5 1-0 1S 20 25 3:0 
e(ryd) 


‘The oscillator strengths for single ionization of helium as a function of the energy « rydbergs 
of the ejected electron. The full line is the adopted theoretical curve; the points are 
experimental values. ‘To convert the oscillator strengths to photo-ionization cross 
sections, multiply df/de by 8-07 x 10~'® and to convert the energy scale to wave- 
length A in A, use the relation A=911-3/(1-807 +6). 


The selected values are illustrated in the figure, which shows also experimental 
values due to Lee and Weissler (1955), to Axelrod and Givens (1959) and to 
Lassettre (unpublished). In addition, Dershem and Shein (1931) have 
reported a value for df/de at 44-6 A of 0-0030 compared with our theoretical value 
of 0-0022. 

It may be noted that the adopted values for the singly excited and singly 


ionized transitions satisfy the continuity requirement at the spectral head (Hartree 
1928, Hargreaves 1929). 


4.3. Simultaneously Excited and Ionized Transitions 


Because of the large energies involved, contributions to the Lamb shift of 
transitions in which the final state of the He* ion is excited are relatively important. 
We can estimate the asymptotic contribution accurately by using the 


appropriate modification of (5). Thus for the He(1s?)-He(ns,ep) transition, 
df|de~ C,,.¢—"? where 


G 


> ns 


_ 512 
3 


2 

| Yorn Ou(nstes)dey) 

u(ns|r,) being the wave function describing He*+(ns). We find that 
Ci Ca. C,. = 1: 0-04870-0066. 
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The total contribution for all states of He* can also be readily obtained. For 
512 


SC = FD | vale Omlaslerdary | pola’, Ou(nstey dry 


ns 
512 


au | | San Wolr Ooty’, O)drydry’ 


512 
— | Yolr1, 0) 
with the result that the sum of the ratios for all states is 1-079. It is to be noted 
that the sum includes the contribution from double ionization. 

For transitions such as (1s)?— (mp, es), C vanishes and the leading term in 
the asymptotic formula falls off as «-°*. The contribution to the Lamb shift 1s 
therefore comparatively small. 

To obtain estimates at lower energies, we assume that (rr), r.) can be 
written in the separable form f(r,)f(r.), the function f(r) being the Hartree 
approximation. ‘Then writing 


(ns|ry, r2) = <5 {ulnsies)F(eples) +u(nsles)Flepln)} 


where F(ep|r) is the preverly normalized Coulomb wave function, and using the 
length form of the matrix element, it follows that 


[ feducrsteyae 
[ frjuts(lnyar 


where J, is the nth ionization potential given by J,=[+4—4/n®. At the 
spectral heads, the ratios for final 1s, 2s and 3s states are 1:0-0618:0-0079. 
These ratios are not too different from the asymptotic ratios and we shall 
assume initially that we may use the asymptotic ratios for all values of e. 


2dr, 


2 


df(1s*—7.8, ep) : (UI, +¢€) 


df(is'—1s,ep)  (I+e) 


2 


4.4. Doubly Excited Discrete Transitions 
To provide a guide to the oscillator strengths of doubly excited discrete 
transitions, we assume that the spectral head continuity rule applies to all the 
discrete transitions. Together with the results of §4.3, this gives for transitions 
to the (2s, np) and (3s, mp) states the values listed in table 3. For transitions 
to the (2s, 2p) and (3s, 3p) states, the values may be compared with those of 
Vinti (1932) who obtained 0-011 and 0-0008 respectively. 


Table 3. Values of the Oscillator Strengths for the (1s?)'S— (2s, np)'P and 
(1s?)'S — (3s, np)! P Transitions in Helium 


N f(2s, np) f(3s, np) 
2, 0-0109 0-00148 
3 0-00324 0-000439 
4 0-00137 0-000186 
5 0-000701 0-0000950 
6 0-000405 0-0000549 
a 0-000255 0:0000346 
8 0-000171 0-0000232 
9 0-000120 0-0000163 

10 0-0000877 0:0000119 
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Apart from the (2s, 2p)'P and (2s, 3p)'P states, the energies of which pro- 
bably lie 4-41 and 4-67 rydbergs respectively above the ground level, the locations 
of the doubly excited states are uncertain (cf. Bransden and Dalgarno 1953). We 
suppose that for the (2s, mp)'P series, Ey—E,, =4:81—1-58/n? rydbergs with 
similar formulae for other doubly excited series. 


§ 5. CALCULATIONS AND RESULTS 


The oscillator strengths described in the previous section are in reasonable 
but not exact agreement with the sum rule requirements of §2._ We have modi- 
fied them so that they conform to the sum rules S., S), Sj and S_, more precisely, 
the method of modification being largely arbitrary except that the constants 
describing the asymptotic behaviour are held fixed at the theoretical values 
given in §§4-2 and 4:3. The values of the sum rules derived using the modified 
oscillator strengths are given in the third column of table 1. The harmony 
of the computed and measured values of S_, and.S_, lends further support to the 
accuracy of the derived oscillator strengths. 

The individual contributions to the numerator and denominator of (1) are 
compared in table 4 with those obtained by Kabir and Salpeter (1957). Despite 
the considerable differences between the individual contributions, the actual 
values tor the Lamb shift are very close; for Inky we obtain 4:37 and Kabir and 
Salpeter obtain 4-39. 


‘Table 4. Contributions to the Numerator and Denominator of expression (1) 
in units of 121-28 ryd? 


Numerator Denominator 
K&s D&S K&S D&S 

Discrete single 

excitation 0-0048 0-0045 0-0098 0-0092 
Discrete double 

excitation 0-0051 0:0073 0:0032 0-0049 
Single ionization 

€= 0-10 ryd 0:3478 0-3149 0-1981 0:1874 

«= 10-400 ryd 2:3470 1:9367 00-5743 0:4721 

€=400-00 ryd 1-78127 1:6930 0:2370 0:2084 
Simultaneous 

excitation and 

ionization — 0:-4132 —- 0-1180 
Sum 4-4859 4:3696 1:0224 1-0000 


K & 5S: Kabir and Salpeter; D & S: Dalgarno and Stewart. 


t This value is not consistent with the assertion by Kabir and Salpeter that for 
<> 400 ryd the asymptotic form of Huang’s velocity formula was used. This would 
yield a value of 1:8896. 


Kabir and Salpeter state that their possible error most probably lies between 
+0-2 and almost certainly between —0-2 and +0:6. We believe that our 
possible error most probably lies between +0-03 and almost certainly between 
+ 0-1, although these limits are not rigorously established. 
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The radiation Corrections to O(«3), « being the fine-structure constant, may 
be written for helium as 


Beer. AL, = Fy,1 Ey» E’t,2 B",2 
(Kabir and Salpeter 1957, Araki 1957, Sucher 1958) where 
=3*534cem + (Kabir and Salpeter 1957), 


Ext 

) 
Ey o =~ (Ho, 8(71)%)(— 2 In « — In ky + 19/30) a3 ry, 
E'h,2 


g= —0-208cm (Pekeris 1959) 
and 
; E"y,2=0°068.cm-* (Dalgarno and Stewart 1960). 
Using the expectation value of 5(r,) computed by Pekeris, 
E,,= (5-026—0-8235) cm. 
Hence 
Ad = (= 1-3524-0-8230) m=. 
The sum of the non-relativistic ionization potential, the mass polarization and 
the relativistic corrections is given by Pekeris (1959) as 198312-026cm~ so that 
I= (198310-674 — 0-8238) cm. 
Since 8 is probably between +0-03, the probable theoretical value 1s 
198310-674 + 0-025 cm 
compared with the experimental value of 
198310-8, + 0-15 cm 
(Herzberg 1958). The estimated error in the theoretical value of I does not 
take account of the possible error of E",, 5. 
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Abstract. The time-of-flight technique has been used to study the neutron 
spectra from the reactions 2Si(d, n)?°P, 32S(d, n)?8Cl and #°Ca(d,n)"Sc. Weak 
neutron groups have now been resolved which correspond to levels in *°P at 
2:42 + 0-04 and 3-13+0-03 Mev, and in Cl at 2-11+40-06 and 2-53 + 0-06 Mev. 
Only one group could be definitely attributed to the #°Ca(d, n)*!Sc reaction, and 
this denotes a level O-value of — 2-86 + 0-02 Mev. 


§ 1. INTRODUCTION 
r ‘HE (d, p) reactions on the target nuclei ?*Si, 3°S and ’Ca have been studied 


with good resolution, and levels in ?°Si, 3S and 4'Ca have been accurately 

located. The levels of ?°Si and *°S have also been confirmed using (d, «) 
reactions. Information on the levels of the mirror nuclei ?’P, #*Cl and *4Sc is 
much less complete. Data have been obtained from the (p, y) and (d, n) reactions, 
but those afforded by the former reaction are very restricted, while the latter re- 
quires the difficult techniques of neutron spectrometry. 

In 2°Si there are well confirmed levels at 1:28, 2:03, 2-43, 3:07 and 3-62 Mev 
(Endt and Braams 1957). In the 78Si(d, p)?9Si reaction with 8-2 Mev deuterons 
the third and fourth levels are only weakly excited (Holt and Marsham 1953). 

The neutron spectrum from ?8Si(d, n)?®P has been studied with 9 Mev 
deuterons by Calvert et al. (1957), using a scintillation recoil spectrometer. 
Neutron groups were observed corresponding to levels in ?°P at 1-3, 1:9 and 3-5 Mev. 
Green (1955) obtained similar results with 8-5 Mey deuterons and using nuclear 
emulsions, but in addition found some unresolved neutrons which may be due to 
levels in ?°P at about 2:5 and 2:9 Mev. 

A resonance in the yield of the ?*Si(p, y)?®P reaction has been found at 
0-367 + 0-002 Mev, corresponding to a level in 2°P at 3-078 +0-009Mev. This 
resonance level decays via excited states at 1:380+0-02 and 1-935 + 0-02 Mev 
(Van Oostrum et al. 1958). 

In *8S the first six levels are known to be at 0-841, 1-96, 2:31, 2:87, 2-94 and 
2:97 Mev (Endt and Braams 1957). The proton groups leading to the levels at 
1-96 and 2-31 Mev were very weak in the ®*S(d, p) reaction with 8-2 Mev deuterons 
(Holt and Marsham 1953). 

The **S(d, n)??Cl reaction has been studied by Middleton et al. (1953) using 
nuclear emulsions and 8 Mev deuterons. Levels in 3Cl were found at 0-76 + 0-07, 
2:84 + 0-06 and 4-22 + 0-08 Mev, while at certain angles a weak group was observed 
corresponding to a possible level at 1:89mev. A study of the 32S(p, y)Cl 
reaction has revealed the doublet nature of the level at 2-84 mev (van der Leun and 
Endt 1958). Resonances occur at 0-580 and 0-587 Mev, corresponding to levels 


at 2°85 + 0-02 and 2:86+0-02mev. The latter decays in part via the first excited 
state at 0-806 + 0-004 Mev. 
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Plendl and Steigert (1959) using nuclear emulsions and 4 Mev deuterons have 
observed neutron groups from *Ca(d, n)"Sc. Q-values of —0-57, (—1-13), 
(— 1-41), —2-43 and — 2-54 Mev were reported, corresponding to the ground state 
and levels of *4Sc at (0-56), (0-84), 1:86 and 1:97 Mev. ‘The data in brackets may 
be due to impurities. | Butler (1959) has reported the presence of a resonance at 
0-650 Mev in the yield of the #°Ca(p, y)#!Sc reaction. 

In view of the importance of the concept of charge independence of nuclear 
forces, we have re-examined these (d, n) reactions with improved energy resolution 
with a particular interest in locating the levels expected in ?°P at about 2-4 Mev, and 
in °C] at about 2-0 and 2-3 Mev, corresponding to levels in their mirror nuclei. 
By analogy with the corresponding (d, p) reactions, the neutron groups leading to 
these levels are expected to be of low intensity. Similarly, the 4°Ca(d, n)*Se 
reaction warranted further investigation. The bombarding energy was chosen 
to be approximately 4 Mey in these experiments, since this is sufficient to excite the 
levels ot interest, and is compatible with good energy resolution. 

The aim of this work was to obtain O-values, and differential cross sections 
were not measured. Although it would be of interest to measure the angular 
distributions of the new neutron groups we have observed, their low intensity has 
precludedthis. The angular distributions of the more intense groups have already 
been obtained by previous workers, at higher deuteron energies, and information 
on level spins has been deduced using stripping theory. Similar measurements 
with 4+ Mev deuterons were therefore eschewed. 

At low energies the time-of-flight technique affords better energy resolution. 
than nuclear emulsions or the scintillation spectrometer. Neutron energies of 1 Mev 
or less can be measured with an uncertainty of +0-02mMev. However this un- 
certainty increases in proportion to £,*”, and thus for reasonably accurate measure- 
ments the technique strongly favours reactions of low Q-value. ‘The reactions 
we have studied have ground-state O-values of approximately zero, and thus the 
neutrons had energies not greater than 4 Mev, the bombarding energy. It will be 
seen in tables 1 and 2 that the most negative O-values were measured with the 
greatest accuracy. 


§ 2. EXPERIMENTAL DETAILS 


The time-of-flight spectrometer used in these experiments has been described. 
previously (Batchelor and Towle 1959). Owing to the high background flux of 
neutrons due to the incidence of 20 a of 4 Mev deuterons on the deflector plates, it 
was necessary to house the detector inside a larger shield than mentioned previously. 
This was a water tank 4ft in diameter x 4ft deep. The collimating channel and 
the detector housing were surrounded by a 2-inch thickness of lead in order to 
attenuate capture y-rays produced in the tank. A comparison with a long 
counter showed that the neutron counting efficiency of the detector was constant 
within 10%, over the energy range 0-6 to 4-0 Mey. The shield was mounted on a 
turntable allowing the angle of observation to be varied. ‘The time to pulse-height 
converter was adjusted so that each channel of the 100-channel analyser corres- 
ponded to approximately 2 nsec (mysec. ) 

The sulphur targets were prepared by vacuum evaporation of natural Sb,S3, 
and for one run CdS (98-7%%2S) obtained from the Atomic Energy Research 
Establishment, Harwell. The silicon targets were similarly prepared from 
natural silicon, and natural silica was used as an oxygen target for background runs. 
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The calcium target was made by evaporation of natural calctum im situ, to minimize 
oxidation. Contamination of the targets by oxygen proved a serious hindrance, 
since the !®O(d, n)!7F reaction is very prolific and has Q-values close to those of the 
reactions being studied. Target thicknesses of 200-300 pg em ~™ were used, these 
producing an energy loss of approximately 25 kev to 4 Mev deuterons. The target 
backings were made of gold foil of thickness 0-005in. Background measurements 
were made using clean gold backings as targets. ‘he only structure observed 
in the time spectra of these background runs was due to slight deposits of carbon 
and oxygen. 
§ 3. RESULTS 
Sills ee Nie 

Figure 1(a) shows a time spectrum measured at 88° for a natural silicon target. 
The neutron groups have been assigned to levels in the residual nuclei, and are 
labelled correspondingly. In all the spectra the two peaks due to O(d, n)!’F 
are present. Figure 1(b) is the spectrum obtained with a SiO, target under the 
same conditions, showing relatively few neutrons from **Si. A comparison of 
the relative heights of the two !“F groups in figures 1 (a) and (6) shows that besides 
the five resolved groups due to **Si seen in 1(a), another, ?°Ps is situated beneath 
the "F ground state group. 
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Figure 1 (a), (6). ‘Time spectra of neutrons at 88° with Ey= 3-955 mev and a flight path 
of 181 cm. 


At 30°, figure 2(a), the ''F groups have moved to a slightly higher energy 
relative to the °*P groups owing to centre-of-mass motion, and the group ?°P; can 
be seen as a bump on the low energy side of "Fj. A group #N, has appeared due 
to #C contamination, and figure 2(b) shows for comparison the spectrum obtained 
with a carbon target of thickness 50 ug cm, the !“F groups being observed also. 

The data collected from six runs on Si are shown in table 1. The Q-values for 


the various neutron groups are tabulated, and from the mean values the corres- 
ponding levels of ?°P are deduced. 
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Figure 2 (a), (5). Time spectra obtained at 30° with Eg=3-955 Mev and a flight path of 


231 cin, 


3.2, @ SG, ny?Cl 
Figure 3(a) shows the time spectrum obtained at 30° with an 5b,5;, target. 
Five groups due to #S are observed. A spectrum obtained under similar 
conditions with a carbon target of thickness 50 .gcm~ is shown in figure 3(5). 
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Figure 3 (a), (6). Time spectra obtained at 30° with Eg=3-917 mev and a flight path of 
2a Jncin. 
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The width of the fifth group *8Cl, is 80 kev at half height, which is consistent with 
the excitation of a single level at 2-82 Mev since the spread due to timing uncertainty 
is 75 kev, and the target thickness is 30 kev. The width is also consistent with the 
excitation of a doublet level of 7 kev splitting as observed by van der Leun and 
Endt (see §1). ‘The doublet splitting would have to be 30 kev or more in order to 
increase significantly the observed width of the group. 

In table 2 we present the reaction Q-values and corresponding levels of 2°C] 
obtained from four runs, that at 35° being done with a target enriched in #25 to 


98-7. 


Table 2. Q-values for Reaction **S(d, n)8C1 


Energy Angle (deg) O-value (Mev) 

(Mev) 0 1 2 3 4 
3-917 30 +0-13+0-09 —0-84+0-06 —2-:03+0-03 —2-42+0-02 —2:74+0-02 
3-505 15 +0-09+0-09 —0-73+0-07 —1:99+0-03 —2-43+0-02 —2-67+0-02 
3-505 35 +0-09+0-09 —0:77+0-07 —2-02+0-03 —2-38+0-02 —2-76+0-02 
4-221 45 — — —1-98+0-04 —2-47+0:03 —2-72+0-02 
Mean Q-values +0:10+0-05 —0-78+0-05 —2-01+0-02 —2-43+0-03 —2-72+0-03 
Levels *Cl [EMSy 0-38 +0:07" 2:11-0:06" 25320706 2°82220-06 


33. "COLA, By oe 
A time spectrum obtained at 30° from a natural calcium (97°%*°Ca) target is 
shown in figure4. Comparing this with a run on carbon under similar conditions, 
figure 2(b), we note that the intense group at 1 Mev coincides with the group *N, 
from carbon contamination, but the latter supplies not more than 10% of the 
counts inthis peak. In four runs (results in table 3) this group is the only one we 
can reliably attribute to #°Ca. The width of the group (75 kev) is as we expect 
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Ficure 4. Time spectrum of neutrons at 30° from a calcium target. Eq=3-955 Mev and 
oy : flight path= 231 cm. 
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for the excitation of a single level in*!Sc. In table 3 the Q-values for the neutron 
groups from 'O and C contamination in the calcium targets are given for 


comparison. 


Table 3. Q-values for #°Ca(d, n)*!Sc 


Bnersy Angle(des) —————______ _____—_ heacion 


(Mev) @a(din)asc XOX(EE cay) et BKC L(el, sal) IN 

SPSS) NS) —2:89+0-02 —1-:61+0-03 —2-:08+0-02 —0-18+0-08 —2-68+0-02 
65955 30 —2-85+0:02 —1:61+0-04 —2-11+0-03 a = 
S955 45 —2:83+0:02 —1-60+0-:04 —2-10+0-02 — = 
4-247 35 —2:87+0:02 —1:63+0:06 —2-04+0-04 = ae 
Mean O-values — 2:86 +0-02+—1-:61+0-02 —2:08+0-02 —0-18+0-08 —2:68+0-02 


+ Corresponds to a level in “Sc at 1:72 Mev. 


§ 4. DiIscussION 


The ground-state Q-value of the **Si(d, n)?*P reaction has been reported 
as —0-80+ 0-10 Mev by Peck (1948), and as 0:29 + 0:04 Mev by Mandeville et al. 
(1952), both measurements being made using nuclear emulsions. Calvert et al. 
(1957) and Green (1955) report 0-6+0-1 and 0-74+0-1 Mev respectively. To 
these we add our value of 0-63 + 0-06Mev. ‘The first two levels of ?°P have recently 
been located at 1-386£0-01 and 1-962.0-01 mev, using the ““SiCiic, -d)> = 
reaction (Hinds and Middleton, private communication, 1959). Using these 
data together with our excited state O-values in table 1, a more accurate ground- 
state O-value of 0-563 + 0-03 Mev is obtamed. ‘The value obtained from atomic 
masses is 0-499 + 0-014 Mev (Endt and Braams 1957). 

Since the ?°P data were obtained using targets of natural silicon (4:7%?°Si, 
3:1% 3951), the possibility that the less intense neutron groups are due to the rare 
isotopes cannot be ruled out. Groups 3 and 4 (table 1) could conceivably be 
due to excitation of levels in 9°P at 5:2 and 5-9 Mev, or in 2!P at 7-0 and 7-7 Mev. 
This is unlikely, however, since there is no evidence in the spectra for groups leading 
to the many lower levels in these nuclei. Runs with separated Si isotopes were 
not made since they are available only as SiO,, and the weaker neutron groups from 
Si are difficult to observe in the presence of the prolific groups from '6O. 

Middleton et al. (1953) have reported the ground-state Q-value for ®?S(d, n)3Cl 
as 0-25Mev. ‘This is to be compared with our measurement of 0-10 + 0:05 Mev 
and the value from atomic masses of 0-060 + 0-013 Mev (Endt and Braams 1957). 

In the *#°Ca(d, n)"Sc reaction, we have observed one intense group with a 
corresponding Q-value of —2-86+0-02 Mey. Plendl and Steigert (1959) report 
groups with Q-values of — 0-57 Mev (ground state), — 2-43 and — 2:-54mev. The 
ground-state Q-value obtained from the atomic masses of #°Ca and #!Ca, and the 
B* end point of the decay of “4Sc (Elliot and King 1941) is— 0-60 + 0-08 Mev with 
which Plendl and Steigert are in agreement. We have not observed the ground 
state group, presumably because of its low intensity. This is not surprising, 
since by analogy with the mirror reaction ‘Ca(d, p)*!Ca, the ground state is 
expected to be formed by f-wave proton capture. Proceeding with the analogy, 
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lowever, the first excited state of 44Sc should be formed by capture of p-wave 
rotons, and hence the corresponding neutron group should be relatively intense 
at forward angles. ‘The group we observed was in fact more intense, by an order 
of magnitude, than any group of higher energy which could have been present in 
this reaction. It is difficult, therefore, to reconcile our results with those of Plendl 
and Steigert. ‘he present measurements are, however, consistent with those of 
Butler (1959), on the #Ca(p, y)!4Sc reaction. The resonance he observes at 
)-650 Mev, corresponds to a level in Sc at O(p, y)+0-635 Mev, which is equal to 
our value of O,(d, n) + 2-86 Mev, since O(p, y) = O,(d, n) + 2-225 mev. 

Hinds and Middleton (private communication, 1959) have recently measured 
the O-value of the *Ca(#He, d)!!Sc reaction to be — 4-410 + 0-015 Mev (prelimin- 
aryresult). Using this result, and the known masses of the neutron, deuteron and 
’He particle, the ground-state O-value of the #?Ca(d, n)"!Sc reaction is calculated 
to be —1-14+0-02Mev, which disagrees considerably with previous values. 
Taking this value as the correct one, the neutron group we have observed corres- 
ponds to a level in “Sc at 1-72 Mey. Since the intensity of the group is high, it is 
then plausible to assume that this level is the first excited state of #4Sc, correspond- 
ing to the 1-95 Mev state in the mirror nucleus "Ca. Thus the new Q-value leads 
to a very plausible explanation of our results, and is also in disagreement with 
earlier work on the *Ca(d, n)*!Sc reaction. 

Figure 5 shows the level schemes of the mirror pairs of mass 29 and 33. The 
level energies of the nuclei in both pairs are remarkably close, thus furthering the 
confirmation of charge symmetry of nuclear forces. 
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(1957). 


In the course of this work, many measurements have been made of the Q-values 
of the ground and first excited groups from *C(d, n)'*N and 16QO(d, n)!’F at angles 
ranging from 15° to 88°. The mean Q-values are: 12C, —0-257+0-060 and 
— 2-648 + 0-017 Mev; and 160, —1-616+0-03 and —2-106+ 0-025 Mey. ‘The 
first excited states of 3N and !’F are thus at 2:39+0-06 and 0-49 +0-04Mev. 
These results are in excellent agreement with previous work (Ajzenberg- Selove 
and Lauritsen 1959), and give confidence in the energy calibration of our spectro- 
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Abstract. A fast expansion cloud chamber, triggered by three proton telescopes 
was used to investigate photonuclear reactions in helium, nitrogen and neon. 
Various reactions yielding from one up to seven charged fragments involving the 
emission of a 100 Mey proton were observed in nitrogen and neon. The results 
basically agree with the model of photon absorption by p—n pairs in the complex 
nucleus, but an unexpectedly large number of events was found in which the 
residual nucleus disintegrated. ‘The assumption that in (50+ 15)% of the cases 
in which the photon is absorbed by a (p, n) pair, the residual nucleus is sufficiently 
excited to disintegrate, brings the results into line with previous scintillation 
counter experiments in which p—n coincidences were studied. 

A small number of (y, p) events was found at energies substantially above the 
giant resonance. It was also found that 5—10°% of the events occurring involved 
the emission of two fast protons. 


§ 1. INTRODUCTION 


ECENT experimental investigations have produced convincing support for the 
theory of Levinger (1951) that, in some and perhaps in all cases of high 
energy photodisintegration of complex nuclei, the incident y-ray interacts 

with a p—n pair, the so-called ‘quasi-deuteron’, giving rise to the simultaneous 
emission of a proton and neutron. ‘The simple picture of the emitted nucleons 
having energies and angles of emission as for a free deuteron is however 
complicated by three considerations. Firstly the quasi-deuterons are not 
stationary but have a certain momentum distribution inside nuclei. Secondly 
the proton and neutron both have a certain probability of interacting with other 
nucleons on their way to the nuclear surface. Finally the remainder of the 
nucleus may be left in a state other than its ground state and this will modify the 
energy distribution. ‘These factors introduce considerable complications both 
in the experimental and theoretical study of this process. 

Extensive experimental investigations of the cross section and kinematics of 
quasi-deuteron photodisintegration have been undertaken at the Massachusetts 
Institute of Technology by Wattenberg et al. (1956) and at Illinois by Barton and 
Smith (1958). Both groups used scintillation counters to detect protons within a 
certain energy range emitted in a specified direction in coincidence with neutrons 
emitted in a second specified direction. The neutrons were also detected in 
scintillation counters. Their energies were known only in that they had to exceed 
a certain minimum value in order to trigger the coincidence circuits. By altering 
the angular position of the neutron counter it was found that the neutrons were 


+ Now at the Boris Kidric Institute, Belgrade. 
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spread in angular direction about that unique direction in which they would have 
travelled had the target nucleus been a stationary deuteron. ‘This angular spread 
of the neutrons was attributed to the motion of the quasi-deuterons within the 
nucleus; the width of the spread was used to deduce the average internal momenta 
of quasi-deuterons in the case of He, Li, Be, C, O and A. 

It has been suggested that all high energy photonucleons might originate from 
the disintegration of quasi-deuterons. ‘The experimental test of this hypothesis by 
counter experiments involves correcting for the somewhat uncertain efficiency of 
the neutron counter for an unknown neutron energy spectrum and, perhaps with 
greater uncertainty, making an estimate of the effects and importance of internal 
scattering and absorption of the neutrons on their way out of the nucleus. While it 
now seems established that the main process responsible for the emission of high 
energy nucleons is the photodisintegration of the quasi-deuterons the possibility 
remains that up to about 25% of the high energy disintegrations might be arising 
from different disintegration processes. ‘lwo such processes might be direct 
single nucleon ejection, which is known to occur at lower energies, and the 
absorption of the y-ray into nuclear substructures other than p—n pairs. Cross 
sections for these processes may be estimated but direct experimental evidence is 
at present lacking. The investigation to be described provides some information. 
on these questions. In principle the method here used might, with much better 
statistics than at present attained, enable estimates to be made of cross sections of 
less likely processes such as reabsorption of real mesons in the nucleus of their 
origin or the formation even at high energies of a compound nucleus capable of 
evaporating one high energy proton. 

The apparatus used in the present investigation consisted of a cloud chamber 
which, when triggered by proton scintillation telescopes, selectively photographed 
y-ray disintegrations in which at least one proton of energy 80 to 120 Mev was 
emitted. ‘This technique not only enables the proton angle in space to be measured. 
with precision for each event but also permits the study of the track of the recoiling 
residual nucleus or the tracks of the charged fragments arising should the residual 
nucleus disintegrate. 

In the case of events in which the residual nucleus does not disintegrate, the 
following items of information, which cannot be obtained from a counter experi- 
ment alone, become available : 

(a) ‘The triggering proton can be seen to be the sole ejected particle or to be 
one member of a p-n pair depending on whether or not the recoil is coplanar with 
the proton and the y-ray beam. In the case of coplanar events, assuming that the 
mass of the target nucleus is known, a measurement of the directions of proton and 
recoil enables an energy and momentum balance to be made. _ From this the y-ray 
energy and energies of recoil and proton may be obtained. ‘The recoil range 
provides confirmation of the correctness of the interpretation and is a check on the 
range—energy relation; the proton energy is a useful check on the calibration of the 
scintillation telescopes. 

(5) In the case of the (y, pn) reactions, i.e. non-coplanar events, the neutron 
direction and energy may be calculated by balancing energy and momentum using 
the data of recoil range and direction. The energy of the initiating y-ray is also 
obtained in these cases. 

(¢) If the quasi-deuteron model is valid for these (y, pn) events, the observed 
residual nucleus must be recoiling with momentum exactly opposite to that of the 
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quasi-deuteron which absorbed the quantum. Hence the range distribution of 
the recoils represents directly the internal momentum distribution of the quasi- 
deuterons. It should be further noted that the quasi-deuteron internal momen- 
tum is known for each particular event. Consequently, the possibility exists of 
deriving the angular distribution corrected for deuteron internal momentum with 
the certainty that events in which the outgoing nucleons are seriously scattered 
have been excluded. Unfortunately, the number of events recorded is not large 
enough to produce statistically significant angular distributions. : 


§ 2. EXPERIMENTAL DETAILS 
2.1. The Cloud Chamber 


The cloud chamber, through which the y-ray beam from the 330 Mev electron 
synchrotron was passed (Atkinson ef a/. 1957) and which was triggered by the 
passage of higher energy protons through the scintillation counters described 
below, is shown diagrammatically in figure 1. It was a conventional expansion 
chamber of the rubber diaphragm type, volume defined, having a sensitive volume 
30cm x 30cemx15cm. It was designed for operation at a compressed pressure 
of approximately 1-5 atm. 


Direction of 
Photography 


Glass Plate \ Flash 
Se Tube 
= AY J 
j Perspex 
\ 12 a 4] Window 


Us 
opt ical 


Mirror 


Rubber 
Diaphragm ESSYISSYESSIESSIESSS : sts s) 
im \ XN << \ 
Spark Gap 4 
S| eae | 
Aluminium 
Plate 
Figure 1. 


A clearing field was applied between two wire grids 10 cm apart, one grid being 
connected to +400 v, the other to —400v with respect to the earthed aluminium 
walls of the chamber. The high value of clearing field was found necessary to 
sweep away the ions from one burst of quanta before the arrival of the next burst 
2 second later. It was thus found possible to allow the synchrotron to pulse 
regularly at a recurrence frequency of 5 per second until such time as a proton was 
emitted of such an energy and in such a direction as to trigger the chamber. To 
prevent the electrostatic clearing field * drawing’ the tracks on the occurrence of an 
expansion, an electronic switch was designed to earth both grids 5 msec before 
the beginning of each synchrotron output pulse and to restore the voltage 20 msec 


after the end of the output pulse. 
E 2 
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2.2. The Cloud Chamber Expansion Valve 


The chamber expansion was achieved by means of a spark valve of the simple 
construction described by Meyer and Stodiek (1953). The pressure below the 
rubber diaphragm p, and the pressure in the spark cavity p, were such that atmo- 
spheric pressure on the underface sealed an aluminium plate against two concentric 
O-rings. The discharge of a 50 uF condenser charged to 2:5 kv through the spark 
gap disturbed the pressure balance and the aluminium plate blew off with great 
violence. The pressures p, and p. were set automatically in the following way. 
An electrical contact in a mercury manometer measuring the pressure p, was used 
to operate an electromagnetic valve in an air pressure line. A similar manometer 
contact operated a second valve on a rough vacuum line and thus set p,._ By 
adjusting these manometer contacts the state of balance of the aluminium disc 
could be made very critical. 

The speed of complete opening of the spark valve was found, by timing the 
aluminium disc by alight beam and photocell, to be 3 msec. With such an opening 
speed and a filling of 1-5 atm of nitrogen with an alcohol-water mixture in the 
chamber the width of fast proton tracks, as measured from the photographs, was 
about 0-5mm. Stereoscopic photographs were taken using three cameras. 
For analysis the films were reprojected through the camera optical systems. 


2.3. Scintillation Counter Telescopes 


he high energy photoprotons were detected by scintillation counter telescopes 
of the type commonly used for the detection of high energy particles. Each 
telescope consisted of two plastic scintillation counters set in coincidence. The 
scintillators were all of the same size, 10cm x 7-5cm x 1:25cm. Pulses from each 
photomultiplier, after being amplified in fast I.D.L. amplifiers, were selected by 
integral discriminators and sent to coincidence circuits of 0-2 sec resolving time. 
The output of this circuit was gated to accept only pulses coincident with the 
synchrotron beam in order to eliminate coincidences produced by cosmic rays or 
spurious pulses originating in the synchrotron circuits. 
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Figure 2. 


Three identical telescopes were used, placed with respect to the y-ray beam as 
shown in figure 2. The total solid angle subtended by the telescopes was approxi- 
mately 47/50. Records were made of counts from each telescope separately. 
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In the analysis of the photographs a knowledge of which telescope triggered the 
chamber facilitated the finding of the triggering particle and at the same time 
reduced the chance of misidentification. : | 

The discriminator biases of the front counters were set above the value corres- 
ponding to mesons in order that only protons should be detected. The back 
counters were biased to accept only protons which nearly stopped in this scintillator. 
In practice it was found necessary to have the proton energy spread from 80 Mev to 
120 mev in order that there should be a reasonable number of coincidences (and 
hence photographs) per hour. 

In the later part of the investigation with neon as the gas in the chamber, a 
more elaborate method was devised whereby pulses from both front and back 
counters were photographed on an oscilloscope when a coincidence occurred. 
In this way, the particle energy was known more precisely without restricting 
the accepted energy spread. Also by plotting one pulse height against the other 
(dE/dx against E), we were able to confirm that the particles detected were protons. 


2.4. y-ray Monitor 

For the purpose of cross-section measurements it was necessary to know the 
total number of quanta which passed through the cloud chamber in the course of 
the experiment. This was measured by passing the beam which emerged, 
through a thin window, from the cloud chamber into an ionization chamber which 
was connected to an integrating circuit. This arrangement had previously been 
calibrated in terms of equivalent quanta. From the records taken the number of 
equivalent quanta passing through the chamber between each triggering event was 
known. 


§ 3. EXPERIMENTAL RESULTS 


Three gases, helium, nitrogen and neon, were used in the course of the present 
investigation and the results are separately analysed below. In the case of the 
helium and nitrogen experiments the bremsstrahlung spectrum had a maximum 
energy of 330Mev; in the case of the neon experiment machine conditions 
necessitated a reduction to a maximum of 240 Mev. 


3.1. Helium 


The experiment with helium in the cloud chamber proved specially difficult for 
three reasons. Firstly the high energy photodisintegration cross section for a 
nucleus containing only four nucleons was expected to be and proved to be small. 
Added to this the monatomic nature of the gas meant that fewer nuclei were present 
than for a diatomic gas like nitrogen under the same conditions. An increase in 
the helium pressure would have necessitated redesigning the spark valve. ane 
rate of occurrence of helium events was, therefore, comparatively unfavourable. 
Secondly the use of an alcohol—water mixture was necessary to achieve satisfactory 
track quality. This involved the presence of a significant number of nuclei of 
higher atomic weight having larger photodisintegration cross sections than helium. 
Thus on an appreciable number of occasions the chamber was triggered by a 
proton originating in an oxygen or carbon nucleus. Finally, because of the low 
stopping power of the chamber mixture in this experiment a 100 Mev proton 
proved difficult to observe against the background of drops caused by secondary 
electrons arising from the y-ray beam. 
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Despite these difficulties a limited experiment with helium was undertaken 
since at the time in question there was little experimental information on the high 
energy photodisintegration of this nucleus. The helium results were also 
important for the following technical reason. In order to lighten the heavy core of 
ionization produced by secondary electrons in the y-ray beam when nitrogen and 
neon were introduced into the chamber, the stopping power was reduced by 
diluting the heavier gases with helium. In this way the total pressure was kept 
high enough for satisfactory spark valve operation, while a stopping power was 
achieved which enabled events to be observed in the core. It was important to 
have some direct knowledge of the extent to which the helium content contributed 
to the material obtained in the nitrogen and neon experiments. 

A total of 57 events was obtained in which the triggering particle was identified. 

A group of 23 of these events involved three or more prongs. Assuming that 
meson production is not involved, no mode of disintegration of helium can lead to 
more than two prongs. These 23 events, therefore, were attributed to the nuclei 
of carbon and oxygen in the alcohol (pressure 2-2cmHg) and water vapour 
(pressure 0-9 cm Hg) and to a contamination of nitrogen found by mass spectro- 
metry to amount to 5-2°% of the helium content. 

Among 28 two-prong non-coplanar events, to be interpreted as (y, pn) reactions, 
were four in which the recoil tracks were distinctively thick and short. ‘These 
were also attributed to the heavier nuclei. ‘The two one-prong tracks found were 
believed to be of similar origin, the recoils being too short to distinguish against 
the drop background. 

After this subtraction the events attributed to helium amounted to (1) four 
two-prong coplanar events and (ii) 24 two-prong non-coplanar events. 

In the case of the events in group (1), using only the observed track directions 
and on the assumption that the reaction was *He(y, p)°H the energies of y-ray and 
proton were calculated. For three of the events the results lay within satisfactory 
limits, the y-ray energies being 135, 152 and 173 Mev and proton energies 89, 100 
and 113 Mev. No fit was possible in the case of the fourth event which is discussed 
below. 

Events in group (ii) were interpreted as examples of the reactions He (y, pn)?H » 
and *He(y, p2n)'H. As protons and deuterons were not distinguishable by 
track appearance it was not possible to separate the reactions. In two cases the 
recoiling particle stopped in the chamber. Assuming it to be a deuteron in both 
cases and taking the triggering proton energy to be 80 Mev an energy and momentum 
balance led to y-ray energies of 243 and 175 Mev and neutron energies of 136 and 
67 Mev, the neutron—-proton kinematics being almost as for a deuteron photo- 
disintegration. 

Although in the remainder of the events in group (ii) the recoils passed into the 
walls of the chamber, they clearly fell into two sets. In 17 of them the recoil track 
was appreciably denser than that of the triggering proton and had the appearance 
of a lower energy proton or deuteron. In 5 of the events, however, the recoil 
and triggering particles were of very similar appearance. In all of these 5 events 
the angle between the two fast particles exceeded 125° and the two particles were 
within 10° of coplanarity with the y-ray beam. The coplanar event which did not 
fit the “He(y, p)°H process was believed to be of this type. Events involving two 
fast protons were also observed in the case of the heavier nuclei and are discussed 
later. ‘The 17 events of the former kind may be examples of quasi-deuteron 
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absorption in which the recoil is the ‘spectator’ deuteron or the proton arising 
from its subsequent disintegration. 

The cross section calculated from the number of equivalent quanta through the 
chamber, for the production of protons going into the forward telescope (67 + 13°) 
was 0:7 + 0-2 x 10-31cm? Mev-! Q~ sterad-!. The protons into the front (mean 
angle 67°), the middle (90°) and back (113°) telescopes were 12:10: 2. 


3.2. Nitrogen 
A total of 166 events in which the triggering particle could be observed was 
obtained withanitrogen—helium plus alcohol—water vapour mixture in the chamber. 
The events associated with helium were readily distinguished. ‘The numbers 
of events of the main types to be attributed to C and O nuclei were estimated from 
a consideration of the numbers of events due to C, O and a known number of N 
nuclei in the helium experiment, a simple allowance being made for the A 
dependence of the cross sections. 
The numbers of events are listed in table 1 according to the nucleus disinte- 
grated and the number of charged prongs produced, one of the charged prongs 
always being the high energy triggering proton. 
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‘Table 1 

I II Ill IV V VI VII Total 
No. of prongs 1 2c 2nc 3 + 5 6 
Nitrogen 5 3 26 38 51 13 1 SH, 
Helium 1 a 2 
Carbon and Oxygen 3 2 5 2 Di 
Unidentified 5 5 
Total 5 9 40 40 56 15 1 166 

c=coplanar; ne =non-coplanar. 


+ Separated statistically from 149 events involving nuclei heavier than helium. 


Column I. Events in column I were attributed, as in the helium experiment, to 
(y, pn) events in the heavier nuclei in which the recoil energy was so small that the 
recoil was not observed. For statistical purposes they were included in the group 
in column III (two-prong non-coplanar). 

Column II. The events in column II were so divided after momentum and energy 
balance tests. The five labelled unidentified did not pass these tests and were not 
simple (y, p) events. 

Column III. The events in column III were assumed to be examples of the 
MN (y, pn)!2C reaction. In thirteen cases the range of the 1C recoil was measur- 
able with an accuracy which justified an energy and momentum balance. For 
these cases the neutron energies were calculated taking the proton energy to be 
100mev. Three of the neutrons have energies greater than 100 Mev, two energies 
between 80 and 100mev, three energies between 40 and 60 Mev, three energies 
between 20 and 40 Mev and two energies less than 20 Mev. 

The distribution of ranges of all recoils of the (y, pn) events in conjunction with 
the 12C range-energy relations of Lillie (1952) led to the distribution of recoil 
energies in table 2. On the assumption that this energy 1s arising solely from 
internal momentum equal and opposite to that of the quasi-deuteron, then the 
corresponding quasi-deuteron energies will be obtained by multiplying by 6. 
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Table 2 


Recoil energy (Mev) 0-1 1— 
Number of events 13 5 5 8 
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Column IV. The events in column IV were further grouped as in table 3. 


ables 
Triggering particle together with 
2 heavy tracks 1 heavy, 1 light 1 heavy, 1 very light 
22 8 8 


In 8 of the 22 cases in the first group the heavy tracks were of so similar an 
appearance as to suggest a symmetrical splitting of the ’C recoil. ‘They were 
interpreted as examples of 4*4N(y, pn)2°Li. In four of the cases both heavy particles 
terminated in the chamber gas and complete solution was possible. ‘These led 
to values of y-ray energies 228, 210, 210 and 170 Mev with neutron energies 72, 59, 
68 and 40 Mev assuming the triggering protons to have energies of 100 Mev. 

The remaining 14 events in this group were ascribed, on the basis of length and 
density of tracks, to the reaction “N(y, pn)(®Be + He). 

The events in the second and third columns of table 3 probably correspond to 
reactions in which ?C split into “B+1H and !B +?H. 

It was remarkable that in all events in the third column of table 3 the fast 
particle (which, if a proton, would, judging from track density, have energy in 
excess of 40 Mev) was almost coplanar with the triggering proton and y-ray beam. 


Column V. 'The four-prong events also divided into characteristic sub-groups as 
shown in table 4. 


Table 4 
‘Triggering particle together with 
3 heavy 2 heavy, 1 light 1 heavy, 2 light 2 heavy, 1 very light 
26 13 6 6 


In the case of almost all events in the first column all three heavy fragments 
were of comparable track thickness. It is very probable that they represent the 
reaction “N(y, pn)3*He. In seven cases all heavy tracks terminated in the gas 
permitting an energy and momentum balance. This led to y-ray energies 
ranging from 120Mmev to 230 Mev with neutron energies ranging from 1 Mev to 
103 Mev. ‘The energies of excitation left on the excited !2C from which the three 
a-particles were assumed to have emerged were also calculated : the results ranged 
from 14-4 Mev to 27-1 Mev. In the other cases in which one or more of the frag- 
ments went to the chamber walls only a lower limit could be put on the 2C 


excitation. This lower limit was mostly around 25 mev, though in three cases at 
least 45 Mev was involved. 
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In the case of the events in the last column of table 4 the very energetic particles 
were again nearly coplanar with the triggering particles and the y-ray beam. Their 
angles of emission corresponded roughly to the angle expected from a two body 
(p—p) disintegration. 
Columns VI, VU. The events with 5 or 6 prongs could not be identified with 
particular reactions. ‘The minimum energy required to produce an event with as 
many as six prongs was estimated to represent a recoil excitation of about 40 Mev. 
In addition, in most cases the fragments were estimated to have a total kinetic 
energy of more than 20 Mev. In four of these events a very fast particle was 
included and in one case it was almost in the plane of the triggering proton and 
y-ray beam. | 

The events listed in table 1 as ‘ unidentified ’, which were coplanar to within 2°, 
involved angles of triggering proton and recoil with respect to the y-ray beam 
which were not consistent with a (y, p) reaction caused by a quantum of energy 
less than 330 Mey, the limit of the machine spectrum. It was concluded that a 
neutron was involved in each case but it is remarkable that all three products and 
the y-ray happen to be in the same plane. 

The cross section for photoproduction of protons of energy 100 Mev at an angle 
of 52+12° was found to be 0-4 x 10-8°cm? Mev-!Q-!sterad in nitrogen. 

The counts in the front (mean angle 52°), middle (90°) and back telescopes 
(138°) were 73:46: 18. 

3.3. Neon 


At the time of performance of this experiment the machine energy, for technical 
reasons, was limited to 240 Mev. It proved possible in the course of this experi- 
ment to photograph the pulses from the scintillation counters on an oscilloscope 
and thus be more certain about triggering proton energies. 

185 events were successfully associated with triggering particles. The effect 
of the helium, which had to be introduced to reduce the stopping power, and of the 
alcohol-water vapour was separated out as before and the results are presented in 
table 5. 


Table 5 

I II Ill IV V VI VII Total 
No. of prongs Ze 2nc 3 Q 5 6 7 
Ne 4 32 60 25 AT 11 1 150 
C+0O+He 16 + 8 3 31 
Unidentified 4 4 
Total 8 48 64 33 20 11 1 185 

c=coplanar; © nc=non-coplanar. 
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There were five events in which only the triggering particle was seen (1-prong). 
As in the case of nitrogen these were included in the 2-prong non-coplanar group. 
Column I. The events in column I were checked by energy and momentum 
balance. The four which agreed with the assignment 20Ne(y, p)’F arose from 
y-rays of energies 145, 130, 123 and 115 Mev giving triggering proton energies of 
118, 112, 104 and 96 Mev; this calculation is based on observed directions alone. 
There were four events which did not come close to a fit of this kind and, as in 
nitrogen, these were left as ‘ unidentified ’. 
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Column IJ. Events in column II correspond to *Ne(y, pn)*F. Twelve 
involved recoil ranges greater than 4 mm and these were, as in nitrogen, solved for 
energy of y-ray and energy and direction of neutron. One neutron had energy 
greater than 100 Mev, two energies 80-100 Mev, one 60-80 Mev, four 40-60 Mev, 
one 20-40 Mev and three less than 20 ev, the calculated energy of y-ray being less 
than 240 Mev in each case. 

Table 6 presents the energy distribution of all *F recoils. 


Table 6 


Recoil energy (Mev) 0-1 1-2 2-3 3-5 
Number of events 14 9 + 5 


Column III. The three-prong events in column III are presented in sub-groups 
in table 7. 


able? 
Triggering particle together with 
2 heavy 1 heavy, 1 light 1 heavy, 1 very light 
44 14 2 


In the case of twelve events in the first group in table 7 the heavy fragments 
were of similar appearance and length. They may represent reactions in 
which 18F splits into #C +®Liand4C+‘Li. In other events in this group one of 
the fragments is of considerably longer range than the other having the appearance 
expected from the break-up of *F into 4N+ ‘He. In these events the kinetic 
energies of the fragments were not high, lying between 10 and 20meyv. The 
binding energy of *He in !8F being 4-4 Mev means that the energy of excitation of 
the 18F recoil was 15-25 Mev. 

In the case of the events with more than three prongs the possible reactions are 
so numerous that no particular interpretations are possible. The kinetic energy 
carried off by the charged fragments in most events exceeded 20Mev. In the 
case of eight of the multiprong events there was a very fast particle emitted of energy 
comparable with that of the triggering proton and almost coplanar with it and the 
y-ray beam. 

The cross section for the photoproduction of 100 Mev protons at an angle of 
65 +15° in the case of neon was found to be 0-4 x 10-3° cm? Mev Q- sterad—. 


The counts in the front (mean angle 65°), middle (90°) and back telescopes (115°) 
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§ 4. INTERNAL SCATTERING OF PHOTONUCLEONS 


In order to discuss our results on the basis of the quasi-deuteron model it is 
necessary to have an estimate of the percentage of the fast neutrons and protons 
which will undergo scattering on their way out. 


Such scattering will give rise to 
events more complex than (y, pn). 
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Following Serber (1947) and Gottfried (1958), we write for the probability 
that both proton and neutron escape from the nucleus /,; where ; 


1 x y 
iS - | ex (-=)ex (-)ar 
1 Vo Pp Ap Pp An 0 


V, being the volume of the nucleus, « and the distances travelled by the proton 
and neutron respectively from their point of origin to the nuclear surface and Ap 
and A, the proton and neutron mean free paths. 

The probability that the proton will escape and the neutron be scattered is 


written f, where 
co ae get a x : y - 
f= 7] esp( xi (- ee 


In our experiment two-prong non-coplanar events are related to f, and, on the 
assumption that no processes other than quasi-deuteron absorption are involved, 
all multiprong events are related to fy. The ratio of these two types of events is 
then to be compared with the calculated values of f2/f,. 

Ap was found for an average proton energy of 100 Mev (120 Mev inside the 
nucleus with a 30 Mev deep potential well), taking effective values for onp and opp 
for nucleon scattering inside the nucleus from the formula 


7 tye 
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where pr and p; are the maximum momentum of the Fermi gas (taken to be 
200 Mev/c) and the initial nucleon momentum. This reduction of cross section, 
which is due to the Pauli exclusion principle, was about 23%. ‘The value of Ap was 
found to be 2:94 x 10~# cm. 

While the proton energy, under the conditions of the experiment, was fixed at 
100 Mey, the neutron energy depended on the energy of the y-ray and internal 
momentum of the (p, n) pair. Therefore, in calculating Ay one should integrate 
over the neutronenergy spectrum. However, since we detected protons ina broad 
angular range such a calculation would be very involved. Instead of performing 
an exact integration we calculated the average neutron energy corresponding to the 
proton angles related to the centres of the middle and front telescopes. Assuming 
a 1/E bremsstrahlung spectrum and a Gaussian momentum distribution with 
1/e=15 Mev the results were as follows: 


Ep (Mev) Ip) (E.,)max(Mev) E (Mev) Ay(l0- Mem) 
Nitrogen 100 90 330 110 3-28 
100 50 330 72 2°5 
Neon 100 90 240 75 2:56 
100 65 240 60 2:46 


With these values for Ap and An, assuming the neutron and proton to be emitted 
in opposite directions and taking the nuclear radius = Ailes, 193% 10-4 em “we 
evaluated f, and f, as follows: 


Bp") fi fo olf 

Nitrogen 90 0:27 0-24 0:89 
50 0-20 0-30 1:50 

Neon 90 0-17 0-30 1-76 
65 0-16 0-30 1893 
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Following Barton and Smith (1958) we define an absorption factor «, as the 
probability that a nucleon will suffer a collision on its way out ofthenucleus. Then 


ap=1-f,-f, and on=fo/(fit/f2). 


The calculated values of f, and fy give values of «» which in nitrogen range from 
0-60 for a 72 Mev neutron to 0-47 for a 110 Mev neutron and in neon range from 
0-65 for a 60 Mev neutron to 0-53 for a 100 Mev neutron. 


§ 5. Discussion OF EXPERIMENTAL RESULTS 
5.1. (y, pn) Events and Multiprong Stars 


The experimental ratios of multiprong events to two-prong non-coplanar 
events for all counters were 3-3 + 0-6 for nitrogen and 3-6 + 0-7 for neon, in both 
cases significantly greater than the calculated f,/f, values. The experimental 
figures correspond to %p values of 0-77 and 0-78. 

It is to be noted that a certain proportion of the two-prong non-coplanar 
events are in fact multiprong stars involving a neutron as the evaporated particle. 
We can estimate approximately the number of three-prong events in which an 
evaporated proton appears. (We assume that deuterons and tritons, which 
would have a similar appearance to protons are rare enough to be neglected for the 
purpose of this correction). Assuming that there will be at least the same number 
of neutron three-prong events we find the adjusted f,/f, value to be approximately 8 
for nitrogen and approximately 7 for neon giving a values of 0-89 and 0:87. We 
have probably over-corrected in ignoring the occurrence of events in which both 
a proton and a neutron are evaporated. 

The experimental results thus lead to f,/f, ratios much higher than those calcu- 
lated. In this our results are at variance with those obtained less directly by 
counter experiments. For example, Weil and McDaniel (1953) obtained for 
carbon a value of a, =0-45 (ie. fo/f, =0°8). 

We suggest that the explanation of the high experimental values in the present 
investigation is that, while the basic process is quasi-deuteron absorption, in many 
cases the rest of the nucleus is at the instant of photon absorption in an excited 
configuration. In these cases a multiprong event results although the photo- 
nucleons may be unscattered. This residual excitation would not affect the 
counter experiments but clearly prevents us equating multiprong stars with 
‘scattering’ events. Our results, however, can be brought into line with the 
results of the counter experiments if it be assumed that in (50 + 15)% of the cases 
in which the photon is absorbed by a (p, n) pair the residual nucleus is sufficiently 
excited to disintegrate. In making this estimate we have taken «, =0-65 and the 
error corresponds to a value of the ratio of multiprong events to two-prong events 
varying from 3-6, which was the experimentally found ratio, to 7:0, which allows 
for neutron evaporation. 

It is to be noted that, if this explanation is correct the excitation energy con- 
cerned is quite high. ‘The lowest thresholds for reactions in #2C and 18F are 
7:2 Mev and 4-3 Mev respectively. To these we must add the kinetic energies of the 
fragments, found in events of this type in both nitrogen and neon to be at least 
15mev. ‘Thus the minimum excitation energy is of the order of 20 Mev, the average 


certainly being much higher considering that the energy of neutrons emitted has 
not been allowed for in the above minimum estimation. 
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5.2. (y, p) Events 


A (y, p) event involving a 100 Mev proton may, within the framework of the 
quasi-deuteron model, be thought of as involving the disintegration of a (p, n) pair 
of about 400 Mev/e internal momentum (i.e. kinetic energy of 40 Mev) in the 
direction of the emitted proton. Under these conditions the neutron would 
acquire very little energy and might remain bound within the residual nucleus. 

A simple calculation assuming a Gaussian momentum distribution 
(1/e= 15 Mev) and a 1/F bremsstrahlung spectrum suggests that less than 1°% of 
the total number of events triggering the front telescope should be of this type. 
This is lower than the experimental result. 

At lower photon energies the (y, p) process was treated by Courant (1951) on 
the basis of direct proton ejection. His formula, extended to the high energies 
involved here, on the assumption of a Fermi momentum distribution with 
Tmax = 22 Mev and a potential well of depth 30 Mev, gives values for the cross 
section for nitrogen and neon an order of magnitude smaller than the values 
obtained in the experiment. 

Thus although the statistics are poor, they do indicate that the (y, p) cross 
section at y-ray energy of 100 Mev may be larger than predicted by the simple 
models. 


5.3. (y, pp) Events 


In about 10% of the nitrogen events and about 7% of the neon events a second 
fast particle of appearance similar to the triggering proton was emitted. ‘This 
particle was never far from the plane of the y-ray and triggering proton. A possible 
mechanism for such events is the electric quadrupole absorption of a photon by a 
(p, p) pair. They would also arise from head-on collisions between the outgoing 
neutron and a proton in the residual nucleus. A third explanation might he 
in the production of 7* mesons which are reabsorbed by a (p, n) pair. In this 
connection it may be noted that two events were found involving two fast particles 
in addition to the triggering proton, all three particles being almost coplanar. It is 
difficult to explain these events on the basis of neutron scattering or nuclear 
evaporation but they would be the type of event expected from 7+ absorption 
into a group of two protons and a neutron. 

In view of lack of statistics we make no attempt to evaluate the relative impor- 
tance of these three possible processes. 
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Abstract. Observations were made of the effect of sudden ionospheric 
disturbances on radio waves reflected from, and transmitted through, the 
ionosphere. The results of simultaneous measurements of the phase changes 
on waves of frequency 2-6 Mc/s are shown to indicate that they are due to an 
increase in the electron density which extends to above the maximum of the 
E layer, and possibly up to 150 km. Simultaneous measurements of the 
increases in absorption of waves in the frequency range 2 to 24 Mc/s (which 
include measurements of cosmic radio noise) show that there is usually an 
important increase in absorption in the lowest regions of the ionosphere where 
the electronic collision frequency is 10’ or even 10% sec"? These conclusions 
are consistent with the observations of other workers. The above mentioned 
phenomena were also compared with phase changes observed on very long waves, 
but since there was found to be a large variation in the individual aspects of 
different sudden ionospheric disturbances it was not possible to draw any 
detailed conclusions. 


§ 1. INTRODUCTION 


+ is well known that a sudden ionospheric disturbance is characterized by 

several phenomena observable on radio waves propagated via the ionosphere. 

Among these are: (i) for waves of frequency greater than about 1Mc/s an 
increase in the absorption is experienced in passing through the ionosphere, 
(ii) on all frequencies reflected from the ionosphere a decrease in phase path is 
observed. 

Although these effects are usually attributed to a sudden increase of the 
electron density in the lower parts of the ionosphere, there is at present no 
evidence about the height distribution of this extra ionization. 

In the experiments described in this paper the increase of absorption was 
measured on a number of frequencies reflected in the ionosphere and also on 
cosmic radio noise propagated through the ionosphere. Simultaneous measure- 
ments were made, during many sudden ionospheric disturbances, of the phase 
changes observed on the reflected waves. The results are used in discussing 
some features of the height distribution of the extra electrons present during the 
disturbance. 

Attempts have often been made to compare the magnitudes of different 
phenomena associated with sudden ionospheric disturbances by measuring each 
of them on a series of disturbances, and comparing the means. Unfortunately, 
individual disturbances differ in detail from each other so much that this procedure 
‘can be misleading, particularly when, as has usually been the case, the mean 
values are determined from measurements on different series of disturbances. 
In this paper, therefore, attempts have been made, as far as possible, to compare 
different phenomena measured during the same disturbance. 
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§ 2. PRINCIPLES OF THE EXPERIMENTAL METHODS 
2.1. Phase and Group Paths 


Both the phase and group paths of a radio wave reflected in the ionosphere 
depend on (a) the height of reflection, (b) the magnitude and distribution of the 
electron density at all heights up to the reflection level. Suppose first that the 
heights of reflection of waves of different frequency used in an experiment remain 
constant. Then, if there is an increase in the electron density below the reflection 
levels at places where the refractive index is not very different from unity and 
where the electron collision frequency v is small compared with the effective 
angular wave frequency w+w,, the changes in phase path for the different 
frequencies will be in a simple ratio (Appendix I). In particular the changes 
in phase path AP and group path AP’ will be equal in magnitude and opposite 
in sign (Appendix IT). Findlay (1951) has shown how the changes in phase path 
on two nearby frequencies may be used to calculate the change in group path 
at the average frequency. 

The results of the experiments described in $4.1 show that, in general, the 
changes of phase path on different frequencies are not in the simple theoretical 
ratio deduced in Appendix I, and it is concluded that the assumption that the 
reflection levels remain constant is incorrect. ‘This result is reinforced by the 
fact that for waves reflected from the E region the changes of phase and group path 
on a given frequency are not always equal in magnitude, or even opposite in sign 
(§ 4.2). 


2.2. Absorption 


If the electron concentration is increased only at some level below the 
reflection point, where the refractive index is nearly unity and above the level 
where v~w-+w,, the extra absorption produced is of the ‘non-deviative’ type 
for which it is well known that 

=lopp ato +a). = = =. (1) 

The observed increase in absorption on three frequencies reflected in the 
ionosphere, and on cosmic noise transmitted through the ionosphere on two 
relatively high frequencies, are discussed in §5 and it is shown that the ‘non- 
deviative’ law (1) is seldom obeyed. A detailed discussion of the results leads 
to the conclusion that there is usually an important increase in the electron 


density at levels where y~w+w, where w/27 is of order 4 Mc/s; and in some 
cases the law fails to be obeyed even when w/27~ 16 Mc/s. 


2.3. Phase Changes on Very Long Waves 


The magnitudes of sudden phase anomalies recorded on very long waves are 
compared with the simultaneous increases in cosmic noise absorption in §6. 
The results show that such anomalies with a wide range of sizes can be associated 
with a given increase in absorption. It thus appears that there is a wide variation 
in the individual aspects of different sudden ionospheric disturbances. Firm 
conclusions cannot, however, be drawn from these results until there is available 
a better theory of the reflection of very long waves, of a kind which can relate 


the observed sudden phase anomalies to the change of electron distribution 
causing it. 
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§ 3. EXPERIMENTAL ARRANGEMENTS 


oe) Y 
3.1. Sudden Phase Anomaly Measurements 


The magnitude of the sudden phase anomaly was determined from routine 
records of the type described by Bracewell and Straker (1949) using one or other 
of the Post Office Senders GBR (16 kc/s) and GBZ (19-6 ke/s) situated at 
distances of 90 and 220 km respectively. 


3.2. Waves Reflected in the Ionosphere 


Measurements were made, using the pulse reflection technique, on waves of 
four frequencies reflected in the ionosphere. Two frequencies were chosen to 
be reflected in the E region (these were approximately 2-0 and 2:4 Mc/s in winter 
and 2-4 and 2-8 Mc/s in summer); and two in the F region (approximately 4-0 
and 6-0 Mc/s). The exact frequencies had to be chosen to avoid interference 
from other senders. The changes of phase path for all four frequencies and the 
amplitude for the three highest frequencies were recorded continuously by the 
methods described by Findlay (1951). 


3.3. Cosmic Radio Noise Absorption 


Cosmic radio noise power was measured on waves of frequencies approxi- 
mately 16:5 and 24-3 Mc/s which traversed the whole ionosphere. ‘These 
frequencies were chosen to be as low as possible so that the increase in absorption 
would be appreciable, yet they had to be relatively free from interference by 
commercial senders. 

The cosmic noise radiation on 24-3 Mc/s was received on a broadside array 
of five full-wave dipoles situated A/4 above a reflecting screen of parallel wires. 
The receiver followed the design developed by Machin, Ryle and Vonberg 
(1952). The capacity switch of the original design was replaced by a circuit 
using germanium diodes to switch the receiver input between the aerial and a 
noise signal generator. he receiver bandwidth was about 3 kc/s, and to avoid 
the effect of interference from commercial senders the received frequency was 
swept back and forth continuously over a range of about 100 ke/s (Laffineur 
1956). The smallest output recorded in the gaps between the interfering signals 
was taken to represent the cosmic noise power. It was usually obvious if the 
interference became so strong that the output failed to fall to the background level 
of cosmic noise. 

The interference on 16:5 Mc/s was greater, but this was offset by the fact 
that the increase in absorption during a sudden ionospheric disturbance was 
also greater; and it was possible to obtain useful results, slightly less accurate 
than on 24-3 Mc/s, by using a single half-wave dipole connected to a standard 
communications receiver with a bandwidth of 1kc/s. The receiver gain was 
checked half-hourly by switching the input to a noise signal generator. 

In order to infer from the observations the absorption of a wave travelling 
vertically through the ionosphere, it is necessary to take account of the effects of 
the finite beamwidth of the aerial and the distribution of radio brightness 
over the sky. In making allowance for these effects it was assumed that (i) the 
absorption at any angle of incidence 7 depended on the length of path in the 
relevant portion of the ionosphere and hence was proportional to sec i, (ii) the 
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aerial polar diagram had the form expected from theoretical calculations, and 
(iii) for the higher frequency it was assumed that the radio brightness was 
distributed over the sky as found by Baldwin (1955) on 80 Mc/s. 

With these assumptions it was possible to calculate the total power received 
in terms of the absorption for a vertically incident wave. By assuming that the 
night-time absorption was negligible it was then possible to determine the 
dependence of radio brightness on sidereal time. ‘The distribution determined 
in this way for a frequency of 24-3 Mc/s agreed satisfactorily with the 
measurements of Baldwin on 80 Mc/s. 


§ 4, EXPERIMENTAL RESULTS: PHASE MEASUREMENTS 


4.1. Measurements of Changes of Phase Path 


The temporal variations of phase path for radio waves of five frequencies 
(including 19-6 kc/s) are shown for a period containing a sudden ionospheric 
disturbance in figure 1. It will be seen that even in the periods before and after 
the disturbance there are some ‘random’ changes of phase so that there is some 
uncertainty in estimating the effect of the disturbance. Since the random changes. 
are rather larger (or slower) for waves reflected in the F region there is generally 
a greater uncertainty in the estimate of AP for the F region than for the E region. 
The uncertainties are of the order 0-4 km for the F region and 0-2 km for the 
E region. 

Now suppose that, during a sudden ionospheric disturbance, the electron 
density N at a level where jx ~ 1 is increased by an amount AN; then since » ~1 
it is permissible to use the quasi-longitudinal approximation to the magneto-ionic 
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Figure 1, Changes of phase path associated with the sudden ionospheric disturbance 
on 5th April 1958 observed on five frequencies. 
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equation. Under these conditions it is shown in Appendix I that a stratum of 
thickness dh will contribute an increment dP to the phase path given by 


ap={1 - ii ey (2) 
Egw {w+ wy, + v?/(w+ wz)} 
and the extra increment during a disturbance is 
» ey pF ee ih | (3) 


EgMw (w+ ay, +v"/(w+ wy)} 
It follows from equation (3) that if v?<(w +,)* for all heights for which AN is 
appreciable, then a quantity O defined by 

GO] —m(ete AP 9. 9 akeact (4) 


will be independent of w. On the other hand if v?>(#+,)? the corresponding 
quantity QO’, independent of w, will be defined by 
O'={-w (Sta AP Noo” .. Peaseetas: (5) 

We may note that in either case (and for any intermediate case for which 
v~w-+w,) the value of —AP should decrease with increasing frequency. 

In table 1 the results for the sudden ionospheric disturbance shown in figure 1 
are given together with the values of O and OQ’ at the various frequencies. The 
fact that neither O nor OQ’ is constant, and that —AP does not decrease with 


Table 1 
ft (Me/s) — AP (km) Oe Om OQ’ 
6-6 1:-4+0-3 Diepee, eel ap UO ae 
39 7 We oh Oe 1633s 2°35 TSO a( 02225} 
2-88 i Rel Res O SUN 5-04 22025 0-786 + 0:07 
2-45 134-071 Ad 2 tS 0-885 + 0-07 


increase of frequency, shows that, for this particular disturbance, the phase 
changes cannot be explained by the injection of ionization well below the lowest 
reflection height. 

The results are, therefore, taken to indicate that important ionization is injected 
during the sudden ionospheric disturbance at least up to the maximum of the 
E layer. Although the uncertainty is rather large it seems probable that the value 
of O is not the same for the two higher frequencies so that it is likely that the 
increase of ionization extends at least up to the reflection level for waves of. 
frequency 3-9 Mc/s (about 150 km).t 

In order to investigate whether this conclusion is true generally for sudden 
ionospheric disturbances, the value of O was determined, for each of a series of 
disturbances, on two frequencies; one reflected in the E region and the other 
in the F region (usually the higher of the two E region frequencies and the lower 
of the two F region frequencies were chosen). A histogram of the more accurate 


+ The fact that Q is not the same for the two higher frequencies is taken to imply that: 
there is a change in the distribution of N near the reflection level of one of them at least. 
The fact that the results on the lower frequencies indicate extra ionization at least to 110 km 
makes it plausible that there are also changes at 150 km; though if this be accepted the data 
give no information about changes at the height of reflection of 6:6 Mc/s. 
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Figure 2. Histogram of values of Qy/Qp (equation (4)) for a number of sudden 
ionospheric disturbances. (If equation (4) were valid Oy/Og would be unity and 
if equation (5) were correct it would be 0-6.) 


values of O,/O, is shown in figure 2. If the conditions were appropriate to 
equation (4), O,/O, would be unity, whereas figure 2 shows that this ratio is 
always less than unity. If the assumption v?>(w+,)? appropriate to 
equation (5) were valid, then O,/O, would be about 0-6. Figure 2 shows 
that on more than half the occasions O,,/O, was less than this value also. ‘Thus 
these results support the conclusion that in most cases important ionization was 
introduced at least up to the peak of the E layer. 

Because of the greater uncertainty in the estimates of AP for the frequencies 
reflected in the F region, it was not often possible to compare the results on two 
frequencies reflected from that region with adequate precision; but whenever 
the accuracy was sufficient the comparison supported the result deduced from 
table 1 that there was a change in the distribution of ionization at least in the 
lower F region. 


4.2. Changes of Phase and Group Path 


In his study of the effects of sudden ionospheric disturbances Findlay (1951) 
used methods almost the same as those used in the present work; and from his 
measurements of the phase changes on two nearby frequencies reflected in the 
FE region he concluded that the changes of phase and group paths were equal 
and opposite. He therefore inferred that there was no change in conditions at 
the reflection level. 

Since Findlay’s conclusions are contrary to those expressed in the previous 
‘section, it is useful to apply his analysis to the present results by studying the 


change of group path of waves reflected from region E. The changes of group 
path were calculated from the expression 


AP! =AP+ (f) Pr ~ APy} cesta (6) 


given by Findlay. ‘The magnitudes of the ratio AP’/AP deduced from the 
results, on a mean frequency of about 2-4 Mc/s, were very variable. All the 
results of reasonable accuracy are shown in figure 3 in which the magnitude 
of the ratio is plotted against cos y.t 


t There seems to be a variation of the ratio with cos y although the data are not accurate 


enough to establish such a variation with certainty, and AP’/AP appears to be negative for 
cos ¥>0°5. 
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Figure 3. Values of AP’/AP for waves reflected in region E plotted as a function of cos y- 


It will be seen that they do not support Findlay’s statement that AP’/AP= — 1. 
In this connection, however, it is worthy of notice that Findlay remarks that for 
the 30 sudden ionospheric disturbances which he studied AP’/AP was always 
negative but on several occasions it was numerically less than unity. Although 
there is a discrepancy between the two sets of results we are satisfied that our 
accuracy was sufficient to establish the fact that AP’/AP can be of either sign, 
and that, in general |AP’/AP|<1. 


§ 5. MEASUREMENTS OF ABSORPTION 


A typical record of the amplitude of the signal observed on three frequencies 
for a period containing a sudden ionospheric disturbance is shown in figure 4. 
To estimate the increase in absorption, the median value of the fading signal 
was estimated by eye before, during, and after the disturbance, and the normal 
course of the absorption in the absence of the disturbance was interpolated 
between the data before and after the event. The uncertainty in the estimate 
of the excess absorption for waves reflected in the ionosphere was normally 
less than 2 dB. 

For the cosmic noise measurements the fading was much less pronounced 
and the uncertainty in the estimated absorption was only about 0-2. dB unless 
interference from commercial senders was unusually severe. 

Under conditions for which the quasi-longitudinal approximation to the 
magneto-ionic equation can be applied it is well known that the absorption 
coefficient may be expressed in the form 


1 47eé? Nv (7) 


ie cp Ejm (wtayyP+Y eeeoes 


where the upper sign refers to the Ordinary magneto-ionic component. 
If the electron density is increased by AN at levels where a1 the change 
in the effective reflection coefficient p for the Ordinary wave may be written. 


47? ANvdh 
= payee ae eee ees, ee) 8 
A(=logp) al meee (8) 

This equation should be appropriate for waves reflected from the ionosphere 
since measurements were made on the Ordinary wave only. The cosmic radio. 
waves passed through the ionosphere once only and the total power in both 
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Figure 4. Amplitude of the reflected signals on three frequencies 1500-1630 h. on 27th 
March 1958 showing a sudden ionospheric disturbance between 1536-1620. 


magneto-ionic components was measured. It may be shown (Appendix III) 
that when ww, the effective reflection coefficient for these conditions may be 
written 
2me? (ANv dh 
A(—logp)= aol bene a. 

For waves reflected from the ionosphere there is some evidence (Whitehead 
1957) that the normal absorption occurs partly in a region where (w+ ,)?>v? 
or w1 and partly near the level of reflection. Despite the results inferred in 
the previous section, it may well be true that during a sudden ionospheric 
disturbance the main change in absorption is due to ionization well below the 
reflection level in a place where v is large, but still small compared with w+w,: 
so that it might be expected, during a disturbance, that 

(log p) cow @; = Pe a ee (10) 

To test these hypotheses results were therefore examined by plotting observed 
values of [A(—logp)]~*? against w + w, for reflected waves, and [2A(—logp)]” 
against w on the same scale for cosmic noise waves. ‘Typical plots of the results 
are shown in figure 5. On some occasions, as in figure 5 (a), the results agreed 
quite well with the theoretical relation, but more frequently the points departed 
from the expected line like those of figures 5(b) or 5(c) in which there is a 
progressive discrepancy towards lower frequencies. 

In general the results for the two highest frequencies, corresponding to the 
absorption of cosmic noise, were in agreement with the theoretical prediction 
within the experimental error; thus the expected ratio of A(—logp) on 16-5 Mc/s 


to that on 24-3 Mc/s is 2:17 while the mean value of this ratio for 35 sudden 
ionospheric disturbances was 2:13 + 0-15. 
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(c) 
Figure 5. Frequency variation of the excess absorption during three sudden ionospheric 
disturbances showing the departure from the expected relation on the hypothesis 
veatw,. 


For the largest disturbances, however, the expected relation did not hold 
even on the two highest frequencies. For example, throughout one very large 
disturbance it was possible to study in detail the ratio of the absorption on the 
two cosmic noise frequencies: the results are shown in figure 6, from which 
+t is obvious that the ratio decreased appreciably as the absorption on 24-3 Mc/s 
increased. ‘To test whether the ratio was always smaller when the absorption 
on 24:3 Mc/s was high the mean value of the ratio was found for sudden 
ionospheric disturbances grouped according to the absorption on 24-3 Mc/s. 
The results of this comparison are shown in table 2. 


ee 


Table 2 
Absorption on 243 Mc/s (dB) <1 between 1 and 2 Sp. 
A (—log p)s6-5 2-4 2-0 1-8 


Bane A (—log p)es-s 


Deviation 0-1 0-2 0-1 
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Figure 6. The ratio of excess absorption on 16:5 Mc/s to that on 24-3 Mc/s during the 
sudden ionospheric disturbance of 23rd March 1958, and the absorption excess 
recorded on 24:3 Mc/s. 


A simple interpretation of these results seems to be available in equation (9) 
if it is supposed that the extra ionization was not all injected at a level where 
w?>v®, Suppose, for example, in an extreme case that all the electrons were 
injected at one level, then for the two cosmic noise frequencies w, Or ws 
(both > w,) we should have 


A(—logp,) _ w+" 

A(=logp,) P+" 
This ratio would lie between w,?/w,”, if both frequencies were large compared 
with v, and unity, if both frequencies were small compared with v. ‘Thus the 
experimental results can be explained by supposing that at least some of the 
extra electrons were injected near the level where v/27=16:5 Mc/s or 
v= 10" sec * 

This conclusion can be extended to explain the way in which, in figure 5, 
the points corresponding to the lower (reflected) frequencies depart from the 
expected straight line. ‘his departure is in a sense which implies that the 
absorption is relatively less at the lower frequencies, so that it is consistent 
with the idea that v~w-+w, for the lower frequencies but v<w at the higher 
frequencies. 

The departures from the expected linear relation could also be explained 
by supposing that the deviative absorption was decreased on all the reflected 
frequencies during the sudden ionospheric disturbance, for example by an 
increase in the gradient of electron density at all the reflection heights. But in 
view of the results for large disturbances it seems more probable that the 
alternative explanation is correct. 

‘To illustrate further how results from low frequencies depart from the law of 
equation (10) we may note that the absorption A(—log p,) on a low frequency w, 
may be calculated from that measured on a high (cosmic noise) frequency w, from 
the expression a 


D) 2 
M(losn ee wp A (—log p2) Ae (12) 
L 


(w, +a 


Figure 7 is a histogram of the ratio R of the observed increases in absorption 
on 2-4 Mc/s to those given by equation (12) with w,=243 Mc/s. The fact 
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that the observed absorption is usually less than that expected is consistent with 
the hypothesis that the increase in absorption is partly due to extra ionization at a 
height where v is large (~ 10‘ sec“). 
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Figure 7. Histogram of the ratio of the excess absorption on 2:4 Mc/s to that calculated, 


by means of equation (12), from the observations on 24:3 Mc/s. 


§ 6. HiGH FREQUENCY ABSORPTION AND Very LONG WAVE PHASE 


It has been suggested by Shain and Mitra (1953) that there is a simple linear 
relation between the increase in absorption of cosmic noise and the magnitude of 
the decrease in phase height of very long waves (sudden phase anomaly). 

The results of a number of measurements of the size of the phase anomaly on 
16 ke’s or 19-6 ke/s and the corresponding increases in cosmic noise absorption are 
shown in figure 8 together with the linear relation suggested by Shain and Mitra. 
It is clear that although there is some correlation between the magnitudes of the 
two events there is considerable variability in the results. In particular small 
increases in absorption may be accompanied by large sudden phase anomalies. 

\ detailed discussion of the relation between these two quantities must await 
a full wave theory of the reflection of very long waves, since there is at present no 
simple known way of relating the magnitude of a sudden phase anomaly to the 
increase of electron density producing it. 
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Figure 8. 


absorption on 24-3 Mc/s. 
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Shain and Mitra (1953). 


den phase anomaly and the excess 


The straight line corresponds to the relation given by 
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§ 7. CONCLUSIONS 

The experiments described in this paper have led to the conclusion that during 
a sudden ionospheric disturbance the major part of the extra ionization Is injected 
in the E-region up to the E layer peak and probably appreciably above it. This 
result is in agreement with the observations of Bibl (1951) and ‘Taubenheim (937) 
who found that there was always a short-wave fade-out whenever the critical 
frequency f,E increased suddenly by more than 0-2 Mc/s. 

The main extra absorption of radio waves during a sudden ionospheric distur- 
bance appears nevertheless to take place very low in the ionosphere, and important 
absorption frequently takes place where v= 10" sec? (at a height of about 65 km) 
and at times extends down to levels where v= 10° sec! (at a height of about 
50km). This conclusion is consistent with the observations of Friedman e¢ ai. 
(1958) that in sudden ionospheric disturbances there is appreciable flux of x-rays 
of wavelength near 1-24. 


APPENDIX I 


It is well known that, under conditions in which the quasi-longitudinal 
approximation is valid, the expression for the refractive index in the magneto- 
ionic theory reduces to 

47 Ne? 
egma{w + wy +?/(w + w,)} 
where the upper signs in the denominator are appropriate to the Ordinary wave. 
Now when p~ 1, then 1—p?=2(1—,). Thus the contribution to the phase 
path {yu dh from a stratum of thickness dh is, for the Ordinary wave, 
ap={ i alot oF} dh 
Egmw{w + wy, +v?/(w+awz)} 
for a double traversal and if v<w+w, we may write for the change AP in the 
total phase path produced by a change AN in N 
—AP=Qj{w(w+o,)} 
where OQ is independent of the frequency. 


If on the other hand v approaches w+w,, AP will vary more slowly with 
frequency. 


fe 1 


APPENDIX II 


‘The phase and group paths of a wave travelling vertically through a medium of 
refractive index yu varying with height and reflected at a height h are given by 


hm 
P=2| wdh, 

0 

as 
Bie Dalee wdh: 

0 


where ’ is the group refractive index. 

To find the order of magnitude of the changes to be expected from a small 
change in 4. when p is near unity we may use the approximate relation pe =1 fu so 
that | 


Phin 
Pao | ce 
o - 
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If lm decreases, AP’ and AP would have the same sign since both integrands 
are positive, but if » decreases, AP’ and AP will have opposite signs, and for a small 
change in p, near unity, they will be nearly equal in magnitude. 


APPENDIX III 


Since the cosmic noise radiation incident on the ionosphere is essentially 
unpolarized, the waves transmitted through the ionosphere in the two characteristic 
modes are phase incoherent. The apparatus measures the total cosmic noise 
power. If P, is the incident power and P; the received power 


Qarez [ Ee. oP ; 
P= ¥Pyexp | — oe | - dh + 4P, exp _ are == Ne dh 
egmc) (w+wy)? +? egmc) (w—awz,)? +? 


and for frequencies which penetrate the ionosphere and for which w?>w,? this 
leads to 


Py = Po exp = a ee de dh cosh 2521 NY Senna a, 
PL egmed coh ban? + egmc) (w? + wy? +)? 


so that 
P 2ne7f Nv Te? Ny 
— log( =) = aa > dh —\log cosh saul pe dh}. 
FF Egmc) w*+ wy? + v* egmc) (w?+wz2+?)? 
If we ignore the variation of w, with altitude over the relevant range of height, 
and put 


27e" | Nv E i? 


w+ wy? a ae 


B= 


Emme, 
the first approximation to —logp, then 
= log p= B- log cosh {(2ww,,B)/(w* =e wy? ar ed ; 

Normally, in the absence of sudden ionospheric disturbances, B is less than 0-25 
neper at 16-5 Mc/s and 2w,/w =0-14 so that if v2<w? the second term in the 
expression for —logp is of order log cosh (0-035)=6 x 10~* neper which is less 

than the probable error of a measurement (0-025 neper). 

During the largest sudden ionospheric disturbances observed, B was of order 
2-4 nepers, and the correction term would be of order 0-06 neper which is still 
small compared with the measured absorption. 

Thus for all cases considered here, we may write for the cosmic noise absorption 


2 N 
—loge= == | ll dh. 


egmc) w2+wy2+v? 
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The Electrical Conductivity of Barium Titanate Single Crystals 
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Abstract. ‘The conductivity of a number of barium titanate single crystals was 
measured as a function of temperature, applied field, electrode material, thickness 
andtime. ‘Typical results are given, and tentative theories put forward to account 
for the observed activation energies, the striking non-ohmic nature of the conduc- 
tivity, and the influence of the electrode material. Results for some doped 
crystals are also briefly reported. 


$1. INTRODUCTION 


ARIUM TITANATE(BaTiO,) is the prototype of the group of ferroelectric 
materials having the perovskite structure. Above 120°c it has cubic 
symmetry and is para-electric, below 120°c but above — 5°c it has tetragonal 

symmetry (the tetragonal axis corresponds to the direction of electrification), and 
below —5°c two further phases exist which do not concern us here. It is charac- 
terized by having a very high intrinsic dielectric constant varying between values 
of several hundred and several thousand, depending on temperature and crystallo- 
graphic direction (Merz 1949, 1953). Good thin flat single crystals can be grown 
using a method originated by Remeika (1954), and these crystals show negligible 
ionic conductivity (Hurd, Simpson and Tredgold 1959). Furthermore prelimi- 
nary measurements made by Busch, Flury and Merz (1948 )indicate that the energy 
gap between the Fermi surface and the conduction band is of the order lev, and 
that thus the electrical conductivity at temperatures above 0c is large enough to be 
measured with reasonable accuracy. ‘These various properties render barium 
titanate a very suitable material in which to study the electrical conductivity 
mechanism of nearly ionic crystals. 

This paper reports the variation of the conductivity of barium titanate crystals 
as a function of temperature, applied field, electrode material, impurities, direction 
of polarization and thickness. Tentative deductions are made from these results, 
but a full understanding of the subject awaits the completion of a number of related 
studies which are in progress and which will be given brief mention at the end of 
this paper. 


§ 2. THE CRYSTALS 


The crystals used were obtained from three different sources but were all 
grown by the Remeika (1954) method. In this method, powdered barium 
titanate is fused in potassium fluoride in a platinum crucible and the resulting 
melt is slow-cooled from 1180°c to about 800°c when the excess potassium fluoride 
is poured off and the residue is cooled to room temperature. ‘The crystals are 
then extracted by boiling in hot water. ‘T’he success of the method depends upon 
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the presence of a small quantity of iron in the melt. ‘The amount of iron which 
finally enters the crystals is so small as to be difficult to detect by chemical means. 
Nevertheless paramagnetic resonance studies (Hornig, Rempel and Weaver 
1958, 1959) appear to indicate that iron does enter the BaTiO; lattice in detectable 
quantities (but see also Low and Shaltiel 1958). 

The crystals used were between about 0-03 and 0-01 cm thick and were large 
enough to allow circular electrodes of diameters ranging from 0-25 to 0-50 cm, to 
be deposited on them. Carbon tetrachloride, followed by dilute nitric acid, was 
used to clean the specimens, and metal electrodes were then evaporated on to the 
crystals in vacuo. A travelling. microscope was used to measure the electrode 
diameters, while the crystal thickness was measured using a micrometer. 


§ 3. MetTHop oF MEASUREMENT 


The crystal was placed in a suitable electric furnace, the electrodes being held 
by spring loaded contacts. A thermocouple was used to measure the temperature, 
and preliminary measurements were carried out to ensure that the whole of the 
specimen and the thermocouple were at the same temperature to within 1°c 
throughout the temperature range of interest. ‘The applied potential was ob- 
tained from h.t. batteries, and the current was measured by a Leeds—Northrop d.c. 
current amplifier. ‘The most sensitive range of this instrument corresponds to a 
full-scale deflection of 10-° amp, so that if time was allowed for the instrument to 
settle down and appropriate screening precautions were taken, the current could 
be estimated to 10-U amp. ‘The input impedance of this amplifier was sufficiently 
small compared with the specimen resistance that it could be neglected for all but 
the highest temperature readings made. 


§ 4. PRELIMINARY INVESTIGATIONS 


Initially a study was made, using various electrode patterns, to ensure that the 
surface layer did not tend to short-circuit the main conduction path. A satisfac- 
tory negative result was obtained. This experiment also served as a check on the 
cleaning methods. 

A study of conductivity as a function of crystal direction was next made. Itis 
well known (von Hippel and Matthias 1948) that the use of polarized light allows 
one to distinguish between c and a domains. Thus a crystal having regions with 
the tetragonal axis normal to the surface (c domains), and other regions with the 
tetragonal axis in the surface (a domains) can easily be studied using monochro- 
matic light and a polarizing microscope. By suitable rotation of the analyser one 
set of domains can be made to appear dark, and the other set light. | Furthermore 
suitable application of an alternating field to a crystal, allows one to rearrange the 
domain pattern and hence the ratio of c domain to a domain init. In this experi- 
ment, sodium light was used in conjunction with very thin gold electrodes which 
were sufhciently transparent to this light. The polarizing microscope used was 
fitted with a high temperature stage and a camera. Provision was made for 
measuring the conductivity and temperature of a crystal, while the domain pattern 
was recorded photographically for each value of field and temperature. The 
experiment was repeated on several different crystals. For each crystal, several 
different domain patterns were employed in turn. Within the experimental error 
(+2% at these low temperatures <120°c), it was impossible to detect any 
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variation of conductivity with orientation (i.e. with different ratios of a domain 
area to c domain area). Subsequent experiments were thus carried out, without 
_ the inconvenience and temperature limitations of the optical system. 


§ 5. ELECTRODE MATERIALS 


In the experiment just described, it was noticed that experimental points were 
not exactly repeatable, and that the currents measured using gold electrodes tended 
to increase slowly with time. It was thus decided to make a study of current as a 
function of time for a number of electrode materials. ‘Two sets of experiments 
were made, oneat 102°candthe otherat160°c. Ineither case, measurements were 
made on crystals held in glass covered specimen holders, immersed in temperature 
controlled silicone oil baths, and a field of 4000 volts cm! was employed. The 
following electrode materials were studied: Au, Ag, Cu, Cr, Al, Zn. Copper 
electrodes deteriorated rapidly with time and it is impossible to make any general 
statement about their behaviour. The crystals with chromium, aluminium and 
zine electrodes showed no change with time, and all had about the same specific 
conductivity with similar fields and temperatures. The crystals with gold and 
silver electrodes, however, showed a marked increase of conductivity with time. A 
typical resultis shown in figure 1. Itseemed likely that this increase of conductivity 
was caused by the diffusion of electrode material into the barium titanate lattice 
under the influence of the applied field. This theory was supported by the results 
of the following experiments. 
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Figure 1. Conductivity plotted against Figure 2. Natural logarithm of conductivity 
time at 102°c with fields of approxi- plotted against inverse of absolute tem- 
mately 4000 volts cm~ for different perature. 
electrode materials. 
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Two similar crystals were chosen and each had a gold electrode deposited on 
one side and a chromium electrode deposited on the other. One was connected 
in a circuit in which the gold acted as the anode, and the other in which the gold 
acted as the cathode. ‘The crystal having a gold anode showed an increase 1n 
conductivity with time, and the other did not. A possible explanation of the 
behaviour of the two groups of electrode materials was the suggestion that gold and 
silver readily allow the diffusion of oxygen through the electrodes, while chromium 
etc. do not. To investigate this hypothesis, a crystal was prepared with gold elec- 
trodes on both sides and slightly larger chromium electrodes on top of these. ‘This 
crystal behaved like one which had simple gold electrodes thus disposing of the 
hypothesis based on different gaseous diffusion rates. Finally, a crystal which had 
a gold anode and had had current passing through it for about three weeks was taken 
and the anode was removed. The crystal was cleaned chemically, and new chrom- 
ium electrodes were deposited. The measured conductivity. was uninfluenced 
by the change of electrodes indicating that gold must have entered the BaTiO, 
lattice. 

The quantity of gold which enters the lattice and the depth of penetration 
cannot be deduced from the above facts and hence a full explanation of the 
results described cannot be given as yet. Work is in progress to clarify these 
points by means of radioactive tracer techniques. In the work described in the 
remainder of the paper chromium electrodes were employed. 


§ 6. ConbuCTIVITY MEASUREMENTS 


The conductivity of a number of single crystals was measured using fields of up 
to 10* volts cm}, in the temperature range 15°c to 480°c. Results for a typical 
crystal are shown in figure 2. The general features of the curves shown in this 
figure are well reproduced from crystal to crystal. ‘There was however a scatter 
in the absolute value of the conductivity of about +15° from the mean. The 
peak in conductivity in the region of the Curie temperature corresponds to a peak 
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Figure 3. Variation of conductivity with applied field at 220°c. 


in intrinsic dielectric constant reported by Merz ( 1949). Unfortunately it tells us 
little about the conduction process as all the models so far proposed, predict such a 
peak. | Above the Curie temperature the slope of the (In o, 1/T) curve (T in °x) 
corresponds to an activation energy of 0-84+0-02ev and a value of og~ 0-1 
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(where og, is the intercept on the o axis). Above about 270 °c there is a fairly 
sharp transition to a slope of 1:22+0-22ev with oj~200. The variation of 
conductivity with field for a fixed temperature is implied in figure 2 and shown 
explicitly in figure 3. 


§ 7. DopeD CRYSTALS 


Crystals containing small quantities of Zn and Pb were also studied. ‘The 
percentages of these impurities are not known accurately but are probably less 
than 0-1%. The Zn doped specimen had a conductivity of from 30 to 40 times 
greater than that of the pure material throughout the temperature range. ‘The 
form of the (In o, 1/7) curve was similar but the Curie temperature was reduced 
to about 70°c and the lower and higher activation energies were (0:65 ev and 1-15 ev 
respectively. Similar results were obtained for the lead doped specimen. 


§ 8. Discussion 
According to Mott and Gurney (1940 a) the conductivity of a semiconductor is 


given by 
N \ V2 (2armkT \3!4 E 
=? ae raed == 
a 2u(F) ( Rp ) exp( zn) snd (1) 


where ¢ is the electronic charge, ;. the mobility, N/V the density of donors, # is the 
energy gap, and the other symbols have their usual meanings. If we attempt to fit 
this expression to the high temperature results and assume that they correspond 
to intrinsic conduction we find that E=2-44+0-04ev and » must be about 
1cm2v—sec—. Now according to Horie, Kawabe and Sawada (1954) the intrinsic 
energy gap as measured by optical means is approximately 3 ev and thus allowing 
for the Frank—Condon principle, the value 2-44ev obtained from thermal data 
is quite satisfactory. ‘The value for yu is also credible. 

Below 270°c the behaviour could be explained as impurity semiconduction 
with about 1014 donors per cm?® and an energy gap of 1-7 ev. If this explanation is 
correct, the donors are likely to be oxygen vacancies rather than impurities, as the 
absolute conductivity in this region only varies by a small amount between one 
batch of crystals and another, even though all of the crystals were not obtained from 
the same source. It is unlikely that the impurities are Fe’+ as other evidence 
exists (Hurd, Simpson and Tredgold 1959) that iron goes into BaTiO, as Fe’. 

The striking non-ohmic nature of the conductivity still requires an explanation. 
Four possible explanations of this suggest themselves, and we will discuss them in 
turn. ; 

(i) Space charge limitation of the current enhanced by trapping. Suppose 
the crystal contains a fairly high density of electron traps of depth E> kT and that 
most of the current is caused by the presence of excess electrons which have 
entered from the cathode. It may then be shown (Mott and Gurney 1940b, 
Suits 1957) that the current will be given by 

i= AU?/L? Fiero) 
where L is the thickness of the crystal, and U is the applied potential. 

This mechanism does not appear to apply in this case for the following reasons. 
The theory is not consistent with the fact that most of the current in the region 
above 270°c appears to come from intrinsic semiconduction. (The behaviour 1s 


. re} 
PROC. PHYS. SOC. LXXVI, I 


98 A. Branwood and R. H. Tredgold 


still non-ohmic in this temperature region.) Furthermore the variation of current 
as the inverse cube of the thickness of the crystal should be easily detectable. We 
have carried out careful measurements in an attempt to detect this effect and have 
obtained negative results. 

It should be pointed out that the form of space-charge limitation discussed by 
Rose and Smith (1955) and Lampert (1956) will not apply in this case. ‘They 
consider a material in which the density of excess electrons is comparable with the 
density of traps, and show that the current will increase very rapidly with applied 
field (a fourth power, or even higher power law results from this work). For 
BaTiO, we obtain something approaching a square law. 

(ii) Kanzig (1955) has shown that BaTiO, has a surface exhaustion layer about 
103A thick which probably contains numerous oxygen vacancies which could act 
as traps. ‘Thus one would have a trapping layer having a thickness independent 
of crystal thickness. One thus might identify the energy 1-7 ev with these traps 
and the energy 2-44 ev with intrinsic conduction in the main body of the crystal. 
Unfortunately this model does not predict non-ohmic behaviour in the region 
above 270°c. 

(iii) It can be shown that the interaction of the applied field, and the field due 
to the electrical image of an electron in the cathode will lead to non-ohmic conduc- 
tion in a dielectric. In the case in question however, the applied fields are not 
large enough to produce the required effect. 

(iv) It is possible that the actual electron mobility is field dependent. ‘The 
work of Frohlich (1937) on dielectric break down, indicates that the mobility of a 
conduction electron in an ionic crystal should increase with applied field. How 
big this effect should be is difficult to ascertain without detailed calculations. 
Work in this department is in progress on this problem. 


§ 9. FUTURE WoRK 


‘To obtain a full insight into the electric conduction mechanism in BaTiOs, 
one requires information on Hall mobility, drift mobility, and the diffusion of the 
electrode material into the lattice. Work on these topics in this department is 
projected or in hand. 
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Abstract. Measurements have been made of the shift in the applied magnetic 
field for resonance, caused by the presence of a conducting wall. Small spheres 
of nickel ferrite and magnesium manganese ferrite were used at wavelengths of 
0-87, 1-25 and 3-12 cm and of yttrium iron garnet at a wavelength of 3-12 cm only. 
The shift was always to lower fields and was independent of frequency within 
experimental error. Its magnitude at room temperature was 135 and 100 
oersteds in nickel and magnesium manganese ferrites respectively. In the garnet, 
the shift was found to be dependent upon the orientation of the steady field with 
respect to the conducting plane. A simple explanation is presented which gives 
agreement with the experimental data in order of magnitude. 


§ 1. INTRODUCTION 


HE disturbing influence of a nearby electrical conductor upon the apparent 

high frequency magnetic properties of a ferrimagnetic material was first 

reported by Spencer and Le Craw (1955). In a microwave resonance 
experiment, it is found that the position of the resonance line of a ferrimagnetic 
sample is affected by the close proximity of a conductor to the specimen; a briet 
indication of the magnitude of this ‘wall shift’ was given by Snieder (1958). 

During a recent series of resonance measurements, the magnitude and sign 
ot the wall shift were determined at wavelengths of 0-87, 1-25 and 3-12 cm and 
at temperatures in the range 20°c to about 300°c. Samples used were spheres of 
polycrystalline nickel ferrite and magnesium manganese ferrite (both of porosity 
about 5°%,), ranging in diameter from 0-2 to 0:5mm. The absorption curves 
for these samples varied in width from about 80 to 500 oersteds in the temperature 
and frequency range investigated. Well established resonance techniques were 
employed (Standley and Reich 1955), using cavities resonating 1n Hee modes. 
The spheres were set off from the end wall of the cavity on thin sheets of mica of 
measured thicknesses. 

Measurements were also made on spheres of yttrium iron garnet, both single 
and polycrystals, at a wavelength of 3-12cm at room temperature. The garnet 
absorption line is sufficiently strong and narrow to permit observation in a non- 
resonant waveguide and the signal reflected from a short circuit was detected and 
displayed on an oscillograph, using a simple 50 c/s field modulation system. 
The effect of moving the conducting wall towards the garnet sphere could be seen 
and measured directly; the two configurations with the steady field parallel and 
perpendicular to the conducting wall were used, and the effect of moving the 
sphere across the wall, i.e. varying the radio-frequency field strength, was studied. 

+ Now at Signals Research and Development Establishment, Ministry of Aviation, 
Christchurch, Hants. 
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A subsidiary experiment confirmed that the metal wall was the cause of the 
shift. A ferrite sphere mounted on the end wall of the 3 cm cavity showed peak 
absorption in an applied magnetic field H,. ‘The sphere was then mounted on 
a quartz rod and was moved several millimetres from the wall into the cavity. 
The resonance field was now H, and was unaltered by further movement of the 
rod into the cavity. The specimen was then placed on a thin (0-0005 in.) sheet of 
copper foil about 2mm square on top of the quartz rod which was again inserted 
right into the cavity. The resonance field was found to be Hy. 


§ 2, EXPERIMENTAL RESULTS 


Referring first to the ferrite measurements, the experimental data may be 
summarized as follows: (i) Hy was always greater than Hy. (ii) For a given 
material and temperature Hy— Hy was independent of wavelength and sphere 
size within the experimental error of +10 oersteds at 3-12cm and + 30 oersteds 
at 0-87 cm. (iii) For a given material Hy— Hy diminished as the temperature 
was raised, becoming negligibly small in the region of the Curie point. This 
fact only can be stated with certainty for the magnesium manganese ferrite, with 
a Curie temperature of about 300°c. (iv) A small decrease in Hy, only slightly 
greater than the experimental uncertainty, was observed as the specimen was 
moved from the centre of the end wall towards the circumference. (v) The line 
width observed when the sphere was in contact with the end wall appeared in 
general to be about 5°, greater than that found when the sphere was well removed 
from any conductor. This may have been due to the excitation of unresolved 
magnetostatic modes. Such an explanation is supported by the garnet measure- 
ments (figure 2, Plate). 

In nickel ferrite, the mean values of H;— Hy at the three wavelengths amount 
to 135, 115 and 100 oersteds at 20, 100 and 200°c. Inthe magnesium manganese 
ferrite, at the same temperatures, the shifts were 100, 90 and 45 oersteds 
respectively. 

The measurements with the yttrium iron garnet specimens confirmed (i) 
above. ‘hey were used also to establish the form of the dependence of the 
resonance field upon the distance of the specimen from the reflecting wall. The 
results shown in figure | refer to a sphere, 0-31 mm in diameter, in which only the 
uniform precessional mode (Kittel 1948, Dillon 1958) was generally excited. 
Included also in this figure are data obtained with a magnesium manganese ferrite 
sphere, 0-62 mm diameter, in the resonant cavity at a wavelength of 3-12cm. The 
oscillograms shown in figure 2 refer to a garnet sample and indicate the extent of 
the shift; the gain, sweep and steady field were kept constant during the measure- 
ments. ‘The decrease in the Kittel mode and the increased excitation of a second 
mode are obvious. ‘The second mode shifts slightly to lower fields as the wall is 
approached. ‘This mode is also excited strongly when the conducting wall is 
Ag/4+ from the specimen. 


At room temperature and a wavelength of 3-12cm, the value of Ay—Hy 
for yttrium iron garnet was 45 oersteds. Within the experimental error of +5 
oersteds, no change in this value was observed when the conductivity of the 
reflecting surface was decreased. (The original silver reflecting plate was 
replaced by brass which was then coated with graphite.) These data were 


obtained with the arrangement of figure 3 (a), with the steady field parallel with 
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Figure 1. The variation of observed shift with separation of the sphere from the 
conductor. 
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Figure 3. The relative orientations of steady field, radio-frequency moments and con- 
ducting wall, and the assumed image. In case (a) the steady field is parallel with the 
wall, and in case (4) it is perpendicular to the wall. In each case the x component of 
the moment is directed into the plane of the paper. 


the conducting wall. When the steady field was perpendicular to the wall 
(figure 3 (b)) the shift was about 75 oersteds. These data obtained with single 
crystal specimens were confirmed by measurements on polycrystalline spheres, 
although the broader resonance lines decreased the accuracy of the measurements. 


§ 3. DiscussION 


The above experimental results establish two facts. Firstly, the ‘ wall shift’ 
occurs through the presence of a nearby conducting surface; if the specimen 1s 
moved Ag¢/2 from the conducting wall so that it is identically placed with respect 
to the standing wave system, yet well removed from any conductor, the shift is 
zero. Secondly the shift does not appear to occur solely through the suppression 
of the uniform precessional mode and the excitation of higher order modes in the 
sample. When observations were made using a larger diameter (0-8 mm) 
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slightly non-spherical garnet sphere, other modes were excited even when the 
specimen was well removed from the wall. Certainly, as the wall was approached, 
some modes were enhanced and others reduced, but there was also seen a gradual 
shift of the uniform precessional mode to lower resonance fields. 

We are thus led to ask what the effect of the nearby conducting surface can be. 
Assuming first that the wall is planar and a perfect conductor, the electromagnetic 
boundary conditions require that the normal component of the magnetic induction 
and the tangential component of electric field are zero. Both conditions can be 
satisfied by replacing the conductor by an exact image of the ferrimagnetic sphere, 
mirrored in the conductor. Alternatively we can suppose that the magnetic 
field due to the precessing moment of the sphere sets up eddy currents in the 
conductor which create fields acting back upon the moment equivalent to those 
from an exact magnetic image. ‘This model requires that the steady component 
of the magnetization will have a similar steady image, which is not acceptable: 
the reason is the assumption of perfect conductivity. With an imperfect con- 
ductor such as we must have in practice, there will be no image of the steady 
component of the magnetization, but it would seem to be a reasonable approxima- 
tion to suppose that an image of the rotating component of the moment will 
persist. 

If we assume that the total moment m of the sample of radius a is located at its 
centre, then the image contributes to the x component of the magnetic field there 
an amount —m,/(2a)?, in both configurations of figure 3. The y-component 
contribution is —2m,,/(2a)* in configuration (a), and —m,,/(2a)? in configuration 
(>). If we add these fields to the values of H, and H,, used in Kittel’s (1948) 
derivation, the resonance conditions become 


Woe m 2m 
ee) ly Hy Ce. ai) Feo oar) 


foes (houre 34b)) ene (2) 


where @ is the angular frequency and y is the magneto-mechanical ratio. Now 
m/|(2a)?=7M/6 where M is the saturation magnetization, and so long as the wall 
shift is small compared with Hy, equations (1) and (2) yield 


Hi—H,,AaMi4 
Hy, — Hy,=7M/6. 


Wall shifts calculated from these expressions are compared with experimental 
data, at room temperature, in the table. 


Wall shift (oersteds) 


Calculated Observed 
Nickel ferrite 160 135 
MegMn ferrite hills; 100 
Yttrium iron garnet, case (a) 105 45 


Yttrium iron garnet, case (b) 70 75 
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Thus the simple model predicts wall shifts which are correct in sign and order 
of magnitude, but the observed shifts are usually smaller than those calculated 
and the relative magnitudes for the two cases (a) and (5) are predicted wrongly. 
A more realistic model, which assumes the image to be smaller in magnitude than 
the object and also takes into account the phase difference between the direct and 
image fields at the centre of the specimen, does not alter the relative magnitudes 
of the two cases. On this model, the wall shift should fall off as 1/x* (figure 1) 
where wx is the distance between the conductor and the sphere centre, and should 
be proportional to the saturation magnetization. The latter dependence is 
qualitatively followed, but the observed shift does not accurately follow a 1/x? law. 

In the above, the radio-frequency permeability of the sample has been assumed 
to be unity, which is clearly a good approximation to the true condition but may 
not be exact. 

We have not carried these calculations further since most features of the 
observed shift have been simulated. Further, we doubt whether the experi- 
mental arrangement is correctly represented just by an image which is reduced 
in size, since in a superficially similar problem Mascart and Joubert (1883) had 
to introduce an infinite distribution of images in the form of two magnetic nbbon 
helices extending from the position of the geometrical image to infinity. 

Recently, Hauser and Brown (1959) have published brief details of a calcula- 
tion which includes an estimate of the wall shift. Apparently considering our 
case (a) they find the shift is equal to }7M(a/x)’, using the symbols defined 
above. This formula is identical in form with ours, differing only in the numerical 
constant; referring to the table, it will give calculated shifts 4/3 of those shown, 
in less satisfactory agreement with experiment. 
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Abstract. The coefficients of viscosity and thermal conductivity of binary 
mixtures of xenon with krypton, argon, neon and helium have been determined 
experimentally over the full range of composition of each mixture at a pressure 
of 70cm of mercury and at a temperature in the range 18-0 to 18-3°c. Values of 
the dimensionless quantity f=A/ncy have been obtained for each mixture. The 
experimental values are compared with theoretical values based on the Lennard- 
Jones (6-12) potential of interaction between molecules, using force constants 
derived from viscosity data. Agreement between the experimental and theoretical 
results is not complete. It is suggested that the discrepancies may be due 
principally to deficiencies in the empirical rule recommended in the literature 
for determining the force constant, ¢€,./k, for interactions between unlike 
molecules. 


§ 1. INTRODUCTION 


HE shortage of experimental data for the transport properties of mixtures 

of monatomic gases led to the setting up of a programme at Battersea 

College of ‘Technology, London, for the systematic investigation of the 
variation of viscosity and thermal conductivity of binary mixtures of the gases 
xenon, krypton, argon, neon and helium over the full range of composition of 
each mixture. It was decided that measurements would be made at a pressure 
of 70 cm of mercury and at a temperature in the range 18-0 to 18-3°c. 

Binary mixtures of argon, neon and helium were studied by Baker (1955), 
who compared his experimental results with values calculated from formulae 
given by Chapman and Cowling (1952) for molecules assumed to be point-centres 
of repulsion; satisfactory agreement between the theoretical and experimental 
values was obtained. 

Measurements with the binary mixtures of krypton with argon, neon and 
helium were made by Gordon (unpublished). 

This paper deals with binary mixtures of xenon with krypton, argon, neon 
and helium. It gives details of the apparatus and techniques employed, and 
presents the experimental results obtained. These measured values are com- 
pared with theoretical values based on the Lennard-Jones (6-12) potential of 
interaction between molecules. 


+ Part of the work described in this paper forms the essence of the author’s M.Sc. Thesis, 
University of London, 1959. 


{ Now at the Gas Council, London Research Station, Watson House, London, S.W.6. 
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§ 2. EXPERIMENTAL 


Viscosity was determined by means of a modified Rankine viscometer, as 
described by Heath (1953). For mixtures Heath used only a single mercury 
pellet in his experiments; in the present work a split pellet was used for all 
measurements, so that the correction for the effect of surface tension on the time 
of fall of the pellet given by Rankine and Smith (1921) could be employed. 
Nitrogen was used as the calibrating gas; the viscosity of nitrogen was taken 
as 174-0gcm~!sec~ at 18°c from the measurements of Trautz and Baumann 
(1929) and Rigden (1938). 

Thermal conductivity was determined by means of a Shakespear katharometer. 
The use of the katharometer for this type of measurement has been described by 
Ibbs and Hirst (1929). The twe platinum coils of the katharometer were 
mounted in glass tubes. One tube was sealed, and contained dry air; the other 
was open so that any gas could be introduced into it. The coils formed two arms 
in a bridge circuit, and the out-of-balance current was measured by means of a 
sensitive microammeter. The design of the bridge circuit was based on the 
analysis given by Daynes (1933). The katharometer was calibrated by observing 
the deflection of the microammeter for gases of known thermal conductivity ; the 
pure rare gases were used for this purpose, and the values of thermal conductivity 
were obtained by interpolation from the measurements of Kannuluik and Carman 
£1852). 

The gas mixtures were prepared in a burette in which a fixed volume was 
defined by an index to which the mercury level could be raised; the volumetric 
proportions of the mixtures were obtained by measuring partial pressures in this 
fixed volume. 


Purity of component gases. 


The purities of the component gases were stated by the manufacturer to be 
as follows: 


Helium and neon _ spectrally pure 

Argon impurities not exceeding 0-2% 
Krypton 99-100°%,, balance xenon 
Xenon 99-100°%,, balance krypton 


Experimental accuracy. 


As each mixture in a series was prepared from the preceding one, errors in 
the mixture proportions due to errors in the pressure measurements were cumula- 
tive; the maximum error in the composition of the ninth mixture of a series due 
to this cause was estimated to be +0-3°, and the errors in preceding mixtures 
were correspondingly smaller. 

The error in the viscosity measurements was estimated to be not greater than 
+ 1:0%. 

The accuracy of the thermal conductivity measurements decreased as the 
thermal conductivity of the gas increased. It was estimated that the maximum 
error in low values of the thermal conductivity was approximately +2-2%, and 
that for high values the maximum error rose to approximately +4:0%. ‘These 
estimates take no account of any differences between the results of Kannuluik 


and Carman and those of other workers. 
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§ 3. RESULTS 
The experimental values of viscosity and thermal conductivity of the four gas 
mixtures, as measured at 70-0cm of mercury and at a temperature in the range 
18-0-18-3°c, are given as a function of mixture composition in table 1. 


Table 1. Viscosity, Thermal Conductivity and Values 
of f=A/ncy: Experimental and Theoretical Values 


(1) (2) (3) (4) (5) 
(a) (6) (a) (6) (a) (6) 
Xe-Kr 100 225 225 132+ 1:27 2:58 2:50 
89-6 228 227 138 135 2:57 2:52 
78-6 229 229 145 142 2:59 2:52 
69:3 233 231 152 149 2:58 2-53 
59:5 233 233 160 158 2-61 2:55 
49-1 237 235 168 166 2.59 254 
39-7 238 237 178 175 2-63 2:54 
29-6 240 239 187 185 2-62 2:54 
20-1 243 241 197 195 2-61 2:53 
11-5 245 243 207 205 2-61 2:52 
0 247 246 220+ 218 2-60 2:50 
Xe-A 100 225 225 132+ 127 2:58 2:50 
90:5 226 226 145 142 2-64 2:59 
79-2 228 277 163 159 2-69 2-64 
70-1 229 228 180 77 2-74 2-71 
59:8 229 229 202 199 2-80 2:76 
49-8 230 229 226 223 2-82 2:79 
40-5 229 229 251 248 2:83 2-80 
30-0 229 228 280 281 2:76 2-79 
21:3 228 227 311 313 2-72 2:75 
10-9 224 225 358 357 2-68 2-66 
0 221 221 416+ 412 2:52 2:50 
Xe—Ne 100 224 225 132+ 127 259 2:50 
90-3 232 231 166 162 2:88 2:84 
79-4 240 240 213 208 3-20 3-15 
67:3 277 269 
59:4 258 257 327 316 3-61 3-56 
50:4 268 265 398 378 3-72 3-65 
39:3 278 276 500 473 3-76 3-67 
28:5 291 288 624 590 3-63 3:56 
19-9 299 297 752 710 3-46 3-39 
10-3 306 305 925 883 3-10 3-07 
0 310 309 1160+ 1141 2-44 2:50 
Xe-He 100 224 225 132+ 127 2:59 2:50 
89:8 229 229 232 227 4-02 3-94 
79-2 232 233 356 349 5-40 5:27 
68-7 237 238 518 494 6:70 6:37 
59-4 242 243 680 651 751 7-16 
49-4 245 248 905 857 8-28 7:76 
40-1 249 253 1110 1098 8-22 8-02 
30-4 252 257 1440 1423 8-19 7-94 
20-1 252 258 1800 1894 7-09 7-29 
13-9 248 253 2180 2273 6:42 6:54 
63 232 235 2708 2894 4-83 4:97 
0 194 194 3560+ 3614 2-46 2:50 


+ Calibration points for katharometer. 
(1) Gas mixture; (2) %Xe; (3) Viscosity (10-* gcm— sec~'); (4) thermal conductivity 
(10~ cal cm see-"'deg) » (5) FEAln Gs (@) experimental; (6) theoretical. 
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From these observations, calculations were made of the values of the dimen- 
sionless quantity f defined by the equation 
A= foc, 
where A= thermal conductivity, 7 = viscosity, cy = specific heat at constant volume. 
Values of cy for argon and helium were obtained from Partington and Shilling 
(1924); values for neon, krypton and xenon were calculated from the equation 
: R 
Cy SO 
ey 
where R=1-986caldeg-! mol, M=molecular weight, y =cp/cy. 
The values of y used for these gases were taken from Kaye and Laby (1956). 
The specific heat of each mixture was assumed to be equal to the sum of the 


products of the specific heat and mass fraction of each component of the mixture. 
The experimental values of f for each mixture are given in table 1. 


§ 4. ‘THEORETICAL VALUES 


The theoretical values of the first approximations to the viscosity and thermal 
conductivity for these pure gases and gas mixtures were calculated from the 
formulae for dilute gases given by Hirschfelder, Curtiss and Bird (1954). The 
calculations are based on the Lennard-Jones (6-12) potential of interaction 
between molecules, that is the potential ¢ for a distance of separation r is given by 


Rag 


where « and o are the force constants. Values of the force constants used for the 
pure gases, shown in table 2, are given by Hirschfelder, Curtiss and Bird (1954) 
as derived from viscosity data. All calculations were made for a temperature 
of 18-0°c. 


Table 2. Force Constants for Pure Gases 


xe Kr A Ne He 
a(A) 4-055 3-61 3-418 2°789 2:°576 
e/k (CK) 229 190 124 B5<7, 10:22 


For mixtures, the force constants for the interactions between unlike molecules 
were obtained from the empirical ‘combining laws’ 

y= 4$(01+02), €12= (€1€2)"” 

The formulae for binary mixtures express composition in terms of mole 
fractions; it has been assumed that the gases are ideal, so that mole fractions 
could be taken as equal to volume fractions, thus enabling a direct comparison 
between calculated and experimental values to be made. 

The calculated values of viscosity and thermal conductivity of the four mixtures 
are given in table 1. . . 

Theoretical values of the first approximation to the dimensionless quantity 
f for each mixture were obtained from the calculated viscosities and thermal 
conductivities; the specific heats of the pure gases were taken as equal to 3R/2, 
i.e. 2-98 cal deg“! mol-!. The calculated values of f are given in table 1. 
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§ 5. DIscussIoN 


To facilitate comparison of the results, the experimental points and theoretical 
curves for viscosity and thermal conductivity are shown plotted in the figure. 


5.1. Viscosity 


The validity of this method of measuring viscosity is indicated by the agree- 
ment to within one per cent of the values for viscosity of the pure gases obtained 
by this method and the values obtained, by interpolation to 18°c, from the results 
quoted for the same gases by other workers (Rankine 1910, Nasini and Rossi 
1928, Trautz and Binkele 1930, Trautz and Heberling 1934, Johnston and Grilly 
1942, Landolt—Bornstein 1955). 
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Viscosity and thermal conductivity of gas mixtures. Experimental results are 
shown by points; the curves show calculated values. 


The only published results found with which the present experimental values 
for mixtures could be compared were those for binary mixtures of xenon and 
helium, reported by Trautz and Heberling (1934). These workers carried out 
their measurements at 20, 127, 227 and 277°c; their results at 20°c are approxi- 
mately one per cent higher than the values for this mixture found during the 
present work, and the maximum value of the mixture viscosity occurs at approxi- 
mately the same mixture composition. 


This represents quite satisfactory 
agreement. 


For the binary mixtures xenon-krypton, xenon-argon and xenon—neon, 
the differences between the experimental and theoretical values lie within the 
estimated limits of the experimental error, so that agreement between theory and 
experiment is satisfactory. For xenon—helium mixtures, however, the calculated 
values lie well beyond the range of the experimental error, and clearly some 
modification of the theoretical formula is required. 

The theoretical value of viscosity of a pure gas is quite sensitive to a change 
in the value of the force constant ¢/k, so that it is not possible to seek a better 
theoretical result by changing the force constants for the pure gases. This 
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Suggests that the differences between theoretical and experimental values for 
mixtures may result from the use of the empirical rules for determining the force 
constants for interactions between unlike molecules. 

It was found empirically that closer agreement between the experimental 
and theoretical values for the xenon—helium mixtures could be obtained by using 
a value for the force constant ¢,)/k of 65, which is approximately 35° greater 
than the value given by the empirical rule. These results are given in table 3. 


Table 3. Viscosity of Xenon—Helium Mixtures: ¢,,/k = 65°K 


Viscosity (10-* g cm! sec7?) 
g 


Woxe Experimental pa 
100 224 225 
89-8 229 228 
79-2 282. 232 
68-7 237, 236 
59-4 242 240 
49-4 245 245 
40-1 249 249 
30-4 252 252 
20-1 De 2 252) 
13-9 248 248 
6:3 232 sill 
0 194 194 


As the calculated viscosity for a mixture is quite sensitive to changes in €,,/k, 
however, it is not possible to secure better general agreement by an arbitrary 
increase in the values of e€,,/k for all the mixtures. 

This discussion suggests that the discrepancy between the experimental and 
theoretical values of the viscosities of xenon—helium mixtures is due to the 
inadequacy of the empirical rule for determining €,,._ ‘The rule is least satisfactory 
when the difference in mass of the molecules is greatest; some allowance appears 
necessary for this, and further theoretical work on the interaction between unlike 
molecules is clearly required. 

Two other possible explanations of the discrepancy must also be considered. 
The first is that the differences may be due to quantum effects, which would be 
more important for helium than for the other gases. ‘The second is that the 
Lennard-Jones (6-12) model does not give a sufficiently close approximation. 
to the actual interaction potential between molecules; this view receives support 
from work on thermal diffusion by Grew, Johnson and Neai (1954) and by 
Amdur and Schatzki (1957), where it was shown that calculated values for the 
thermal diffusion factor based on the Lennard-Jones (6-12) model could not be 
fitted to the experimental results. . 

Mason and Rice (1954a) have shown that the experimental values for the 
viscosity of helium are more closely reproduced by the exp-six potential than by 
the Lennard-Jones (6-12) potential; it has also been shown (Mason and Rice 
1954b) that for the transport properties of xenon, krypton, argon and neon the 
exp-six potential and the Lennard-Jones (6-12) potential are about equally 
successful in reproducing the experimental results. 
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Mason (1955) has examined the agreement between some experimental 
results for the viscosities of binary mixtures and values calculated for the exp-Six 
potential, using semi-empirical combination rules for interactions between unlike 
molecules; agreement for mixtures containing krypton and xenon was poor, and 
it was suggested that this was due rather to the failure of the exp-six model for 
krypton and xenon than to the inadequacy of the combination rules for these two 
gases. The same data were used by Srivastava (1958), but with modified 
combination rules; agreement between calculated and observed values of 
viscosity was reported as satisfactory except for mixtures containing xenon. — 

Thus the exp-six potential, which is considered to be physically more realistic, 
appears to have a weakness similar to that shown here by the Lennard-Jones 
(6-12) model; whether this is due to the inadequacy of these potentials or to 
an incomplete understanding of interactions between unlike molecules remains 
unresolved. 


5.2. Thermal Conductivity 


Saxena (1957) has reported values of thermal conductivity at 38°c for the 
binary mixtures xenon—argon and xenon-helium. When Saxena’s results for 
the pure gases are compared with those obtained by interpolating the results of 
Kannuluik and Carman (1952) to 38°c it is found that for argon and helium there 
is close agreement, but for xenon Saxena’s value is 4°% lower. 

When allowance is made for the change in thermal conductivity with tem- 
perature and for the difference in the experimental values for pure xenon, there is 
satisfactory agreement between Saxena’s results for mixtures and those reported 
here. 

For krypton, argon, neon and helium agreement between theory and experi- 
ment is satisfactory, especially in view of the relatively wide range of absolute 
values quoted by various workers, but the theoretical value for xenon is 4% 
lower than the experimental value. Better agreement for all mixtures with a 
high percentage of xenon would result from a lower experimental value for pure 
xenon; such a value is given by Saxena (1957). 

Close agreement between calculated and experimental results for the binary 
mixtures xenon—argon, xenon—helium and argon—helium have been reported by 
Saxena (1957), using the Lennard-Jones (6-12) model. The present work 
shows satisfactory agreement for the mixtures xenon—-krypton and xenon—argon, 
but for the mixtures xenon—neon and xenon-helium some of the calculated values 
lie outside the range of the estimated experimental error. 

However, Mason and Saxena (1959) have shown that more accurate theoretical 
values for the conductivity of mixtures, and specifically for equimolar mixtures 
of xenon—argon and xenon-helium at 38°c, may be obtained from the slight 
modification of a formula due to Muckentuss and Curtiss (1958). The present 
results need to be compared with values calculated from this more recent formula. 


5.3. The Dimensionless Quantity f =X|ncy 


For monatomic gases with smooth spherically symmetrical molecules the 
theoretical value of the first approximation to f is 25. It has been shown that 
the values of f for the inert gases lie between 2-4 and 2:6 (see Chapman and Cowling 
1952, Kannuluik and Carman 1952), and the present work confirms this. For 
mixtures, however, the values of f tend to display a maximum value, approximately 
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in the middle of the range of composition, and the value of this maximum increases 
as the difference in molecular weights of the component gases becomes greater. 
Agreement between the experimental and calculated values is satisfactory. 

Corresponding to the high maximum value of f for mixtures of a light and a 
heavy gas, the Prandtl number will show a minimum for approximately the same 
composition. 


§ 6. CONCLUSIONS 


Comparison of the calculated and experimental values shows that agreement 
between theory and experiment is not complete. This lack of agreement is most 
marked for mixtures of a heavy gas with a light gas. The discrepancies appear 
to be due principally to unsuitable values for some of the force constants, €,5/k, 
representing interactions between unlike molecules. This suggests that further 
work is required so that the force constants for interactions between unlike 
molecules may be calculated from relationships more generally applicable than 
the empirical rules recommended in the literature; interaction potentials more 
general than the Lennard-Jones (6-12) model may need to be considered. 
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Abstract. Measurements have been made of the thermal conductivity and 
thermoelectric power of a range of single crystal samples of p- and n-type Bi,Tes 
between 6 and 200°k. The observed lattice conductivity could be interpreted 
in terms of scattering by the tellurium isotopes. Measurements on the iodine 
doped samples showed the existence of appreciable impurity scattering. Inter- 


pretation of the thermoelectric power results suggests a multiband structure for 
i Le. 


$1. INTRODUCTION 


N recent years the transport properties of bismuth telluride have been 
measured by a number of workers. Most of this work has been confined 
to the temperature range above 77 kK and it 1s only recently that these measure- 

ments have been extended down to liquid helium temperatures. ‘The interest 
in this temperature range is two-fold. Firstly it enables a critical appraisal to be 
made of conventional theory as applied to this material and secondly it enables 
a study to be made of the interaction of imperfections in the material with the 
charge carriers and with the lattice vibrations. 

Previous measurements of the Hall coefficient and electrical conductivity 
down to liquid helium temperatures reported by Yates (1959) have revealed 
discrepancies with simple semiconductor theory. ‘This paper describes measure- 
ments that have been made of the thermal conductivity and thermoelectric 
power of a range of p- and n-type material between 6 and 200°k. Interpretation 
of the observed thermal conductivities gives information on the phonon mean 
free path and on the scattering of the phonons by the iodine atoms. Comparison 
of the thermoelectric power with conventional theory leads to certain conclusions 
regarding the effective mass of the charge carriers and suggests a possible band 
structure. 


§ 2. EXPERIMENTAL 


The cryostat used for the measurements was originally designed for optical 
absorption studies on semiconductors between 4 and 300°K. Based on the design 
of Roberts (1955) it consisted of a nitrogen chamber, a helium chamber and a 
working chamber, and their associated radiation shields. The whole assembly 
was surrounded by a common vacuum space which during the measurements 
was maintained at a pressure less than 5 x 10-°mm Hg. 

The working chamber was cooled initially by a circulating stream of helium 
gas and finally by the condensation of helium into it. A heater wound round the 
chamber enabled its temperature to be raised above that of the surrounding 
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radiation shield and maintained automatically at any temperature between 4 and 
300°x. A platinum resistance thermometer attached to the chamber monitored 
the temperature and actuated the control of the heater current. 

The specimen chamber which was contained within the working chamber is 
shown in detail in figure 1. For the thermal measurements the windows on the 
ends of the chamber were replaced by copper discs E and were held in place by 


Figure 1. ‘The specimen chamber. A: pumping tube; B: filling tube; C: working 
chamber; D: specimen chamber; E: copper disc; F: specimen; G: specimen 
heater; H: gas thermometer bulb. 


six screws, a layer of grease being put on the mating surfaces to ensure thermal 
contact. The specimen F was soldered to one of the discs, which acted as a 
sink for the thermal conductivity measurements, and to the heater G. All 
electrical leads were thermally anchored to the nitrogen, helium and working 
chambers before passing to the specimen. ‘The length of the wire between the 
final anchoring point and the specimen was made as long as possible (24cm) so 
as to reduce the heat flow along them. 

‘Temperature measurements in the range 4 to 30°K were made by means of 
a thermocouple composed of copper against copper plus 0-006% tin (cf. Dauphinee 
MacDonald and Pearson 1953). Between 30 and 300°K copper-eureka thew 
couples were used. The two types of thermocouples were combined into a 
common three-lead junction, the copper lead being common to both couples. 
Before use the thermocouples were calibrated against a low temperature gas 
thermometer of the type described by Mendelssohn (1931). The thermocouples 
were attached to the side of the specimens via two short lengths of 20s.w.g 
copper wire and were approximately 2. cm apart. aig 

The measurements were all made on specimens cut from along the length 
of single crystal ingots of bismuth telluride prepared by A. R. Sheard. As shown 
in table ly the specimens differed by the amount of iodine added to the stoichio- 
metric composition. Subsequent chemical analysis, by H. J. Cluley and P. M. C 
Proffitt of the Chemistry Department, showed that the final iodine content See 
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less than the amount added; the difference is seen by comparing columns (2) 
and (3) and arises from volatilization of iodine during the preparation of the 
single crystal ingots. Before the specimens were mounted in the cryostat, their 
cross sectional area was determined using a travelling microscope. he effective 


es 


Table 1. Samples Measured 


(1) (2) (3) (4) (5)t 
SBTC 18 Undoped — p 30-4 
SB UGL9 0-055° 1 0-027% p 2553 
SBTC 27 0-069, 1 208757. n 30-0 
SBTC 16 0-07 L 0-046, n 24-0 
SBrC15 0-09°%% 1 0:059% n 15258 
SBTC 10 0-20%1 0-124%, n 34-0 


(1) Specimen; (2) added iodine}; (3) final iodine concentrationt; (4) type; (5) form 
factor (cm~'). ‘The symbols used to indicate the various specimens are given in figure 6. 
length 
t+ Form factor= ee 
cross sectional area 


ft by weight. 


separation between the thermocouples was determined from the resistivity of 
the material by measuring the electrical resistance between them. All contacts 
to the specimen were nickel plated and then tinned with low melting point solder. 

The thermal conductivity and thermoelectric power of the specimens were 
measured simultaneously, the temperature gradient being established along the 
cleavage planes. Corrections were applied to the measured conductivity to take 
into account the heat loss resulting from conduction along the specimen leads 
and radiation between the specimen and the surrounding walls. The magnitude 
of this correction was determined experimentally and although at low temperatures. 
it amounted to only a small percentage of the total, at higher temperatures, 
where the radiation losses predominated, it became of the same order of magnitude 
as the heat conducted through the specimen. ‘This made it necessary to limit 
the thermal conductivity measurements to the range 7 <150°K. Over this 
temperature range the observed values were thought to be subject to a maximum 
random error of +5%,. 

The thermoelectric voltage appearing across the specimen as a result of the 
applied temperature gradient was measured with respect to the copper thermo- 
couple leads. Comparison of these leads with a sample of lead (cf. Jan, Pearson 
and Templeton 1958) enabled absolute values of the thermoelectric power of 
Bi,Te, to be derived from the measured voltage. ‘The measured values were 
thought to be subject to a random error of less than + ha 


§ 3. THERMAL CONDUCTIVITY 
3.1. Lattice Component 
The thermal conductivity of a solid is composed of a component A, due to: 
the conduction of heat by the atomic lattice and a component Ky due to the 
conduction of heat by the free charge carriers (electrons or holes in the case of 
semiconductors) present in the solid. ‘Thus 


i ee. (1) 
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The electronic component K, may be calculated from the electrical conductivity 
o using the equation 


Ku=a(kletT lo a) Si a gue eee (2) 


where L(k/e)? is the Lorenz number and has the value 2:5 x 10-* (v? deg) for a 
completely degenerate conductor. For a semiconductor the value of L is depen- 
dent upon the position of the Fermi level with respect to the band edge and on 
the scattering law of the charge carriers (cf. Bowley, Delves and Goldsmid 1958). 

The lattice component of the thermal conductivity in Bi,Te, was derived 
from the smoothed experimental values by subtracting the electronic component 
which at 80°K~0-15K,. Values of K, were calculated from (2) using the 
measured electrical conductivity of the samples and values of L derived from the 
equations given by Bowley, Delves and Goldsmid (1958). In evaluating JL, it 
was assumed that acoustic lattice vibrations were the predominant scattering 
mechanism, and the position of the Fermi level was derived from the measured 
thermoelectric power. At low temperatures where this procedure could be in 
error due to increasing amounts of impurity scattering, L approximates to the 
degenerate value, and the relative importance of K,, decreases, 1.e. K, ~0-02K,. 
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Figure 2. Lattice conductivity of stoichiometric Bi, Tes. 
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Values of the lattice component of the thermal conductivity of stoichiometric 
Bi, Te, obtained in this way are plotted against temperature in figure 2. Also 
shown are the values of Goldsmid (1958 b) and of Satterthwaite and Ure (1957) 
for tellurium doped Bi,e;. Over the temperature range 50< T°x < 150, the 
temperature variation of the lattice component was found to be 

Kya 4 37cm der Ue ee (3) 


which may be compared with. 


Ky =5:1T 1° wem-! deg 
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obtained by Satterthwaite and Ure (1957)t. For 25< T°K<50 the experi- 
mental points rise above the straight line given by equation (3) and have a 
temperature dependance of 7-1. 

The phonon mean free path / may be derived from the lattice conductivity 
by means of the equation 

ee |: a ce (4) 

where Cy is the specific heat and v is the phonon velocity. R. W. Hill and C. A. 
Bailey of the Clarendon Laboratory, Oxford, have measured the specific heat of 
Bi,Te, between 1 and20°x. They find (private communication) that the Debye 
temperature 6)~ 145K. In actual fact the Debye T* law is only followed below 
2°x and at higher temperatures, where the specific heat follows a T? law, it is 
necessary to assume that 6, decreases to a minimum of 116°K at 9°K and then 
increases to 142°K at 20°K. Assuming that the phonon velocity in Bi,Te; is 
similar to that in bismuth and has the value v =2 x 10°cm sec™, the variation of 
phonon mean free path with temperature is shown in figure 3. 


3,—_——__——> 


5 7 3 Tt oe se we 
T (°K) 


Figure 3. Phonon mean free path. / is in centimetres. 


The experimental values for the mean free path may be compared with those 
predicted by theory. It has been shown by Leibfried and Schlémann (1954) 
that in the presence of three-phonon interactions in which the wave vector is not 
conserved (Umklapp processes) the phonon mean free path is given by 


hk 6m? .f(T 
I i 0-06 —_ A Se) |e So YC 5 
P nh? yp 1(q,) ©) 
where 
it ) ow A forT>0) == | -#¥a8G5 (6) 
0 


and is of the form 


fet 6 
(=) exp (cr) fort 05. <n G7) 


wm is the mean atomic mass, p is the density, y Gruneisen’s constant ~2 and ba 
constant ~2. Considerable uncertainty exists about the precise nature of the 
low temperature form of this equation, and equation (7) is not a very reliable 
means of assessing the mean free path in this region. With decreasing temperature 
we know that in the presence of ‘Umklapp’ scattering the mean free path rises 
sharply above the values given by equations (5) and (6). At 40°K (4,/3-6), these 
equations predict a value for |,, which is about four times as large as that obtained 


+ Actual equation given by Satterthwaite and Ure is in error by a factor of 10”. 
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by extrapolating the curve of figure 3. This means that the ‘Umklapp’ mean 
free path must be considerably greater than the experimental values and conse- 
quently that this scattering process may be neglected at the lower temperatures. 

The only other scattering process which can give a 7”? variation of thermal 
conductivity is that due to point imperfections. Since there is no reason for 
believing that the specimens contain any appreciable impurity it must be assumed 
that the scattering is caused by the tellurium isotopes. Various estimates of the 
isotope scattering effect have been given. Ziman (1956) using a variational 
method has derived the following equation for the mean free path /; in the presence 
of a small proportion x; of a single isotope of mass mj: 


De eer y ergs ee @, \* 
b= 3-493 x 10 st) hewket (8) 
where a is the average atomic spacing. Although this equation only gives a 
minimum mean free path, it may be used for small isotope concentrations. 
Since Bi,Te, contains a comparatively large concentration of isotopes (e.g. 
02089, MT e,2:46% Te, 0-879 Le, 4-619, 74816) 699%, le 13-71 9G le 
31-79% 18Te and 34-47% °Te) it is necessary to use the recent equation of 
Berman et al. (1959)for the mean free path in the presence of large isotope concen- 
trations. ‘This equation has the form 


9/2 
J=0-042(1,°1,) | 7) BEE Ds (9) 
where er 
_kOM 
OPE he) ew Maura (10) 


aM? 
Dx; (Mi— M)? 
and J is the average mass per atom (= 160-2 for Bi,Te,), N the number of atoms 
per cm®, Gruneisen’s constant y ~ 2, a? the volume per atom and x; the concen- 
tration of isotope of mass Wj. 

Although this equation has been found to be in good agreement with the 
experimental results on LiF and many other materials, the calculated mean free 
path for Bi,Te, is approximately 20 times larger than the observed values. As 
may be seen from equation (9) / is extremely dependent upon the value taken for 
§). Using the experimental values for the mean free path, it is found that agree- 
ment may be obtained between theory and experiment if the 4)’ values given in 
table 2 are used. At first sight the temperature variation of 6)’ is disturbing. 


boa S403 Oe: 


Table 2 
TC?) fy (°K) 8) CK) O9'/6o 
10 71:6 ity? 0-613 
US 793 WPFCS) 0-622 
20 88:5 142 0-622 
25 95:33 
30 98:2 


; : ae 
Debye temperature: 0)’, derived from thermal conductivity results and 6, derived from 
specific heat results. 
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However, if these values are compared with 6, derived from the specific heat 
results one finds that the ratio 6,’ /6, is independent of temperature. The constancy 
of this ratio is interesting since §) and 6,’ represent different average properties 
of the vibrational spectrum and might be expected to be different in the case of 
a highly anisotropic material like Bi,Tes. 

Assuming a T* variation of the specific heat, the theory of Berman et al. (1959) 

predicts a conductivity 

Ree yr ee pp! waa (12) 
Although this compares favourably with the observed temperature variation of 
T*48 between 25 and 50°kK, it must be pointed out that the experimentally 
observed T? dependence of the specific heat would lead to a 7? relation for the 
thermal conductivity. 

At lower temperatures the thermal conductivity tends to flatten out suggesting 
the existence of a maximum at about 6°K. This is confirmed by the thermal 
conductivity measurements of MacDonald et al. (1959) between 2 and 20°K. 
In view of the large size of the samples compared with the phonon mean free path 
boundary scattering may be neglected. It seems likely therefore that the maximum 
in the conductivity must be caused by the presence of dislocations in the material. 
This conclusion is supported by considerable evidence from other sources (cf. 


Wright 1959) which suggests that Bi,Te, contains a large concentration of 
dislocations. 


3.2. Impurity Scattering 
The thermal conductivity measurements on iodine-doped Bi,Te; have 
shown the existence of considerable phonon scattering at the iodine atoms. As 
may be seen from figure 4, the lattice resistivity increases with the amount of 
iodine added, the relative change increasing with decreasing temperature. 
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Figure +. Variation of thermal resistivity with iodine doping. For symbols see figure 6. 


Using the equations of Berman et al. (1959) it is possible to calculate the 
expected variation of thermal resistivity with iodine content. In making these 
calculations it is assumed that the change in the elastic properties of the lattice 
resulting from the inclusion of the iodine atoms may be neglected and that the 
phonon scattering is a consequence of the mass difference between the iodine 
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atoms and the mean atomic mass of the lattice. In this respect it is necessary to 
consider the case of interstitial and substitutional atoms separately. For inter- 
stitial atoms the mass difference must be considered to be the mass of the iodine 
atom (126-9a.m.u.) while for substitutional atoms it is the deviation from the 
mean atomic mass, i.e. (160-2 — 126-9) = 33-3 a.m.u. 

Using equation (11) and the iodine contents given in table 1, the mean free 
path parameter /,° due to the iodine atoms may be calculated. This must be 
combined with /;° for isotope scattering to give the total mean free path /¢ 


/° i 1/2 
le=b| Fe! | ees: (13) 


where 


assuming /, and 6, do not vary with iodine concentration. Evaluation of equation 
(13) using the modified 4)’ and assuming T= 20°K leads to mean free path values 
which, when substituted in equation (4), give the thermal resistivities shown in 
figure5. Comparison with the experimental points shows that the iodine atoms 
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Figure 5. Thermal resistivity at 20°K. 


are somewhere between interstitial and substitutional atoms and have an effective 
mass difference of about 70a.m.u. This mass difference would be obtained if 


4 of the iodine atoms went into the lattice interstitially while the remaining 3 went 
in substitutionally. 


§ 4. "THERMOELECTRIC POWER 
4.1. Theoretical 


Assuming a scattering law such that the relaxation time 7 may be related to 
energy by the equation 


pe he ae ee oe (14) 
the general expression for the thermoelectric power of a single-band semiconductor 
is 

qu (ee 
t Tk ut) 2 ee (15) 
where 


ce) m—E+Aa 
K, =const. ( NHEE+A)RT"+HI2+4 gules 
| (n+3+A) steep Foye) a 8) 
and 7 is the reduced Fermi level with respect to the band edge. 
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For a degenerate material in which 7 > 3, equation (15) may be approximated 


(to within 10%) by 
RV dix 
= = -_-— 5 / 
: [= Ee +). eh: (17) 


Using the degenerate expression for the Fermi level in terms of the effective 
mass m and the carrier density n, this equation becomes 


a 5) 2/2 
oa (154) 55 ae ) ; | 


hh? \ 1-50 


e 
k[ 2? 2mk (47 Rye\*® 
Se a (e 3 
a1 3 ar Car Tae en Sears (18) 
where the factor r appearing in the expression for the Hall coefficient Ry 1s 
dependent on the position of the Fermi level, the scattering law and on the 
anisotropy of the band structure. 

For non-degenerate material in which 7 < —0-5 equation (15) may be approxi- 
mated by (to within 10%) 


k[ 5 
= “| 5 +A-y | 
5 


_k 2(27k)82? | Rye , 3 , 
=9[5+A+n ee + 5inm? |. wooo od (19) 


4.2. Experimental 


As shown in figure 6, the thermoelectric power of the two p-type and four 
n-type specimens of bismuth telluride increases monotonically with temperature 
between 6 and 200°k. Above 200°xK the thermoelectric power of the near intrinsic 
specimen SBTC 27 starts to decrease due to the influence of the minority carriers. 
From an examination of these curves it is concluded that there is no appreciable 
contribution to the thermoelectric power due to the phonon drag effect. ‘This 
interaction between the phonons and the charge carriers determines the behaviour 
of some high purity semiconductors at low temperatures (cf. Herring 1954). 
Its absence in bismuth telluride is thought to be a consequence of the low thermal 
conductivity and high impurity content of the material. 

The plateau and slight increase of thermoelectric power shown by the specimens 
at the lowest temperatures is in general agreement with the recent observations 
of MacDonald et al. (1959), and seems likely to be due to a change in scattering 
law with decreasing temperature. At very low temperatures impurities cause 
appreciable scattering of the charge carriers. With decreasing temperature 
therefore A rises and the thermoelectric power (cf. equation (17)) tends to increase. 
To extend the interpretation of the results further, it is necessary to take into 
account the carrier density which in the case of a one-band model may be derived 
from the Hall coefficient. ‘The measurements of Yates (1959) have shown that 
there is little change in the Hall coefficient between 4:2 and 200°x. ‘The change 
that does occur however is anomalous and has to be interpreted on the basis of a 
multiband model. It seems most meaningful therefore to derive the carrier 
density from the residual Hall coefficient measured at 4-2°K. 

Consider the low temperature, i.e. degenerate, region represented by equation 
(18). The full curves on the «/R,°* against temperature diagram shown in 
figure 7 correspond to the degenerate region where 7 > 3 while the broken curves 
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represent the region of partial degeneracy where 7<3. All the curves have a 
linear region, the gradient of which (cf. equation (18)) is determined by A, m 
andr. The change in gradient from specimen to specimen is shown in figure 8 
and implies that these parameters must be dependent on the iodine doping. 
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Figure 8. d(a/Ry*’*)/dT plotted against iodine doping. 


On the basis of equation (18), one would expect the extrapolated linear 
regions of the curves of figure 7 to pass through the origin. Although this is the 
case for two of the specimens, the others have a finite intercept on the T=0°K 
axis. This has been observed for other semiconductors and Kolamoets (1958) 
has shown that for a strongly degenerate electron gas, the thermoelectric power 
would be expected to have the form 


caehis, Paes (20) 


where x, and 8 are determined by the concentration of imperfections (impuritites 
+ defects) and by the scattering law. From figure 7 it is seen that the value of 
the intercept ~, decreases as the iodine doping increases, becomes zero at 0-046% 
iodine, and then increases at 0:124% iodine. Ina qualitative manner this suggests 
the filling up of lattice vacancies followed by the introduction of interstitial 
impurities. 

At the higher temperatures, the specimens approach the non-degenerate 
region and the results may be analysed by means of equation (19). In figure 9 the 
experimental values are plotted in the form (xe/k—In R,) against nT. ‘The 
solid curves represent the region of non-degeneracy where y< —0-°5 and 
equation (19) would be expected to hold. According to this equation, the linear 
portion of the curves should have a slope of 1:5. | The observed variation of slope 
with iodine doping is shown in figure 10. Goldsmid (1958 a) observed a similar 
deviation for polycrystalline material. Examination of (19) shows that the 
discrepancy could be caused by m or 1 being dependent on temperature and 
on the iodine content. 

It has been shown by Delves (1959) that scattering of the carriers by optical 
mode vibrations of the lattice gives large values for the slope dz/d1n T (=2:25 for 
non-degenerate material). ‘The observed change of slope with doping could be 
accounted for by a change in the relative amounts of optical and acoustic mode 
scattering. 

4.3. Discussion 

Although it has not proved possible to draw many firm conclusions from 

these measurments, they have emphasized the discrepancies which exist between 
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the observed behaviour of Bi,Te, and that predicted by simple theory. Inter- 
pretation of the results on the basis of a simple one-band model assuming 
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Figure 10, d(ae/k—In Ry)/d|n T plotted against iodine doping. 


spherical energy surfaces and an energy dependent relaxation time leads to the 
conclusion that A, m or r or any combination of them is dependent on temperature 
and on the iodine content of the material. 

The scattering law is known to be dependent on impurity content for many 
materials. Evidence from the electrical measurements on Bi,Te;, suggests 
however that impurity scattering only becomes appreciable at the very lowest 
temperatures. 

An effective mass dependent upon impurity content can be a consequence 
of a very low density of states band. With the rapid filling up of such a band, 
the effective mass, which is a measure of the curvature of the band, could be 
expected to vary. A more likely reason for a varying effective mass is a multiband 
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structure. Such a band structure has been proposed for Bi,Te,; by Mooser and 
Pearson (1958). ‘Their model which cousists of a low density of states, low 
effective mass conduction band overlapping the normal valence and conduction 
bands would result in a variation of effective mass with doping. However, this 
model does not explain the variation of R, at low temperatures observed by 
Yates (1959). In order to account for these measurements Yates proposed a 
four-band model. It would be possible to explain a variation of effective mass 
with doping if we assumed that the charge carriers in the different bands had 
different effective masses. 

The factor r which appears in the expression for the Hall coefficient is depen- 
dent upon the degree of degeneracy, the scattering law, and the anisotropy of 
the band structure. This anisotropy may be expressed in terms of the effective 
mass components along three principal directions (cf. Drabble 1958). ‘Thus a 
dependence of A or m on iodine content would result in a corresponding depen- 
dence of r. 

In conclusion we consider whether there is any a priori reason for expecting 
bismuth telluride to have a multiband structure. As pointed out by Drabble 
and Goodman (1958) it is necessary, when considering the structure of Bi,Tes, 
to distinguish between two types of differently bonded tellurium atoms. ‘Thus 
the atoms are arranged in the sequence Te®-Bi-Te®-Bi-Te™. It has been 
suggested by Drabble and Goodman that the bonding between the Te?-Te® 
atoms is covalent whilst that between the Bi-Te” and Bi-Te” atoms is a mixture 
of covalent and ionic bonding. It is believed that the bonds between the bismuth 
and tellurium atoms are fully saturated and that there is a difference between 
the Bi-Te® bonds and the Bi-Te® bonds. This difference is reflected in the 
shorter bond length of Bi-Te (3-124) compared with that of Bi-Te® (3-22 A). 

The energy gap in.a semiconductor is determined by the weakest bond, Le. 
largest bond length, which in the case of Bi,'Te, is Bi-Te®. However, since there 
is only a 3% difference in the bond lengths it is to be expected that there will be a 
second pair of bands having a slightly greater energy gap. This picture of the 
chemical bonds in Bi,'Te, thus leads to a dual valence band and a dual conduction 
band (Wright 1959). As far as transport properties are concerned, these bands 
may be considered to act in parallel. They may therefore be identified, in a 
qualitative manner, with the four-band model proposed by Yates (1959). 
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Some Measurements of the Elastic and Viscous Properties of 
Thixotropic Fluids 
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Abstract. A coaxial cylinder viscometer is described which was designed to 
measure the elastic and viscous properties of fluids which exhibit thixotropic 
behaviour, in particular of natural ‘wax-containing’ oils. A constant torque 
is applied to the inner cylinder which is free to rotate, while the outer cylinder is 
kept stationary. The change in the rate of shear with time for which the stress 
is applied can be measured. ‘The shape of the resulting ‘rate of shear, time’ 
graph can be interpreted so as to distinguish and measure the elastic and viscous 
properties. An example is given of the behaviour of a typical ‘ wax-containing ’ 
oil together with a suggested quantitative interpretation of the results. 


$ 1. INTRODUCTION 


ERTAIN fluids are known to possess a quasi-rigid structure and it is 

possible for such systems to exhibit an elastic response to changes of 

stress similar to that observed in a solid. The visco-elastic properties of 
a fluid having a non-zero yield value can be examined by simple recoil experiments 
in which the outer cylinder of a coaxial cylinder viscometer is kept fixed and a 
constant stress is applied to the inner cylinder. The rate and degree of rotation 
of the inner cylinder, and the subsequent recovery on removing the applied stress, 
is measured. An extension of the simple static recoil experiment is to subject 
the outer cylinder to sinusoidal oscillations and measure the amplitude of rotation 
of the inner cylinder (Oldroyd, Strawbridge and Toms 1951). 

Fluids which exhibit the phenomena of thixotropy possess an internal structure 
which produces a resistance to flow. Thixotropy is defined as the reversible 
time-dependent decrease of the resistance to flow accompanying the application 
of a shearing stress. ‘The visco-elastic properties of this class of fluid cannot 
adequately be examined by simple recoil experiments owing to the time dependence 
of the internal structure. In order to examine the effects due to a system of 
elastic elements in a fluid exhibiting thixotropic behaviour it is preferable that 
the viscosity measurements be made under conditions of constant applied stress, 
the change in the rate of shear with time being measured. Viscosity measure- 
ments have been made on natural ‘ wax-containing ’ residual oils using a coaxial 
cylinder viscometer of the type described by Mooney and Ewart (1934), in which 
a constant stress is applied to the inner cylinder which is free to rotate, the outer 
cylinder being kept stationary. ‘The thixotropic behaviour of the wax-containing 
oils is attributed to the presence of individual wax crystallites in a Newtonian 
base oil. The individual wax crystallites, in a system maintained free of stress 
and in thermal equilibrium, coalesce to form an internal structure of crystal 
aggregates. ‘The crystal aggregates can be considered as deformable particles of 
time-dependent particle size, which produce an increase In the Tesistance to 
flow depending on the time of storage. Thus, there will be a limiting value of 
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the applied shearing stress below which flow does not occur, this value of the 
applied stress will be referred to as the yield stress, or yield value, py (Billington 
1960). Continuous shearing of the fluid causes breakdown of the aggregates 
into individual particles which are the smallest particles of breakdown. After 
an infinite time of shearing the system has been completely transformed from the 
‘near solid state’ to a liquid consisting of the individual particles dispersed in 
the Newtonian base liquid. At any given time of shearing the system consisting 
of the remaining fraction of individual particles dispersed in the base liquid will 
be referred to as the residual liquid. The viscosity of the residual liquid, assumed 
to be Newtonian, is related to the shear stress p,(t) by the equation 


Paty =7,07e ©) Se ea (1) 

where 7, is the residual viscosity and S, is the measured rate of shear at time 7. 

A complete rheological examination of a fluid exhibiting thixotropic behaviour 
under conditions of constant applied stress, is dependent on obtaining measure- 
ments of how the rate of shear changes with time for various values of the applied 
stress. The essential conditions of the experiment are that a separate sample is 
used for each value of the applied stress, and that at the commencement of each 
experiment all the samples are in the same rheological condition. ‘The method 
which has been developed requires the use of a minimum of three identical 
viscometers which are filled with the test material and stored under identical 
conditions for a period of time sufficiently long to ensure that the three samples 
are in the same state at the commencement of each measurement. In this way 
measurements are obtained at three different applied stresses on samples which 
are known to be uniform throughout, and which have not been disturbed by 
unnecessary shearing prior to the measurements. 


§ 2, EXPERIMENTAL 
2.1. The Viscometer Cylinders 


A coaxial cylinder viscometer similar to that described by Lee and Warren 
(1940) has been used to obtain the dependence of the rate of shear on the time of 
shearing. The design of the main assembly is shown in figure 1. The lower 
ends of both inner and outer cylinders are tapered to form cones which meet in a 
common apex. ‘The apex of the cone section of the inner rotating cylinder forms 
part of the lower bearing. ‘The bearing point of the inner cylinder fits into a 
cup recessed into one end of a hardened steel screw which forms part of the apex 
of the outer cone. ‘The inner cylinder can be raised clear of the outer cone section 
by adjusting the position of the cup bearing. ‘The coaxial cylinder unit is mounted 
centrally, between three pillars which support the pulley system, on a base plate 
provided with levelling screws. A known torque is applied to the inner cylinder 
by means of weights via a torque shaft and clutch mechanism. The torque shaft 
and clutch together with the associated pulley system are mounted on a separate 
triangular plate which is held in position on top of the three supports. The angular 
rotation is measured by a pointer attached to the torque shaft which moves over a 
circular scale graduated in degrees. Mounted on the free end of the torque shaft 
is a mirror for use with a lamp and scale to enable small deflections to be observed. 
The viscosity of the Newtonian and non-Newtonian oils has been measured using 
cylinders made from brass, Perspex, and duralumin; the results for both types of 
oil were found to be independent of the moment of inertia of the inner cylinder. 


Visco-elastic Flow of Thixotropic Fluids 129 


To ke i : oye 
ep the w eight of the instruments as small as possible the viscometers were 
made from duralumin. 
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Figure 1. The viscometer cylinders. 


The mean value of the shearing stress p at a cylinder of effective radius Ry 
terminated by a cone of half-apex angle 4, is given by the relation (Mooney and 
Ewart 1934) 

G R a4 
ee Al Le 
P= FaReL ( ian ee (2) 
where G is the applied torque and L is the mean length of the cylindrical sections. 
The square of the effective radius is given by R,?2=2R2R,"/(RY+R,") where 
R, and R, are the radii of the inner and outer cylinders respectively. ‘The rate of 
shear S is given by equation (3) 

S=O(R2+R2)/(R2-R?) tes (3) 
where Q is the angular velocity. In equation (2) the applied torque G is given 
by the relation 

G=(W,+Wet+m)gr tes (4) 
where g is the gravitational constant, W, and W, are two applied weights, r is the 
radius of the torque shaft and m is an experimental correction made to the calculated 
shearing stress to allow for frictional losses in the instrument. ‘The range of 
shearing stresses available, using viscometer cylinders having L=10cm, 
R,=4:077 cm, R,=4:366cm and half-apex angle 6),=40-4° extends from 
10 dyn cm~, to 1200 dyncm~, for a torque shaft radius r=0-515 cm. 

The instruments were calibrated over a wide temperature range using oils 
which had previously been calibrated at the National Physical Laboratory, 
Teddington. ‘The correction m is obtained from the graph (1/¢’, W) where ¢’ 
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is the time for one complete revolution of the inner cylinder for an applied load W. 
The relation between 1/t’ and W for a Newtonian liquid is linear, and the intercept 
on the abscissa when 1/f’ is zero is taken as the value of the correction m, usually 
of the order of 20g. ‘The use of weights to apply the torque G to the inner 
cylinder imposes a limitation to the length of time for which the system can be 
continuously sheared without having to adjust the level of the weights. ‘The 
momentary removal of the applied stress for the purpose of adjusting the level 
of the weights has no detectable effect on the ‘rate of shear, time’ curve. 


2.2. Sample Preparation 


The viscometers are filled with the material under test in the ‘as-received’ 
condition and placed in a constant temperature water bath. ‘The working volume 
of the viscometer bath was approximately a metre in length by 40 cm deep 
and 30 cm wide. ‘The large volume of the bath required to accommodate the 
viscometers, and the conduction of heat along the exposed parts of the viscometers, 
made the use of a temperature controlled chamber essential. A non-homogeneous 
internal structure frequently occurs in samples of small volume, such as the 
sample contained between the cylinders of the viscometer, if subjected to sudden 
shock-chilling to the test temperature. The reduction of the temperature of 
the sample from the ‘as-received’ temperature (usually room temperature) to 
the test temperature at a controlled rate during the initial stage of the storage 
period has been found to produce a homogeneous sample. ‘The temperature 
of the chamber was automatically reduced at the rate of 1°c a day from the 
‘as-received’ temperature to the test temperature of 3°c. The temperature of 
the viscometer bath was continuously monitored by twelve thermocouples 
distributed over the volume of the bath; the temperature just inside the top of the 
outer cylinder of each instrument was also recorded using thermocouples. The 
readings of all thermocouples including the control system for the constant 
temperature chamber were continuously recorded outside the chamber. The 
presence of the operator in the chamber produces initially a small fluctuation in 
the temperature of the chamber, but no corresponding change in the temperature 
of the viscometer bath could be detected. ‘The temperature of the oil samples 
could be controlled to within +0-05°c. The viscometers were stored for three 
days at the test temperature; measurements of the change in the rate of shear 
with time were made at three different applied stresses. 


2.3. U-tube Experiments 


A possible method of measuring the yield value, based on the viscous flow of a 
fluid in a cylindrical tube, has been examined. ‘The yield stress is defined for 
the purposes of this experiment as the critical value of the applied stress at which 
flow can just be detected in a cylindrical tube. The shear stress per unit area 
p at the wall of a tube of radius R and length L is given by the relation 


APrR? = p2nRL 
POLE 2 Die 2 ool oe ee penn See: (5) 


where AP is the pressure drop across the tube. The flow tube used in these 
experiments is in the form of a U-tube made from stainless steel tubing 
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1-5 +0:2 mm internal diameter and 2-1 + 0-2 mm external diameter, and of such 
a length that the length to internal diameter ratio is 300+5. he appropriate 
length of steel tubing is bent into a U, 35 +2 mm wide, and with a smooth curve 
at the bottom. Each end of the U-tube is brazed into a short brass sleeve 12mm 
long and approximately 7mm in external diameter and the open end. of 
the U bridged with a horizontal brass strip 7mm wide and 2mm thick. The 
U-tubes are fitted with small lengths of rubber tubing approximately 3cm in 
length and filled with the test fluid to the top of each piece of rubber tubing. The 
excess fluid in the rubber tubing allows for contraction on cooling. At the time 
of test the rubber tubing together with the excess fluid is removed to leave a flat 
surface at both ends of the U-tube. A known pressure is applied to one end of 
the U-tube and the time for the fluid to emerge from the free end is measured. 
The movement of the fluid is observed by means of a travelling microscope. 
An inherent difficulty is to assess at what stage the deformation of the fluid to 
produce a leading profile gives way to the critical velocity profile necessary for 
viscous flow to occur. ‘The movement of the whole profile was continuously 
observed and the first movement at the wall of the tube was taken as the criterion 
for the onset of viscous flow. ‘Ten U-tubes are mounted side by side in a constant 
temperature bath. At the end of a given time of storage a different pressure is 
applied to each tube inturn. Invariably one or more tubes have to be discarded 
due possibly to uneven gelling, or partial filling. Measurements have not been 
extended beyond a storage period of three days. The time interval from the 
instant at which the pressure is applied to the formation of the critical velocity 
profile will be referred to as the ‘initial response time 6’. In these preliminary 
experiments no provision was made for a controlled rate of cooling. 


§ 3. RESULTS 


The graph (p, 1/8) in figure 2 shows how the initial response time P depends 
onthe shearing stress at the wall of a U-tube for three different oils. ‘he apparent 
linear relationship between p and 1/f can be expressed by a relation of the form 


(P—py)B=comst. -~ = aren . (6) 


where the ordinate intercept py, corresponding to infinite response time, is 
identified with the yield value defined in § 2.3. 

Figure 3 shows how the rate of shear obtained from the viscometer measure- 
ments on sample D, depends on the time measured from the instant the torque 
is applied to the inner cylinder of the viscometer for three different applied stresses. 
The removal of the applied stress for the short time taken to adjust the height of 
the weights is seen to have no detectable effect on the ‘rate of shear, time’ curve. 
The time interval 7 elapsing between the application of the stress p and the onset of 
viscous flow is obtained by extrapolating the rate of shear, time curve to ZeTO 
rate of shear; this is shown in figure 4 for sample D. ‘The controlling mechanism 
by which the velocity profile is produced in the U-tube experiment Is assumed 
to be the same for the initial deformation of the fluid in the viscometer, and the time 
interval between applying the stress and the onset of viscous flow will therefore 
be referred to as the initial response time 7. The relation between applied stress 
p and response time 7 for sample D is shown in the graph (p, 1/7) of figure 5. 
‘As in the case of the U-tube experiments the linear relation of equation (6) holds 
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Figure 2. Dependence of the initial response time B on the applied stress p. 
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Figure 3. Variation of the observed rate of shear S, with time. 


for the initial deformation process in the viscometer. For sample D the initial 
yield value is 210dyncm~? as compared with approximately 195 dyncm~2 
obtained from the U-tube experiment. 

After an infinite time of shearing it is assumed that the system has been 
completely reduced to the residual liquid consisting of the individual wax crystal- 
lites dispersed in the Newtonian base liquid. It is further assumed that the 
residual liquid also exhibits Newtonian behaviour such that the viscosity 7, of 
the residual liquid is given by the relation 


P=Ipon (FCO es (7) 
where fp is the applied stress and S, is the limiting value of the rate of shear 
corresponding to an infinite time of shearing. The residual viscosity cannot be 
evaluated from viscosity measurements at constant applied stress, and recourse 
must be made to measurements at constant rate of shear (Billington 1960). For 
sample D a value of 2:8 poise at 3°c has been obtained. Using this value of ne 
the rate of shear S, can be calculated. Defining a new variable y by the relation 


(0<x< 0) 


Visco-elastic Flow of Thixotropic Fluids 13 


4 
®} 
O12 Applied 
ane 2 
int P (dyn cm 
= 010;-", 550 
yf A 40 
yp 008 @ 350 
i= 
3 = 
= 0:06 
— 
o 
S 0-04 
a) 
ce 
0-02}- 
L Eee el | J 
0 2 4 6 8 10 


Time t (min) 


Figure 4. Determination of the response time 7 from the rate of shear, time curve. 
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Figure 5. Dependence of the reciprocal of the response time ft, on the applied stress py 
(for y=0, ty=7)- 


where ¢, is the time corresponding to the point of inflection on the rate of shear, 
time curve (S,,f) and introducing the normalized rate of shear ¢ defined by the 
relation 


Pee Pel, (Dede dyins | Maree (9) 
Sa—: T 


where S_ is the rate of shear corresponding to the initial velocity profile at time 7. 
In this way the three (.S, f) curves of figure 3 compound into a single curve. ‘The 
independent measurements of ¢ and x corresponding to the three applied stresses, 
reduce to a mean value which can be measured with an accuracy to+ 10% as 
shown in the graph (¢, x) in figure 6. 


§ 4. DiIscussION 


A method of correlating the present measurements at constant applied stress 
with the earlier measurements at constant rate of shear is considered in this 
section. 

The condition for which x is zero corresponds to zero time of shearing measured 
from the instant at which viscous flow first occurs. The internal structure of the 
thixotropic fluid breaks down with continuous shearing, that is the yield value 
decreases with increasing time of shearing. It is assumed that the strength of 
the internal structure at any given instant, that is the yield value, is a characteristic 
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property of the thixotropic fluid, dependent only on the concentration and size 
of the deformable particles. The (¢, x) curve is independent of the applied 
stress and is assumed to be directly related to the breakdown of the internal 
structure with continuous shearing, that is to the yield value. For a given value 


0:05 - 


x 


Figure 6. Variation of ¢ with x. 


of y there are three values of the time ¢ corresponding to the three applied 
stresses. Let the values of the applied stresses p for the different viscometers be 
(Py, Po, -+-P,) and let the corresponding values of the time for a given value of 
x be (t,, ta,...¢,) where the response time ¢, is obtained from the relation 


i=ai(isor)yriewie — © caakee (10) 
The relation between the applied stress p, and the reciprocal of the response time 
t, is shown in the graph (p,, 1/t,) of figure 5 for various values of xy. ‘Uhe linear 
relationship may be expressed by an equation of the form 


| Dosa Dy Slit = CONS) ee pees BERG (dit) 
where the ordinate intercept py(x) is assumed to be the yield value corresponding 
to a given value of y. Equation (6) is seen to be a special case of (11) since for 
x=0, t,=7 from (10) and py(y)=py(0) which is the initial yield value. ‘The 
change in the yield value with increasing x is shown in the graph (:, y) of figure 7 
where ¢ is defined by the relation 


P=py(x)iPy0) (O<P<1) ae (12) 
If elastic effects exist after viscous flow has commenced it is assumed that the 
elastic and viscous effects are mutually exclusive. ‘That is the applied stress may 
be considered as the superposition of two independent stress systems given by 
the relation 
P=py0) 42.) ee ee (13) 
where py(t)=Px(t)+py(t) is the stress system producing viscous flow, and 
p(t) the stress system producing elastic effects. 'The shear stress P(t) producing 
viscous flow of the residual liquid for a given applied stress can be evaluated for 
all values of ¢, using the experimental values of the rate of shear and the value of 
Nx Obtained from experiments at constant rate of shear, using equation (1). 
Combining equations (1) and (7) we obtain the relation 


Pr(t)=pS/S. 
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and using this relation in (13) we obtain for the stress p(t) the relation 
pAth=p(l—SJSp)—Pyt) tes (14) 


p(t)—p (7) =py() Py(t) ps; S,)/Sp: 
Since S, > S,the term (S;—S,)/ S, may be set equal to ¢ and the expression then 
reduces to 


and 


pAt)—p(r)=pyO)-P)—PP rt (15) 
Defining a new variable » by the relation 
Ge Aa ee eee | 
epi) PC d<p<i) 


) 

) 
pas) (nee 
~ p.G) \1>e29, | 
where p,(i) is the value for ¢=1; corresponding to the point of inflection on the 
(S,,¢) curve. In this way the three independent stress systems p(t) correspond- 
ing to the three values of the applied stress compound into a single curve as shown 
in the graph (, x) in figure 7. 
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The viscosity for a given value of x is obtained from the relation 


p= PAD) (17) 
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The dependence of the viscosity on the reciprocal rate of shear is shown in figure & 


for four values of x; the rate of shear S_,is the value corresponding to the smallest 
applied stress. ‘The linear relationship between 7 and 1/.S, implies a relation of 


the form 
(m— 1) S1= Py(t) soisene (18) 
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which is the same as the equation obtained for the viscosity measurements at 
constant rate of shear. The value of the residual viscosity 7, obtained from the 
ordinate intercept for four values of x is 2°8 poise. Several values of the viscosity 
7, in the region of 2-8 were examined but the misalignment of the three independent 
(¢, x) curves was found to be a minimum for 7,=2°8 poise. ‘The yield value 
has been obtained from the slope of the graph (7, 1/S,) for several values of x 
and are shown on the graph (#, x) in figure 7 to be in agreement with the values 
obtained from the graph (f,, 1/¢,) of figure 5. 

It is assumed that during the time interval 7 the applied stress is partitioned in 
such a way that the initial yield stress py(0) produces the necessary relative move- 
ment of the internal structure which must occur during the deformation of the 
system to produce a leading profile. At time 7 the leading profile attains the 
critical value corresponding to the initial velocity profile and viscous flow occurs. 
The yield value decreases with continuous shearing and the stress p .(¢) increases 
during the time interval t, — 7 due to the relatively slow rate of increase of the shear 
stress p,(t). For times of shearing in excess of t; the stress p, (¢) increases rapidly 
due to the increase in the rate of shear, but the decay of the yield value is 
insufficient to compensate for the increase in p,(t) which can therefore only 
occur if p(t) decreases. 
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Abstract. A method is described for measuring cross sections for ion charge 
exchange at mean ion energies corresponding to gas temperatures of the order 
of 300°K. 

‘The measurements are made in afterglows following pulsed radio-frequency 
gas discharges, using a mass spectrometer to identify the ions present, and to 
observe their relative rates of change of population. 

‘The reaction cross section for the process 

O*+0,+0,74+0 
has been deduced from the measured population decay rate of the O* ion, at gas 
temperatures from 200 °K to 300°K. 

The apparent variation of the cross section with gas temperature is not con- 
sidered to indicate a systematic temperature dependence. 

The cross section was found to be 3:2 + 0-5 x 10-!cm?, corresponding to a 
rate coefhicient of 2:5+0-4 x 10-!!cm*sec™!, for the process. 

The relevance of this result to upper ionospheric studies is briefly discussed. 


§$ 1. INTRODUCTION 


EASUREMENT of cross sections for charge exchange between ions and 
neutral particles has hitherto been made by methods using either the 
attenuation of a monoenergetic ion beam, or the ionization produced 

in the neutral gas through which the beam has passed (e.g. Ziegler 1953, de Heer, 
Huizenga and Kistemaker 1955, Hasted and Gilbody 1957, Ghosh and Sheridan 
1957). Ion beams have been used over an energy range from several hundred 
electron volts down to about one electron volt. Below this energy the use of 
ion beams for this type of experiment becomes technically very difficult. 

Cross sections at energies of less than one electron volt are, however, of great 
interest, since the gas temperatures found in the ionosphere and in laboratory 
afterglow studies correspond to mean energies between 0:5 and ()-04 ev. For 
this reason, in the work reported here, measurements have been made in after- 
glows following pulsed gas discharges. ‘The range of temperatures obtainable 
with the apparatus used was from 200°« to 300°K. A time resolving mass 
spectrometer was used to identify the ions present and to measure their relative 
rates of population change. } 

Since the cross section for charge exchange may be expected to be a function 
of the relative velocity of the particles concerned, the true parameter measured 
is a rate coefficient, which is the cross section integrated over the velocity 


distribution. 
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§ 2, METHOD 
The reaction studied in the present investigation is 
OF4+O0O0O.774+0°;© 2 © risen (1) 
and the parameter measured is k,, the rate coefficient for this process. 
Process (1) may result from either of two mechanisms, namely charge transfer, 
Xt+4+YZOX+ YZ 2 sees (2) 
or ion exchange, 
MP Y ZOXYt 4S Ze Rerneinys (3) 
In the case of process (1) the two forms are indistinguishable, but ion exchange 
is expected, on theoretical grounds, to have a much greater cross section (Bates 
1955), and if this is the case it should be the dominant process. In this paper, 
however, process (1) will be referred to by using the general name, charge 
exchange. 
If [O+] represents the concentration of atomic oxygen ions and [O,] represents 
the concentration of molecular oxygen, then 


GOR) ee ere Ge Ose 
ate ae eeu AN) a (4) 


where o,(v) is the cross section for process (1) when the relative velocity of the 
colliding particles is v. When the particles have a relative velocity distribution 
defined by a normalized function f(v), the term vo,(v) in equation (4) must be 
replaced by k,, where 


Dal) cote ae ae (5) 


Since [O,] is large compared with [O*], the fractional change in [O,] caused 
by the decay may be neglected, and [O,] regarded as constant. Hence integrating 
equation (4) gives 

In [OF]=—Agi+comst. ~~ ~~ 9 =.s..e (6) 
where 
Ne=R (Os) 9 ee (7) 
is the logarithmic decay coefficient. 

Therefore for process (1) an exponential decay of [O+] is expected from 
equation (6), with a decay coefficient which is proportional to [O,], as predicted 
by equation (7). , can thus be obtained directly from a single measurement of 
A, at a known value of [O,], assuming that process (1) is the only effective O+ 
loss mechanism. 

In this work A is measured over a range of [O,] values, allowing both a veri- 
fication of the predicted proportionality of A to [O,], and a mean value of k, to 
be obtained. 

§ 3. APPARATUS 
3.1. The Discharge and Pulsed Power Source 


‘The afterglows, in which the measurements were made, followed gas dis- 
charges which were produced by 100kw pulses of radio-frequency power of 
7 Mc/s. ‘he pulses were of approximately 20 microseconds duration, with a 
repetition frequency of 50 per second. ‘The discharges were generated in 
a glass tube, at gas pressures of the order 1mm Hg. ‘The radio-frequency 
power was applied between two electrodes E (see figure 1), each consisting of an 
external copper sleeve connected to an internal molybdenum disc. 
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The vacuum system involved greased taps and joints, and liquid air traps were 
used to prevent hydrocarbon vapours from reaching the discharge and mass 
spectrometer, M.S. (figure 1). ‘he system could be evacuated to a pressure 
below 5 x 10-§'mm Hg. 


“A 
ar Trigger a 
Pulse | — C.R.0. 
Generator | 1 
cam) a] it 
1 | | Pre-amplifier 
E 
= = — A 
‘iat ae: | |Spectromet. 
| R.F. Power | pectrometer 
Oscillator | __ pS See 
= 
So a 
= i ae Pirani Gauge 
aaa 
Pirani and McLeod oe 


Gauges 
eo 4 : : Gas 
es 
__/ Rotary \—___/ Dif fusiom, 

Pump -}— : sid ) © = Liquid Air Trap 


—__— —— 


Figure 1. The apparatus, schematic diagram. 


The gas pressure in the discharge tube could be measured by both the McLeod 
and Pirani gauges. 


3.2. The Mass Spectrometer 
d.2.1. General. 

The mass spectrometer, developed and built by L. W. Kerr (1953), was of 
the radio-frequency linear accelerator type, similar to that described by Boyd 
and Morris (1955). his type has the advantage, for this work, of having no 
external magnetic field to disturb the afterglow. ‘The instrument was used to 
show the variation of the ion concentration with time in the afterglow, as a display 
on an oscillograph. Positive or negative ions having masses between 1 and 250 
a.m.u. could be selected for study. The charge to mass ratio of any single ion 
type could be determined with an accuracy to about 5°%,, while ions differing in 
mass by 15°% or more could be resolved. 


3.2.2. Description. 

Apart from differences in constructional design, the instrument differed from 
that built by Boyd and Morris in two main respects. Firstly an 18-stage linear 
accelerator was used in place of the 12 stages of their model. ‘This was done 
without increasing the ion path length, which remained lessthan3cm. Secondly 
the ion current, of about 10-° amp, passed from the collector along a rod, inside 
an earthed coaxial nickel tube, and through the grid resistor of the first stage of a 
highly screened a.c. coupled pre-amplifier. ‘The ion current was, in fact, com- 
pletely screened between the collector and the oscillograph input, and this 
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prevented pick-up of mains hum, or of the radio-frequency linear accelerator 
voltage or the discharge pulse. As further precautions against pick-up, the power 
supplies to the pre-amplifier were screened and filtered, and the heater current to 
the valves was supplied from screened batteries. fr 

The high-frequency response of the pre-amplifier was limited by the time 
constant of the input circuit, which was approximately 50 microseconds, depend- 
ing upon the value of the grid resistor used. "This allowed the rapid changes 1n 
ion current during the afterglow to be linearly amplified and displayed on an 
oscillograph as a function of time. 


3.2.3. Performance. 


It is necessary that the variation of the 1on current with time, as measured 
from the oscillograph should be directly proportional to the variation of the ion 
density in the afterglow. This would not be so if any of the d.c. electrode 
potentials varied during the afterglow, or if the ion current amplification was 
not linear. Neither of these effects was detected, and no further reason was 
found to indicate any time dependence of the mass spectrometer sensitivity. 

Due to inadequacy of existing theories of ion collection by probes, absolute 
ion densities in the afterglow could not be deduced using the mass spectrometer. 

The ratio of the population densities of different ion types having like charges 
could be estimated, after correction for the effect of the difference in diffusion 
coefhcients. 

The ratio of the positive ion collection efficiency of the mass spectrometer to 
that for negative ions could not be accurately ascertained. ‘This was because of 
the possible different behaviours of positive and negative ions in the ion sheath 
at the orifice. Hence the ratio of the population densities of ion types having 
unlike charges could not be estimated with accuracy. 

These limitations did not affect the oxygen charge exchange measurements. 


§ 4. EXPERIMENTAL PROCEDURE 
4.1. Cleaning 


Clean discharge conditions were obtained by repeatedly running discharges in 
helium or in oxygen-helium mixtures, and flushing with clean gas. 

The purity of the discharge conditions was tested by using the mass spectro- 
meter to detect ionized impurities. 


4.2. Absorption Loss of Oxygen 


It was found that after the discharge tube had been cleaned by discharges in 
helium alone, the pressure in a subsequent oxygen discharge dropped rapidly 
due to ‘clean-up’ on to the internal electrodes and glass walls. ‘This effect only 
occurred when the discharge was running. It was much reduced if oxygen had 
first been adsorbed by running the discharge in an oxygen-helium mixture (see 
figure 2). It was important that the partial pressure of oxygen during the decay 
rate measurements should be known as accurately as possible. However, 
because a comparatively large pressure of helium was used as a passive recoil 


agent, any change in oxygen partial pressure due to ‘ clean-up’ during measure- 
ments could not be directly observed. 
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For these reasons, immediately before any charge exchange measurements 
were made, the discharge was run for a few minutes in an oxygen-helium mixture. 
Oxygen loss by ‘clean-up’ was further reduced by limiting the time for which 
the discharge was on to less than 40 seconds. All the mass spectrometer adjust- 
ments were made, and photographs taken in this time. 
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Figure 2. Oxygen loss by ‘ clean-up’. 


If, in spite of these precautions, the partial pressure of oxygen did change 
significantly during the time taken to record the decay, a second photograph 
would tend to record a slower decay than the first. No systematic trend of this 
type was observed. 


4.3. Measurement 


The measurements were made in afterglows with oxygen partial pressures 
varying from the lowest accurately measurable pressure of about 0-002 mm Hg 
up to 0-025 mm Hg, at which pressure the O* ions decayed too fast for reliable 
measurement, and the 0,* ion concentration became comparable with that of 
Of. 

Helium at a pressure of about 1 mm Hg (see §5.1.2) was used as a passive 
recoil agent to prevent loss of O* ions by diffusion to the walls of the discharge 
tube. Gas temperatures between 200 and 300°K were used, the variation being 
obtained by external cooling of the discharge tube. The gas temperature was 
measured using the change in pressure of a fixed mass of gas in the system, that is, 
using the system as a gas thermometer. 

When no ions were being accelerated by the mass spectrometer, the oscilloscope 
showed a deflection of the trace due to transient effects following the discharge. 
The true ion current was superimposed upon this background. Photographs 
were taken of both traces by double exposure on 35mm film. ‘T'wo pairs of 
exposures were taken of each gas filling, to ensure that ‘clean-up’ (see §4:2) was 
not causing any serious error. 

The time scale was obtained from time markers superimposed on the traces. 
These were recorded on each photograph, so that any distortions due to curvature 
of the screen, time-base non-linearity, and photographic distortion, would have 


no effect on the time calibration. 
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The difference between the two traces, as a function of time in the afterglow, 
was measured from enlargements of the films, and the logarithm of the deflection 
plotted against time. These semi-logarithmic graphs were expected to be straight 
lines (see §2), the slopes of which would give logarithmic decay coefficients of 
O+ at particular pressures. The coefficients could then be plotted as a function 
of oxygen partial pressure at fixed gas temperatures. Each of these graphs was 
expected to be a straight line, from the slope of which the rate coefficient could be 
calculated at the appropriate temperature. 


§ 5. RESULTS 


5.1. Preliminary Results 
po lel. Umpuriires, 


The ions detected in helium discharges were Cl-,N*, mass 18* and 18— 
(+1lam.u.). With the exception of Cl-, the currents due to these impurity 
ions were scarcely detectable above the amplifier noise level. 

Under normal working conditions, in helium—oxygen mixtures, only O7- 
and Cl~ were observed, in addition to the O* ions being studied. ‘lhe 
O~ concentration was scarcely detectable, and was short lived in the afterglow, 
while the Cl” concentration was larger and more persistent. It is not possible to 
give a quantitative estimate of the ratio of the O* and Cl concentrations in the 
afterglow (see §3.2.3). 
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Figure 3. Suppression of diffusion by passive recoil gas (helium). ‘The charge exchange 
decay is independent of total pressure. 


The chlorine gas is thought to originate in the glass walls of the 
discharge tube, because a chloride flux was used in the manufacture of the glass. 
For discussion of these results see § 6.1. 


5.1.2. Diffusion. 


As diffusion loss is a function of gas pressure, the O+ ion decay rate at various 
passive recoil gas pressures was investigated (see figure 3). As the total pressure 
was reduced, while keeping the oxygen partial pressure constant, the O+ decay 
coefhicient was found to be constant down to a total pressure of about 0-6mm Hg. 
For total pressures below this, a sharp rise in decay coefficient occurred, as 
diffusion loss began to augment the loss by charge exchange, the latter being 
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dependent only on the oxygen partial pressure. ‘he helium pressure was 
varied for two partial pressures of oxygen. After consideration of these 
graphs the total pressure used in the following measurements was therefore 
1+0-15 mm Hg. 


on 


.2. Decay Rate Measurements 


Altogether 66 different sets of afterglow conditions were investigated: 26 
at 300°K, 15 at 276°xK, 11 at 263°xK and 14 at 204°K. 

The graphs of In [O*] against ¢, which were expected to be linear from 
equation (6), $2, showed a tendency to curvature at early times, up to about 300 
microseconds, in the afterglow, but at later times they became linear (see figure 
4, discussed in $6.3). ‘The slope of the linear part of the semi-logarithmic 
graph was considered to be A, the coefficient for O* decay by charge exchange. 
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Figure 4. Typical In (ion concentration) decay curves. 


The variation of O* decay coefficient with oxygen partial pressure is shown 
in figure 5 for various gas temperatures. ‘These graphs show a general propor- 
tionality of decay coefficient to partial pressure, between pressures of 0-005 and 
0-020 mm Hg, but outside these limits deviations occur. ‘The spread at high 
pressure is due to the experimental accuracy being reduced because the OF ion 
currents were small, and the decays rapid. At pressures below 0-004 mm Hg 
the decay coefficients tend to be larger than predicted by extrapolation of the 
graph to the origin. No explanation can be given for this effect, which, however, 
has little influence on the final value of the rate coefficient. 


5.3. Rate Coefficient Derivation 


The mean slope of each graph shown in figure 5 was found by averaging the 
values of A/P for all the points. ‘The most probable error was also found from 


these values. . 
From the average value of A/P the rate coefficient could be found directly : 
ky=7:18x10-TA/Pemisec™, see (8) 


where A=O+ decay coefficient =1/(time to fall to half density ) (sec), 
P=oxygen partial pressure (mm Hg), 7=gas temperature (‘K). 

The rate coefficients obtained at the temperatures used are shown. graphically 
in figure 6. It will be seen that no systematic variation. with temperature can 
be suggested from these results, although the spread is greater than the probable 
errors of the individual values, which were repeatable, 
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Figure 5, Dependence of O* decay coefficient on oxygen pressure. 


The value of the rate coefficient quoted is the mean of the four values found, 


which were weighted according to the reciprocals of the respective percentage 
probable errors. 
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Figure 6, Variation of oxygen charge exchange rate coefficient with gas temperature. 


The error quoted takes into account the spread of results at the different 
temperatures. 


The value obtained for the rate coefficient for oxygen charge exchange is 
k,=2:5+0-4 x 10-4 emsec-1 
corresponding to a cross section of 


0,=3:2+0-5 x 10-18 cm?. 


Ion Charge Exchange Reactions in Oxygen Afterglows 145 


§$ 6. DiIscussION OF RESULTS 


5 


. The value of the rate coefficient obtained 1n § 5.3 was arrived at on the assump- 
tion that oxygen charge exchange (process (1), §2) was the only etfective O* loss 
mechanism in the afterglows examined. The reasons for. neglecting other 
possible loss processes will now be discussed. 


6.1. Recombination 


The question of loss of O* ions by recombination with negatively charged 
particles will be considered. One possibility is ion-ion recombination, for 
example 


OO Ow (9) 
Now, using the same terminology as in § 2, 


d{O-] _ d[O*] _ 


dt dt —vo,(v)[O-][O*F]. st. se es (10) 


The ratio [O-]/[O*] could not be accurately ascertained (see §3.2.3), but it is 
certain that [O-] was not greater than [O~]. ‘This is because, in the absence of 
other positive ions, a surplus negative charge would have resulted. Let us take 
the most unfavourable value of the ratio by putting [O-]=[O*]. Integrating 
equation (10) then gives the well-known recombination law 


i -a[Or} 1 
O*]oc= 7; ~— KH —s- knee 
porjnt; MI. = (11) 
The logarithmic decay coefficient at time ¢ is 
Lo gjOort.. 
A(t)= - == oC. eres 
O=— Toy a 7 to 


Hence the slope of a graph of In [O7] against t would decrease with time, and 
the graph would be convex downwards. If [O~] was less than [O*], this curvature 
would be accentuated. However, within experimental error, the semi-logarithmic 
graphs were not found to be convex downwards. 

Similar argument also eliminates the possibility of recombination with Cl~ 
ions or electrons being significant. Also, electron recombination is expected, on 
theoretical grounds, to have a small recombination coefficient at these pressures. 

The fast decay of the small O~ concentration is considered to be by electron 
transfer to chlorine, which has a high electron afhnity. This is borne out by the 
observed slow decay and larger concentration ois 


6.2. Diffusion 


The following precautions were taken to ensure that any loss of O* ions by 
diffusion to the walls of the discharge would be of negligible proportions. 

The discharge tube electrode system was designed to give as uniform a plasma 
as possible in the region where observations were made. 

The radial distribution of the ionization was a function of the frequency of 
the radio-frequency power, which was chosen to give a uniform central plasma 
of about 3cm radius. This distribution was ascertained by means of a movable 
Langmuir probe. Loss of O* ions by diffusion was further reduced by using a 


passive recoil gas (see § 5.1.2). 
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6.3. O+ Decay Law 


The decay of the O* ion population was expected to be exponential (see §2), 
and the observed decays were exponential at late times. Sometimes, however, 
the decays were slower at early times in the afterglow (see §5.2 and figure 4). 
This effect would be explained if an O+ ion production process was occurring. 
Since no other positive ions were observed to be decaying early in the afterglow, 
this process was thought to be ionization of oxygen by collision with metastable 
helium atoms. The energy available from a metastable atom is sufficient both 
to ionize an oxygen molecule and to dissociate the excited ion so formed. ‘Thus 


Hem + O,>O,*’ + He+e7 A eneaees (ERD) 


followed after a very short time by 
0,7 =OF40)) 9 cg 0 0 Se eeree (14) 
leaving an energy surplus of 1-1 ev. 

The examples of O+ ion decays given in figure 4 show clearly the curvature 
described above. It should be pointed out that the oxygen partial pressures were 
not the same from graph to graph in these examples, so that they would not be 
expected to show the same gradient. 

The time, for which the deviation from an exponential decay lasted, varied 
with the discharge conditions, possibly because it was a function of the initial 
metastable concentration. In some cases (e.g. figure 4(d)) the curvature per- 
sisted until the O+ ion current was too small for accurate observation of the 
linear part of the graph. These decays obviously could not be used in the charge 
exchange measurements, and were rejected. This was only necessary for about 

°, of the observed decays. One third of all the decays showed no curvature (as 
figure 4(a)), and half showed only slight curvature at early times (figure 4 ()). 


6.4. Summary 


For the above reasons it 1s considered that during the exponential O* ion 
decays, the only effective process for production or loss of O* ions was charge 
exchange. 

As further justification for this view it was found that, within the usable range 
of pressures the logarithmic decay coefficient was directly proportional to the 
oxygen partial pressure, as expected (§2). 

The present experimental value for the charge exchange rate coefficient is 
not inconsistent with a theoretical estimate by Bates (1955) based on an ion 
exchange mechanism. He concludes that the rate coefficient for ion exchange 
could be as high as 10-1 cm? sec. 


§ 7. CHARGE EXCHANGE IN THE IONOSPHERE 


It is generally accepted that the main positive ions in the upper ionosphere 
particularly in the F2 layer, are atomic in form. This conclusion is supported 
by recent rocket and satellite measurements which identify the positive ions as 
O*, and by the conclusion (Penndorf 1950) that photo-chemical dissociation of 
molecular oxygen should be nearly complete at these altitudes. Since there can 
be few negative ions in the F2 layer (Bates and Massey 1946, 1947) the only single 
stage loss mechanism for the O* ions is recombination with free electrons ve 
the cross section for this process is so small that the rate of destruction a O% 
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and of electrons would be very slow, much slower than has in fact been observed 
(Ratcliffe et al. 1956). Similar considerations to the above led Bates and Massey 
(1946) to suggest that the loss process for ionization in the F2 region, and possibly 
also in the rather lower F1 layer, is a two stage process, thus : 

(a) Charge exchange collisions between O* ions and oxygen molecules 
(process 1, §2), it being supposed that the latter are present as a very small fraction 
of the total gas. 

(b) Fast recombination of the resultant O,* ions with free electrons, by the 
dissociation process 
O,++e+0'+0". 

The existence of the small proportions of O,, necessary for the above processes,. 
can be accepted on the basis of predictions by Nicolet and Mange (1954) that 
diffusion and turbulence would produce a detectable molecular concentration at 
F layer altitudes. Confirmation of this has been obtained by rocket measure- 
ments of the absorption by molecular oxygen of solar ultra-violet light (Byram, 
Chubb and Friedman 1955). 

In the case where the molecular oxygen concentration is low, and particularly 
in the F2 layer, the average life of the O~ ion may be quite long compared with 
the life of the O,* ions, which are lost by the rapid process of dissociative recom- 
bination with the free electrons. The O~ ions will thus be the main ion type, 
and the loss rate for electrons will therefore be determined by the charge exchange 
rate for the atomic positive ions. 

Ratcliffe and others (1956) have measured the electron loss rate in the F2 
layer, and have summarized their results in the formula 
sale exp (=) emrseer esas (16) 
where ~(F2) is the effective recombination coefficient for the height z (km), and 
Ne is the electron concentration. 

If we take a typical value of me=8 x 10°cm~ at an altitude of 300km, we 
obtain 


a(F2)= 


Ne 


a{P2Z)j=1-2 +0-4x 10-" cm? sec—1. 
If, however, the decay of electrons is limited by charge exchange we may 


write 


ky[O, 


a | 


(2) = 


Cm see, tae (17) 


where k, is the rate coefficient for charge exchange (§ 2). 

If the value of k, measured experimentally in this work, is combined with 
Ratcliffe’s value above for «(F2), it is possible to calculate the molecular oxygen 
concentration as 3-8 + 1-4x 10%cm~- at 300 km. This value is obtained on the 
assumption that k, is approximately the same at 300°K (laboratory) as at 1100 °K 
(probable gas temperature in the F2 layer). This point might be clarified by 
interpolation if ion beam measurements of k, at higher energies were available. 

Another value of [O,] is found to be of the order 3-8 x 10° cm’, from a model 
atmosphere extrapolated to high altitudes, using tentative mass spectrographic 
results from Aerobee rockets, combined with some theoretical predictions 


(Hulburt 1955). 


These two predictions of the molecular oxygen concentration are thus in close 
agreement. 
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§ 8. CONCLUSION 


The rate coefficient for the reaction 
O++0,>0,*+0 
is found to be 2:5+0-4x 10-4 cm? sec, at gas temperatures of approximately 
300°K, corresponding to a cross section of 3-2 + 0-5 x 107" cm’. 

This value confirms the view that dissociative recombination with molecular 
oxygen ions produced by the above charge exchange reaction could be the primary 
electron loss process in the F2 layer, and the molecular oxygen concentration at 
F2 altitudes is predicted to be 3-8 + 1-4 x 10®cm~, in close agreement with a model 
atmosphere drawn up in 1955. 
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Abstract. Absolute differential cross sections are presented for the inelastic 
scattering of 19-6mey deuterons by *4Mg leading to the first excited state at 
1-37 Mev, in the angular range 15°-120° (c.m.). The angular distribution shows 
a sharp rise at forward angles (6, ,,, <40°) and a rather weak oscillation at more 
backward angles. It is concluded from an analysis of the results that the electric 
contribution to the scattering is smaller than has been previously assumed, and 
that a distorted wave treatment is essential if a satisfactory fit is to be achieved. 
Absolute differential cross sections are also presented for the elastic scattering 
of 19-6 Mev deuterons by Mg. 


§$ 1. INTRODUCTION 

HE inelastic scattering of deuterons by nuclei has been observed by several 

authors (Greenlees, Kempton and Rhoderick 1949, Greenlees 1955, 

Holt and Young 1949, Haffner 1956, Hinds, Middleton and Parry 1957 
and others) in the energy range 5-15 Mev. The analysis of these results has 
generally been in terms of two theoretical treatments of inelastic deuteron 
scattering, based on two alternative assumptions as to the reaction mechanism. 
In the first (Huby and Newns 1951), the scattering is assumed to take place 
through the interaction of one nucleon of the deuteron with the surface of the 
target nucleus, the other nucleon remaining too far from the target nucleus to 
interact with it. This approach is suggested by the success of stripping theories 
based on the same assumption (e.g. Butler 1951, Friedman and Tobocman 1953). 
The second theory is that of Mullin and Guth (1951) in which it is assumed that 
the scattering results from the electric interaction between the deuteron and the 
target nucleus. 

Hinds, Middleton and Parry (1957), using 8-9 Mev deuterons, obtained an 
angular distribution for the 24M g(d,d’)*4#Mg* (1:37 Mev) reaction which showed 
moderate agreement with the theory of Huby and Newns (1951) using an 
interaction radius of 7x 10-13cm. Haffner (1956) analysed his results for the 
inelastic scattering of 15-1 Mev deuterons by several nuclei, including **Mg, in 
terms of the two theoretical treatments but was unable to obtain a satisfactory 
fit with either theory. He found that, in general, the angular distributions rose 
too sharply at forward angles to fit the nuclear interaction theory (i.e. that of 
Huby and Newns) alone. This sharp forward rise is more characteristic of the 
electric interaction theory, but this theory did not fit the angular distributions 
at backward angles, nor could it reasonably account for the absolute magnitude 
of the observed cross sections. Haffner therefore concluded that both electric 
and nuclear interactions are of comparable importance in inelastic deuteron 


scattering. 


150 G. W. Greenlees and f. Lowe 


Following Haffner’s work, Mamasakhlisov and Kopaleishvili (1958) have 
calculated the differential cross sections using both electric and nuclear terms 
in the deuteron—nucleus interaction. In the present paper, an investigation 
of the inelastic scattering of 19-6Mev deuterons by *4Mg is described and the 
results are compared with the theory of Mamasakhlisov and Kopaleishvilt, 

The success of the optical model in the analysis of elastic proton scattering 
by nuclei (cf. Feshbach 1958) has led many workers to investigate the elastic 
scattering of composite particles to determine whether the model can provide 
an equally simple description in this case also. Some success has been achieved 
in the case of «-particles (Igo and Thaler 1957, Cheston and Glassgold 1957), 
and the parameters of the complex well used are of interest since they reflect 
some features of the interaction of the «-particle with the nucleus. In the case 
of elastic deuteron scattering, the experimental information is not yet extensive, 
although several angular distributions have been obtained at 21-6 Mev by Yntema 
(1959). The problem is of interest, since the composite structure of the deuteron 
is known to be important in its interaction with nuclei (e.g. from the large 
observed stripping cross sections), whereas this composite structure is not 
included explicitly in the optical model. In the present paper, a determination 
of the differential cross section for elastic deuteron scattering by natural Mg 
is described. 

Experimental studies of deuteron scattering are complicated by the high, 
positive Q-value and large cross section of the (d,p) reactions. Detection of 
deuterons in the presence of protons from this reaction was achieved in the 
present experiment by means of a (dE/dx, E) particle selecting system, described 
in §2 of this paper. 


§ 2. EXPERIMENTAL METHOD 


‘The 19-7Mev external deuteron beam of the Nuffield cyclotron at Birmingham 
University was collimated, passed through a target at the centre of a 12 in. scat- 
tering chamber, collected in a Faraday cup and integrated. Particles scattered 
by the target were detected by a CsI (Tl) scintillation counter system mounted on 
the rotable lid of the scattering chamber. 

‘The apparatus and experimental method were identical with those described 
by Greenlees e¢ al. (1957 a, b) except that in the present experiment the detection 
system comprised two scintillation counters in series in the path of scattered 
particles. In the first, the phosphor was a } mm thick CsI(T1) crystal, and light 
collected from the side of this crystal was detected by a Dumont 6292 photo- 
multiplier. ‘The stopping power of the crystal was equivalent to about 
100mgcm~™ of Al. Since this is small compared with the range of protons or 
deuterons at the energies of interest, the counter measured essentially the specific 
energy loss dE/dx of a particle passing through it. The second counter was 
sufficiently thick to stop all particles entering the detection system, and therefore 
measured the residual energy E. This counter has already been described by 
Greenlees et al. (1957 a). 

Signals from the two counters were amplified, shaped and applied to the X 
and Y plates respectively of a cathode-ray tube whose beam was brightened by a 
coincidence signal from the two counters. When a particle entered the detection 
system, therefore, a bright spot was produced on the cathode-ray tube screen, 
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lying on a line on the screen representing a graph of dE/dx against EF. Since 
such a graph depends on the charge and mass of the particle, spots corresponding 
to protons and deuterons lay at different regions of the cathode-ray tube screen. 

This is demonstrated in figure 1 (Plate), which shows a time exposure photo- 
graph of the cathode-ray tube screen when both protons and deuterons were 
entering the counter. As can be seen from figure 1, the proton and deuteron 
traces can easily be distinguished on the screen, and to examine the spectrum of 
scattered deuterons, the screen was masked so that only the deuteron curve was 
visible, and a photomultiplier was mounted in front of the cathode-ray tube. 
Pulses from this photomultiplier were used to gate a 100 channel Hutchinson— 
Scarrott pulse height analyser, which was arranged to analyse the pulses from the 
E counter. 

With a +5 mgcm~ Mg target in position, the deuteron spectra obtained on 
the pulse height analyser showed groups which were attributed to deuterons 
elastically scattered by *4?>.25Mg, and to inelastically scattered deuterons leading 
to the first excited state in *Mg at 1-37 Mev. Spectra were recorded at scattering 
angles between 15° and 110° and angular distributions for the two groups were 
obtained. Since the coincidence efficiency and effective solid angle of the 
detection system were not known, accurate absolute cross sections could not be 
determined directly. 


§ 3. RESULTS 


Four typical spectra obtained on the pulse height analyser are shown in figure 
2. The principal difficulty in extracting cross sections from the experimental 
spectra was the incomplete separation of the two groups. The 33° spectrum 


3000 


Analyser Channel Number 


Figure 2. Four pulse height spectra for 33°, 61°, 90° and 100° (c.m. system) respectively, 
Bias was used in the pulse height analyser in each case so that the zeros of the energy 


scales are not shown. 


shows a case where this difficulty was particularly severe, whereas in the spectrum 
for 61° the separation is comparatively good. ‘The spectra for 90° and 100° 
show how difficulties arose at backward angles from the presence of background 
due to inelastic scattering by ?°Mg, and to gamma ray pulses admitted by random 
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coincidences between the two counters. In no case did significant errors arise 
from proton contamination of the spectra. , 

Determination of the absolute values of the differential cross sections obtained 
from the spectra was carried out in two ways: an. A 

(i) A single elastic cross section measurement was made ates using the 
single counter system described by Greenlees et al. (1957 a, b). This system 
measures absolute differential cross sections, but cannot distinguish protons 
from deuterons in the detection system, and subtraction of the proton background 
from the elastic deuteron peak was therefore necessary. The accuracy of this 
method is limited by this background subtraction to + 15%. 

(ii) A preliminary optical model analysis of the elastic scattering results 
(Hodgson, private communication: cf. § 4.2) showed that, for a range of reason- 
able parameters for the complex well, the cross sections at forward angles 
(7, ,,<30°) is nearly independent of the well parameters. The analysis Was 
also applied to the results of Yntema (1959) for the elastic scattering of 21-6 Me\ 
deuterons by Mg. Although a perfect fit to either set of results was not achieved, 
the independence of the calculated cross sections of the well shape suggests that 
the ratio of the cross sections for 19-6 Mev and 21-6 Mev at small angles should be 
given reliably by the calculations. Normalization of the elastic angular distri- 
bution to the value computed from Yntema’s results at forward angles using the 
optical model calculations therefore provides absolute scales for both elastic and 
inelastic cross sections. The absolute values obtained by this method were 20°, 
higher than those given by (i) above. It was felt that this method was more 
reliable than method (i); however, there is no real discrepancy in view of the 
limited accuracy of either method. 

The results for inelastic and elastic scattering are shown in figures 3 and 4 
respectively. ‘The elastic scattering results are presented as the ratio of the 
observed to the Rutherford cross sections. The errors shown in these figures 
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Figure 3, Inelastic scattering of 19-6 mev deuterons by *4Mg (Q= —1:37 mev). 


are relative (at different scattering angles) only. For the inelastic scattering, 
they arise principally from uncertainties in the graphical separation of the two 
groups from each other and from the background, the statistical uncertainty 
being less than 3% in general. For the elastic scattering, an additional relative 
error, significant at small angles, arises from errors in the computed Rutherford 
Cross sections due to uncertainties in the scattering angles. 
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Figure 4. Ratio of observed to Rutherford cross sections for the elastic scattering of 
19-6 Mev deuterons by Mg. 


All cross sections in figures 3 and 4 are subject to an additional absolute error. 
As discussed above, this error is difficult to determine, but is estimated at + 10%. 
All scattering angles are accurate to +0-2°. The incident beam energy at the 
centre of the target was (19-6 +0-2) Mev. Numerical values for the observed cross 
sections are given in tables 1 and 2. 


Table 1. Elastic Scattering of Deuterons by Mg 


6 om. (da/d) om. Observed cross section 
(deg) (mbn sterad~’) Rutherford cross section 
16-2 1820 +110 1-26 +011 

19-5 810 + 40 1:19 +0-09 

22°8 296 ae 0:79 +0-06 

26°8 54-1 + 2-7 0-274 +0-016 

31-2 meres ele 0-208 +0-012 

35-8 48-6 + 2°5 0-75 +0-05 

40-6 dete ce ee 1:26 +0-06 

45-5 DSS) seal 1:12 +0-05 

55°3 2-40 + 0-10 0-195 +0-007 

65°3 3:57 + O-11 0-530 +0-016 

733 1:03 + 0-05 0-264 +0-013 

85:1 0-646 + 0-052 0-236 +0-018 

94-7 0:86 + 0-10 0:44 +0:05 

104-3 0-43 + 0-10 0:28 +0-06 

113-9 0:140 + 0-070 0-119 +0-06 


Incident deuteron energy (lab. system) = (19-6 +0-2) Mev. 


Error in 9= +0:2°. 
Errors in columns 2 and 3 are relative (at different scattering angles) only, and all values 


in these columns are subject to an absolute error of +10%. 
Quoted errors in column 3 include the uncertainty in 
section arising from the angular error. 


the computed Rutherford cross. 
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Table 2. Inelastic Scattering of Deuterons by *Mg (Q = 1-37 Mev) 


A em. (do/d2) om. 
(deg) (mbn sterad~') 
16°3 eet: 
19:5 63 +11 
22:9 86 =e 5 
26:9 23 ee 
31-3 134-0 
35-9 10:3 3a 0-6 
40-7 765+ 0-45 
45-7 4-264 0-26 
S55 4:13+ 0:26 
65:5 2:66+ 0-18 
75-4 2°36 0-23 
85:3 Dayoan (OAS 
95-0 1-54: 0-17 
104-5 1-61 0:21 
114-0 (leskejne (OR) 


Incident deuteron energy (lab. system) = (19-6 + 0-2) Mev. 

Error in 0@= +0-2°. . 

Quoted errors in the cross sections are relative (at different scattering angles) only, and 
all values in column 2 are subject to an absolute error of + 10%. 


§ 4. DiIscussION 


4.1. Inelastic Scattering 


The present results show some similarity to those of Hattner (1956) at 15-1 Mev 
in that the angular distribution exhibits a rather weak oscillation at angles greater 
than about 40°, and rises sharply at more forward angles. These features were 
interpreted by Haffner as being due to the nuclear and the electric scattering 
respectively. ‘The calculation of Mamasakhlisov and Kopaleishvili, which 
includes both electric and nuclear terms in the deuteron—nucleus interaction, 
should therefore be appropriate for an analysis of the present results. 

In this calculation, scattering by a deformed nucleus is considered. This is 
relevant to **Mg, which is known to have a deformation of 8 =0-63, and a quad- 
rupole moment of ten times the single particle value (Rakavy 1957). The nuclear 
interaction is assumed to be localized at the nuclear surface, and the calculation 
is carried out in Born approximation, using plane waves, with a cut-off at the 
nuclear surface, for the deuteron translational wave functions. ‘These approxi- 
mations are similar to those used by many workers (e.g. Austern, Butler and 
McManus 1953, Butler 1957) for inelastic proton and «-particle scattering, and 
are known to yield reasonable agreement with experiment, in general, at incident 
energies above about 15 Mev. Further approximations are made by Mamasakh- 
lisov and Kopaleishvili which amount to neglect of the finite size of the deuteron 
at certain points in the calculation. 

Mamasakhlisoy and Kopaleishvili take the nuclear charge distribution radius 
R to be equal to the cut-off radius for nuclear interaction R,. This is a bad 
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approximation in the present case since the cut-off radius is found to be much 
larger than the known charge radius (Rakavy 1957). ‘The charge radius R enters 
the calculation of Mamasakhlisov and Kopaleishvili only as ZR?8 which is 
4(57)!? times the intrinsic quadrupole moment Oy. In the present case Q, is 
known, so that explicit values of R and 8B are not required. The cut-off radius 
occurring in the electric interaction term (the 7) of Mamasakhlisov and 
Kopaleishvili) would be expected to be approximately equal to Rp the cut-off 
radius for the nuclear interaction. In fact the calculated cross section is in- 
sensitive to the precise value chosen for ry, and in the present analysis it was set 
equal to Rp. 

With the above modifications, the expression for the angular distribution for 
a 0+—2* transition becomes 


da - pe O 12 4a Bt q 2 
nee ieee 


x4 + 2VRy?Bja(qRo) + 0-2(S7)"*Qoe* nel! 
gixo 


. 


where p is the reduced mass, E is the incident energy, (E+Q) the outgoing 
energy, and 1/z=4-31 x 10- cm is the deuteron ‘size’. ‘The parameter q is h 
times the momentum transfer, Q, is the intrinsic quadrupole moment 
(=0-66 barn, see Rakavy 1957) and Vj is the strength parameter for the nuclear 
interaction. ‘The first and second terms in the braces correspond respectively 
to scattering by the nuclear and electric terms in the interaction. 

For any realistic choice of parameters, only the nuclear term is appreciable at 
angles greater than 30°, and R, has been determined from the angular distribution 
in this region. The value of Vy for a best fit is somewhat arbitrary. 

A comparison of the theoretical prediction with the present results is shown in 
figure5. Theoretical curves are presented for both positive and negative values of 
V,, since the sign cannot be deduced from the experimental results. ‘Three con- 
clusions follow immediately from the comparison: 

(i) The interaction radius is large; a value of Ry =6°'8 x 10-# (=2-36.A"*) cm 
was used to fit the results. It is well known that large nuclear radii are required 
to fit direct interaction calculations, especially where composite incident particles 
are involved (cf. Butler 1957). However the radius found here is larger than is 
usually required for reactions such as (p, p’), (p, x), (%, #’) and (d, p); for example, 
a value of 5-5 x 10-13. cm was used by Butler in the analysis of 4Mig (x, «’) exciting 
the same level as in the present experiment, and a value 5-2 x 10-3.cm was used 
by Hinds, Middleton and Parry (1958) in the analysis of a number of #4Mg (d, p) 
reactions. 

The large radius presumably reflects the high probability of break-up of the 
deuteron in nuclear matter. 

(ii) The contribution from electric scattering is small, and is negligible at 
angles greater than 30°. In particular, it cannot account for the sharply rising 
cross section at forward angles. 

(iii) The zeros in the theoretical curve at angles greater than 30° are not 
observed experimentally. This is a well-known effect and has been discussed 
by Butler (1957). It arises from failure of the approximation of a well-defined 
interaction radius. The effect is normally found only at energies below about 
15 Mev, where it is usually attributed to an appreciable penetration of the incident 
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Figure 5. A comparison of the present inelastic scattering results with the theoretical 
. : : ie} 
predictions. The ordinates have been reduced by a factor of 10 in the region below 35°. 


wave into the nucleus. However, the large interaction radius found renders 
this interpretation untenable in the present case. 

The absence of the theoretical zeros is not the result of an appreciable compound 
nucleus contribution, since a crude estimate indicates that this contribution is 
at least an order of magnitude smaller than the observed cross sections. Direct 
empirical evidence for the smallness of the compound nucleus contribution 
comes from the work of Freemantle, Gibson and Rotblat (1954) who were unable 
to detect deuterons from the reaction #C (d, d’) #C* (O= — 7-65 Mev) at 19-1 Mev. 
Scattering to this state is forbidden because it does not arise from a single particle 
excitation of the ground state configuration, a selection rule which applies to 
direct interaction but not to compound nucleus scattering. 

It is apparent from (ii) above that an alternative explanation of the sharply 
rising forward cross section must be found. ‘This cannot be an effect of the finite 
size of the deuteron, since Mamasakhlisov and Kopaleishvili’s result can be modi- 
fied to include finite size effects correctly, giving an angular distribution essen- 
tially identical with that shown in figure 5. The work of Levinson and Banerjee 
(1958) has shown that a similar forward rise observed in inelastic proton scattering 
can be explained if distorted waves rather than plane waves with a sharp cut-off, 
are used for the translational wave functions in the calculation of the matrix 
element. ‘The use of a distorted wave calculation to fit the present results would 
also be essential if a satisfactory fit is to be achieved in the backward angle region, 
since in such a calculation, the approximation of a well-defined interaction radius 
is not used. No distorted wave treatment has been published for deuteron 
scattering, but for certain choices of parameters, the proton calculations of 
Levinson and Banerjee show considerable similarity to the present results. Since 
the finite size of the deuteron does not appreciably affect the angular distribution it 
seems likely that a satisfactory fit can be achieved by thismeans. Recently, 


Tobocman (1959) has obtained improved fits to (d, p) angular distributions using 
a distorted wave treatment. 
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4.2. Elastic Scattering 


The present results show a general similarity to many results for the elastic 
scattering of intermediate energy protons by nuclei, in that the angular distri- 
butions show maxima and minima characteristic of a diffraction pattern, as would 
be expected if they are to be interpreted in terms of scattering by a complex 
potential. Also, the present results show a strong similarity to those of Yntema 
(1959) for the elastic scattering of 21-6Mev deuterons by Mg. This is again 
consistent with an optical model interpretation, since the scattering by a complex 
potential cannot change appreciably in an energy interval small compared with 
its imaginary part. Of course, the two sets of results were normalized to agree 
at forward angles; however, the similarity extends throughout the entire angular 
range studied. 

A preliminary optical model analysis has been attempted (P. E. Hodgson, 
private communication). However, no results are given here, since more data, 
especially at backward angles, are required to enable meaningful and unam- 
biguous values of the optical model parameters to be deduced from the analysis. 
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The Luminescence of Uranium-activated Fluorides 


By J. E. A. LYS anp W. A. RUNCIMAN 


University of Canterbury, Christchurch, New Zealand 
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prepared, and their low-temperature luminescence spectra upon irradiation 
with ultra-violet light were examined on a spectrograph. 

The following uranium-activated fluorides showed fairly sharp line spectra 
at 77°K: LiF, NaF, KF, MgF.,, ZnF, (weak).. The following gave spectra 
showing a band structure, not resolved into lines: CsF, CaF,, SrF,, BaF, 
(weak). CdF, gave a weak continuous spectrum. CeF; and AIF; showed no 
luminescence. 

The luminescence of. MgF,(U), a strong green in colour at 77°K, but weak at 
room temperature, has not been reported previously. It had been found 
(Slattery 1929) to be inert at room temperature and at liquid air temperature. 
The spectrum shows an easily recognizable pattern, with a repetition frequency 
of 804cm™. ‘The main lines are listed in table 1, measured using a Hilger 
large glass spectrograph. ‘The intensities of the lines are given as weak (w), 


medium (m), or strong (s). Letters have been assigned to some of the lines to 
show the repetitive nature of the spectrum. 


P OWDER samples of a number of metal fluorides activated with uranium were 


Table 1, Luminescence Lines, MgF,(U) 


Intensity Wavelength in air Wave number Designation 
(A) im vacuo (cm!) 

m 27h! 18952 

s Seley) 18807 157 
m 533250 18747 

S 5414-8 18463 Di 
s 5445-4 18359 ‘ef 
m 5501-1 18173 

s 5528-1 18084 Ay 
m 5539-2 18048 F, 
S SSSI) 18002 1a 
m 5663-4 17652 Ds 
m 5695-0 17554 (SF 
m 5729-3 17449 B, 
s 5785°6 17280 ING 
m 5797-6 17244 Fy 
m 5813-3 17197 Be 
Ww 6004-9 16648 Bs 
m 6067-7 16476 As 
WwW 6079-7 16443 F; 
Ww 6099-2 16391 1B 
Ww 6308-7 15847 B, 


w 6378-0 15673 A, 
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The fine structure in the luminescence spectra may be attributed to the normal 
vibrations of the luminescent centres, the latter being regarded, to a certain degree 
of approximation, as a molecular group. The vibrational energy levels of the 
centre are superimposed upon the electronic energy levels. The low-temperature 
luminescence spectrum arises from transitions from a common excited state 
level, or perhaps from a small number of excited state levels, to a variety of 
vibrational levels of the electronic ground state. 

Magnesium fluoride, MgF;, has the rutile structure, in which each Mg?+ ion 
has six neighbouring F ions, four of which, at the corners of a square, are slightly 
closer than the other two. If a hexavalent uranium ion U** replaces a Mg**+ ion 
in the crystal lattice, charge compensation could be satisfied most simply by 
replacement of the four nearest F~ ions by O?> ions from the air. This replace- 
ment of F~ ions by O® ions has been shown to occur in the formation of NaF(U) 
(Runciman 1956). 

Thus the luminescent centre in MgF,(U) could be a (UO,F,) group, 
probably in the form of a slightly distorted octahedron, with the four O?~ ions at 
the corners of a square. Then the 804 cm ! repetition frequency would corres- 
pond to a normal vibrational mode of this centre, treated as a separate molecular 
group. 

The absorption spectrum of MgF,(U) at 77°k was also found to be a line 
spectrum, but without any recognizable pattern. ‘The main absorption lines are 
listed in table 2. 


Table 2. Absorption Lines, MgF,(U) 


Intensity Wavelength in air Wave number 7m vacuo 

(A) (Gans) 

m 5018-3 19922 

Ww 5141-9 19443 

m 5159-8 19375 

Ww SL O5-2 19251 

Ww BL ove 19229 

m 5272°8 18960 

Ww 5315-4 18808 (E,) 


Nee 


The line E, at 5315-7 A appears to be the fundamental line of the luminescence 
spectrum, and is a resonance line. Observations at lower temperatures would be 
necessary to see whether luminescence lines at higher energies than E, disappear 
and whether absorption at E, persists at these temperatures. If so, then E, 
would correspond to a transition between the lowest (zero) vibrational levels of 
the two electronic states concerned . 

The absorption spectra of Nak(U) and LiF(U) were also examined. Im- 
proved spectra were obtained for these phosphors by using clear crystal-like 
samples rather than powder samples. They were prepared by heating powder 
samples to a temperature above the melting-point of the fluoride and cooling 
slowly. ‘These samples cut down exposure times considerably, and gave fewer 
complicating emission lines. 

In a detailed interpretation of the NaF(U) luminescence spectrum that has 
been made (Runciman 1956), it was suggested that the line at 5636 A was a 
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resonance line. However, no sign of absorption at this wavelength was found 
in this work. There may be a resonance line that appears only very weakly in 
the spectra, being forbidden by selection rules. Such a possible resonance line 
has been found, at 5603 A. Observations at lower temperatures could serve as 
a check on this suggestion; the line should still appear in both spectra at lower 
temperatures. 
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$ 1. INTRODUCTION 


is connected with the growth, during tempering, of fine, elongated precipate 

particles. These particles are too small to contain domain boundaries and 
hence their magnetization cannot be reversed by wall motion, but must rotate in 
response to a demagnetizing field: in spherical particles this rotation takes place 
against the magnetocrystalline anisotropy. Calculations by Néel (1947) and by 
Stoner and Wohlfarth (1948) predicted that for elongated single domain particles, 
high coercivities should arise “ue to the shape anisotropy of the particles, and the 
high coercivity of Alcomax is customarily explained in this way. 

However, Bitter figure studies by various workers, notably Nesbitt and 
Williams (1950) and Andra (1956), have shown that apparently normal domain 
structures are still present even in specimens possessing the optimum magnetic 
properties. It was tentatively suggested by these authors that the patterns they 
obtained represented magnetically coherent regions in which the smaller 
oriented particles are uniformly magnetized in the same direction, and evidence 
to support this idea has recently been produced in this laboratory. 

The observation of these large scale structures on magnetically hard Alcomax 
does not, on its own, exclude the possibility that they are normal domains, since 
the structure and constitution of this material is not precisely known. Although 
the precipitate structure is apparently necessary for high coercivities, the res- 
pective contributions of the matrix and the precipitate to the magnetism of the 
material as a whole are not yet clear, and domain walls could conceivably run 
through both components. It seemed that this important topic could be re- 
solved by examination of a better defined material. 

Such a material has recently been developed by the General Electric Company. 
It consists simply of elongated single domain iron particles embedded in a non- 
magnetic matrix. ‘These particles are approximately 150A in diameter and have 
very large elongation factors. ‘They are aligned in a magnetic field and compacted 


I T is generally accepted that in alloys of the Alcomax type, the high coercivity 
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in a matrix of mercury. The iron particles are coated by a thin layer of tin, the 
purpose of this non-magnetic coating being to prevent direct contact which 
would lead to loss of coercivity due to fanning etc. (Jacobs and Bean 1955). 


§ 2. EXPERIMENTAL PROCEDURE 


The elongated single domain iron particle specimen described here was a 
| rectangular block of dimensions 0-05 in. x 0-25 in. x 0-5in. It had a coercivity of 
720 Oe, a remanence of 8910 gauss and a (BH)max of 4:08 x 10° gauss ‘Oe; 
The wide surface was polished on graded diamond powders and although a 
bright metallic surface could be obtained with care, it was not found possible to 
eliminate all the scratches. The direction of polishing was normal to the 
long (‘ easy’) axis. Bitter figures were studied in the conventional manner with 
the specimen between the pole-pieces of an electromagnet. In the demagnetized 
condition some patterns formed on many parts of the surface and the behaviour 
of the patterns on one such region is described. 

Figure 1+ represents saturation, the bands of colloid running normally to the 
easy direction being due to surface undulations. As the applied field was re- 
duced, a very faint zigzag boundary was observed to originate at a fault in the 
surface and move rapidly across the field of view. ‘This is shown by the arrows 
in figure 2. After these patterns had completely disappeared, the specimen 
remained in the condition represented by figure 1. When the applied field was 
reduced further and reversed, the patterns shown in figures 3 and 4 were observed. 
In figure 3 are seen indistinct structures of the same form as the normal spike 
domains seen on uniaxial materials and the growth of these structures as demag- 
netization proceeds is again similar to growth of spikes. 


§ 3. DiscussION 


Two quite different and distinct processes have been observed. ‘The first, 
the formation and movement of the zigzag boundaries, is assumed to have no 
direct relation with the elongated single domain material, but to represent the 
demagnetization and resaturation of a thin magnetic film on the surface of the 
specimen. ‘This film, presumably consisting of iron or an iron alloy with the 
matrix material, is thought to have been produced by the effects of polishing, i.e. 
it is a Beilby layer. Zigzag boundaries running normally to the easy direction 
have frequently been observed in thin films of iron; see, for example, Williams 
and Sherwood (1957). These boundaries could not, in this case, represent the 
magnetic structure of the specimen as a whole since they had completely dis- 
appeared before the reversal of the externally applied field. 

The second process observed was the growth of structures during demag- 
netization of the specimen as a whole which, as noted above, resembles closely 
the domain processes occurring in a normal uniaxial material. However, it is 
clear that large scale domains, i.e. regions of uniform magnetization in which all 
the atomic moments are aligned, cannot exist in these magnetically discontinuous 
elongated single domain materials. ‘Thus the regions indicated by the powder 
patterns here must consist of assemblies of the fine iron particles, the magnetic 
moments of which are all aligned. ‘The shape of each individual particle defines 


+ For all figures see Plate. 
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the pair of possible directions of magnetization in it (Stoner and Wohlfarth 1948) 
but the arrangement of the particles into assemblies must be governed by mag- 
netostatic interaction, and hence it is proposed that these assemblies be termed 
magnetic interaction domains. 

Although it has been shown that the interaction domains behave similarly to 
Weiss domains, there must be important differences in detail, particularly in the 
nature and properties of the domain divisions which are of overriding importance 
in the magnetization process, and further work is being directed towards the 
estimation of the width and energy of these divisions, and to the elucidation of 
their structure. It may be noted, for example, that the energy associated with 
the division is presumably low, since the interaction domains seen are very long 
and narrow as compared with normal domains in a magnetically similar material, 
and more precise information of this nature should be obtained in the future. 
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PP CeRS LO. LEE ED TOR 
The Electrical Resistivity of Monocrystalline and Liquid Bismuth 


In recent years the electronic properties of bismuth at low temperatures 
have been extensively studied and, arising from this work, models for the band 
structure of the semi-metal have been proposed (see Lax 1958 for a review). 
Published data for the high temperature resistivity are, however, not in good 
agreement with one another. Anomalous temperature dependence of the 
resistivity of both mono- and polycrystalline specimens, including a negative 
temperature coefficient just below the melting point (so-called ‘anticipation of 
melting’), have been reported which have often been ascribed to phase changes 
in the bismuth lattice (see for example Pietenpol and Miley 1929). Further, 
the sensitive dependence of the resistivity on purity, structural perfection and 
crystallographic direction have not always been appreciated. The results reported 
here were obtained from measurements on single crystals of high structural 
perfection and purity and of known orientation. 

The bismuth, initially of 99-99%, purity was zone refined in vacuo. ‘Vhe 
techniques employed to produce single crystals of the refined material, in the form 
of rods accurately 1 in. in diameter and approximately 5 in. long, are described 
elsewhere (Hurle 1959). ‘The orientations of the crystals were determined using 
a combined optical/x-ray technique (Hurle and Weintroub 1959). 

The crystal rod, placed in a specially designed holder of bore equal to the 
diameter of the rod, was maintained in vacuo within a furnace. ‘The resistivity 
of the rod was deduced from measurements of the potential across two probes 
which made electrical contact with the rod at a fixed distance apart, when a 
constant current of 200ma was passed axially through the rod. ‘he current 
was supplied through a spring-loaded graphite plug at each end of the rod. When 
the crystal melted and therefore contracted (approximately 3:-4%), the plugs 
moved under the action of the springs and ensured that the molten bismuth 
accurately filled the bore of the holder. ‘The resistivity measurements could 
therefore be continued into the liquid phase. The temperature of the furnace 
was servo-controlled to rise linearly at 9 degh + and the temperature of the rod 
was measured by two thermocouples embedded in the holder. ‘The thermocouple 
and probe voltages were continuously recorded on two potentiometric recorders 
and were very accurately measured at periodic intervals with a Diesselhorst 
potentiometer. 

The variation with temperature T of the electrical resistivity p of five single 
crystals of bismuth and of liquid bismuth is shown graphically in the figure. 
The range of temperature covered was from approximately 20°C, through the 
melting point (271-0°c), and up to 300°c. The orientation 7 of the crystals 
is the angle between the axis of measurement and the trigonal axis. An equipment 
failure during the measurement of the s=67-5° crystal prevented the recording 
of values of p between 150° and 200°c for this crystal. p varied linearly with 
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Values of p for crystals of y;=0 and 90° were extrapolated from the p/cos?% plot 
and are given, together with the estimated errors of measurement, in the table. 


The Variation of Resistivity p with 'l'emperature 7 for Crystals of ys=0° and 90) 


Resistivity p (uw cm) Temperature T (°c) 


wer b=90° 
128:5+2-4 98:5 2:2 Q (Extrapolated) 
1384.4 1-7 108-:0+ 1-4 20 
186:1+2:0 WAitoy ae the 7/ 100 
DUR) AIAG 29S aad 2 200 
366°8 + 3:2 DIAS lee 2: 6 DAA 


The anisotropy of the resistivity (pp/pg9) increased very slightly with increasing 
temperature from 1-28 at room temperature to 1-34 at the melting point. The 
mean temperature coefhcient of resistivity between 0 and 100°c was 448 and 
468 x 10° deg! for ¢=( and 90° respectively. The resistivity of liquid bismuth 
at 271-0°c was 128-05 +0-804Qcm. ‘The change in the resistivity on melting 
(Pyiq/Pso.) Was therefore 0:349+0-005 and 0:-467+0-007 for =0 and 90° 
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respectively. Spectrographic analysis of one of the crystals after resistivity 
measurements had been made on it, showed the only detectable impurities to 
be 5 parts in 10° of tin and 2 parts in 10° of copper. 

‘The significant difference between the present results and those of previous 
authors is the complete absence, in the present work, of any of the reported 
anomalies ascribed to the existence of phase transformations, ‘anticipation of 
melting’ etc. Contrary to the observations of Donat and Stierstadt (1933), 
Pol Poo increased steadily right up to the melting point. ‘he value for the resistivity 
of liquid bismuth at 271°c is about 2°, lower than that obtained recently by 
Roll and Motz (1957). The change on melting is larger (i.e. a smaller value of 
Piig/Pso.) than that reported by Donat and Stierstadt in 1933: their crystals showed 
a decrease in p just before melting. 


The authors wish to thank Messrs. Mining and Chemical Products Ltd. 
for the gift of the bismuth and for carrying out the spectrographic analysis. 
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A Thermal Red Shift of the Recoilless y-Emission of 12°Sn™ 


HE purpose of this note is to report some measurements of a temperature 
dependent red shift in the frequency of the recoilless y-emission discovered 
by Moéssbauer (1958); the existence of this effect was predicted by 
Josephson (1960), and since this work was started Pound and Rebka (1960 a) 
have independently discovered the effect in s7Fe, ‘The effect may be of importance 
in the interpretation of experiments designed to measure the gravitational red 
shift (Pound and Rebka 1959, Cranshaw et al. 1960, Pound and Rebka 1960b). 

The effect arises as follows. When a nucleus emits a y-ray its mass decreases 
by an amount 6M=E£,/c’, and for a nucleus in a crystal this causes a small rise 
in all the lattice vibration frequencies. For the recoilless y-ray discovered by 
Massbauer the lattice is in the same quantum state before and after emission 
(Lamb 1939); the internal energy of the lattice will therefore be greater after 
emission. This extra lattice energy must be provided by the nuclear transition, 
so that the energy of the emitted y-ray is reduced. 

If the mass of one atom in a lattice of N identical atoms of mass M is decreased 
by 5M the frequency rise of a given lattice vibration depends on how the position 
of the atom concerned is related to the pattern of nodes and antinodes of the given 
vibration. However, the average fractional rise in frequency for all lattice modes 
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is 6M/2NM, provided that 6M<M (Montroll and Potts 1955). Hence the 
reduction in energy of a y-ray due to the mass change of the emitting atom Is 
given by E 
y —a | ee ee 1 
SE = sare (1) 

where U is the contribution to the internal energy of the crystal from lattice 
vibrations, including zero point energy. ‘The energy shift depends on temperature 
through the temperature dependence of U, and therefore full resonance absorption 
will only be obtained if the temperatures T’,, 7, of source and absorber are 
equal. If the temperatures are unequal full resonance absorption Can be restored 
by moving the source away from the absorber with a velocity v which, from 
equation (1), is given by 

oU= wa 
where C, is the specific heat per unit mass of the material of source and absorber. 
The velocity 6v is a convenient measure of the thermal red shift of the absorber 
relative to the source. 

The source used in the present experiments was !°Sn™, which emits a 24 kev 
y-ray in the process of its decay to the ground state; the low energy of the y-ray 
results in an appreciable fraction of recoilless transitions even at room temperature. 
‘The source was driven with uniform velocity alternately towards and away from 
the absorber at a frequency of about 2c/s. Scalers counting pulses from a 
scintillation counter and from a standard oscillator were gated for about 80°, 
of the sweep in each direction. The gates could be adjusted accurately to ensure 
that the scalers counted over the same part of the sweep for the two directions of 
motion; any residual instrumental asymmetry was eliminated by alternating the 
phase of the gates and associated scalers relative to the direction of motion. 

The absorber foil was contained in an evacuated enclosure and could be 
cooled or heated by conduction along a copper rod, whereas the source was 
maintained at room temperature (about 25°c) throughout. For each absorber 
temperature the counting rate for both directions of motion was measured at 
two velocities, chosen to correspond to the steep and nearly linear part of the 
resonance absorption curve (about 2-6 x 10-2 cm sec, whereas the half-width was 
about 4:5 x 10-*cmsec~!). In these circumstances the thermal shift (provided 
that it is small compared with the line width) is given by 


Se hres (== sche (3) 


Ny, — Ny 

where n, and n_ are the counting rates for motion towards and away from the 
absorber respectively, for one speed, and m, and n, are the counting rates at 
speeds v, and vy respectively, for one direction of motion. In evaluating the 
results mean values of n,—n_ for the two speeds and of n,—n, for the two 
directions of motion were used. ‘The experimental values of thermal red shift 
relative to room temperature are shown in the figure as a function of absorber 
temperature, together with a theoretical curve calculated from equation (2). 
The errors shown on the points are purely statistical. It can be seen from the 


figure that experiment and theory are in quantitative agreement within the 
statistical accuracy. 
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Equation (2) shows that the effect described above may be very important 
for experiments designed to measure the gravitational red shift ; the importance 
of accurate temperature control in such experiments may be visualized by noting 
that if the source were heated by dropping it from a height h, a thermal shift equal 
to the gravitational shift for height 34 would be produced. ‘Thus, in a typical 
experiment with *’ Fe a temperature difference of 1°k between source and absorber 
would produce an effect equal to the gravitational one (Pound and Rebka 1960 b). 
For the ®?Zn experiment in preparation at Manchester a 1°k temperature 
difference would produce about three times the gravitational shift at 20°K, but 
only about 2%, of the gravitational shift at 4°K, because of the 7* variation of the 
specific heat of zinc in this region. It thus seems that * Zn at 4°K gives the best 
hope of sufficient temperature stability for an accurate measurement of the 
gravitational red shift. 


We should like to thank Dr. D. Shoenberg for bringing Mr. B. D. Josephson’s 
prediction to our notice, and thereby stimulating our thoughts on this subject. 
We are also grateful to the isotopes division of the Atomic Energy Research 
Establishment, Harwell, for supplying the '°5n™. 
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CORRIGENDUM 


The Measurement of Electron Temperature in High Temperature Plasmas, by 
R. V. Wiiitams and S. KaurMan (now A. S. Kaurman) (Proc. Phys. Soc., 
T9G029, 929): 


In figure 1 the units along the abscissa should read: 0:0, 0:5, 1:0, and not 
0.5, 10: 
On page 331, 3rd line from the bottom, table 1 should read table 2. 
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Infra-red Faraday Rotation and Free Carrier Absorption in Bi,Te, 


Bed GG. AUSTIN: 


Communication from the Staff of the Research Laboratories of The General Electric 
Company Limited, Wembley, England 


MS. received 5th January 1960, in final form 25th February 1960 


Abstract. The Faraday rotation at wavelengths in the range 8-15, has been 
measured on several n- and p-type single crystals of Bi,Te, using a magnetic 
field of 17 koersteds. The results are interpreted as the sum of rotations arising 
from free carriers and interband transitions. The latter appear to be sensitive 
to the impurity content. An attempt has been made to separate the components 
and use the free carrier rotation to estimate the effective mass parameters. 

Free carrier absorption measurements in the range 8-20 p are also reported. 
These lead to an independent estimate of the same effective mass parameters, 
showing fair agreement with the Faraday measurements. 

The results are discussed in the light of recent galvanomagnetic measurements 
on some of the crystals. 


§ 1. INTRODUCTION 


ECENT work has shown that useful information concerning the effective 
mass parameters in semiconductors may be gained from a study of the 
Faraday rotation associated with free carriers (Mitchell 1955, Moss 1959, 

Stephen and Lidiard 1959, Austin 1959). According to the Drude—Zener 
theory, the rotation at infra-red frequencies, for carriers in a simple isotropic 
energy band, is given by the expression 
NAB 
n(m* )? 
where JV is the carrier concentration, A is the wavelength, B the magnetic induction, 
n the refractive index and m* the effective mass. Reliable estimates of m* may be 
obtained by combining measurements of # with a knowledge of the carrier con- 
centration from Hall data, as shown by Moss, Smith and ‘Taylor (1959) and Moss 
and Walton (1959) for InSb and GaAs. . 

For a complex energy band structure consisting of ellipsoidal energy surfaces in 
k-space the effective mass in (1) is interpreted as an average, depending on the 
shape and orientation of the ellipsoids. Stephen and Lidiard (1959) have dis- 
cussed this situation for cubic crystals and Walton and Moss (1959) have verified 
the theory accurately for n-type Ge. 

A corresponding generalization for uniaxial crystals has been given by the 
present author (Austin 1959, to be referred to as I). An equation similar to (1) 
was shown to apply fer propagation down the optic axis and used to discuss pre- 
liminary measurements on Bi,Te;. This material is an anisotropic semiconductor 
(class R3m), with a small energy gap (0-13 ev), and unusually high refractive index 
(9-2) (Austin 1958). Galvanomagnetic studies by Drabble, Groves and Wolfe 
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@= 1-52 x 10—" dey metre-* (ni lkes-untis) 22... (1) 


PROC. PHYS. SOC. LXXVI, 2 


170 I. G. Austin 


(1958) and Drabble (1958) suggest that the energy surfaces of the conduction and 
valence bands are of the many-valley kind. 

Detailed measurements of the Faraday rotation as a function of wavelength ona 
number of single crystals are reported here. The interpretation 1s er ae x 
a relatively strong rotation near the absorption edge, presumably associated wit 
the effect of interband transitions. This rotation shows an unexpected change of 
sign in samples which are heavily compensated with iodine. An attempt has been 
made to separate the free carrier contribution and calculate the effective mass 
parameters. . 

Measurements of the free carrier absorption are also reported and used to 
estimate effective mass parameters. These compare favourably with the values 
obtained from the Faraday measurements. . 

The results are discussed in the light of previous galvanomagnetic measure- 
ments on some of the ingots. 


§ 2. FaraADAY ROTATION MEASUREMENTS 


2.1. Experimental Procedure 


To observe Faraday rotation light must be propagated through the crystal 
along the direction of the applied magnetic field. ‘The appropriate beam geometry 
was obtained by means of two small mirrors placed between the poles of an 
electromagnet. It was then possible to use a small pole gap, and achieve a field 
of 17 koersteds with a relatively small magnet. All measurements were made in a 
liquid nitrogen cryostat, since the transmission of Bi,T'e, is greatly improved on 


cooling (see §3). 
Current| 20 volts/10 amps 
tabilizer| 
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to page 


K Br 
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F igure 1. Faraday effect apparatus. 


A schematic diagram of the apparatus is shown in figure 1. Radiation froma 
prism monochromator was focused between the poles of a magnet (Newport 
‘Type A) using reflection optics. The gap between the poles was }in. and accom- 
modated the lower part of a demountable vacuum cryostat. ‘This part of the cryo- 
stat was made from square section brass tube and incorporated two small mirrors, 
M, and M, (aluminized glass), to turn the light in a direction parallel to the 
magnetic field. Strain-free polished KBr windows were provided on either side. 
The specimen occupied a position between the mirrors, and was mounted on a 


thin copper strip sealed into a glass vessel, which formed the upper half of the 
cryostat and contained liquid nitrogen. 
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The polarizer and analyser were constructed from sheets of silver chloride 
stacked at the Brewster angle, eight sheets being used for each. In the analyser 
the sheets were stacked two ways, as described by Makas and Shurcliff (1955); 
to counteract lateral deviation of the beam. The analyser assembly was mounted 
on a rotating microscope stage graduated in degrees. 

Monochromatic radiation was provided by means of a double prism spectro- 
meter using KBr prisms, and detected using a high gain linear amplifier tuned to 
12-5c/s. A transistor stabilizer, based on a design by Wenham (1959), was used 
to stabilize the magnetic current against supply fluctuations and thermal drift. 
This effectively eliminated noise in the amplifier arising from field fluctuations. 

Faraday rotations were measured in the following way. The field was applied 
in one direction and the maximum and minimum transmission determined by 
rotating the analyser. ‘The analyser was then set to a position corresponding to the 
mean transmission and the angular reading noted. ‘The same process was re- 
peated with the field reversed and the rotation taken as half the difference between 
the two settings. 

Observations without a specimen showed that no detectable rotation was in- 
troduced by reflections (Kerr effect) at the mirrors M, and M,. A test set of 
measurements on several n-type samples of InSb showed good agreement with 
results by Moss, Smith and Taylor (1959), using an alternative method. Other 
measurements on n-type InAs and InP covering the range 2-20 p, accurately 
fitted equation (1). In particular, measurements of 6 as a function of B showed 
that rotations up to approximately 50° could be measured without serious errors 
arising from depolarizing effects at the exit mirror M,. Measurements were 
generally reproducible to approximately 1°. 


2.2. The Specimens 
The single crystals were prepared by Mr. A. R. Sheard using a zone-melting 
process and are listed in table 1. Ingots prepared from stoichiometric quantities 
of elements were always p-type; intrinsic and n-type material was produced by 
compensation with iodine. 


Table 1. Electrical Data on Samples 


(1) (2) (3) (4) 
14P 0-17 (Sane 165 
SE, 0-20 hese Oe” 150 
19P 0-68 Bro %« 10% 200 
27N Ze? V7 x 10M Intrinsic 
16N ie evi Oz 480 
25N 1-0 DEN eo}: 470, 

ON 0-62 Phe Al Ole 450 


(1) Ingot number and type; (2) Hall constant at 4°x (cm? coul!); (3) carrier concen- 
tration at 4°K (cm~)t; (4) Hall mobility at 20°c (cm? v* sec!) Lee 

+ Calculated from the expression N= (a3’/a,")/Re where (a,'/«,2) is the anisotropy factor 
given in table 2, column 4. 

} Data from Yates (1959). 


Also shown in this table are Hall coefficients measured on adjacent slices at 
4.2°x, Bismuth telluride has two principal Hall coefficients (Drabble, Groves 
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and Wolfe 1958, Drabble 1958). The present measurements relate to crystals 
with the magnetic field directed along the principal (3-fold) axis. ‘lhe corres- 
ponding carrier concentrations are indicated in column (3). These have been 
calculated using equation (4) in§2.5. ‘The evidence from electrical measurements 
(Goldsmid 1958) indicates that the free carrier concentration is constant in all 
these samples up to room temperature, except for 27N which becomes intrinsic. 

Thin sections, suitable for optical measurements, were readily obtained using 
the excellent cleavage of this material parallel to the (0001) plane. In all the 
measurements the radiation was directed normally on to the cleavage surface, thus 
giving transmission down the optic axis. 


2.3. Theory 


Before discussing the results it is convenient to summarize,the theoretical 
expectations. 

The free carrier Faraday rotation for a uniaxial crystal with simple, many- 
valley energy surfaces of the form 


has been discussed in I. Here £ is the energy, k the wave vector, and «,,; the 
reciprocal effective mass tensor. It was shown that an equation of the form (1) 
applied for propagation down the optic axis, where m* is replaced by a parameter 
(a,')"?, which represents the appropriate effective mass average. For a general 
arrangement of valleys 
ie = Oietes is || a ees (2) 

where the «,, refer to any one valley, the 3 axis being chosen parallel to the principal 
symmetry axis. 

The rotation near the absorption edge associated with the effect of interband 
transitions has received little attention so far in the literature. Classical theory 
applied to a Lorentz oscillator (Darwin and Watson 1927, Moss 1959) gives the 
approximate expression 


GiaofF 2.6 (aera (3) 
where wy is the resonant frequency. Stephen and Lidiard (1959), using a quan- 
tum treatment, but giving no details, have proposed a similar expression. Small 
rotations of this form have been reported by Ramaseshan (1946) for diamond, and 
by Kimmel (1957) for several semiconductors. Although the classical theory 
predicts a positive rotation, Smith, Moss and Taylor (1959) have recently reported 
a negative interband rotation for InSb, suggesting that the detailed band structure 
plays a part in determining the sign. 


2.4. Results 


Figure 2 shows the rotation plotted against the square of the wavelength for 
several n- and p-type specimens. ‘The rotation is taken as positive when it is 
clockwise for radiation propagated along the direction of the magnetic field 
towards the observer. All measurements were made at — 195°c, using a field of 
17 koersteds. The samples ranged in thickness from approximately 30 to 150 
microns, but for convenience all the measurements have been normalized to a 
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Figure 2. Faraday rotation in n- and p-type Bi,Te,. All measurements are normalized to 
a sample thickness of 75 microns. Field 17 k oersteds; temperature —195°c. 


thickness of 75 microns. Also shown is Ag, the wavelength corresponding 
roughly to the energy gap. At long wavelengths measurements were limited mainly 
by the large reflectivity loss. 


2.5. Discussion 


At wavelengths greater than approximately 12, the rotation increases with 
wavelength, though not following a A* law. ‘The rotation increases in magnitude 
with rising carrier concentration and is positive for n-type samples and negative 
for p-type, as expected for free electrons and free holes. We assume therefore 
that the main effect at these wavelengths 1s due to free carriers. 

Near the absorption edge the magnitude of the rotation decreases rapidly with 
increasing wavelength in all the samples. The behaviour up to approximately 
10u is similar to that predicted by equation (3), suggesting that interband 
transitions are the main influence inthis region. However, the sign of the rotation 
near the edge is different for n- and p-type specimens. ‘This result is unexpected, 
since the rotation due to interband transitions is essentially an intrinsic property 
of the crystal. 

The n-type specimens used in this work were heavily compensated with iodine. 
A comparison between the results for the n- and p-type specimens suggests that 
the rotation due to interband transitions becomes progressively more negative 
with increasing iodine concentration. ‘The impurity states in these crystals are 
merged with the band edges, corresponding to overlapping impurity bands 
(Goldsmid 1958). Since the sign of the interband rotation probably depends on 
detailed assumptions concerning the band structure, we may speculate that the 
change in sign in Bi,'Te, is associated with the perturbing influence of the impurity 
levels. At present there is no theoretical treatment of this problem. 

In order to separate the free carrier rotation we will assume that the contribu- 
tion at long wavelengths arising from interband transitions can be estimated for 
each sample using equation (3) fitted to points near the absorption edge. ‘l'he 
theoretical basis for this treatment is not strong, but it will be shown that a 
reasonably consistent analysis can be made on these lines. 

Figure 3 shows the free carrier rotations obtained after correction in this manner. 
In fitting equation (3) to points near the absorption edge some allowance has been , 
made for the free carrier component in this region, by a method of successive 
approximations. For the p-type samples the interband component is especially 
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large. As a check on the method the difference between the measured Sr 
for 14P (undoped) and 19P at wavelengths beyond about 12 is given in figure 3. 
Since the iodine content of 19P is small this difference may be attributed to the 
difference in free hole concentrations. 


20 a 
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2 250 300 
a 7 
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& -l0 + 6N 
a |6N 
~20F fe} 19P 
x |4P 
39+ o Difference between 
l4P and I9P 


-490 
Figure 3. Free carrier Faraday rotation in Bi,Tes. Field 17 koersteds; 
temperature —195°c. 


The corrected rotations show reasonable agreement with the A” law of equation 
(1), and for the subsequent discussion it will be assumed that this expression may 
be applied. 

Now the Hall constant expression for the model discussed in I, for the magnetic 
field along the three-fold axis, is given by 

Re E Leh ak Oe ee (4) 
Gq ia Pie 
where JN is the total free carrier concentration, «3'/a,” is a dimensionless quantity 
and 


Gq = (At hte 2. eee (5) 


The factor involving the relaxation time averaged over the electron distribution 
will be taken as one since all the samples were highly degenerate at 4-2°K. 

Eliminating the carrier concentration in (1), using (4), we obtain an expression 
containing the parameter («,/«,’)*, which represents the square of an effective mass 
average. ‘The values obtained for this effective mass average are shown in table 2, 
column 2. 


Table 2. Effective Mass Parameters in Bi, Te, 


(1) (2) (3) (4) (5) 
14P 0:26 0:32T 0:09 
23P 0:35 0-32 
19P 0-25 0:28 0-487 0-12 
14 and 19P 
combined 0:27 0-40 (av.) 0-11 
results 
16N 0-15 0-15 0:33 0-050 
25N 0:16 0:33 
6N 0:14 0-13 0-337 0-046 


(1) Ingot number and type; (2) «,/a,’ from F araday measurements; (3) «,/a;' from free 
carrier absorption; (4) Hall effect anisotropy factor (a3'/«1?); (5) ‘ conductivity ’ 
effective mass in (0001) plane: (a,/a3’)(as’ /o,2). 

t Values obtained by Drabble, Groves and Wolfe (1958) and Drabble (1958). Other 


values assumed. 
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It is difficult to assess the reliability of this interpretation. ‘The main uncer- 
tainty arises from the correction due to interband transitions. However, since 
%,/%3' depends on the square root of the rotation, the effect of errors in 0 is somewhat 
reduced. ‘The results in table 2 are reasonably self-consistent, and as shown in 


the next section are supported by independent measurements of the free carrier 
absorption. 


$3. FREE CARRIER ABSORPTION MEASUREMENTS 
3.1. Experimental Method 


Free carrier absorption measurements were made at wavelengths in the range 
8—20u on cleavage sections of anumber of the samples listedin table 1. Measure- 
ments were made at room temperature and —190°c in a vacuum cryostat with 
KBr windows. A bellows arrangement allowed the specimen to be moved in and 
out of the beam. Absorption coefficients K were calculated from the usual 
transmission equation (Fan and Becker 1951) 


T=(1—R)*[exp KL— R® exp (— KL)]* 
which allows for internal reflection. R is the reflectivity and L the thickness. 
Values of R were calculated from refractive index data given elsewhere (Austin 
1958). Asacheck, R was also estimated from transmission data using samples of 
different thickness to eliminate the absorption loss. The value found in this way 
(R=0-67) compares favourably with the calculated figure (R = 0-64) and confirms 
the unusually high figure of 9-2 for the refractive index. 


3.2. Results 


In figures 4 and 5, values of K as a function of wavelength, at room temperature 
and — 190°c, have been plotted on logarithmic scales. At room temperature the 
variation of K with wavelength can be described by a simple power law of the form 
\s where sis slightly greater thantwo. Values of sare shown in figure 4. 
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Figure 4. Free carrier absorption in Bi,Te, at room temperature. Values of s are shown 
against curves. 


On cooling to —190°c the absorption in all samples shows a substantial de- 
crease, by a factor of about 4. In some samples a simple power law applies only 
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Figure 5. Free carrier absorption in Bi,Te, at —190°c. Values of s are shown against curves. 


at longer wavelengths, with s~ 2-5, and extrapolation to shorter wavelengths in- 


dicates a small overlying absorption. This is most clearly shown in the sample with 
the lowest carrier concentration (27N). 


3.3. Discussion 


The wavelength dependence at room temperature is close to the A? law pre- 
dicted by the Drude—Zener theory (cf. Mott and Jones 1936). More rigorous 
quantum treatments by Meyer (1958) and Rosenberg and Lax (1958) lead to 
substantially the same wavelength dependence, where the carriers are scattered 
by phonons. ‘These theories, however, require a detailed knowledge of the 
deformation, potential constants and lattice vibration spectrum of the crystal. 
Although the Drude—Zener theory contains somewhat drastic approximations, 
Moss (1954) and Spitzer and Fan (1957) have shown that reasonable results are 
obtained under conditions where lattice scattering predominates and the quantum 
energy of the radiation is of the order of k7’. These conditions are approximately 
satisfied in Bi,'le, at room temperature and approximately 15y (hv~4kT). 
Goldsmid (1958) has shown that acoustic mode scattering predominates at this 


temperature in spite of the large impurity content, presumably because of the 
large dielectric constant. 


For the model discussed in I the Drude— Zener theory gives the result 


NX ag! 
ee eet eo (m.k.s. units) ..... . (6) 
H 


where K,, is the free carrier absorption coefficient for the electric vector in the 
(0001) plane. jy is the Hall mobility defined by the product of R in equation (4) 
and the d.c. conductivity in the same plane. 

Table 1 shows values of 4 determined from results by Yates (1959) using 
similar specimens. ‘The product in equation (6) involving the relaxation time 
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averaged over the electron distribution lies between 1-1 and 1-3 for these samples. 
This may be shown using data on the energy dependence of the relaxation time by 
Goldsmid (1958), and Fermi levels given elsewhere (Austin 1955) 

Using the Hall constant in equation (4) to eliminate the carrier concentration in 
equation (6) we obtain an expression involving the parameter (a,/a5')? as before. 
It is interesting to note that the two methods lead to the same effective mass 
average. ‘This result is independent of the arrangement of valleys and would also 
occur for acubic crystal. The values of «,/a,’ calculated in this way from the free 
carrier absorption data are shown in table 2, column (3). The figures compare 
favourably with the estimates in column (2), if we assume there is no substantial 
variation of the effective mass with temperature. 

The results at —190°c cannot be analysed in this fashion. The higher values 
for s are consistent with the presence of impurity scattering (Fan, Spitzer and 
Collins 1956), and this is indicated by the mobility data (Yates 1959). On cooling 
to —190°c the mobility in these samples increases by a factor of the order of 9. 
Since the carrier concentration remains constant, a corresponding decrease in 
absorption would be expected on the basis of equation (6). However, the 
measured decrease is by a factor of the order of 4 only. 


$4. COMPARISON WITH GALVANOMAGNETIC Data 


The effective mass parameters «,/%,’ estimated by the two methods above are in 
reasonable agreement. It is of interest therefore to combine these results with 
detailed galvanomagnetic measurements by Drabble, Groves and Wolfe (1958) to 
see what further deductions can be made concerning the band stucture. 

In the models proposed by these authors six valleys are centred on reflection 
planes in k-space, in both n- and p-type material. For this arrangement the only 
non-zero «,,; parameters are those listed below, and it follows that 

ty /o%g" = (44, *+ o%g97*). 
The relative magnitudes of the various «,; have been obtained by Drabble, Groves 
and Wolfe (1958), on samples from two of the ingots used in this work (19P and 
6N). Combining these data with the values of «,/a,’ in table 2, column (2), we 
obtain the absolute «,, values in table 3. 


Table 3 
Sample O14 ee O33 O13 Aue BAe Aas S ; 
(number of 
valleys) 
19 2-15 13d 2:73 0-66 0-24 0-51 orl 
6N 40 Se) 5-4 0-89 0-12 0:35 all 


Also shown is the density of states effective mass per ellipsoid, which is given by 
A-13, where A is the determinant of the a. A comparison with the density of 
states effective mass, S??A-13, from thermoelectric measurements (Drabble, 
private communication) gives an estimate of 5S, the number of valleys. The 
results indicate that a six-valley model is appropriate for n-type material and a 
three-valley model for p-type. This implies that the valence band maxima are 
situated at the extremities of the Brillouin zone. 
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Finally, it is of interest to note that the inertial effective mass for ae ie in 
the cleavage plane, which is given by «,~+ (see 1), is easily obtained by multip ying 
the effective mass average obtained in the present measurements %1/%s i by the 
anisotropy factor «,’/a,” in the Hall coefficient. The values obtained in this way 
are shown in table 2, column (5), and indicate inertial effective masses of approx1- 
mately one tenth and one twentieth of the free electron mass for holes and electrons 
respectively. 


§ 5. CONCLUSIONS 


The present discussion of the Faraday measurements rests partly on an 
empirical basis. However, the two estimates of the effective mass parameters are 
in reasonable agreement and this lends some support to the interpretation. 
Measurements at longer wavelengths would give a more reliable estimate of the 
free carrier rotation, but in this material the large reflectivity loss introduces a 
severe limitation. . 

The rotational behaviour near the absorption edge requires further elucidation. 
At present there is little experimental or theoretical evidence on this problem in 
semiconductors. In Bi,'Te;, the magnitude of this rotation is much larger than in 
other materials, such as Ge and InP (Kimmel 1957). Classical theory predicts a 
rotation proportional to the dispersion (Becquerel 1897). Near the absorption 
edge in Bi, Te, the dispersion is large, being associated with a large refractive index. 

A simple interpretation of the free carrier absorption at room temperature has 
been given, using the Drude—Zener theory. At low temperatures this is not 
possible, and a detailed interpretation has not been attempted. ‘There is a lack of 
agreement between existing theories of the free carrier absorption in the presence 
of impurity scattering (Rosenberg and Lax 1958). A closer study of crystals with a 
low free carrier concentration would be of interest to establish whether the extra 
absorption at shorter wavelengths is an impurity effect or an intrinsic property of 
the crystal. Such measurements might throw light on the suggestion by Mooser 


and Pearson (1958) that the forbidden gap in this material is bridged by a band with 
a small density of states. 
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Abstract. The solid—liquid phase equilibrium diagram of argon and xenon has 
been determined within a limited composition range. A eutectic point exists at a 
temperature 14° below the triple-point temperature of argon and at a composition 
of 23 mole per cent of xenon. At this temperature, argon and xenon are insoluble 
in the solid state over the composition range 2:7-62 mole per cent xenon. ‘The 
results are consistent with the predictions of the cell theory of solutions. 

The vapour pressure of solid xenon and triple-point data of xenon are reported. 


§ 1. INTRODUCTION 


ECENTLY a number of investigations of the properties of binary solutions of 
Re inert gases, argon, krypton and xenon have been reported. Interest in 
these solutions has arisen because of the spherical symmetry and the lack 

of internal motions of the component molecules. 

Measurements of the vapour pressure of solid solutions of argon and krypton 
(Walling and Halsey 1958, Heastie 1959 ) and of krypton and xenon (Freeman and 
Halsey 1956) have been reported. ‘The magnitude of the excess free energy of the 
solutions calculated from these results is in good agreement with that predicted 
by the cell theory (Prigogine 1957). However, no measurements of the limits of 
solubility of the inert gases in the solid state nor of the critical solution tempera- 
tures 7, have been reported. 

The values of J; may be estimated, (a) from experimental data of the pure 
components, using the cell theory of solutions or (6) from measured values of the 
vapour pressure of the solutions (at temperatures greater than 7.) with the 
assumptions of the strictly regular solution theory. Using an approximate 
equation for T, (Prigogine 1957, eqn 12.8.1) we have calculated the values of the 
critical solution temperatures in two cases. ‘These values of T, reduced by 25% 
to make allowance for the assumption in the theory of random mixing, are: 
argon-krypton 44°K, krypton—xenon 89°x. From the experimental data of the 
solid solutions, values of T, have been estimated to be: argon-krypton 56+ 8°K 
eee and Halsey 1958) and krypton—xenon 91 +2°K (Freeman and Halsey 
1956). 

In the case of argon-krypton mixtures the lowest temperatures at which the 
vapour pressure has been measured are 70-0°K (Walling and Halsey 1958) and 
about 60°K (Heastie 1959). Measurements of the specific heat of solid mixtures 
of argon and krypton containing (a) 59-5 mole per cent krypton over the range 
12-58°k (Eucken and Veith 1936) and (6) 50 mole per cent krypton from 10-77°K 
(Figgins, unpublished) have been made. 


In none of these experiments has a 
solid-solid phase change been evident. 
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The lowest temperature employed by Freeman and Halsey in their investi- 
gation of krypton—xenon mixtures was 87-2°K and no phase separation was ob- 
served. More recently, vapour pressure measurements (Heastie 1959+) of 
krypton—xenon mixtures have shown indications of the formation of two solid 
phases when gas mixtures (within a certain concentration range) have been 
condensed into solid at a number of temperatures between 65° and 110°x. The 
results of these experiments showed that the solid mixtures were not in thermo- 
dynamic equilibrium and consequently the limits of solid solubility could not be 
determined. 

The estimated values of 7. suggest that in a number of the experiments des- 
cribed above, the temperatures employed were less than the true values of the 
critical solution temperatures. It seems probable that phase separation was not 
observed in these experiments because of a small diffusion rate in the solid mixtures. 
‘The rate of diffusion in argon—xenon mixtures would, because of the greater dis- 
similarity of the two components, be expected to be greater than in the case of the 
two other mixtures considered here, and, consequently, one might hope to observe 
solid-solid phase transitions in these mixtures. For this reason the present 
investigation of argon—xenon mixtures has been undertaken. 


§ 2. METHOD 


The method employed has been described in detail elsewhere (Heastie 1959), 
‘The two components were mixed in known proportions in the gaseous state and 
then condensed as solid into a calorimeter contained in an evacuated cryostat 
surrounded by liquid oxygen. ‘The calorimeter was allowed to warm at a con- 
trolled rate and the vapour pressure of the mixture and the temperature of the 
calorimeter were measured at convenient time intervals. ‘The phase-transition 
temperatures and pressures were inferred either from the discontinuities in slope 
of the pressure, temperature curves or by the method of thermal analysis. 

The experimental uncertainties in the measurements are estimated to be : 
temperature +0-03°k, pressure +0-1cm Hg, composition not greater than 1% 
in the mole fraction of either component. 

§ 3. RESULTS 

In figure 1 are shown the vapour pressure measurements of (i) pure argon 
(crosses) and (ii) a mixture of argon and xenon containing 2-7 mole per cent of 
xenon (points). In the case of argon, the points lie on two curves EA and FA 
intersecting at the triple point of argon, A. The phases present in the mixture 
are: along DB, two solid phases (designated by 5, and 5, in figure 1) and vapour ; 
along BG, one solid phase (S,), liquid and vapour; and along GH, liquid and 
vapour. The phase-transition points of this mixture may be determined from the 
discontinuities in slope of the curve DBGH at the points B (the ‘ melting’ point) 
and G (the ‘ freezing’ point). ! ; 

From a study of the (P, 7) curves of a number of such mixtures of different 
compositions the phase boundary lines on the phase-equilibrium diagram may be 
inferred. The phase boundaries are the three 3-phase lines (shown in figure 1 
by full lines), AB, CB and DB. These lines intersect in a quadruple point (the 
eutectic point) at B. 

+ Contribution to Symposium uber Thermodynamik, Fritzens-Wattens, Tyrol (to be 
published). 
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Figure 1. The pressure, temperature phase-equilibrium diagram of argon and xenon. 
Actual results are shown for (i) argon (crosses) and (ii) a mixture containing 2-7°% 
mole of xenon (points). The phase boundaries (full lines) are inferred from the 
results for a number of mixtures. S, and S, represent solid solutions of two different 
compositions; L, liquid solution; V, vapour. ‘The three 3-phase boundary lines 
AB, CB and DB intersect in the eutectic point, B, at which S,, S;, L and V are in 
thermodynamic equilibrium. 
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Figure 2, The temperature, composition phase-equilibrium 
diagram of argon and xenon. 


The temperature, composition phase-equilibrium diagram shown in figure 2 
has been deduced from the above data. 

The vapour pressure of xenon has been measured within the temperature 
range 126-161-38°K and the data are given in table 1. The values determined 
for the triple-point temperature 161-38°x and pressure 61-2, cm Hg are compared 
with previously reported values in table 2. 
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Table 1. Vapour Pressure of Solid Xenon 


eK) 125-26 132-56 137-11 141-01 145:°33 148-50 
P (cm Hg) 2:29 4-98 ODN 11-65 ES PPL AI 
T (°K) 152-39 156-14 158-10 160-42 161:38 
P (cm Hg) 30-88 41-63 48-3 S727, GIE25 


Table 2. Triple-point Data of Xenon 


Triple-point temperature Triple-point pressure Reference 
(°K) (cm Hg) 
161-38 + 0-03 61-2.+0-1 Present investigation 
160-5, aN ree Freeman and Halsey 1956 
161-36+0-03 61-22 +0-02 Clusius 1941 
161-3 (SLES IS SLO Eas Clusius and Riccoboni 1937 


SS SS SS eee eee eee 


§ 4. DiscussIon 


The impurities present in the argon used were estimated by the suppliers, 
British Oxygen Co. Ltd., to be not greater than 0-001 mole per cent. Air Reduc- 
tion Sales Co., who supplied the xenon, estimate the impurities to be 0-02 mole 
per cent of krypton and 0-01 mole per cent of nitrogen. 

The method of determining the ‘freezing points’ from the vapour pressure 
measurements was found to be unsuitable for the reasons given below. Figure 1 
shows a discernible change in slope in the pressure, temperature graph for the 
mixture, x=(-027, at the point G; (x is the mole fraction of xenon). For this 
mixture the freezing point G could be reliably inferred by this method. For 
mixtures richer in xenon, however, this change in slope was too small for the certain 
detection of the freezing points. Consequently, most of the liquidus points on 
figure 2 were determined by thermal analysis. ‘This latter method was success- 
ful within the range 0<x<0-25. As the mole fraction of xenon was increased 
above 0-23 the discontinuities in slopes of these temperature, time curves became 
increasingly less distinct. For this reason one branch of the liquidus could be 
determined over a very short range of temperature only. 

The three-phase curve BC of figure 1 has been determined over as large a 
temperature range as the apparatus permitted. The limitation was set by the 
maximum pressure that could be measured with the manometer used. ‘lhe 
measurements show that the slope of the curve, BC, increases steadily from the 
eutectic temperature to 96:00°K, at which temperature the vapour pressure is 
160-0 cm Hg. 

From figure 2 it may be seen that all the phase-transition points that have been 
determined lie within a small temperature range of 13°. Under these circum- 
stances care is needed, in the deduction of the (7, «) phase-equilibrium diagram, in 
order to distinguish between a solidus curve with continuous slope and a eutectic 
line. We have examined the results of experiments with some twenty mixtures 
and conclude that argon and xenon form a eutectic mixture from the following 
observations: (a) all the mixtures investigated in the composition range 
0-027 <x < 0-620 have, within experimental error, acommon vapour pressure curve 
(DB in figure 1) over the temperature range of about 71-82:30'k, (6) within this 
composition range thermal analysis indicated a phase change in all mixtures at a 
temperature of 82-30 + 0:06°k, and (c) the three-phase curve, ABC (in figure 1), 
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inferred from the investigations of many mixtures has a discontinuity in slope at 
the point B. At this point, the eutectic point, P=41-76 + 0-01 cm Hg, 
T = 82:30 + 0-06°K and x=0-23, + 0-005. 


§ 5. CONCLUSION 


In the determination of the critical solution temperature by the cell theory of 
solutions a knowledge of certain properties of one component (in the solid state) 
is required at the critical solution temperature. ‘The theory shows that the pre- 
dicted value of T¢, in the case of argon—xenon mixtures, is considerably greater 
than the triple-point temperature of argon. Extrapolation of the experimental 
solid state data into a temperature range in which the solid does not exist, is there- 
fore required. For this reason no realistic estimate of the actual value of the 
critial solution temperature of argon and xenon mixtures can be made. 

The results of the experimental investigation show that argon and xenon are 
insoluble, in the solid state, within the range 0-027<«<0-62 and that the 
critical solution temperature is greater than 82:30°K (the eutectic temperature). 
The solid-solid phase boundaries on the (7, «) phase-equilibrium diagram have 
not been determined but it is clear from figure 2 that one of these boundaries lies 
entirely within the region 0>x>0-027 and is consequently very steep. ‘The 
prediction by the cell theory of a high value of the critical solution temperature for 
these solutions is certainly consistent with these results. 
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Abstract. A general expression for the differential cross section of inelastically 
scattered deuterons is derived by assuming the complete antisymmetrization of 
the total wave functions of the system. This is found to give rise to different 
possible mechanisms: (i) the direct surface scattering in which the incident 
deuteron itself forms the scattered particle, (ii) the nucleon exchange stripping in 
which one of the constituents of the deuteron is exchanged by a similar one from 
the target nucleus, (ili) the target nucleus stripping in which a deuteron from the 
target nucleus is ejected, while the rest is captured by the incident particle, and 
(iv) the knock-on process in which the incident deuteron knocks out a deuteron 
from the target nucleus and is then itself absorbed. Comparison is made between 
the theory and experimental data; good agreement with experiments is obtained. 


§ 1. INTRODUCTION 


ECENT experimental data (Vogelsang and McGruer 1958, Van Heerden 
R 1958, Hinds, Middleton and Parry 1957, Haffner 1956) on the angular 

distribution of inelastically scattered deuterons show some characteristics 
which could not be explained according to the compound nucleus theory. The 
differential cross section for the scattered deuterons shows a maximum in the 
region of small angles. The forward peaking of the angular distribution can in 
many cases be fitted well by a theoretical curve calculated from the theory developed 
by Huby and Newns (1951). ‘They assumed that only one of the constituents of 
the incoming deuteron interacts with the target nucleus, the other nucleon remain- 
ing outside the nucleus. ‘The interacting nucleon exciting the nucleus will then 
bounce off and the deuteron emerges as a whole, forming the outgoing particle. 
The differential cross section will display angular distributions similar to those 
for the well-known deuteron stripping distributions. 

In other cases (Haffner 1956), angular distributions were observed, which 
could not be fitted to the Huby—Newns formula. Moreover, additional peaks 
were found at large angles. The fact that an appreciable intensity of the outgoing 
deuterons takes place at intermediate and backward angles may suggest 
mechanisms other than that introduced by Huby and Newns. 

Recently Sawicki (1958) and others (Matsunobu and Yoshida 1958) have 
proposed direct interaction theory for the inelastic scattering of deuterons for 
strongly deformed nuclei, using the strong coupling approximation of the unified 
nuclear model. Another approach to the inelastic scattering processes was 
suggested by Blair and Henley (1959), who assumed the «-particle model for 
9Be and studied the inelastic cross sections for excitation of rotational, vibrational 
and single particle states. ‘These models show some of the characteristics found 
experimentally in the inelastic scattering processes. 

+ Work performed under the auspices of the U.A.R. Atomic Energy Commission. 

t Now at Department of Mathematical Physics, University of Birmingham. 
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The purpose of the present work is to consider some other mechanisms, 
which seem physically possible, and then derive general expressions for the 
angular distribution of the scattered deuterons. ‘The following possibilities are 
assumed: (i) the incident deuteron is merely scattered at the nuclear surface, 
and itself forms the outgoing particle, (ii) a nucleon in the incident deuteron may 
be exchanged by a similar nucleon from the target nucleus, (iii) the outgoing 
deuteron may have come from the target nucleus, while the incident particle is 
absorbed. 

These processes can be considered as implied by the complete antisymmetriza- 
tion of the wave functions involved in the collision process. Each of these three 
possibilities will be studied separately, and corresponding formulae will be 
derived. 

Finally, comparisons are made between experimental and theoretical angular 
distributions for a number of (d,d’) reactions. It will be seen that good agree- 
ment between the predictions of theory and experiment has been generally 
obtained. 


§ 2. GENERAL EXPRESSION FOR THE (d, d’) Cross SECTION 


Consider a beam of deuterons bombarding a target nucleus T. The target 
nucleus can be pictured as consisting of a core c together with an extra proton— 
neutron pair labelled p’ and n’ respectively. The incident deuteron d consists 
of a neutron n, plus the associated proton p. ‘The scattering amplitude determin- 
ing the differential cross section for the direct (d, d’) reaction is given by 


T=(2ah2)—mat CP |VPE i) knw (1) 


where ‘fj and ‘’; are the initial and final state wave functions of the system, 
V represents the perturbation potential, and mqa* denotes the reduced mass of 
the deuteron. 
The differential cross section for a beam of unpolarized deuterons is given 
by 
do wv 
76 = SITES age .. cain eee (2) 


Ua av 


where vg and v,, are the velocities of the incident and ejected deuterons respec- 
tively. ‘The summation is carried over the final states, and averaged over the 
initial states. 

Adopting the Born approximation, the total initial wave function ; can be 
written in the form 


%i(pn; p’n’c) 
ke | 
= $4(pn) exp i (rp+ ra} bp(p'n’c) exp <ik., peas (r,t+r,) + ike ro 
2; 2m P n my 


where kq and k,, are respectively the incident deuteron and target nucleus wave 
vectors relative to the centre of mass (k»= —kqa); rp and rp represent the position 
vectors of the proton p and neutron n contained in the incident deuteron 
d; r,,¥,, and r, are the position vectors of the proton p’, the neutron n’, and the 
core c of the target nucleus; mq, me, and My are the masses of the deuteron, core 


and target nucleus. The vectors p, n, p’, n’, and ¢ represent all the coordinates 
(positional and spin) of these particles. 
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Since it is impossible to distinguish the origin of the nucleons constituting 
the outgoing deuteron, it is necessary to antisymmetrize (French 1957) the total 
wave function describing the finalft state of the outgoing deuteron plus the 
residual nucleus with respect to interchange of similar nucleons. Therefore in 
the centre-of-mass system the final configuration is represented by the wave 
function 


(pn; pine) . 
= %(Pm) exp = (rp+ ra)| v_(P'n’c) exp wae E (ry try) + wre I} 
2 a 


my 


Ray. ik,, “ m m 
+a (P'n’) exp s (ry tru) vn(Pne) exp (i, | spk (tote) + Me ro |} 


My 


— Py (pn’) exp “ (rs) \ op(p’nc) exp {ik | (rast rae ~ re | 
z T 


2mp 


; rh Fae , Pia t ma m 
te (Pin)exp {5 (r+ ra) po (DAVe) exp {ike [ S28 (ry try) + ro |} 


1b 


ieee (4) 
where k,, and ky are respectively the emitted deuteron and residual nucleus 
wave vectors relative to the centre of mass (ky = —k,,). 

The scattering amplitude formed by equations (3) and (4) will therefore 
consist of four terms, corresponding to the respective terms in equation (4). The 
last two terms in equation (4) give identical contributions to the scattering 
amplitude (neglecting the Coulomb interaction). 

Thus the matrix element determining the differential cross section will give 
rise to three separate terms: 


aoa eG 8 6 ke (5) 
F describes the direct surface scattering, in which the incident deuteron itself forms 
the scattered particle, and is given by 


Fa | ba(pm) exp | (Fo + ra)} w*('n’e) 


x exp | ~iky E- (ry +r) + m= ro|} V 


rk } ag . ma Me 
x alpn) exp! (Fo+ a) ha(P'n’e) exp fia] 3 ry bry) + Mere | Ld 


The second term G represents the nucleon exchange stripping term, in which a 
proton from the incident deuteron is exchanged by another proton from the 
target nucleus; it is given by 


a 
G =a, [he (P'n) exp | T(r + Fa) | dn (PHVe) 
° ma Me 
x exp { ~ ik E- (ere) ae me re }} V 
rk we : ma Me 
x %a(pn) exp es (rp + ra)hla( n’c) exp {ika] ao (r, +ri)+ me ro [hae 
ice: cet (7) 


+ Since it can be shown that it is unnecessary to antisymmetrize the initial wave function. 


N 2 
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The last term H corresponds to the target nucleus stripping and knock-on process 
in which the outgoing deuteron is ejected from the target nucleus, it can be 
expressed in the form 


H= ay | hy *(p'n' ex { 


ee (r,.+ rs) ha * (pne) 


x exp {is | (rp t+rn)+ a re } V 
= 
ik ; 
x %a(pn) exp ey (rp+ ra) ila('n’e) exp {i kp E (haere ~ re [bar 
T T 
tbh’ és (8) 


Before proceeding to calculate these three terms separately in the centre-of-mass 


system we shall study first the interaction potentials which can give rise to these 
different processes. 


§ 3. INTERACTION POTENTIALS 
The complete Hamiltonian for the (d, d’) reaction can be written in the form 
Bees © 1 ee te Dee. (9) 
where H, is the unperturbed Hamiltonian representing the initial state of the 
system when the incident deuteron and the target nucleus are at infinite 


separation, and V represents a ‘perturbation’. ‘These operators depend on 
all the variables of the system described above and can be written explicitly as 


Ho=i act lat Lol ape Wee (10) 

VS Veo ae Pe” She aie ere (11) 

=<Pick sat)! vt A” ol eeeeene 12 

with ; ” a 
Vip = Le ar Ves 5 Voc eee cece (13) 

Vita Va re, ued eee (14) 


Vac= Voet+ Vue Ss ishiele\'o) @ (15) 
Viva = Voy? we Vis sat Ve 5 V aes 


In the above expressions H, represents the Hamiltonian of the target nucleus 
Ty and Ty refer to the kinetic energy operators of the neutron and proton formin 
the incident deuteron, and V,, is the interaction between the two particles i and ; 

The perturbing potential V consists of different parts which can give rise as 
various mechanisms. If in the amplitude (6) we use the form V.,. or V... for 
the interaction potential V, then we get immediately the HuobpaNiewns formals 
Similarly if we use instead of these the potential V,,, in the same amplitude (6) 
we get a formula of the Austern—Butler-McManus (1953) type. In ite res 
work, however, we shall study the effect of a four-body potential of the fen 4 


Ve Ge (eat) (ee ge a Re x (17) 
which represents the simultaneous collision of the incident deuteron with the 
extra neutron—proton pair surrounding the core. 


If on the other hand we use the potential Vs, for V inthe exchange amplitude 


(7) then we get for the intensity of the scattered 
Nerntcre yi cattered beam a formula of the Huby- 
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If now, the expression (12) for the potential V is used in the amplitude (8), 
then we get two terms. The first corresponds to the target nucleus stripping of 
the type discussed by Madansky and Owen (1955). The second term represents 
the knock-on process. 


§4. Direct SuRFACE SCATTERING 


In this process the incident deuteron undergoes surface scattering, after 
simultaneous collision with the extra neutron—proton pair surrounding the core, 
and is itself the out-going deuteron. 

We shall assume that the interaction V, is of the form 


Vy= Vo(r, Ty POUT ec! ek craaat (18) 


The total wave functions of the system describing the initial and final state 
configurations will be expressed in terms of eigenfunctions of the constituent 
sub-systems, using spin-orbit coupling. 

The explicit expression of the total wave function representing the initial 
state configuration in the centre-of-mass system can be written 


di(pn; p'n’c) 
= > C($41; opOn)X,°P(Sp)x;,78(Sn)ba(IPp — Fal) 


°p'n Ap’ AcAp’cAn’ATSp’%e%p’c%n’ OL 


Cll. ) AADC velar! ) NvAdn CO (S5 8p ) OF )C(Spe 350 ) Oy7-Fn) 


x C(lpSpJ ps Apoy) X47? (Sp) X42 (Sp) X4,7(S by (hp — ro), (Fy - rp 2° (é) 


x exp {iki Ee rn)— oe fro+r)= ~ re |} sbisatags (19) 


where C(J,JyJ,; m,m,) represents the Clebsch-Gordan vector coupling 
coefficient, x,’ the spin wave function for a particle of spin s and its projection 
a; da(|rp—rn|) the spatial part of the internal wave function of the deuteron ; 
€ represents the internal coordinates of the nuclear core; and the rest of 
the symbols have their conventional meaning. 
Similarly we have for the final state configuration the following expression 


2(pn; p'n’c) 
= > C415 o’po’n)xy7(Sp)x4""(Sn)$a-(Irp — Fn]) ys 


oD 'n y/o p'e* n/AR® p’ 0% p’e" n’PR 
, , , , ’ Seer i , 1 
CCU Lys MX ICU pel atns NyrM CAS ch ye} O'yo"e) 


x C(s'yeSn3 Open )CUnsntns Anon) 


I J cm , , , , iy, bas aid 
x ee p’ (Sy) Xsrq. e(s)x; ip (Sy th ue ~ (r,, i rb, % (ry r by, o(€) 


m 
x exp {ik Eas ‘ea a Gliiers re |} ee ee (20) 
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Using equations (19) and (20) in (6) together with (18) and applying the 
orthonormality relations between the spin wave functions we get 
i S CA(g21; TpIn)C*(358,Sp%¢ 5 oSe) 
Ap Acrpedn’™T4’ p’' p'e4 n/ AR pln? p’%e% eon’ OT 
X CXS 6S803 Syren Cp lelpres AAMC Cvelntes ApreAn )C Casa x 5 Apa) 
x CU phd ves MprAdeC yl alas My Clasp 2: ARR) 0 
[WC e>— eal) Pr, Condy! "(en)" em), ) 
x exp{if( ep + en)}depden (21) 


where we have taken the centre of mass of the core as a new origin, and denoted 
by pp and gn the new coordinates as shown in figure 1, so that 


ne 


pi=ri—re withi=p, mrespectively oo ...-s. (22) 
and 
exp {ime Q[(rp+rn)—rel =exp{if(pp+on)} ...--. (23) 
where 
TEs (24) 
ang®= 0 QE ke eee (25) 


Figure 1. The initial configuration coordinate system, referred to the centre of mass of 
the entire system as origin. ‘The transformation in coordinates necessary to make the 
centre of mass of the core the new origin is also shown. 


We shall take for the internal wave function of the deuteron the Gaussian form 
pal| Pp— Pn) oc exp { By (ent e pn*)}(Pppn} ee 2 Th43(2y?pppn) Y*)\(Qp) ¥*(Qn). 
i 


Beit (26) 
T,,,(2y*ppp,) 18 the modified Bessel function, and Y,'(Q) is the conventional 
spherical harmonic. On choosing the direction of the vector f= 3(me/my) Q 
as the polar axis with respect to which the angles Qp and Qy are defined, the two 


plane waves given by equation (23) can be expanded along this direction and we 
get 


exp {i f( ep + @n)}= ~ 4n[L BLL} +I ( fop)I 1,( fon) ¥ :°(Qp)¥ z,°(Qn) 
dba (27) 


where J; (fp) is the spherical Bessel function (Watson 1944), and the symbol 
[z] will be used to denote the quantity 2z +1. 
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We shall now use equations (26) and (27) in equation (21) and form the 
spherical harmonic expansion of the proton and neutron wave functions (taking 
only the single values /,, and /,, according to the shell model concept). We 
then express the products of spherical harmonics of the same argument as a linear 
superposition of single spherical harmonics, carry out the angular integrations 
over Qp and Qnp, and take the Bessel functions outside the integral since they are 
slowly varying functions. The remaining integral will be a function of Ry, and 
will be denoted simply by A(R), 1, las ly3 Uy): 

The scattering amplitude is then given by 


1 
(Tice Spee iteet 
Ap’AcAp’eAn’APA p’4 pean’ RI pln? p’Fe2p’e%n’/PL i=1 ALL’ LyLy 


x PUP Eyl! 
20 
[0 { i cr Trg(42Ro2 I, (Ro), FRo)MRos lyn ys lpn Ua) 


i=13 


| BO 
2) 
hy 


F= A 


12 
where II C, denotes the product of 12 Clebsch—Gordan coefficients in (21), and 
i=1 
20 
WN CF=C(hl',L; 00)C(LIL 
i=13 


Be. ed NEIL ANCL IO NW CL ls Aa), 


00)C(Ll',,L'; 00)C(L'lLn; 00) 


p? 


The various sums occurring in equation (28) can be simplified by vector 
coupling methods (Biedenharn, Blatt and Rose 1952). 

On squaring (28) summing and averaging over final and initial spin states, 
we find the intensity of the outgoing deuterons due to direct surface scattering 
to be 


IFP=4’ S [ACW ola; Sef) 
tg 
x) SFY LIAL lye’ yl yes bE) 
ILL’ Ly Lyg 
x Z(LpLLyL’ ) If \ZA( Lf InL ) gL’ ) W (lp byl y ) gly) Wylyetle ) lng) 
x C(L'ILy; 00)C(LILy ; 00 Tg (AP RoI p (FRo)Tz, (FRo)P 


wets aes (30) 

where the quantum numbers f and g are given by 
felt De A ae (31) 
Sat tl hal)! | Sages (32) 


The function W is the Racah coefficient. ‘The associated coefficient Z is related 
to W by 


ZT yea; sL) =i 2-2 hf ail ol} W Sete; sE)C(hbL ; 00). 
tide (33) 


We shall now show that this expression can be simplified greatly by using the 


properties of the Clebsch-Gordan and Racah coefficients. 
The sum over J extends from 0 to «©; however, due to the modified Bessel 


function I,,49(472Ro2), most of the contribution comes from the first few terms. 
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The quantum number L assumes the values [Real pl tonal y- The other 
quantum number Lp assumes the values |L — I|to L+l. The allowed values of 
L’ and Ly are given by similar inequalities. 

Conservation of total angular momentum requires the following selection 
rule J,-J,=f= 3 ee) eee (7) 
This follows from the various triangle conditions under which the Z’s and W’s 
are non-zero. 

In addition conservation of parity demands that the quantum number f be 
even if the parity of the residual and target nuclei are the same, and odd if they 
are opposite. 


§ 5. NUCLEON EXCHANGE STRIPPING 


We now consider the inelastic scattering of deuterons in which a nucleon in 
the incident deuteron may be exchanged with a similar nucleon inside the target 
nucleus. We have assumed, for definiteness, that the single exchangeable nucleon 
in the target nucleus is the proton p’. Let c’ refer to the remainder of the target 
nucleus. The internal wave function of the target nucleus can be written as 
f(p’c’). Also the internal wave function of the residual nucleus takes the form 
Jp(P'e’). 

We shall choose the potential Vpp’ to be of the form 

EL Ped Sc) Sa MN Jes cmres < (35) 

We now expand the wave functions for the initial and final configurations in 
terms of the complete set of simultaneous eigenfunctions of the total angular 
momenta and their projections for the constituents of these configurations. 
We therefore write 


%i(pn; p’c) 
ra > C(3al ) TpOn)Xz,°P(Sp)X47"(Sn) Py (|p po rn|) > CU lo lp ) Ayre) 
Den Ap Ag ATS 'Fe/OT 


x C(B8 Sq 5 Fy Fe )C(lpsqd 5 Apo) Xa"? (Sp) X47 (S’ )y,'?’ (Pp — Fe Wye’ (E') 


re ice ap ep ee gen 
exp {i d [ L(rp+rn) = r., erat (te ee mS cre (36) 
We also have for the final configuration the following expression: 
¥(p'n; pe’) 
= Y CUMS ofyo'y)xy"'(Sp-)xy°2(5n)ba(Iry — Fy) 
oO pee n 
as Me CU elas AA ICES Sp 0'p0"v)C(IpspI ni Any) 
Ape ARO’ p'c/OR 
* X4"P(S,)Xer07 °(S' i, P(Fp — For hy ye (E) 
exp dik, |) (res mae ree 
| P{ a E py +n) Tips Tp a Rec pees! lS Peer (37) 
Using the above expansions in equation (7) and applying the orthonormality 
relations between the spin wave functions, together with equation (35) we get 
C= Cit. ; : 
an eee $41; a,0,)C( lula; AydAy)C(Asy5p3 Oy oy) 
s C (lps) p 5 App )C(Z31 ) OF, CL lelp ; Are )C(25e5p 3 0.) 
x CsI Rs AnoR) M4 IPa(lel)Po*),?( ep),°'(e,) 


x exp{ig(e+Pp)}dppde (38) 
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where 
a a et) | (39) 
Pet i 0), 181 
ae ee (40) 
a2 Mattes I dene (41) 
We introduce the Gaussian form for da(| |): 
ga(lel)ocexp(—y%p?), nae (42) 


The centre of coordinates in equation (38) is transformed to the centre of 
: oe ge cs 
the core’ ¢’; gp and pn indicate position vectors of the proton and the neutron 
respectively referred to the new origin. This transformation in coordinates is 
shown in figure 2. 


YS ( aa ae New origin 
ear, 


c 


Figure 2. The initial configuration coordinate system, referred to the centre of mass of the 
entire system as origin. ‘The transformation in coordinates necessary to make the 
centre of mass of the core the new origin is also shown. 


We can also expand the two plane waves along the direction of the wave vector 
g defined above: 


We shall now use equations (42) and (43) in equation (38), denote the product 


8 
of the eight Clebsch-Gordan coefficients by the symbol II C,% and carry out the 


i=1 
integration over the solid angles Q and Q2). We assume that the proton exchange 
process takes place on the surface of a sphere of interaction of radius R,. The 
Bessel functions will be taken outside the integral (at R,). The values of the 
integral on the proton wave functions will depend on R,, and will be denoted 
by A(R,, lp, Ip-). The scattering amplitude is thus given by 


G= Aexp (~8"/8)") 5 (=) "tote? {11 ce 


ApAp’rc’ Ap ARI pn p’7e’°L on L 


x C(Iplp-L 300)C(Iplp LL; —Aprp)Ty(agRiA(Ra lps tp). vee 
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The various sums occurring in equation (44) can be reduced by the usual 
vector coupling methods: squaring, summing over the final and averaging over 
the initial states we get for the intensity of the deuterons inelastically scattered by 
proton, exchange process : 


[GP = A exp (— eh) SS U/l Crd NWS HD) 
g 
x W?( fog J oles Sng) W? (Lig esp 5 lod p)Z? (Llp ly! ) lL) J 7? (4gRy) 


Seton (45) 
where the quantum numbers f and g are given by: 
t=Sert Si 
g=1,0Sen © Me! PS Geeyiey. eee (46) 


The conservation of the total angular momentum of the system restricts the 
values of L to those given by 


bn tJot hin <L<JgtJotl eee (47) 
where 
L =Iy +1. 


Moreoever, conservation of parity implies that L should be odd or even 
according to whether or not there is a change of parity. 


§ 6. Tarcer NUCLEUS STRIPPING AND KNOCK-ON INTERACTION 


We now admit the possibility that the outgoing deuteron may be ejected 
entirely from the target nucleus. ‘This can occur in two ways: (i) The incident 
deuteron captures the core of the target nucleus, while the extra proton—neutron 
pair outside the nuclear core is emitted forming the outgoing deuteron. ‘This 
mechanism may be called target nucleus stripping; (ii) the incident deuteron 
replaces the outer proton—neutron pair which forms the emitted deuteron. This 
process is called knock on-interaction. 


‘These two mechanisms arise from the interaction potential V which can be 
written as 


V=Vyt+Vy=Vact Vag 
where V,,=Vac represents the interaction between the incident deuteron and 
the core of the target nucleus which is to be captured. V,=V,, is the 
interaction between the incident deuteron and the proton-neutron pair outside 


the nuclear core. ‘These two potentials respectively are responsible for the target 


nucleus stripping and the knock-on interaction. We shall consider these two 
mechanisms separately. 


6.1. Target Nucleus Stripping 


In this mechanism the incident deuteron captures the core of the target 
nucleus while the outer proton—neutron pair in the latter is emitted forming the 
outgoing deuteron. The scattering amplitude H corresponding to the target 
nucleus stripping is given by equation (8). 

The perturbation potential V,, is taken as an interaction between the incident 
deuteron and the captured core. Thus we can write V in the form 


Vi,=V.8(|re—ral—R,). eto) 
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We can expand the total wave functions of the initial and final configurations 
in terms of the simultaneous eigenfunctions of the component parts of the system. 
The initial and final states can be written in the centre-of-mass system as 
¥i(pn; Pp’ n ‘e)= > C331 245 Op} X4 °r(s p)x4°(S,) bal (fe re) 

"pn 
x DS CUE laton 3 ApAg) 
Ap’An’Ap’n’2p’on’ep’n’ePL 
Sipe 


x Cia 2 35 y" n’? o, ad Haat Pye) Ura T> dvr) 


1470" (Sp)4°H" (Si) Xa,2°(8 ay (ry — Fe)” (Pay — Fe) 
«exp {ikal 4 (rp+rn)— 8 cael )- Fret 


my 


where we have considered the core as a single particle and ignored its internal 
structure, and hence we have only the two orbital angular momenta /,, and 1,, 
and 


J(p'n’ ; pne) 
= 5 COM: oyo' xi 6p xem Guba lty td 


x be C(445pn; o'po'n)C(Spns’ cSp 3 Spno c)C(lcSpJ R3 N' ooR) 
pn pn’cFRA c 


x Xa" (Sp) x47 2(Sn)Xe,"° eee: —ra)¢a([rp — Fn) 


exp {ikl af Hey +Kry)— Fais Fee (rot ta) — Bere |b eee (50) 


T 

In the above equation the deuteron is in an S-state, and hence J’, is the only 
orbital angular momentum involved in combining the core and the deuteron to 
form the residual nucleus. 

On choosing the centre of mass of the incident deuteron as origin, with respect 
to which the new coordinates g; are referred, and using equations (49) and (50) 
in equation (8) together with the orthonormality relations for the spin wave 
functions, we obtain 
iS pS C(441; opon)C(L dla ApAn) 

Ap an’ Ap'n’*’ open pnep’np’n’ cP TPR 


x C( 338 y n> oD 1 Oy NC (Syn SoSp 5 On 


x Cc 411; 0,,,0_, CG 445pn3 Oo ‘po n)C(SpnscSp 5 Spntc)C(l' Spl 3 N'ooR) 
22 | he 


x [wre (ec) exp (the Pc) Vi dec 


x | #eler- en|)¢a(| ep — en|)depde,, 


CU Sad op 5 Ayr) 


p’n 


° } $a(|@y — Onl) xP {A( Py + On) Pry’? (Op) (Pn )40p On 


Mees (51) 
where the momentum transfer vectors he and h are given by 
fees Siege alee eae (52) 
my 
Ree oe ed ee (53) 


2mry 
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This shift in coordinates is shown in figure 3 with the notation 


epi=ri-ra with i=p,n andcceue ne Boe sere (54) 
pj=re—r, with j=p and ha) a Moan (53) 


Figure 3. The initial configuration coordinate system, referred to the centre of mass of 
the entire system as origin. The transformation in coordinates necessary to make 
the centre of mass of the incident deuteron the new origin is also shown. 


If we choose the direction of the momentum transfer vector h as the axis of 


quantization,we get for the expansions of the plane waves occurring in equation 
(51) the following : 


exp (ihe. pc)= SY 4ni!e’dy, (hepe)Vp.¥e(Qe)¥*y,"e(h,, h) 
PY c 


BMewte (56) 
where (he, h) is the angle between he and h, 
exp{th( Py’ ai Pn) = > 4a [L,}* [ZL] By tt Ty Py 1, (Ap,,) 
Ly Lg! 
x YO py) V7 (Qa): wikhs he (57) 


For the internal wave function ¢a(|@p— en]) we use the Gaussian function 
ba (| Py’ am Pl) oC exp { a y*(py? a Py )}(Pppn) * 
«Lh rep Py YAM, IVA Oy). «+ 8) 
We substitute these expansions in equation (51) and form the spherical har- 
monic expansion of the wave functions of the particles p’, n’ and c; we then 
express the products of the spherical harmonics of the same argument in equation 
(59) as a linear combination of single spherical harmonics, perform the angular 


integrations over Q),, Q,, and Q, and, as before, take the spherical Bessel func- 


tions outside the integral at R,. The remaining int esi 
NRE a, oe ; g integral will be denoted by 


Then the scattering amplitude becomes 


esa UI cit} 
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9 
where II C;¥ denotes the product of nine Clebsch-Gordan coefficients occurring 


t=1 
in equation (51), and 


13 
eC Ine ACL eA AO is 00)CU.L 00); 


i=10 7 
Bekele (60) 
The intensity of the scattered beam is derived from equation (59) by summing 
and averaging over the final and initial states respectively. Using Racah algebra, 
this can be evaluated in a closed form: 


HEP = S CAIEIAW Ase Tales Sef WAUseAl'es Sug )W Fly eles seh) 
BD re PZ IE BE NC(LAT Ay ON.) 
W Ly Ly’ 
x C(IlyLy 3 00)C(Uy Ly; OO)Y*,,*e(he, h)Jy, (MeRe)Iy44(2/°R2?) 
pee Pp ee nO aut (61) 


The selection rule governing the value of the capture angular momentum 
fe: is 


Jo = Seated ke teens (62) 
where s is the intrinsic spin of the core. We have also the additional rule 
be at ie ol Bee ot 0 (63) 


6.2. Knock-on Interaction 


In this process the incident deuteron knocks out a deuteron from the target 
nucleus, and is then captured. ‘The scattering amplitude K corresponding to 
the knock-on interaction is also given by equation (8) where V in this case stands 
for the interaction between the incident deuteron and the extra proton—neutron 
pair outside the core of the target nucleus. The explicit expression of this 
potential is given by 

Vag =Voy + V, 


eV eal h eh al a eon bs (64) 
The scattering amplitude formed by equations (8) and (64) will therefore 
consist of four terms, corresponding to the respective potentials in equation (64). 
These four terms give similar contributions, and for the purpose of calculation we 
shall choose only the potential V,,, which will be of the form 
Voy =Vod(ty—h yp) tes (65) 
We now expand the total wave functions representing the initial and final 
state configurations in terms of eigenfunctions of the constituent sub-systems. 
We therefore write 
Ja(pn; p'n’e) 
= > C(e#1; Opn) x4°P(Sp) x47 (Sn) ba (Ip — rn|) 
on ep 
, x > C(lyly lyn 3 ApAn Cyn tele 5 dyno) 
Ap An p/n’ AcAT2pn’ep'n’%e°T 
x C448 yy 3 Fp Fw) OC SpaSese 3 Opry Fe)C(IpSpJ yp 5 App) 


x x4? (Sp) xy™ (Sox. ° (s Vay’? (hp fae ro) 8 (Py ee fy, (€) 


m 
x exp {ikea | #ro+Fa)- ae (rane = = re |} Porn (66) 
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We also have for the final configuration the following expression : 
Pe(p'n’; pnc) == > C(z31 ) oy a) X47 (Sy) X47 ™ (Sw ba (lp = rv) 
O'p/O'n/ 
< SS C(Iplnipn; ApAn)C(lpnl’elg 3 ApnAc) 
apAnApn cAR® pn? pn® c7R 
x Ci +Spn 5 a’ po'n)C(SpnS’ eSp 3 Opno'c) 
x C(La SRI R 5 ApOn)Xy" (Sp) X47 (Sn) Xv,,7°(S) Hp, PUM —¥e) 


“ p)2(n = ro)by,* e(€) 
x exp {ikl 86 fata) — (p+ Pa) << re | . 
T T 


Using the above expansion in equation (8) and applying the orthonormality 
relations between the spin wave functions, together with oe (65) we get: 


K= > C(z3l ) FO, )C (Ly Ly Ly mr) Ayn NC yale! c T> Non’ A.) 
Ap An’ Ap’n’AcATpAnApnaR 
ray! op/o Dp nIc°T pen?’ p n?R 


X CSB yn} MICS S8p3 pn Fe)C(lpsp4 ys Apo) 
x Cal; oye 2 )CUolan' ApAn)C(lpnlelp s ApnAc) 


x C(44spn3 Tpon)C(SpnseSp 3 TpnFc)C (psp Aner) 


Va] ba (ley — evel," On) Pa) ody? (Ou) 


x ba(l@p— enl) expti[kp. pp +kn. pnt+k,. ey ]depdendp, ...... (68) 
where 
mig: (69) 
kn=$ka+ ~¢ ky, 
n= a+ =— Te Lees (70) 
Be 
k= eerdat eet = Ss Pare (71) 


In the derivation of equation (68) we have transformed the coordinates to the 
centre of the nuclear core c, where the position vector e, denotes the new coordin- 
ates as shown in figure 3, so that 
Pi=ri—: with i=p,nandn’ respectively.  ...... (72) 
We shall use the Gaussian form for the internal wave function of the deuteron. 


We can also expand the three plane waves along the direction of the momentum 
transfer vector kp defined above: 


exp (7kp-Pp)= > 2m? Py)“ PI op (ppp) Ye (Qp) 


Ly 


exp (ikn-pn)= Y 4rinJ, (knpn)¥*, 8n(Qn)V, An(Kp, Kn) 


nAn 


EXP (Fy. Py) = AriWT , (RyPae)Y* 0" Oye)Y p(y ky): 


n’ An’ 
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We can substitute these expansions in equation (68), and form the spherical 
harmonic expansion of the wave functions of the particles involved in the scattering 
amplitude; we then carry out the angular integrations, and take the Bessel func- 
tions outside the integral at Ry. The: value of the remaining integral will depend 
on R, and will be denoted by A(R,,/p,In,/,,/y). The scattering amplitude is 
thus given by 


mH 
m= bo 


K=A 


cs ae 
ApAnApnAp’An’Ap’n’AcATARS pen pnt pn’ p'n’FceOTOR Li=1 UAUA Ly Lyf plyly Pr 


x (— pee Sng Mot Mat Mo [TYP a Pa PL PLE Et 
Ye," (Kn ky) 


fi ts 
«iH cl Ths (2y°Re2My, | 2°R2)T eo, (RrRe)I z, Rn Re), RarRe) 


1=13 
MiB teintgetar 0 8 2 nw eee (76) 
where a C* denotes the product of the twelve Clebsch—Gordan coefficients 


occurring in equation (68), and 


23 
Wg ee Bags lp CEL NACL os AeA) Calis =n) 
t=13 

eEULIL AON eras Wena 00)C(U1,Ly ; 00) 

Be gS 7 OVE Tag 5600) CUT 2 00)e 9 a: sctsch (77) 


The intensity of the ejected deuterons by knock-on interaction is derived 
from equation (76) by squaring, and summing over the final and averaging over 
the initial states. The various sums can be reduced by using the usual vector 
coupling methods. Then the intensity becomes 


IKP=A’ > [AAW (glpnlyles Irylp) Ws Joly s Sph)W?(lseF alas SRR) 
= a > ik) Per ee ee 
Yy ™(Kn, k,)(/}? [Fp]? [Pol Z(LnLplaly 5 lpn!) 
x Z (Lyle Dybys Ly! X(Lnlyln; LplyLp; 8lnylpn) 
x C(IlpLp; 00)C(UL,L,; 00)CLpLy Lp; 00)C(LnL pg; m0) 
x Ty4y (277 Re yay (27? Re? Wg, (kpR)J 7, (An RoI 7, (Ry Re )) emer (78) 
where the quantum numbers g, / and k are given by 
g=lyytlpn; h=se+]y; Kesetla. 9 Reese (75) 
The function X is the 9j Wigner coefhcient. 
Conservation of the total angular momentum requires 
Vn—Sue et let tees (80) 
where g=1lptitl,+l. 


In addition, conservation of parity implies that g should be odd or even 
according to whether or not there is a change of parity. 
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§ 7. COMPARISONS WITH EXPERIMENT AND DIsCcUSSION 


Equations (30), (45), (61) and (78) together with their associated selection 
rules provide a basis for computing the differential cross section for a specified 
reaction. The predictions of the theory developed in the preceding sections 
have been compared with the experimental angular distributions for some typical 
(d,d’) reactions. 

As can be seen from figures 4 to 15, there is a common contribution to the 
(d, d’) reaction from the nucleon exchange mechanism whose amplitude is given 
by G. Table 1 gives some data concerning the nuclear states involved in the 
considered reactions, together with the allowed values of the quantum number 
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to the first state (Van Heerden 1958). 27Al(d, d’)?7Al* proceeding to the 


first state (Haffner 1956). 
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1956). state (Haffner 1956). 
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Table 1. Parameters Characterizing the Nucleon Exchange 
Differential Cross Section 


Oo 

Eq Nucleus Jy" O Jp® Orbitofp’ L fl a ee ae Ref. 
15-0 ‘Li ie 29:49 3 pS 2 8-4 4 
15-1 °Be t- 23-43-50 a> D3 2 9-0 30%, 4 
15-0 12C O62 = 4:43. Oe Ds 2 7-7 4 
8-7 20Ne Ot -1:63 2+ ds 2 8-0 329), 3 
14-8 23Na 3+ -0-44 §t ds 2 8-0 = 1 
15-1 4g Of -—1:37 2+ d5 2 8-0 1397, 4 
8-9 Nig Of) ce 37 2 ds 2 8-0 39% 2 
15-1 274] Sri 3-38 pat dz 2 8-0 = 4 
15-1 27A] xo 275 95 dz B 8-0 = 4 
8-9 28Si pe 4-79 © 2 ds 2 8-0 50% 2 


References: 1, Vogelsang and McGruer (1958), 2 Hinds, Middleton and Parry (1957), 
3, Van Heerden (1958) 4, Huffner (1956). 


LI for the nucleon exchange amplitude G. Numerical calculations for the 
nucleon exchange intensity show some resemblance with the Huby—Newns 
theoretical curve. This might be expected, since in fact, the Huby—Newns 
model is a special case of the nucleon exchange mechanism, since the stripped 
particle is itself recaptured again by its partner. 

In figures 4 to 6 the experimental data are compared with the angular dis- 
tributions predicted by (45) only. The fact that excellent agreement between 
the theoretical and experimental angular distributions is observed provides 
strong support for the proton exchange stripping mechanism. ‘These figures 
represent examples of reactions proceeding via pure exchange process. 
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Figure 8. Comparison of theory and experiment for the reaction 2°Ne(d, d’)?°Ne* pro- 
ceeding to the first state (Vogelsang and McGruer 1958). 
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In figures 7 to 11 the experimental points can be adequately represented if 
the pure exchange intensity is added to an isotropic background representing 
contributions from compound nucleus formations. Also shown in table l-are 
the ratio of © .omp/(excn + % comp) Measured at the first peak together with the 
values of the interaction radius R,. The values of R, are chosen to give best 
fitting. 
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Figure 9. Comparison of theory and experiment for the reaction ?4Mg(d, d’)?4Mg* 
proceeding to the first state (Haffner 1956). 
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Figure 10. Comparison of theory Figure 11. Comparison of theory 
and experiment for the reaction and experiment for the reaction 
*4Mg(d, d’)*4*Mg* proceeding to the 8S5i(d, d’)?8Si* proceeding to the 
first state (Hinds et al. 1957). first state (Hinds et al. 1957). 


Figures 12 and 13 show the angular distributions of deuterons inelastically 
scattered from Li and #C nuclei respectively. These two reactions are interest- 
ing in that the experimental data for the differential cross section show a comparable 

secondary peak at large angles. This may suggest an additional contribution 
from other mechanisms such as F or H to the usual nucleon exchange process G. 
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In these two figures the experimental points are compared with the theoretical 
curves obtained from |G +H. In figure 12 the allowed values of the capture 
angular momentum J’, are limited to even values by the parity rule, given by 
(61). The value /’c-=0 was found to give best fit. However, this choice of 
l’c( =0) leads to the value of 2 tor the total angular momentum of the ‘He core, 
which is different from that of the free «-particle. We take for/),and/y, the value 1 
as this is the expected value according to the shell model. In figure 13 the value 
of /’c is also taken to be zero, which leads to the value 1 for the total angular 
momentum of the !B core. This is again different from that of the free core. 
The values of /p, and J), are taken as unity in accordance with the predictions of 
the shell model. In these two cases, inteference terms between the nucleon 
exchange and target nucleus stripping intensities are found to play a significant 
role. 
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Figure 12. Comparison of theory and ex- Figure 13. Comparison of theory and ex- 
periment for the reaction ®Li(d, d’)*Li* periment for the reaction '*C(d, d’)"C* 
proceeding to the first state (Haffner proceeding to the first state (Haffner 
1956). 1956). 


This characteristic secondary peaking in the angular distribution of the 
scattered deuterons in these two reactions may also suggest the possibility that 
they arise from a combination of F and G. In figures 14 and 15 are shown the 
theoretical curves obtained from |F|? + |G[? for the nuclei *Li and C respectively. 
Table 2 gives information about the allowed values of the quantum numbers and 
nuclear interaction radii required to fit the experimental data. For these two 
reactions no interference terms exist between the two mechanisms F’ and G 
since there is a phase difference of 37 between the two amplitudes. 


Table 2. Parameters Characterizing the Direct Scattering and 
Target Stripping Differential Cross Sections 
« FT 


F. 
R / , Ry 
Nucleus i ae x 1023 oan Ly ly Ve Je Je x 10-23 cm 
Si 1 1 8-3 1 1 Oy es O+ 8-9 
ne 1 1 7-0 1 1 0 Wer ine 8-2 
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Figure 14. Comparison of theory andex- Figure 15. Comparison of theory and 
periment for the reaction ®Li(d, d’)*Li experiment for the reaction “C(d, d’)”C* 
proceeding to the first state (Haffner proceeding to the first state (Haffner 
1956). 1956). 


Comparison of figures 12 to 15 shows that a better fit is obtained with the 
first combination |G + A]? for the C nucleus and with the second combination 
|F\?+ |G? for the ®Li nucleus. 

Unfortunately, the calculation of the differential cross section for the knock- 
out process is more difficult than the other cases, owing to the existence of several 
summation quantum numbers. For the purpose of illustrating the nature of 
the differential cross section, the angular distribution is calculated for the case 
when /[p=/p=/p-=/n'=0. ‘This can be realized by a reaction of the form 
mE (dd). P to the 0-7 Mew excited'state, ~In'this case Jp" = v5," = ae beens 
pected behaviour of the differential cross section is shown in figure 16. Apart 
from the rise in intensity at 6=0°, the resulting curve is similar to that obtained 
by the exchange or Huby process with angular momentum transfer of value 2. 
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Figure 16. Knock-on interaction angular distribution appropriate for the first excited 
state reaction *°P(d, d’)°°P with Eq=10 mev (lab.). 
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Abstract. A first-order variational principle for a stationary scattering phase is 
obtained by keeping constant the energy normalization for permitted variations of 
the wave function. The principle is used to derive (i) a variational correction to 
the phase obtained from given approximate wave functions, (ii) a first-order 
perturbation theory, (iii) a first Born approximation and (iv) a variational method 
for obtaining approximate wave functions analogous to that of Kohn. (i), (it) 
and (iii) are more generally applicable than the corresponding expressions for 
tan 6, and sin ,, where 6, is the phase, and simple models suggest that they are more 
accurate than for tan 6,, but an example indicates that (iv) may be worse than Kohn’s 
variational method. A possible explanation is given. 

The theory is generalized to many channels. Many complications arise which 
are absent or trivial for one channel, and the generalization is not complete, since 
we are unable to define a stationary phase matrix, and the range of application 1s 
more limited. 


§ 1. INTRODUCTION 


HE variational principle for the energy is an important property of those 

solutions of the time-independent Schrédinger equation which represent 

bound states, and may be used to derive variational corrections to the energy, 
a perturbation theory, and a variational method for approximate wave functions. 
The normalization of the wave function plays an important role, and a generaliza- 
tion to states with one free channel may be made through energy normalization. 
This leads directly to a first-order variational principle for a stationary scattering 
phase. ‘This principle has already been obtained by Demkov (1958), and we 
here compare it with other variational principles, and extend the theory to many 
channels. 


§ 2. NORMALIZATION FOR SINGLE-CHANNEL SCATTERING 


When obtaining the variational principle for the energy of bound states, there 
are two equivalent methods of treating the normalization. ‘The energy E may be 


defined as 
b= | des HHiN, meee (1) 


where ; is the wave function, H the Hamiltonian and N the normalization integrel 


N= [aryy. ees 


OO 
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Variations of the wave functions are then restricted to well-behaved functions for 
which Nis finite. Alternatively NV may be omitted from the definition of FE, and % 
further restricted to those functions for which N=1. Ineither case Fis stationary 
for the appropriate variations about an exact solution of the Schrédinger equation. 

When obtaining the variational principle for the phase we shall treat the 
normalization by a method analogous to the second alternative. ‘The variational 
principle itself is not affected by this choice of method. 

The wave function which represents scattering in a single channel is of the 
form 

PAX) eX) Fer, tees (3) 

where r is the channel coordinate, and X represents all other coordinates. (X) 
may be chosen normalized to unity and is a solution of the equation 


PER HEX H0 6 ete eae (4) 
The Hamiltonian of the whole system is 
“we ere ae eee ed) 
H=H(X)+V(X,r) x | eae? : | Peet) 


where m is the channel mass. We shall suppose that V(X,7) is real and tends to 
zero at least as fast as 1/r2 as r-> 00. Inthe asymptotic region where x is large Fy 
has the form 


Fy(r)~Asin(kr—$lr+6)), se ee (6) 
where / is the orbital angular momentum quantum number of relative motion, 
Wee =2miE Ej )=mo, © whines (7) 


v is the channel velocity and 6, is the scattering phase. ‘The partial cross section 
O, for elastic scattering in the channel is 


4a ae 
0O;= B (2l41)sin?8, == naenee (8) 


The normalization constant A is so far arbitrary, but in order to obtain a 
variational principle for the scattering problem, A must be specified both for the 
exact wave function and for any variations in that wave function that may be 
considered. We consider only variations in which ‘’, is well behaved, F’, has the 
asymptotic form (6), E is constant, and in which the scattering phase 6, is real. 
For the exact wave function the last condition follows from the conservation of 
probability during the collision. 

Corresponding to the normalization condition for bound states we have an 
energy normalization condition 


| | dX dr ¥ ay*(X, 7) ¥ e(X,7)=6(E9— B®), —...... (9) 


where §(«) is the Dirac delta-function, from which 
A=22/(rvyy, = ww nee 7 (10) 


apart from an arbitrary phase factor; 7 is the channel velocity, and all integrals 
cover the full range of the variables. ‘The normalization is independent of the 
detailed form of the function near r=0. Apart from a factor 21/2 this normaliza- 
tion is exactly that obtained from the condition of unit inward (or outward) flux. 
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§ 3. VARIATIONAL PRINCIPLE FOR THE PHASE 
We therefore consider finite variations A’ on the exact function ‘Y’ subject to 
the condition 


=P LAV, op(X)242(rv) W271 sin (kr — $l + 8) Pei, (11) 
F’ =F+AF x, 212(nv)-12 sin (kr — $l +8/) 


where the approximate phase 6,’ =6,+ Aé, is real; this limits us to variations for 
which the flux is held constant, by analogy with the bound state, where the 
integral over the probability density is held constant. ‘The variational principle 
derived here thereby differs from the variational principle for tan 6; used in the 
methods of Hulthén (1944) and Kohn (1948), for which the flux varies according 
to the choice of A’. 

Like Hulthén and Kohn we consider variations in the convergent integral 


ie 7 | faxre Sveti anre Melee (12) 
l 
which is zero when ’, is a solution of the Schrodinger equation. 
& Ar | faxorar [AY ,*(H—E)¥,+¥,*(A— £)AY, + AYV,*(H— E)AYT,]. 
7 
ays (13 


For variations about the exact function the first term is zero, and by Green’s 
theorem the second term is equal to 


hy dF dk" 
if ——| eae ae ee | ate Cees 14 
es mF dr =) oe 
Substituting the asymptotic forms of F and F’ we obtain 
AL=% | | dXrdrAV,*(H-E)AV, +sinAs, . ss... (15) 


from which follows the first-order variational principle : 

MOE) =O TA) | Se eee (16) 
for variations about a solution of the Schrédinger equation. 

The functional 7, of ¥’, defined by 
Ui 5, = IL, Bailes! 86 (17) 

is stationary for variations about the solution ‘’, of the Schrédinger equation, 
where the variations are restricted to satisfy the conservation of probability and 
the normalization condition (11). For these solutions L=0 and 7,=5, so that 
m 1s a stationary scattering phase. 


As with bound states we may remove the normalization restriction on F,, by a 
re-definition, in this case of L: for 


Pw Q2' (rv)? sin (kr—dlr+8,), se aa (18) 
where Q is independent of r, but may vary with F; L is defined to be 
T p 
jig son |aknaret Cok I ON ere, SNR set 2 (19) 


§ 4. APPLICATIONS OF THE VARIATIONAL PRINCIPLE 


(i) Phase correction. 'The principle is used to obtain, from an approximate 
solution of the Schrédinger equation, an estimate of the scattering phase which 
is correct to first order in the error. The approximate solution must have the 


Ee 
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asymptotic form (6). After normalization to 4 = 2¥?/(7v)"? let the approximate 
solution be ‘f’,,’, and the exact solution V,. Then 


n(¥ »’) =) — = | | Grae (SB) Pe = eee (20) 
=7(F 2) + An(Vz) 
=o lt gy OTA) gan (21) 


is correct to first order in AY’ ,. 
(i) First-order perturbations. Following from (i), let ¥’,,’ be an exact solution 
of the approximate equation 
(i247, = 0, Pecmuw aa) 


where H’ = H+ AH and AH, which is usually a potential function, tends to zero 
at least as fast as 1/r?.. Then 


n(¥p))=9) + 5 | | dX Pdr ¥ ,'*AHY »! 


gd PALL oe) ies | te are (23) 
In sections (i) and (ii) the first equality indicates the method used in practice 
to obtain the stationary phase. 
(1) The first Born approximation for the phase (see Mott and Massey 1949, 
p. 28, Kohn 1954). If we choose : 


. ee ls eee Ch ee 
je eg 7s 3 eel OL _ 773 
(X) x5 a i i) te (24) 
then Ee =f(X)m? (hr)? Ji 44/2 (Ar) 
and n(¥,')= | “dr \isya(RRVr)r eee (25) 
where V(r)= | dX | W(X) PV(X,7). 


(iv) A variational method analogous to that of Kohn (1948) for obtaining 
approximate solutions of the Schrédinger equation by using restricted forms of 
WY’. Putting ¥,’=G(co,..., Cy; X,1r) with c,=3/, the equation dn,(1',’)/de;= 0, 
with the normalization and the other c; held constant, is sufficient to determine ¢; 
and thus ¥’,/(X,r). The phase 7,(‘I’,’) is correct to first order in AY’, 


§ 5. COMPARISON WITH OTHER VARIATIONAL PRINCIPLES 


The approximate wave functions obtained through variations permitted by 
the variational principle for tan 5, have their normalization determined by the 
condition that the coefficient of sin (kr — 4/7) in the asymptotic region shall be 
held constant. ‘The energy normalization and the flux are then different for 
different permitted approximate wave functions, and may even tend toinfinity near 
singularities in tané,. A similar variational principle may be derived for 
exp (2i8,) (the S-matrix); for this principle the approximate wave functions may 
have different normalization, and also the inward and outward fluxes may differ, 
thus violating the conservation of probability. 

By contrast the approximate wave functions in the variational principle for the 
scattering phase do not ever violate the conservation of probability, and the 
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principle is a natural generalization of the variational principle for the energy of 
bound states by virtue of its normalization condition. 

The exact form of Born’s approximation derived from a variational principle 
depends on the subsidiary conditions on the wave functions. The tan 6, variational 
principle gives equation (25) with tan 6, in place of 7. In consequence it is im- 
possible to obtain a phase of modulus greater than 7/2. The usual derivation gives 
sin 6, in place of 7, which violates the conservation of probability when the integral 
is greater in modulus than unity. The expression (25) suffers from neither of 
these limitations. 

The practical advantage of these applications of the phase variational principle 
appears only when powers of 6, or Aé, higher than the first are appreciable. 6,’ 1s 
zero in the first Born approximation, whose use when A6, is large is to be avoided if 
possible, but frequently no better is available. 

When A6, is large compared with 7/2 then the estimate of the partial cross 
section O, using the Born approximation to the phase is unlikely to be significantly 
better or worse than the choice of O,=27(2/+ 1)k~*, which is one-half the maxi- 
mum. But under these conditions a large number of partial waves will contribute 
to the total cross section 4,O;._ When this number is very large, neither is likely 
to be very far from the correct value, on statistical grounds. However situations 
occur (Seaton 1955) in which the total cross section has significant contributions 
both from those O, for which 6, is large and those for which 6, is small compared 
with 7/2. In such situations the phase Born approximation provides a method of 
including both contributions consistently. 

Kohn (1954) has shown that the Born approximation for 5, is preferable to 
that for tan 6, and sin 6,in the high energy limit. For further comparison the exact 
phases and the phases obtained from the Born approximations for §,, sin 6, and 
tan 6, are compared for model} potentials in figures 1 and 2. 


Figure 1. Scattering phases § for square Figure 2. Scattering phases 8 for 


well potential as functions of 7, , the : 
o> centrifugal potential a/r? 
well breadth. gal potential a/r?. 


1, Exact phase; 2: 8 obtained from Born approximation for 5; 3, 8 obtained from 
Born approximation for tan 6; 4, 8 obtained from Born aproximation for sin § 


+ The author would like to thank Dr. M. J. Seaton for providing these examples. 
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In figure 1 the comparison is made for the equation 


[ejdr—u(r)+RF(r)=0 FO)=0 wa. (26) 
with the square well potential 
u(r)=—a T=, 
u(r )=0 FF 5. conan (27) 


The curve is plotted for k= 1, a=0-96 with §=5, as a function of the well breadth 
7). In figure 2 the comparison is made for the phase 5,=5, when 


uy = +) _ 


= ea (28) 
with l=2. The exact phase exists only for 4a<(2/+1)? and all phases are 
independent of k. In both examples the phase obtained from sin 5 exists only 
over a small range. 

A first order variational method for obtaining scattering phases consists of two 
parts: (a) the derivation of an approximate wave function from a stationary 
functional (subject to certain subsidiary conditions), and (b) the first-order 
correction of the asymptotic phase of this approximate wave function, which may 
or may not be obtained from the same stationary functional. In the table the 
phase obtained by applying the correction (i) to the asymptotic phase of a wave func- 
tion obtained by method (iv) is compared with the variational method of Kohn, 
which is based entirely on the variational principle for tan 6,. The comparison 
is made for elastic potential scattering by the undistorted field of the ground state 


Comparison of scattering phases. Numerical integration by 
McDougall (1932). The phase variational method results in a 
quadratic equation, and the root chosen, indicated by italics, is 
determined by the size of AL. The Kohn results of Massey and 
Moiseiwitsch (1951) were recalculated to give an additional decimal 


place 
Phase Rk 0-1 0-15 0-2 0-3 ()-4 OS 1:0 
Numerical integration 0-730 = 0-9731 1:0458 — 1:0448  0-9057 
Phase variation (1) 0:-7215 0:-8834 0:9730 1-0611 1:1171 1:1656 1-1452 
Phase variation (2) 0:6482 0-8732 0:9702 1:0444 1:0564 1:0435 0-°9037 
Kohn 0-7215 08832 0-9719 1-0450 1:0564 1:0441 0-9042 


Kohn wave functions, 0:7215 0-8832 0:9719 1-0451 1:0572 1-:0446 0-9062 
phase corrected. 


of the hydrogen atom, using the same form for the trial functions as Massey and 
Moiseiwitsch (1951). Evidently the phase variational method is slightly worse 
than the Kohn method. ‘The main source of error is the poor approximate 
function obtained by method (iv) for part (a) of the variational method. ‘The phase 
correction (i) applied to a Kohn approximate function in this case gives a phase 
more accurate than when either the tan 6, (Kohn) or 6, variational principle is used 
for parts (a) and (4). 

The results of the last paragraph might be explained as follows. If a stationary 
quantity QO is to be obtained accurately from an approximate wave function Ff’, 
it is desirable that O should vary as little as possible about its value for the exact 
wave function F. But ifthe qauntity QO is to be used to obtain an approximate wave 
function by first-order variational method as accurately as possible then it should 
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be sensitive to small variations in the function. Since these two conditions are 
incompatible, it is no cause for surprise that the phase variational principle should 
be better than variational principles for tan 6, for obtaining phases from given 
approximate wave functions in applications (i), (ii) and (iii) but worse for obtaining 
approximate wave functions in application (iv). 


§ 6. Many CHANNELS 


At a given energy FE the N? elastic and inelastic processes associated with N 
coupled channels of a two-body collision may be considered together as con- 
stituent parts of a single N-channel scattering process, and represented mathe- 
matically by the N-dimensional linear space of solutions of the Schrodinger 
equation. Any particular pure state is represented by a function lying in this 
space. The single equation which determines the scattering in one channel 
goes over to a set of coupled differential equations, or one matrix differential 
equation, for N independent solutions. ‘The commutation properties of the 
matrices introduce new features into the variational principles. 

The diagonalization of the scattering matrix leads to eigenphases which are 
in some respects analogous to the scattering phase in one channel, but they do 
not determine the scattering cross sections completely: for this the coupling 
constants, or else the transformation matrix which diagonalizes the scattering 
matrix, is required. A variational principle for the eigenphases alone is not 
sufficient for most purposes. 

We use the Hermitian phase matrix €, which is real when the representation 
for the bound states is chosen so that the reactance matrix is real, which com- 
pletely determines the scattering cross sections and reduces to the phase 6, in 
the case of a single channel. A variational principle for € is derived. 


§ 7. Matrix EQUATIONS 


The time-independent Schrodinger equation for an N-channel scattering 
process may be reduced to a set of N coupled equations of the form 


2 2 
— Fel pe ee frat S70 oan (29) 
(2; ps leera, ONY) 
with boundary conditions at the origin 
Fin(7;)=9, (7,=0) ee oO) 


where 7 and j label the channels and p labels a set of N linearly independent 
solutions which span the solution space. For the channel 7, m; is the mass, 
r; the channel coordinate and h?k;?/m,=2(E—E;) is twice the kinetic energy in a 
centre-of-mass coordinate frame. F is the total energy of the whole system 


and £; the residual energy of the reaction products. Equations (29) may be 
written in matrix form 


(H—E)F = — im ((d/dr)? —I(1+ 1)r2 +. |F + VF=0, 


where k, /, m and d/dr are diagonal matrices with elements 5:;,, 5;,/;, 5;;m; and 
§,,d/dr, respectively and §,, is the Kronecker delta. 
We shall suppose that V is a Hermitian operator, so that 


["Ftave- [-wryac 8.32) 
0 0 
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for well-behaved matrix functions F(r) and G(r) for which EO) =G10)—0; 
The order of the factors must be maintained because the matrices do not all 
commute. 


co (* co 


-x. 4% <., as elements | exc 
0 
and operates as an integral on both sides of the symbol dr. 
The explicit form of the operators V,; will depend on the scattering problem. 
For elementary potential scattering 


The diagonal matrix | Lae Ae 


ij 
0 


* 


V;Fp(r;) = | AB Fil )\Fip (ty) vee (33) 


where u;,;(r;) are potential functions and §(r) is the Dirac delta-function. Note 
that V;;F;,,(r;) is a function of 7;. For other types of scattering the V,; may be 
exchange operators or more complicated. We suppose V contains only short- 
range terms, so that F has the asymptotic form 


Ree eee Bl hates (34) 
where v, the diagonal velocity matrix, and 
x=kr—tlr 


are introduced for convenience. A and B are constant matrices independent 
of r. 


§ 8. CONSERVATION, NORMALIZATION AND STANDARD REPRESENTATION 


The phase variational principle for one channel was derived in § 3 for approxi- 
mate functions which satisfied the physical condition of conservation of pro- 
bability, and the mathematical condition of constant normalization. For many 
channels the former condition imposes 


aan 4 as (36) 


on the functions F of (34). ‘The proof is exactly that for the unitary property 
of the S-matrix: The normalization condition takes the form 


| " Pegi deo \=SBV= BRT oa (37) 
0 


which is equivalent to 
MAGBIB=20  . wasipstie (38) 


so that when both conditions are satisfied A and B are unitary matrices. 
Any approximate function F satisfying the conservation law may be converted 
to certain standard forms by post-multiplication. 
In the standard scattering representation the matrix functions have the 
asymptotic form 
FOm Car) Wiest er By nel ns (39) 
where S is the unitary scattering matrix. 


Each column of F contains incoming waves in one channel only. Since S 
is unitary we may define a Hermitian phase matrix € such that 


S=exp (26), Sason (4)) 
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Postmultiplying F by ie~€ we obtain a standing wave representation 
FO ~ (Qrv)-!2i[e*te** — ee] nee (41) 


This is not the same as the standing wave representation F® used in the definition 
of the eigenphases, although both F® and F® reduce to 24?(7v)-¥? sinw for a 
single channel. 


§ 9. VARIATIONAL PRINCIPLE FOR MANy CHANNELS 


We consider the variation Aé in the Hermitian phase matrix €. The deriva- 
tion of the variational principle is the same as that for one channel, except for the 
lack of commutation. Using the representation /™ for all exact and approximate 
functions, let 


7 


=2 i “PD Gr (He BE) RO) ee eens (42) 
bd 0 


Then since F®’=F®+AF and (d—E)F%=0, for the exact solution PF we 
have 


Np } * ROY tdr(H — E)FO" — | * FOdrt(H — E)FO 
0 0 


7 


2 | ” AFOtdr(H— E)AFO + | * FOtdr(H — E\AFO+ | ” AFOtdr(H — E)F® 
0 0 0 
s | * AFOtdr(H — E\AF® + i ° FOtdr( H — E)FO’ 
0 0 


: | “H-E)FO|tdr FO, (43) 
0 


But the potential operator, the centrifugal term and the constant E are al] Hermitian 
so that only the derivative terms remain, and to first order in AF, 


Nes | * FO dr[ — 42 m-1(d/dr)2| FO — | * [—d2m-(d/dr)2FO]t dr FO” 
® ) ) 
= $h7lim{[m-\(d/dr)FO}TF®’ — FOtm(d/dr)FO%. aes (44) 
by Green’s theorem. On substituting the asymptotic forms given by (41) 


h 


— AL ~ $flim{[e“7e—* + e'e* ] tik(2rv) mn [ee +’ — eiteit’] 
7 


plese, — ee" iik(2re) sun tle-e-* + elzera! 
=11i(27)r [ere ee |e 9 9 2 ee ee (45) 


By the perturbation theory of non-commuting operators, analogous to the 
perturbation theory of the time-dependent Schrédinger equation: 


elf’ — ell +48) — lim[etls(1 + 1AE/s)]8 
$>00 


A 
=e 4 if dae Afeiné + O[(AE)*], 
0 


so that to first order in AF, 


1 
AL~3 | da| elt NEe 5 en tt \cees |) ee ere (47) 
0 
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In order to evaluate A€ explicitly in terms of AL it is convenient to diagonalize 
€. Let U be a unitary matrix which performs this diagonalization. (This 
matrix also diagonalizes the S-matrix.) Then 

[eee Or = Sn €XP (1a,,,), shee Neon 4 (48) 
where 6,, are the eigenphases of the scattering matrix and ,,,, is the Kronecker 
delta. Then if 


Bae ah ee ee ie tN Ol LP Reed tee (49) 
it may be shown by carrying out the integration that 
5, —8 ; 
AE nn? = a AL yy kee ee 50 
-mtit sin (a = 62) mei ( ) 


‘This variational principle has a less elegant form than the principle for one 
channel. ‘There is no stationary matrix corresponding to the stationary phase 7. 

The principle cannot be used in the above form when the exact matrix € is 
not known, and this is generally the case. However, a similar expression may 
be obtained by expanding e** to first order in A€, with €’ constant. 


coe | * doelxt’ Agee 4 e-ntAgerf], on, (51) 
0 
If U’ is the matrix which diagonalizes €’, and 
APO] FF AALY, ASST AACU aah (52) 
then 
Ree On —8n SAT me wanes at (53) 
‘ei pin fe = 0,/) 9 


Evidently the singularities in the coefficient of AL will give trouble and the 
variational principle is worthless if the difference between any pair of eigenphases 
is near a non-zero multiple of 7, unless the corresponding element of AL is 
negligible. 


§ 10. THe First BorN APPROXIMATION FOR MaNy CHANNELS 


For this particular application of the variational principle, 4,,’ are all equal 
to zero, and the difficulties mentioned in the previous section do not arise. 


Ag~AL=L’ 
Ag~ — 5 | “ FOtdrVFO, ae (54) 
0 
FO w24%(no)-sin (kr—Hlr) nee (55) 


is real and diagonal, so that 


Agé=ah amt? | a pz]. (Rr )drVr?J 4 0(Rr mt? 
0 


ie) 
NE;; = Thm" emi? | rpl?J 1,+1/2 (kyv,)dr; VirgerJ 1; +1/2 (kyr; } 


0 
where it should be noted that Vigi? Ji, a1jo(Ajr;) is a function of r; Using the 


Born approximation to the phase matrix, the S-matrix is 

S=exp(—2iAE) nee ee (57) 
and if V is Hermitian the conservation laws are never violated. In actual com- 
putation the S-matrix is best obtained through diagonalization of the 
Aé-matrix. 
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§ 11. CoNCLUSION 


For one channel the phase variational principle is applicable over a wider 
range than other first-order variational principles. The perturbation theory 
for the phase, including the Born approximation to the phase may be expected 
to give more accurate results than the corresponding approximations to tan 5) 
The phase variational method for obtaining approximate wave functions does not 
appear to be so satisfactory as the Kohn method, but the phase correction applied 
to a Kohn approximate wave function may be more satisfactory than the Kohn 
method used on its own. 

For many channels the range of application of the variational principle is 
limited by singularities for the off-diagonal elements of the phase matrix, and 
so does not show such advantages over the R- and S-matrix variational principles 
as in the single-channel case. However, these singularities do not appear in 
the derivation of the Born approximation to the phase matrix, which consequently 
shows the same advantage over the other forms of the Born approximation as 
when there is only one channel. 

The phase variational principle for free states is a natural generalization of 
the energy variational principle for bound states by virtue of its normalization 
condition. 
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Abstract. Spectroscopic studies have been made upon the luminosities produced 
by 0-5 to 1-5 Mev beams of H+, HH*+, HHH* in N, at pressures below 100 Hg. 
Photography and identification of spectra, measurement of the variation of 
intensities of spectral features with pressure, and spectroscopic temperature 
measurements confirm a primary mechanism of single collision ionization with 
excitation. Effects of secondary excitation processes by secondary electrons 
produced in the primary processes are discussed. 


$ 1. INTRODUCTION 

PREVIOUS spectroscopic survey of the luminosity arising from the passage 
of 0-5 and 1Mey protons through nitrogen and oxygen at pressures 
between a few microns of mercury and atmospheric pressure (Nicholls, 
Reeves and Bromley 1959, to be referred to as I) has now been extended to 
include the molecular hydrogen ions HH* and HHH* (H,* and H,* respectively 
in mass-spectroscopic notation) in N, up to energies of 1-5 Mev. In addition to 
further spectroscopic identifications, quantitative measurements have been 
made on rctational temperatures and also on the variation of intensity of spectral 
features with pressure. ‘These measurements point fairly conclusively to a set 

of excitation mechanisms discussed below. 


§ 2. EXPERIMENTAL 


In order to obtain higher beam intensities (~ 5 A) than those used in the pre- 
vious experiments (I, ~0:25ya), a differential pumping system was used 
instead of a metallic window to separate the collision chamber from the accelerator 
vacuum system. Circular apertures, 7; inch in diameter, served both to 
define and to collimate the atomic and molecular ion beams, and also as differential 
pumping baffles. A chamber pressure of 100 Hg was the highest which could 
be maintained with the available pumps while retaining adequate vacuum in 
the accelerator system. Nitrogen was introduced into the differentially pumped 
collision chamber through a needle valve and pressures were measured with 
calibrated Pirani gauges. 

Atomic and molecular hydrogen ion beams from 0-5 to 5-0 ua were supplied 
by the Chalk River 3mev Van de Graaff accelerator. After traversing the 
bombardment chamber, the ion beam was collected by an insulated, oil cooled 
electrode, and integrated using a standard integrator circuit (Gingel and Bromley, 


{ Now at Department of Physics, Imperial College, London, S.W.7. 
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in preparation). Luminosity produced in the target gas was viewed at 90° 
and at 15° to the incident beam direction through quartz and lucite windows in 
the chamber. Figure 1 (Plate I) is a photograph of the collision chamber; a 
double exposure was used to show the collision chamber and the luminosity of 
ion beam. A time exposure of a few minutes was used to record the ion beam, 
and a second (flash) exposure of about a millisecond was superimposed to record 
the chamber and surrounding equipment. 

Simple condensing lenses were used to form images of the beam luminosity 
on the slits of three spectrographs and a spectrometer, all of which were used at 
different times during the experiment. ‘They were: (qa) an f/1-1 prism spectro- 
graph (Reeves and Nicholls 1958), (6) a Hilger f/4 spectrograph, (c) a 1-5 metre 
Bausch and Lomb grating spectrograph, and (d) a photon counting grating 
spectrometer. [he spectrometer employed a conventional collimator, plane 
grating and telescope system, together with a dry ice cooled RCA 1P28 photo- 
multiplier which was set to count photons from the (0,1) 4278 A band of the N,* 
First Negative system. Output pulses from the photomultiplier, greater than 
a bias set to discriminate against photomultiplier and amplifier noise, were scaled 
for a predetermined total integrated beam charge delivered to the collecting 
electrode. The integrating system automatically eliminated the effect of small 
beam current fluctuations on the measurement of relative spectral intensity. 


§ 3. RESULTS 


Three series of measurements were carried out: (a) photography and identi- 
fication of spectra associated with each of the ion beams H+, HH*, and HHH* 
in N, for a range of target gas pressures, (b) measurement of intensity distributions 
for rotational lines of the N,* bands leading to a determination of the ‘rotational 
temperature’, and (c) measurement of the dependence upon gas pressure of 
several of the spectral features at each of three incident ion energies 0-5, 1-0 
and 1-5 Mev respectively. 


3.1. Spectral Identifications 


The spectra from beams of the three types of ions in N, were photographed 
with the f/1-1 and f/4 spectrographs and were all very similar in appearance. 
The dominant features were bands of N,+ (First Negative and Meinel 
systems) accompanied by hands of N, (First and Second Positive systems) (1). 
Several lines of Hi, N1, and N 1 were also observed in some cases. 

As has been discussed previously (1) the First and Second Positive systems 
of N, were excited by secondary electrons (delta rays) within and outside the 
beam. ‘Thus the resulting spectra showed features not only of the luminous 
beam, but also of the less luminous sheath surrounding it. Figure 2 (Plate II) 
is a spectrum of 1-0 Mev H* in N, at a pressure of 58 Hg photographed with 
the Hilger f/4 spectrograph using a one hour exposure of Kodak IN plate. The 
three N,* Meinel bands are A7850A (2, 0), A8085A (3, 2) and A8330A (4,2) 
The Ni feature near (87004 consists of six lines between \ 8680 A and ASTIBA 
of Ni multiplet 1 (Moore 1945). A strong line of Nr multiplet 2 also lies at A 8216 A 
and may therefore partly overlap the Meinel (4,2) band as the reciprocal 
dispersion of the spectrograph is 2000 A mm in this region. No lines of H1 
were observed for any proton beams in N, from 0-5 to 1-5 Mev ay 
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For HH* and HHH* beams in N, the above N,* and N, bands were observed 
accompanied by several weak lines of Nr and Ni as well as v ery weak H, and H,. 
These lines are listed in table 1. 


Table 1. Identifications of Atomic Lines excited by 1mev HHH* Beams in N, 


Wavelength (4) Identificationt Wavelength (A) Identification} 
ie Nir (39) 4788 ii Nit (20) 
\ N1 (10) nel | 

4110 4861 Hg 

4340 H,, very weak 4895 Ni (1) 

4432 Nr (55) 4935 Nr (9) 

4530 Ni (59) 5001-5005 (4 lines) Ni (4, 9, 64) 
5680 Nit (3) 


t+ Numbers in parentheses refer to multiplet numbers in the compilation of Moore 


(1945). 


3.2. Temperature Measurements 


Relative intensities of the rotational lines of the R-branch of the (39144 
(0, 0) band of the N,~ First Negative system were measured using photographic 
photometry. Spectra were photographed on 103a-0 film using a 30slit and 
the 1-5 m grating spectrograph with exposures of 1—2 hours. 

For the N,* First Negative system (? —?X), the intensity J,,,, of a rotational 
line is given in standard notation (Herzberg 1950) by 

Trg = CV gr ge’ exp [—1-44B/K'(K’+1)/T.] ween (1) 
for lines of the R-branch provided that thermal rotational equilibrium exists. 
The variation of the v4 term over a band is small in practice, and thus the rotational 
temperature may be determined from the slope (—1-44B’/T_.,) of the straight 
line obtained by plotting log (/,.,./K’) against K’(K’+1). 

It is also possible to obtain an estimate of the rotational temperature by 
determining which line (K’, K”) of the R-branch of the band has a maximum 
intensity, for which, from equation (1) 

T.. =1-44B'K'(2K’ +1) (2) 
=1-44B’(K" + aN 2 awe & VE ae 

Figure 3 shows a plot of (log /,.,,/K’) against K’(K’ + 1) for the A39144 N.* 
band excited by 1-0 Mev protons in N, at 60 Hg. A temperature of 276 + 10°K 
was inferred from the slope of the best ‘least squares’ straight line fitted to the 
experimental points. This agrees with the laboratory temperature to within 
5deg. A temperature of 301 + 80°k was inferred from spectra excited by beams 
of 1:0 mev HH* and 1-5 mev HHH * in N,g at the same pressure using equation (2). 

Similar agreement has been obtained between laboratory temperature and 
rotational temperatures of N,* bands excited by 3 kev protons (Carleton 1957) 
and 10 and 30kev protons (Roesler et al. 1958). Our measurements which show 
agreement between gas kinetic and rotational temperatures at particle energies 
above 500 kev show that there is no appreciable interaction between the bom- 
barding particle and the internal motion of the target molecule. 

It is interesting to compare this conclusion for high energy particle beams 
with those drawn from similar spectroscopic temperature measurements made 
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on N,* excited by 2—4kev Li* ions where strong evidence has been obtained 
that the rotational motion is severely perturbed in the collision (Reeves and 
Nicholls, in preparation). 


oo ie 
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Figure 3. Plot of log I/K’ against K’ (K’+1) for determination of 
rotational temperature. 


3.3. Pressure Dependence 


Figure 4 summarizes the results of measurements carried out to measure the 
variation with pressure of intensity of the 44278 A (0, 1) band of the First Negative 
system of N,+ excited by 0-5 and 1:0mev protons using the photon counting 
spectrometer. In each case the linear segments at low gas pressures (0-60) 
of the curves is evidence of single collision excitation processes (I). At higher 
pressures (60-100 .) the curve rises steeply as would be expected when significant 
contributions to excitation arise from secondary processes. 
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Figure 4. Variation of intensity of \ 4278 A (0, 1) N,*+ band with N, pressure (the ion 
beams used are Ht); (a) using 0-5 mev protons; (6) using 1-0 Mev protons. 


It will be noticed that the 0-5 Mev curve was linear over the complete range of 
pressure studied, while the 1-5 mev curve was linear up to 85 Hg at which point, 
owing to the onset of secondary excitation mechanisms involving d-rays, the curve 
rises steeply with pressure. As has been pointed out above, the linearity of the 
early regions of each curve is strongly indicative of the operation of single collision 


excitation processes. It is possible to discuss the variation of slope of the linear 
region with energy of particle beam as follows. 


Optical Excitation of N, by 0:5 to 1:5 Mev Hydrogenic Ions Zot 


If, in the linear region, the total luminosity output L per cm® per second is 
proportional to gas density (or gas pressure P) and specific energy loss dE/dx, 
then 

L=const. P dE/dx 
APE») Seas, So ny) bee ek en te (3) 


dL/dP=const. dE/dx. 


Thus the slope of the luminosity—pressure curves like figure 4 should vary 
with energy in the same way that dE/dx varies with energy, that is (Segre 1953) 
as a monotonically decreasing function of increasing energy. A comparison 
between the measured slopes dL/dP and calculated values can be made using the 
data of Segré (1953) for air scaled to the value of the observed slope for } Mev 
protons. ‘This comparison is shown in table 2. 


Table 2. Comparison of Slopes 


E(Mev) 0-5 1-0 iOS 
Experimental slope 0-5 0-34 0:22 
Calculated slope (0-5)t 0-31 0:24f 


+ Calculated slope scaled to experimental slope here. 

t No curve is given for this case as difficulty was experienced with the detection and data 
near the break point were not reliable. In the linear region however the data were sufficient to 
provide an experimental value of slope. 


§$ 4. DiscussION 
The linear dependence of N,* band intensity upon pressure up to at least 
60 1, and the absence of Balmer lines of hydrogen in the observed spectra strongly 
suggests that the most probable primary collision mechanism operating in proton 
beams passing through N, targets is a single collision involving ionization with 
excitation, namely 
Ht++NooHt++Net*t+e. ss seveee (4) 


Further the linearity of the intensity—pressure plot indicates that, except at higher 
pressures (above the break point in each case), the energetic secondary electrons 
(delta rays) produced in the ionizing collisions play little part in excitation of the 
N,* bands. However, the fact that the N, Second Positive and First Positive 
band system increase in intensity with increasing gas pressure suggests that the 
secondary electrons are the dominant agents in exciting the N, band systems (which 
require a multiplicity change (1)). 

Similar excitation mechanisms of N,* bands are thought to hold in the case 
of HH+ and HHH?* beams, 1.e. 


HH*+ HH+* 
en Meee, SO ee, (5) 
HHH*+ HHH + 


The weak lines of Ni and Nu excited in HH* and HHH* beams indicate 
the probable operation of dissociative collisions of the form 


HHt+t HH 
N,> SoM RAIN EP Res” Oo anes ate (6) 
HHH HHS 
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The very weak H lines observed in HHH* beams in all probability arose 
from one of the possible dissociations of HHH*, e.g. 


H+Ht+t 
HHH+-+ N,> ot O* SEN es 8 nea (7) 
HH+ 
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Abstract. Measurement of pre-breakdown currents and breakdown potentials 
in humid air in the E/p range of 30 to 40vcm~!(mmHg)~! at total pressures of 
150 and 300mm Hg with partial pressures of water vapour in the range 2:5 to 
15 mm Hg indicate a pronounced increase in attachment compared with conditions 
in dry air. From the semi-logarithmic plots of current against electrode 
separation, Townsend’s ionization coefficient « and an attachment coefficient 
7 have been obtained for humid air employing the modified Townsend equations 
for the growth of current. From the measured breakdown potentials, values 
of ‘Townsend’s secondary coefficient y have been calculated using the modified 
Townsend breakdown criterion. Further the percentage increase in breakdown 
potential in humid air has been plotted as a function of the partial pressure of 
water vapour. 

From similar measurements in pure water vapour at pressures of 10 and 20 
mm Hg in the E/p range of 30 to 5|0vcm-!(mmHg)~|, values of «/p and y/p 
have been obtained for water vapour. A mean cross section for attachment has 
been computed for various values of mean electron energies assuming a Maxwellian 
distribution and employing the earlier measurements of drift and agitation 
velocities. 


§ 1. INTRODUCTION 


HIS work was undertaken to study the influence of the presence of water 
vapour on ionization and attachment coefficients and uniform field break- 
down in air. In the earlier work, on the measurement of these quantities 
in dry air (Harrison and Geballe 1953, Prasad 1959), it was shown that when 
electron attachment of the type 
e+AB>AB-orA+B- = naeees (1) 


occurs in the growth of the electron avalanche, the modified Townsend equation 
for the growth of pre-breakdown current in uniform fields and the criterion for 
breakdown are satisfactory to explain the uniform field breakdown at high 
pressures (of the order of one atmosphere). ‘These equations are: 


;-| "exp (o—4)d= — ] shciee (2a) 


I, x—1 a—H 

if om 7 1/L maa: ee senda 2b 
Ze —n)d— (exo 7 dN sees (25) 
1 fas zy ~—7 an? : 


a ene SS a rr (3) 
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where « and y are Townsend’s primary and secondary coefficients respectively 
and 7 is an attachment coefficient, defined analogous to « as the mean number of 
attachments per electron per centimetre of drift in the field direction. 

Whereas in dry air the negative ion formation is largely due to that in oxygen, 
since attachment in carbon dioxide is relatively small (Craggs and Tozer 1960), in 
humid air, however, negative ion formation in water vapour is also to be considered. 
While the experimental data in oxygen (and dry air) are satisfactory, this is not 
so for water vapour (and humid air) where no direct measurements of cross 
section for attachment are available. The earlier work in water vapour has 
been summarized in a review by Craggs and McDowell (1955) and the operative 
collision processes appear to be: 


(a) e+ H,O+OH+H- with an appearance potential of 5-7 ev 
(b) e+ H,O+2H + O~ with an appearance potential of 7-3 ev 
(c) e+ H,0O+H,O-*>2H + O07 


(d) e+ HJO+H+H++O~--+e with an appearance potential of ae age (4) 
20:8 ev 
(ec) e+ HJO+H+ +H++O- +2e with an appearance potential 
Of 34-3) ¢V. ] 


Ina recent mass spectrometric study of negative ion formation in water vapour, 
Muschlitz and Bailey (1956) observe a further OH” ion which they postulate is 
the result of a secondary ion molecular collision of the type 


H-+H,O0+OH~ +H, 
of OF H,O-—On- -OHy = > 8 oe (5) 


Energy considerations in the present work (where mean energies are less than 
10ev) rule out the possibility of reactions 4(d) and 4(e) contributing to the 
negative ion formation to any appreciable degree. ‘Thus considering the remain- 
ing reactions it is seen that the mechanism of negative ion formation is of the 
type e+AB—A+ B- in terms of the ultimate products of the reaction, and hence, 
ignoring secondary processes as an approximation in humid air a generalized 
attachment coefficient 7 can be defined for the entire gas which represents the 
combined rates of formation of negative ions in the constituent O, and H,O due 
to the various reactions. Under these conditions therefore the growth of 
pre-breakdown current can be represented by the modified Townsend equation 
(cf. equation (2)) and uniform field breakdown in humid air can be explained 
on the basis of the ‘Townsend build-up mechanisms. 

The authors find that the measurements of pre-breakdown currents in air 
with varying degrees of water vapour content conform to the above theory. 
Further, measurements of pre-breakdown currents in pure H,O justify the 
assumption of the mechanism of negative ion formation as indicated above. 
From the values of the attachment coefficient obtained in H,O the mean cross 
section for attachment for the swarm has been computed assuming a Maxwellian 
distribution and employing the earlier measurements of drift and agitation 


velocities. 
§ 2, EXPERIMENTAL TECHNIQUE AND RESULTS 


A detailed description of the apparatus and the accuracies of the measurements 
have been published earlier (Hopwood et al. 1956, Prasad 1959) and will not be 
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dealt with here. Two cathodes, one of dural and one of platinum, both of 
15cm overall diameter machined to a Rogowski profile, have been used in the 
present work. Pre-dried, compressed air, supplied in a cylinder by Messrs. 
B.O.G. Ltd., has been employed throughout the present work and in the earlier 
measurements on dry air (Prasad 1959). ‘To check the dryness of air supplied 
the following technique was adopted. Pre-breakdown currents and breakdown 
potentials were measured using (a) cylinder air directly, (6) cylinder air dried 
in a liquid N, trap, (c) room air dried in aliquid N, trap. Results agreeing closely 
within the experimental error were obtained from all the three samples, thus 
justifying the use of cylinder air directly for this study. An auxiliary Pyrex glass 
vessel (~5cm diameter) was connected to the chamber through appropriate 
taps such that it could be evacuated either by the main pumps via the chamber or 
directly by an auxiliary rotary pump in isolation. Pure distilled water, used 
throughout this study, was introduced into this vessel and frozen by arranging 
a liquid N, bath around the vessel. After the vessel had been evacuated to the 
limiting vacuum of the auxiliary pump, it was isolated from the pump and 
evacuated further by the main diffusion pump to 10->mmHg. The total 
pressure of H,O+dry air was set on the micromanometer (cf. Hopwood et al. 
1956) to +1mmHg and water vapour was evaporated to the desired partial 
pressure (p,. mmHg) into the chamber under vacuum, the pressure being 
measured on an oil manometer using silicone oil (to + 1mmoil) and the dry air 
from the cylinder was then leaked in until the total pressure equalled the preset 
total pressure on the micromanometer. ‘Thus both the partial pressure of H,O 
and the total pressure of the humid air could be measured to high accuracy. It 
was found however that on application of an appropriate voltage to the gap, 
large ‘volume leakage’ currents (~5 x 10-! to 10-!°a) were present in the gap 
even without the ultra-violet irradiation of the cathode. ‘Though these currents 
did not vary appreciably with E/p (vcm~!(mmHg)~') no measurements could 
be made since they were of the same order of magnitude as the expected pre- 
breakdown currents. Since any leakage currents to earth on insulators can 
only ‘shunt’ the main gap and hence would not be recorded on the electrometer 
connected between the cathode and earth, it was felt that these currents originated 
in the gas itself. his was further confirmed by warming the insulators where 
accessible; this had no detectable effect on the currents. Since the air employed 
in these experiments was leaked into the chamber from a cylinder at a pressure 
of 14 to 2 atmospheres, it is possible that the expansion of the air to the low 
pressure of the chamber with the consequent reduction of temperature, caused 
condensation of the water to some extent. This reasoning was confirmed by 
preheating the air to about 100 °c as it was leaked into the chamber, which reduced 
the leakage currents to less than 5 x 10~', the lowest detectable current on the 
electrometer. This additional procedure was therefore adopted throughout 
this study. Further, it was found that the photocurrent yield from the cathode 
was relatively poor, particularly after a breakdown run in air and hence the 
cathode was repeatedly ‘cleaned’ by running a low pressure G- 1-2 mm Hg) glow 
discharge in hydrogen at a current of 5-10 ma for 15~30 minutes. 
The measurements of pre-breakdown currents and breakdown potentials 
made in this study are summarized in table 1, together with the designation of 
individual runs for convenience. The runs hereafter will be referred to by 
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these designations. Further, pre-breakdown currents were measured in pure 
H,O at 10 and 20mm Hg over an E/p range of 30-50 vcm™ (mm Hg). 


‘Table 1 
(1) (2) (3) (4) (5) 
150 25 Platinum 30-40 150/2-5/Pt 
5 Dural 30-50 150/5/D 
9 Dural 30-50 150/9/D 
9 Platinum — 150/9/Pt 
tS Dural 30-45 150/15/D 
300 5 Platinum 30-40 300/5/Pt 
10 Platinum 30-40 300/10/Pt 
18 Dural — 300/18/D 
150 0) Platinum 30-40 150/Pt 
0 Dural 30-40 t50/D 


(1) Total pressure p (at 20°c); (2) partial pressure of H,O py (at 20°c); (3) cathode material ; 
(4) range of E/p (v cm~! (mm Hg)~!); (5) designation. 


After the four runs with the dural cathode it was found that the J) yield from 
the cathode dropped very low (~ 10- to 10-"a in vacuum) and the clean-up 
treatment did not produce any appreciable change. On examination it was found 
that the cathode was covered with a grey-white layer which could not be removed 
except by the use of abrasives. It was therefore decided to change to the platinum 
cathode. This was used advantageously to investigate the dependence of the 
breakdown potential on the cathode material. ‘The difficulties experienced with 
the dural cathode regarding the photoelectric yield were not present with the 
platinum cathode, thus demonstrating its better surface stability. 

In the case of measurement of pre-breakdown currents with pure H,O, it 
was found that reproducibility became, particularly at high E/p( > 40), very poor 
unless the pressure was maintained to +1mm oil (ie. ~80uHg). This 
was achieved by letting the H,O vapour stand in the chamber at approximately 
the desired pressure for a period of 14 to 2 hours and then leaking in the vapour 
needed. ‘The need for this procedure is due to the presence of the nylon h.v. 
bushing, etc. in the chamber which presumably is partly hygroscopic and needs 
to come to equilibrium at the water vapour pressure. After the stated period, 
the results were always found to be reproducible to within the limits of the error 
of the experiment. 

For the sake of brevity (log J, d) plots of only two runs in humid air are given 
in figures 1 and 2. All these plots exhibit curvatures characteristic of equation 
(2), thus justifying the assumptions made regarding the mechanism of negative 
ion formation. 

No upcurving or very slight upcurving was observed in all these plots at large 
values of d (ie. 1<d<3cm), indicating very low secondary electron yields, 
contrary to runs in dry air. ‘Therefore no extensive values of y could be measured 
directly and hence it was decided to calculate values of y employing the measured 
breakdown potentials and the values of « and y. From the (log J, d) plots, the 
coefficients « and y were evaluated by a careful process of curve-fitting using 
equation (2a), such that the measured and calculated values of currents at any 
particular value of d agree to within 5°, in the range d=0-4 to 30cm; con- 
sequently the errors in « and 7 should in general not be greater than + Det 
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Figure 1. Jonization currents in humid air 
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Figure 2. Ionization currents in humid 
air at 150/9/D for various constant 
values of the parameter E/p. 
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was found that in all the 150mm Hg runs the curvatures of the (log /,d) plots 
for E/p >40 were very slight, being confined to d<8mm to 10mm and hence 
no measured values of «/p and 7/p could be obtained for E/p>40. However, as 
has been pointed out in an earlier publication (Prasad 1959), the mean slope of 
the (log J, d) plots under these conditions, where «/p >/p, was (%—7)/P. Thus 
although the values of both «/p and »/p could not be determined individually for 
E|p > 40, the values of («—7)/p could be obtained for E/p>45. It was found 
that the values of (« —7)/p so obtained agreed to within 5°% with the corresponding 
mean extrapolated values of («—1)/p obtained from the runs conducted at 
E/p < 40 for the various compositions of the humid air, thus justifying the pro- 
cedure adopted for the evaluations of y in this study. The values of «/p and 
n/p obtained in this study are indicated in figures 3 and4. It can be seen that the 
values of «/p and 7/p obtained from the 300/5/Pt and the 300/10/Pt runs agree 
with those from 150/2-5/Pt and 150/5/D respectively. 


Table 2. Values of Breakdown Potential in Humid Air (kv) 


Dural cathode Platinum cathode 
pd 150/0 150/5 150/9 150/15 300/18 150/0 150/2:5 300/5 300/10 150/9 
300/0 300/0 
Us) they) 4:3 4°5 4°5 os 4-3 4-4 _- — 4-4 
150 3=—7-4 7-6 7:8 7:9 7°8 7-4 7-6 7-6 7:7 7:8 
Apis NOE OR ul e0) ale 11 10-3 10-6 _. 10-7 10-9 
300: 13:3 13°8 14:1 14:2 14-1 34 13-6 136) iss 14:0 
Sis) esi Gey IR ale Ll 15-9 16°5 a 16:7 17-0 
450) 1859" 919-7 20-1 20°3 20-1 18:5 19-4 19-3 19-6 20-0 
600 24:2 254 — — 26:0 2855 — 24:9 25:3 25:8 
a) e293 SA 7, 28:6 _— 30:3 30°8 — 
900 34-0 S325 a Sry Skors) — 
760 29-6 31:5 — 32-4f 32:1 28°9 = BOe7/ — syiles} — 
pd in mm Hg cm. + Extrapolated values. 


Measured values of breakdown potentials from this study are summarized 
in table 2. Here again it can be seen that the breakdown potentials obtained 
from 300/5/Pt agree with those from 150/2-5/Pt and those from 300/18/D agree 
with those of 150/9/D. Further it can be seen that the dependence of breakdown 
potential on the cathode material is very small in the case of humid air, whereas 
it is pronounced for dry air. Figures 5 (a) and 5 (6) indicate the percentage 
variation in breakdown potential at a total pressure of 150mm Hg as a function 
of the partial pressure of water vapour for the two cathode materials employed 
for different values of pd(mmHgcm). Calculated values of y using the measured 
breakdown potential values and mean extrapolated values of «/p and »/p, employing 
equation (3) are summarized in table 3 for both the dural and the platinum cathodes. 
It was found that at E/p=47-5 and 50, in the case of the 150/9/D runs where 
current measurements were extended to distances within 10-15% of the sparking 
distance, the measured and calculated values of y were in agreement to within 
15%, thus demonstrating the accuracy of the above calculations. 

The pre-breakdown currents measured in pure H,O vapour at 10mm Hg are 
indicated in figure 6. It can be seen that here again the current plots exhibit 
curvatures characteristic of equation (2) and indicate the presence of very high 


——— 


Ionization in Humid Air 229 


attachment rates. ‘The values of «/p and »/p evaluated from these measurements 


at both the pressures are indicated in figures 3 (curve E) and 7 respectively 
together with the measurements of 7/p by Bailey and Duncanson as quoted by 
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Figure 5. (a) Percentage increase in breakdown potential as a function of pw at a total 
pressure of 150 mm Hg obtained with a platinum cathode for different values of pd. 
+ +, calculated points from the observations of Allen and Phillips (1959). 
(6) Percentage increase in breakdown potential as a function of pw at a total 
pressure of 150 mm Hg obtained with a dural cathode for different values of 
pd. + +, calculated points from the observations of Allen and Phillips (1959). 


Healey and Reed (1941) and Kuffel (1959). Measured breakdown potentials 
in H,O vapour are summarized in table 4. No measurements of y were possible 
since no upcurving was observed in the (log J, d) plots even at a value of E/p of 
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Figure 6. Jonization currents in H,O vapour Figure 7. Values of n/p in H,O vapour: 
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line is due to Kuffel (1959). 


50at3cmgaps. From the values of 4/p, employing the drift and agitation velocity 
measurements of Bailey and Duncanson (Healey and Reed 1941) and assuming 
a Maxwellian distribution, mean cross sections for attachment in water vapour 
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Table 3. Calculated Values of y in Humid Air 


y : dural cathode y : platinum cathode 
Elp 150/0 150/5 150/9 150/15 150/0 150/2-5 300/10 150/9 
4-4 10-§ — _: — Se iOo dlelecilh=* — — 
TOS AMOH=2 TEN SCIO== _ MOO FAs? iSO see ila? 
45-0 4:0x10-> 2:9x10-*§ 44x10-? 7:5x10° 5-2 Ome t Ome 
rl SilOF ile! Sixes“ 1°65610=* 5-7 105s 1-6s1052 3-2 105 
(opel # ‘lel ee 2-60 =D al Oe 


Table 4. Values of Breakdown Potential in Water Vapour 


pd (mm Hg cm) 10 20 30 40 50 
Breakdown potential (v)}+ 1080 1600 2070 2530 2990 


+ Obtained with the platinum cathode. 


have been computed for various values of mean energies using the equation 


where w and U are the drift and agitation velocities respectively and No the 
number of molecules cm~* at 0°c and 1mmHg. These are indicated in figure 8. 
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Figure 8. Values of mean cross sections for attachment in H,O vapour for various mean 
energies. 


§ 3. Discussion 


The absence of any pressure effects in the measurements of 7/p in both the 
humid air and water vapour, confirms the assumption of e+ AB+AB- or A+ B- 
as the mode of negative ion formation in water vapour and there appears to be 
no evidence in the present work of any pressure dependent reactions, though 
no individual reactions can be specified in this technique of measurement, since 
mass spectrometric observations cannot, at present, be made. nie oe in 
humid air there appears to be no simple relationship between the increase in 
7/p and the increase in the water vapour content, even though the values of 


n/p from 300/5/Pt and 300/10/Pt agree with those of 150/2-5/Pt and 150/5/D 
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indicating that the observed attachment depends on the volumetric composition 
of the mixture alone. The increase in n/p between 150/9/D and 150/15/D 
appears to follow a partial pressure law, though this may be fortuitous. 

In humid air no appreciable rise in x/p occurs at any particular value of E|p 
until the partial pressure of water vapour is greater than 2-5 mm Hg, though there 
is a pronounced increase in the values of »/p. ‘Thus there is a reduction in 
(~—7)/p with respect to the conditions in dry air. ‘This, coupled with the 
very low values of y (cf. table 3) as indicated by both the relatively poor 
photoelectric yields and by the absence of upcurving in the (log/,d) plots, 
accounts for the large increase in breakdown voltage of air with the increase in 
humidity. Meek (1959) has recently published a preliminary interpretation of 
the low secondary coefficients in terms of photon absorption, a mechanism 
Suggested earlier by KGhrmann (1956) for humid air. Further there appears 
to be a pronounced dependence of the breakdown potential on the cathode 
material in the case of dry air, the breakdown potential with the dural cathode 
being higher than that with the platinum cathode. Further details of this effect 
as observed in other gases as well will be published elsewhere. This dependence 
however seems to be very small, though definite, in the case of humid air (cf. 
150/9/D, 150/9/Pt in table 2). The breakdown potential with different degrees of 
water vapour content appears to depend purely on the partial pressure ratio of 
dry air to water vapour as evident in table 2. However figures 5(a) and (b) 
indicate that the percentage increase in breakdown potential tends to ‘saturate’ 
with the increase in water vapour content p,, beyond a partial pressure of water 
vapour of 10 to 13mmHg. Further the percentage increase in V, for any 
particular value of p,, seems to be dependent on the cathode material. Points 
calculated from the recent measurements of breakdown potential of humid air 
(Allen and Phillips 1959) obtained at a total pressure of 760 mm Hg and various 
values of p,, employing brass electrodes at 1cm separation, are also included 
in figures 5 (a) and (4). ‘These points have been calculated for a total pressure 
of 150 mm Hg and pd of 760 on the basis of the ratio of partial pressure of dry air 
to that of water vapour and these agree well with the measurements obtained in 
this study with the dural cathode. Some recent observations in this laboratory 
by Leyn (unpublished) indicate that the values of breakdown potential obtained 
with dural and brass electrodes do not differ appreciably. 

The appreciable difference between the measurements obtained in this study 
with the platinum cathode and those of Allen and Phillips (1959) is, it is 
suggested, due to the different cathode materials used in the two cases. Further, 
it is of interest to note that the data obtained at total pressure of 760 mm Hg can 
be correlated on the basis of partial pressures with that obtained at 150mm Hg, 
thus demonstrating the validity of a partial pressure law in the values of Vg in 
humid air. : 

The 7/p values in water vapour indicate a strong attachment (ef; figure 7). 
The values of 7/p from the present study differ appreciably from those of Bailey 
and Duncanson (1930). ‘This, it is suggested, is due to the very large increase in 
«/p at E/p>30, which introduces a large error in the diffusion techniques of 
earlier workers. The agreement with the data of Kuffel (1959) however is 
satisfactory. Values of 7/p obtained in this study for E/p> 45 have not been 
considered for the computation of the mean curve (figure 7), since at these high 
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values of E/p the accuracy of evaluation of 4/p becomes poor (Prasad 1959). 
Since this paper was prepared, cross section data in water vapour obtained by 
Buchel’nikova (1958) have become available. "The computation of attachment 
cross sections, i.e. in swarm conditions, from these results show marked dis- 
agreement with the present work. Thus, at mean electron energies of 2 and 3 ev 
respectively Buchel’nikova’s data (see figure 8 for comparison) give attachment 
cross sections of 1-75 x 10-18 and 4x 10-!%cm? respectively for a Maxwellian 
distribution. Since no published data are available on the drift and agitation 
velocities in humid air or on the effect of the presence of water vapour on the 
electron energy distribution in air, no correlation is possible between the data 
from humid air and that from water vapour regarding the cross section for 
attachment. 
§ 4. CONCLUSIONS 


The absence of pressure effects in the 7/p values in this study, it is suggested, 
indicates that the negative ion formation in water vapour and humid air is of the 
form: e+AB+AB~ or A+B-. 

There appears to be a pronounced increase in attachment and in the break- 
down potential in humid air as against dry air and this would, it is suggested, make 
comparison of data on air quite erroneous, particularly the data from the earlier 
measurements where no attempts were made to dry the air used, unless the 
humidity is specified. The pronounced dependence of the breakdown potential 
on the cathode material in both dry air and, to a lesser degree, in humid air, 
requires the specification of the cathode material as well, essential for purposes 
of comparison of data as obtained by different workers. Further the presence 
of water vapour appears to lower the secondary electron yields considerably and 
requires a detailed study. ‘The dependence of the breakdown potential on the 
cathode material at these large values of pd confirms the view held by earlier 
workers (Llewellyn Jones and Parker 1952) that the Townsend build up 
mechanism is satisfactory to explain the uniform field breakdown in air. 
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Abstract. ‘The manner in which underwater explosions differ from low- 
amplitude point sources of sound is considered theoretically, especially effects 
due to cavitation near the sea surface. Some measured differences between the 
acoustic source levels of various size charges and some absolute charge source 
levels are given. These experimental results are presented for charge sizes 
between 0-002 and 501b, for charge depths from 7 to 60 fathoms, and for 
frequencies from 25c/s to 6:-4kc/s. The results at a given depth are shown to 
obey a simple scaling law. ‘Theoretical source levels are calculated by Fourier 
analysis of shot pressure-time curves reported by Arons. At high frequencies 
the theoretical spectral energies of the shock wave and the bubble pulses are 
simply added together, but at low frequencies it is necessary to take account of 
phase. In general there is very good agreement between the experimental and 
theoretical levels, and certain small discrepancies are explained in terms of bubble 
migration and related effects. 


§ 1. INTRODUCTION 


NDERWATER explosions have been used as acoustic or seismic sources 

in many connections: for example in geophysical prospecting, in radio- 

acoustic and pure acoustic navigation, for signalling including distress 
signalling, and for the investigation of underwater sound propagation. 
Explosions provide a pulse source of great power, so that measurements at long 
ranges may be made without costly generating equipment. In addition they 
contain energy in a wide range of frequencies and are not restricted in depth. 
They have some disadvantages as acoustic sources in research work, mainly due to 
finite-amplitude effects. 

In the course of various sea trials organized by the Admiralty Research 
Laboratory, many explosive charges have been fired, and much experimental 
snformation accumulated. From this it has been possible to deduce absolute 
source levels for the various charge sizes, which are needed if transmission loss is 
to be found from measurements of received signal level. In addition there have 
been several special experiments to measure the energy differences between 
charges. A knowledge of these differences is necessary so that measurements of 
various workers with various charges may be reduced to a common standard. 
The present results are mainly for 1-lb charges of T.N.T. but some data are 
given for other charges from detonators up to 50lb—a range of 1:25000 in 
weight of explosive. . 

This paper considers first the special nature of the underwater explosion as 
an acoustic source, particularly effects due to surface cavitation, so that the experi- 
mental results may be processed having regard to these eifects. The measured 
charge differences and free-field source levels are then reported, and discussed 
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first in the light of the simple theoretical scaling laws. The theoretical pony 
spectra for the shot pressure-time curve reported by Arons ef al. (Arons 1948, 
1954, Arons, Slifko and Carter 1948, Arons and Yennie 1948) are calculated 
and compared with experiment, and the modification due to such effects as bubble 
migration are examined. A generalization of some of the theoretical laws at 
low frequencies, together with its application to underground explosions and 
other disturbances, is given elsewhere (Weston 1960). 


§ 2. THE UNDERWATER EXPLOSION 


The general character of underwater explosions is well established, and Cole 
(1948) may be given as a general reference. When a high explosive is detonated 
the detonation wave propagates through it and it is converted to incandescent 
gas at a very high pressure. A spherically symmetrical shock wave is radiated 
into the water. The pressure rise in the shock wave is practically instantaneous, 
and is followed by a decay which is initially exponential with time constant 
typically a fraction of a millisecond. By the time the gas bubble has expanded 
to its maximum radius the radiated pressure has become slightly negative. Due 
to the water inertia the bubble overshoots its equilibrium radius, so it begins 
next to contract, and then undergoes a damped radial oscillation. Observations 
of up to 10 oscillations have been reported, the actual number depending on how 
soon the bubble breaks up into smaller parts. At each bubble minimum a 
pressure pulse is radiated, of smaller amplitude but longer duration than the 
shock wave. ‘The first bubble pulse has an impulse comparable with that of the 
shock wave. ‘The radiated pressure—time curve is quantitatively described in § 7. 

When the shock wave reaches the surface it is reflected as a tension wave, 
which may cause cavitation. ‘This can sometimes be seen on cine records as a 
white flash just below the surface. Ifthe water surface is initially fairly smooth 
a slight roughening of the same extent as the flash is visible, which is usually 
described as the ‘black ring’. In addition, with a strong shock wave the area 
above the charge may rise into a dome of broken water, this spray dome having a 
diameter less than that of the black ring. The precise mechanism of the cavi- 
tation phenomenon is not certain, but it can best be understood in terms of the 
multiple layer theory of Wood, Lakey and Butterworth (1924). The reflected 
tension wave causes a fracture just below the water surface, and the momentum 
associated with the first part of the shock is trapped in the region above the 
fracture. The next part of the shock wave is reflected at the new surface and a 
second fracture formed. A series of layers will result, stopping when the ampli- 
tude in the tail of the shock is insufficient to cause cavitation. These layers will 
collide and break up to form the spray dome. The region with one layer only 
may be identified with the black ring. This picture is of course idealized, and 
in practice will be blurred by such effects as surface roughness. In addition the 
cavitation regions will probably not be voids with sharp boundaries, but more 
like layers of bubbles—so producing their white appearance. 

The most spectacular surface effect is the plume, which may appear as a bush- 
like eruption or as a thin spout. The plume occurs later than the spray dome 
and is due to the oscillating bubble moving upwards under gravity and arriving 
at the surface. For the deeper charges the bubble breaks up before reaching the 
surface, and the plume is replaced by an upwelling of frothy water. 
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§ 3. DIFFERENCES FROM A LOW-AMPLITUDE PoINT SOURCE 


Sl 

The underwater explosion differs from a fixed low-amplitude acoustic source 
both because of the high pressure generated, and because the source may move 
whilst it is still radiating. ‘The most direct effect of the finite amplitudes is that 
the different parts of the shock wave travel with different velocities, and there is a 
Riemann broadening plus a continual sharpening of the pulse. The latter keeps 
the viscous energy loss at the shock front at a high level by continuously trans- 
ferring some of the spectral energy to the higher frequencies. These effects are 
less important beyond about 100 yards and are discussed further in §6. Very 
near the charge the velocity of propagation of the shock wave is supersonic, but 
the saving in transit time is typically only a small fraction of a millisecond. 


a2 

If there is cavitation the tension wave reflected from the water surface will 
not be of full strength, and the signal propagated to a distance may be affected. 
This occurs mainly for the shock wave at the sea surface, but bubble pulses may 
also cause cavitation. Theoretically cavitation may still occur after an inter- 
mediate shock wave reflection at the sea bottom, or even at the bottom itself if 
there is sufficient gas there to make the boundary behave as a free surface. 

The study of cavitation in this connection is too large a subject to be treated 
adequately in this paper, and therefore the brief account below concentrates on 
presenting the main results. It applies to shock wave cavitation at the sea 
surface, and assumes the charge is not so shallow that the explosion gases blow 
out through the surface on their first expansion. 

There has been much controversy on the effective tensile strength of water, 
even when discussion is limited to results on cavitation above underwater 
explosions. ‘The author has measured 73 fathoms as the critical depth for the 
appearance of the corrugations (or black ring) above a 1-lb charge, corresponding 
to 290 lbin-2 for the sum of water breaking tension and the 15 lbin~* atmospheric 
pressure. The breaking tension is likely to vary with the shock wave duration 
and therefore with the charge size, but will here be assumed constant. Similarly 
the critical depth for the spray dome was measured as 43 fathoms, in close 
agreement with the results of Kolsky et al. (1949). ae 

For shallower charges the theoretical horizontal extent of the surface cavitation 
is usually given simply by the slant range at which the shock pressure has fallen to 
the above figure (290Ibin~*). In extreme cases there may be corrections due 
to the hydrostatic pressure gradient, the curvature of the cavitation surface, 
refraction, surface roughness etc. ‘The ‘ cavitation angle ” is a useful quantity, 
defined as the angle to the horizontal made by a line joining the source to the 
edge of the cavitated area. The cavitation effects are most likely to be serious 
for large shallow charges, e.g. 50 1b at 7 fathoms, which has a calculated cavitation 
angle of 14°. ; she 

To investigate the effect on a distant signal it is necessary to compare the 
cavitation angle with the various angles important in describing the undisturbed 
propagation. At high frequencies only the rays with small grazing angles at the 
surface are normally effective for propagation, since for larger angles there is a 
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change over from specular to diffuse reflection. Typically the cavitation angle 
is greater than the angles of the rays carrying the high-frequency energy, so 
cavitation is unimportant for the high frequencies. At low frequencies rays 
with angles greater than 14° may be effective, so that cavitation effects will some- 
times be significant. This is especially true at very low frequencies, where the 
direct and surface reflected rays will normally tend to cancel one another out 
and produce a dipole spreading law. However it is shown later that the major 
contribution to the low-frequency energy comes from the first bubble pulse, so 
that overall the low-frequency effects are seldom important. For all the depths, 
sizes and frequencies discussed in this paper only marginal effects due to cavi- 
tation are to be expected. 


po) 


Some of the energy lost on surface reflection is re-radiated as cavitation noise, 
and as noise due to the water in the spray dome-falling back. There is also the 
falling-back of the water in the plume. Some of these noises may be observed 
at close range, but it is thought unlikely that they are significant at long range. 


oN s 


When a strong shock wave is reflected at a very small glancing angle from a 
free surface the reflection is irregular, and the separate pressure and tension waves 
are replaced by a single pulse of reduced magnitude, as discussed theoretically by 
Penney and Pike (1950) etc. In idealized conditions this irregular reflection 
will eventually occur near the surface for any charge weight and depth, and for a 
50-lb charge at 7 fathoms the calculated range is 4600 ft. However, refraction 
and rough surface effects make its occurrence uncertain, and it is probably not 
important at all in the present connection. 


3.5 

Energy is radiated for as long as the bubble continues to oscillate; for the 
larger charges and shallower depths the bubble rises appreciably during one 
oscillation and some of the energy is radiated from a reduced source depth, so 
that surface image interference may be more serious. ‘The worst case considered 
here is that of a 50-Ib charge at 7 fathoms, where the vertical rise due to gravity in 
one oscillation is one quarter of the original source depth. This leads at very low 
frequencies to a decrease of 2} dB in the contribution of the first bubble pulse 
the shock wave of course being unaffected. In addition it is with these cn 
conditions of large shallow charges that migration makes the bubble pulse 
energy output relatively unimportant. Thus it appears that reduced radiation 
depth effects may usually be ignored in the present connection. Bubble mig- 
ration is more important in its effect on the energy spectrum of the bubble pulse 
as discussed in $8.2, which also presents more background information a 
migration generally. 

All the effects considered in this section are marginal, and not too serious for 
the data presented here. A few other data have been rejected because of these 
effects. Note also that with a slight change of circumstances the effects could lead 
to considerable error, and it is necessary to bear the limits of all of themin mind 
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§ 4. MEASURED DIFFERENCES BETWEEN CHARGES 


ae 


There are surprisingly few charge comparisons in the literature, and most 
workers have corrected their results assuming energy is proportional to W (charge 
weight) or W?%, though neither is correct in general. Worzel and Ewing (1948) 
report some comparisons of pressure measured at a distance for various charges, 
and O’Brien (1960) gives a similar comparison for Admiralty Research Laboratory 
_ records of the low-frequency signals from 1-lb and 50-Ib charges fired on the sea 
_ bed at about 20 fathoms (averaging 23 dp at about 10c/s). All these results agree 
roughly with those presented below. However the main need is for comparisons 
at one depth and in a series of reasonably narrow frequency bands, preferably for 
charges fired off the bottom and preferably of energy rather than pressure. 


= 


The measurements here and in §5 are of the energy flux density, since this is 
the quantity for pulses which obeys the same transmission laws as intensity for 
continuous-wave sources. In practice the quantities actually measured in the 
two cases are |p*dt and p*, where p is acoustic pressure and ¢ is time. The 
comparisons presented in table 1 were made on different occasions, typically 
with the explosions several miles distant and with the different sizes of charges 
fired in succession at the same position. The signals were received on a barium 
titanate hydrophone, amplified, and fed to a series of eight octave-filters (covering 
the range 25 c/s to 6:4 kc/s) each followed by a small analogue computer. 


Table 1. Measured Differences from a 1-lb Charge 
Measured octave-band energy differences in dB from a charge demolition S.C. 1 lb (T.N.T.) 
Frequency (c/s) 35 70 140 280 560 1100 2200 4500 
Depth (fathoms) 
Detonator electric No. 79 Mark 1.N, corresponding to about 0-002 lb T.N.T. 


5 —34-:0 —31:0 -—30-7 -—30-0 -—28-0 -—25:5 —23:5 —22-7 
10 —350 —30-3 —-30-0 -—30°3 -—27:°3 -—25:0 -—20-0 —18-0 
20 —35-0 -—33:0 -—316 —33:-4 —31:2 -—28:-6 —22:0 —24-0 
30 —46-0 —41°5 —35-5 —36:0 -—-30-°9 -—30:0 -—28:7 —27-0 


Charge demolition 14 1b T.N.T. 


7 +0-2 +0:3 +0°-5 +0:1 +0-2 +0-0 —(0-1 +0-1 
Bundle 3 x 1} Ib T.N.T. 

Zh +0°3 +1:5 +2:5 +1-7 +2-1 +21 +1-7 +1:5 
Bundle 4 x 1 Ib S.C. (T.N.T.) 

20 +4°5 +4-6 +4°-7 +47 +4:7 +4°8 +4-7 — 
Charge demolition 50 Ib Mark 3 T.N.T. 

5 — 419-0 £16:0 +15-0 4+15:0 415-0 412-0 +11:0 

7 aioes hid-6 15-2 +16°2-°+14-8 +13-7-- +13-0 +125 

20 —- 418-2 4165 +150 +145 +14:0 +140 +10:0 

30 S45 4217-0 +175 +169 +154 "13-4 +100 +9-0 


40 et Gee to 16-2- © +16-f 414-6. 412-9 — — 
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The computers or octave-energy units were specially Paes a 
assemblies consisting of a calibrated potentiometer, two-stage feedback a ifier, 
two-valve square-law device, Miller integrator, and output valve - ing : 
pen recorder. The square-law device was based on that of Tucker ae ), see 
comprised a phase-splitter feeding a double triode with output taken from the 
common cathode. The units could accept a wide range of input levels, ee 
and pulse durations. It was necessary that they should be simple and physical y 
small since several had to be used simultaneously, sometimes on board ship, 
and they have been operated successfully over a number of years. In all nae 
with charges the possibility of the shock wave causing overload has to be watche 
carefully, so that the wide-band level plus all the octave-energy unit levels were 
monitored for overload using thyratron triggers and neon indicators. 


Ge) 


In addition to the results in table 1, comparisons of 5-lb charges (5 lb 
60/40 R.D.X./T.N.T.) with four 1-lb charges have shown that the mean 
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Figure 1. Differences from a 1-lb charge. 


difference is less than 0-3 dp for frequencies between 113 c/s and 1740 c/s. The 
general accuracy of the table 1 comparisons is to about +1 dp, in a few cases 
it is a little worse but in several cases it is to about +0:3dB. In particular the 
1,-lb figures and the 50-Ib figures at 7 and 40 fathoms are reliable, being derived 
from a very large number of observations. Thus the small changes in the 
low-frequency figures for 50-lb charges between 7 and 40 fathoms are real, and 
the systematic low-frequency variation in the detonator figures is also real. 
The detonator and 50-Ib results are illustrated in figure 1, in which the theoretical 
lines should be temporarily ignored since the actual values of the differences 
will be discussed in §8. Many of the table 1 results are unexpected, for example 
the differences for the 14-lb, 3 x 1}-lb and some other charges are significantly 
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smaller than expected on any reasonable theory. This may be connected with 
the manner of detonation, and shows that it is unwise to rely on theoretical 
differences. The table 1 results were taken in water depths varying from a few 
tens of fathoms to several hundred fathoms, and there is no reliable evidence 
for any variation with measurement site. 


4 Pa 

During the firing of a long series of charges it is possible to obtain information 
on their constancy of acoustic output, provided there is no random variation due 
to the propagation through the medium. For 1-lb charges the scatter in the 
octave-energy levels is less than +0-5 dB, being greatest at the extreme high and 
low frequencies. The scatter for 50-lb charges is greater than this, possibly due 
to variable bubble migration, and for detonators greater still. The detonator 
variability at 35 c/s, of magnitude several decibels, is explained in §7 by the 
uncertain cancellation effect. 


§ 5. MEASURED CHARGE SOURCE LEVELS 
ep | 

From the shots fired at closer ranges it has been possible to deduce the absolute 
free-field source levels presented in table 2. The energy flux spectrum levels 
have been obtained by measuring (1/pc) { p?dt for an octave band as described 
in §4, and dividing by the bandwidth. Here pc is the acoustic impedance, and 
strictly the term ‘energy flux’ may only be applied if there is a plane wave front, 
e.g. near a free surface the true energy flux is not measured. ‘There are some 
other difficulties in strictly defining charge acoustic source levels because of finite 
amplitude effects, but these effects are small beyond about 100 yards. ‘The choice 
of 100 yards as the reference distance is also convenient because it is typical for 
the range from charge to first boundary reflection. Shots at distances between 
about 100 yards and several miles have been used, though the more distant shots 
are only suitable if the water is deep. At small ranges it may be assumed that 
attenuation and absorption are insignificant at the lower frequencies, so that 
there is cylindrical spreading for ranges greater than a few water depths. ‘The 
transmission loss may then be calculated from a simplified theory based on 
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Table 2. Absolute Source Levels for a 1-lb Charge 


Frequency (c/s) 35 70 140 280 560 1100 2200 4500 


Free-field source spectrum +17:2 +12°8 4+9-9 +54 +2-8 —0:5 —5:0 —13-9 
levels of energy flux 
density for 60-fathom 
1-Ib charge, in dB w.r.t. 
eers cm *cycle* at 


100 yards 
Differences with charge depth 
60F—45F : +51 —2-0 
; ted to b ll f th nd 
60F_40F erry | 41-0 Expected to be small from theory a 


experiment, assumed zero 


60F-7F pee Us 0-0 
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Weston (1959) if certain assumptions about the bettom reflection coefficient 
are made. At high frequencies there is spherical spreading out to appreciable 
ranges. The correction for transmission loss finally used is thus frequency 
dependent and takes account of many different factors, but it may be pointed 
out that at such close ranges the correction depends but little on the propagation 
mechanisms assumed. In addition for some shots separate measurements have 
been made of the energies of the arrivals following the different ray paths. 
Unfortunately the subject of propagation loss is too large to be discussed properly 
here, even with the restriction to close ranges. 


ae 


Very large numbers of results have been used to obtain table 2 but the 
measurement of absolute levels is intrinsically more difficult than that of the 
table 1 differences. Thus at, and above, 140 c/s the results for all depths have 
been lumped together, which has both theoretical and experimental justification. 
In this frequency range the accuracy relative to neighbouring spectrum levels 
is to about + 1d, but the absolute accuracy depends on additional factors such 
as hydrophone calibrations and is perhaps a little worse. At, and below, 70 c/s 
the variation with depth is not in general accurately known, but the best estimate 
is entered. However the large variation from 60 to 45 fathoms is known to 
within +0-5dB, so for the 35 c/s octave the enormous ratio of about 3:1 in 
energy is real, and presumably due to the changing bubble pulse time (see § 8.3). 


SES 


To find the best source level values for any charge size and depth it is necessary 
to start with the 1-lb 60-fathom figures in table 2, convert to the required depth, 
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Figure 2. Measured absolute source levels for 7-fathom charges. 


and then convert to the required size using smoothed table 1 differences. The 


results of this procedure are illustrated in figure 2 for various-sized charges at 
7 fathoms. 
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$6. ScaLinc Law 


For charges of different sizes fired at the same depth there is a simple scaling 
law. Identical pressure curves are obtained when plotted against a reduced time 
t/W2% and measured at corresponding values of reduced range rye. "Tins 
applies rigorously to the shock and to the bubble pulses, but only if effects 
such as bubble migration and surface cavitation may be neglected. The various 
energy spectra may therefore be reduced to 1-lb charge equivalents, and this is 
illustrated in figure 3 for the 7-fathom results from figure 2. The reduction is 
carried out with the simplifying approximation that pressure is inversely 
proportional to range, and the errors arising are discussed at the end of §6. 
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Figure 3. Source levels for 7-fathom charges scaled to 1 lb. 


Table 3. Factors for Reduction of Spectrum Level to a 1-lb Charge Equivalent 


W (lb) 0-002 50 
W/* or frequency factor ~ 0-126 3°68 
W-4!* (dp or level change) + 36 Pa 


The first step is multiplication of the frequency by W%. Secondly, consider 
that the total charge energy is proportional to W (assuming spreading without 
attenuation), and also that the radiated energy per octave is proportional to W. 
Due to the frequency shift the octave bandwidth is proportional to W~'%, so 
that the spectrum level or energy per cycle is proportional to W*”. Thus the 
second step in the reduction is multiplication of spectrum level by W-4/3, which 
may be deduced alternatively from equations (5), (9) and (14) of $7, Uhe 
conversion factors are given in table 3. 

Disregarding temporarily the theoretical curve in figure 3, it may be seen 
that the experimental points lie fairly well on a single line. This is evidence for 
the correctness of both the source level spectrum shapes and the measured 
differences between charges. Consideration of the experimental spreading laws 
quoted in §7 shows that the rate of shock wave pressure decay is a little faster 
than the spherical spreading assumed above. However this means the scaling 
laws need slight modification only at the higher frequencies, such that the 50-lb 
results for reduced frequencies above 1 kc/s should be decreased an extra 1-5 dp. 
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The effect of bubble migration in lowering the 50-lb results in the middle 
frequencies is discussed in $8.2, after the presentation of the Fourier analysis 
predictions. 
§ 7. FOURIER ANALYSIS 
Jel 

The best data for the explosion pressure-time curves have been given by 
Arons et al., both for bubble pulses (Arons, Slifko and Carter 1948, Arons 1948, 
Arons and Yennie 1948) and recently for the shock wave at long ranges (Arons 
1954). Experimental curves for charges at 500 feet depth are given by Arons 
and Yennie, and using these Raitt (1952) has already carried out a numerical 
Fourier analysis. However it is desired here to obtain analytical expressions 
for the spectrum level, so that variation with charge size, depth etc. may be easily 
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Figure 4. Theoretical source spectrum for 20-fathom 1-lb charge. 


investigated. Thus a different approach has been followed, the spectrum being 
split into two parts and certain simplifying assumptions made. At the high 
frequencies the shock wave and bubble pulses have been analysed separately, 
and the resulting spectrum energies added. At low frequencies the shock wave 
and bubble pulses have been replaced by impulses and account taken of phase. 
In this section the results are illustrated by the numerical values for a 1-lb T.N.T. 


charge at 20 fathoms, as measured 100 yards away, and its theoretical spectrum 
is shown in figure 4. 


Tee 
According to Arons (1954) the shock wave values are: 
Peak pressure 
Py =2:16 x 10*( W48/r)'38 lb in—___ (W in Ib, r in ft) 
=2:35x10%dynem~ for 1 lb at 100 yards. —S—......... (1) 
Positive impulse 
Ip = 1-78 W48( W3 /r)9-*4 Ib sec in-2 
= 576 dynseccm~, (2) 


eee eee 


Time constant 
typ =58W13( W148 /7)—0-22 usec 
=2:03 x 10-4 sec. 
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The above time constant describes the initial decay of the shock, after which the 
shock pressure drops more slowly. It is possible to define a slightly greater 
time constant which gives a better description for the lower frequency components : 


ee IA EAA 2 Oa AU oo coc (4) 


The Fourier analysis for the energy spectrum of an exponentially decaying pulse 
may easily be shown to be 


fA ats 
Pace 5 
pe( L/t,?+ 47°F *) : (5) 


where f is frequency. ‘his is a well-known result but in deriving it more than 
one worker has omitted the factor 2, a frequent and surprising cause of error 
in Fourier analysis using exponential functions being the neglect of the ‘ negative 
frequencies’ (see also eqn (9)). In the plot in figure 4 the to value from 
equation (4) is used, since it gives a better overall fit. At low frequencies the 
spectrum is flat, but changes over near 1/(27t)) = 653 c/s (the ‘3-dp down point ’) 
to an f-2 or —6dB per octave law. The rise time at the shock front 1s only a 
few microseconds, so that the — 6-dB slope should hold up to a limit of several 
tens of kc/s (cf. Arons, Yennie and Cotter 1949, Arons and Wertheim, 
unpublishedf ). 


E,(f) — 


7.3 


Now the bubble pulses are fairly symmetrical, and their shape is well matched 
by an exponential rise followed by an exponential decay. From Arons (1948), 
for the first bubble, 


Peak pressure P, =3450(W?3/r) lb in~* 

=0-793x10§dynem™@. ttt (6) 
Positive impulse I, =9-58(W13/r)d)"° lb sec in 

=953dynseccem™. teres (7 


Here d, is the depth in feet plus 33, and has been evaluated for a charge at 
20 fathoms. A time constant for either side of the pulse may be defined in a 
manner similar to that of equation (4): 


fe 1(2P {601% 10sec, (8) 
The energy spectrum for the double exponential pulse may easily be shown to be 
8 Pitty ) c 
= — oD we ho ck uae 7] 
E,(f) pc eeee ( ) 


This is also plotted in figure 4. At low frequencies the spectrum is flat like 
that for the shock waves, but changes over near 1/(27t,) = 265 c/s (‘6-dB point =) 
to an f—* or — 12 dB per octave law. At high frequencies the predicted spectrum 
level will be too great, since the —12-dp spectrum slope corresponds to the 
discontinuity in pressure gradient at the peak of the simulated bubble pulse 
(see Weston 1960), which is not present in the real pulse. However at these 
frequencies the bubble contribution to the total spectrum energy 1s insignificant. 


+ 1950, Woods Hole Oceanographic Institution, ref, no, 50-32. 
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For the second bubble there are the approximate relationships 


Pi P,=4-72, P,=0168 x10" dyacm=) eee (10) 
Lidia 2 47, i= 3s0dynseccin "ee poe eeaee (11) 
i= 1,/2Ps= 3 lo 0-* Sec | eer tat (12) 


The spectrum follows from equation (9) and is also plotted in figure 4, with its 
‘6-dB point’ at 135 c/s. The contribution of further bubble pulses may be 
neglected with little error. 


ai 


The total radiated energy spectrum shown in figure 4 is obtained by summing 
the energies due to the shock wave and the first two bubble pulses. It may be 
noted that according to Arons and Yennie (1948) rather more than half the 
total chemical energy of the charge is associated with the shock wave, but even 
including the bubble pulses rather less than half the total energy is eventually 
radiated as acoustic waves. Below about 230 c/s it may be seen that the major 
contribution to the spectrum energy comes from the first bubble pulse, and it 
is only above 230 c/s that the shock wave predominates. ‘The summation spectrum 
shows no appreciable downward kink at this change over frequency, although it 
might under some conditions (the 7-fathom curve in figure 3 has such a tendency). 

For bubbles far from a boundary the interval between the shock wave and the 
bubble pulse peak is 


T= 4-30 Wt8d, > =6:59 4107? secat 20 fathoms. 


Thus the ‘bubble pulse frequency’ 1/T,=15-2 c/s. The summation method 
of calculating spectrum level is valid only for frequencies much greater than 
1/T,, typically for frequencies above, say 35 c/s. 


1) 


At low frequencies the shock wave and bubble pulses may be replaced by their 
impulses Jy, J, and J, occurring at times 0, T,, and T7;=7,+T7,. The interval 
between the first and second bubble pulses T,=0-727,=4:75 x 10-2 sec. In 
addition, at low frequencies allowance must be made for the fact that the pressure 
goes negative between the pulses, so that the impulse over the whole pressure-time 
curve is zero, ‘This is taken into account by adding a steady negative pressure of 
duration 7. The energy spectrum for such a system may easily be shown to be 

Ex (f) = (2/pe) [Lo + 1, cos 2nfT, + I, cos 2nfT; — N sin 2nfT 5} 

+ U, sin 2nfT, + I, sin 2nfT,— N(1—cos2nfT,)}"], ..... (14) 
where N= (1) +1, +2)/(27fT 3). This impulse formula for the spectrum level 
is valid for frequencies much less than 1/27t,=265 c/s, or say less than 140 c/s. 
Thus it overlaps the summation curve by two octaves, in a region where the 
spectrum level curve formsa plateau. The impulse spectrum has a main maximum 
near 15 c/s (the bubble pulse frequency), with minor oscillations above this 
frequency. 

Now since the total impulse is zero the spectrum level at very low frequencies 


must be proportional to f? (Weston 1959b), and on expansion the asymptotic 
form of equation (14) is found to be 


EV (f)= (27°f?/pc){I,(T, — T,)— oS ipa 
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For the usual range of depths the particular values of J and T are such that there 
is almost complete cancellation, and the coefficient of f? is very small. For 
example at 20 fathoms the asymptotic level becomes 24-4 dB higher if one puts 
I,=1,=0, leaving only the shock impulse. Thus the spectrum slope predicted 
by equation (14) in the 1-10 c/s region is greater than the +6dB per octave of 
equation (15), and the spectrum curve falls off sharply just below the bubble 
pulse frequency. With real charges, however, the bubble impulse is likely to 
vary from shot to shot (due to migration, turbulence, etc.), and the cancellation 
may not be so effective. Thus the average spectrum level is likely to be higher 
than that given by equation (15), and would be expected to vary greatly. The 
scatter in the measured 35 c/s level for detonators is certainly larger than that for 
any other charge or frequency, and the mean level is higher than expected. It 
should be noted that cancellation does not affect the total energy output, but only 
changes the frequency distribution. 


§ 8. COMPARISON OF MEASUREMENTS WITH ‘THEORY 
8.1. General Agreement 


A theoretical curve for 7 fathoms is shown in figure 3, again based on 
equations (5), (9) and (14). Different depths have deliberately been chosen 
for the theoretical curves discussed in §7 and the present section, so that the 
theoretical change with depth may be seen. The major difference arises from 
the changed bubble pulse frequency, so that the 7-fathom curve of figure 3 shows 
a larger region with a flat spectrum than does the 20-fathom curve of figure 4. 
The 7-fathom depth was not chosen to illustrate the comparison of theory and 
experiment because agreement is particularly good there (it is in fact rather better 
at the other, greater, depths), but because it exhibits the special effects due to 
bubble migration. By applying the scaling laws of $6 to the 7-fathom spectrum 
curve the theoretical 7-fathom difference curves shown in figure 1 may be derived. 

The general agreement between measurements and theory in figures 1 and 3 
is good, especially for the 1-lb results in figure 3. The existence of a maximum 
at the bubble pulse frequency is shown in the detonator results of both figures 1 
and 3, though there is a smoothing out tendency since the measurements are all 
in octave bands. It may be noted that the humps in figures 1 and 3 may be 
shown to exist from independent measurements of detonator to 1-lb differences 
and by direct observations of the detonator source spectrum, The lowness of 
the theoretical prediction for detonators for frequencies below the bubble pulse 
frequency (figures 1 and 3) was explained at the end of §7, and there is the 
possibility of a slight enhancement near the bubble pulse frequency due to the 
contribution of higher order pulses. 


8.2. Bubble Migration 


The only remaining significant discrepancy in figure 3 is the low experimental 
value for the low-frequency 50-lb results, amounting to about 5 dB at 35 c/s 
(or 130 c/s scaled). The sign and value of this source level discrepancy agree 
with those shown in figure 1 for the 50-lb—1-lb differences. It is thought to be 
due to bubble migration under gravity which, as already noted in §3.5, is most 
important for large charges at shallow depths—so that in extreme cases there is 
virtually no bubble pulse at all. The phenomenon has been studied by Taylor 
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(1942), Bryant (1942), Kennard (1943), Friedman (1947) and others. Migration 
is also influenced by the nearness of boundaries, such that an oscillating bubble 
is repelled by a free surface and attracted towards a rigid surface, but this effect 
is only important for the smaller charges. . 

The explosion bubble moves very slowly when it is expanded, but may rise 
rapidly under gravity during its contracted phase. This is because the momentum 
is proportional to the time integral of the bubble buoyancy, which will produce 
a larger velocity when the associated bubble size is small. In considering 
migration effects it is useful to know the values of the maximum bubble radius a, 
and the vertical rise ) between the initiation and the first bubble pulse. From, 
for example, Arons (1948), 


a=12-6(W/d,)!* ft=3 ft for 1lb at 7fathoms. _...... (16) 


Kennard (1943) gives the approximate formula 
b~44/W/P, ft~1-7 ft for 1 lb at 7 fathoms,  ...... (17) 


where P, is the hydrostatic pressure in atmospheres. 

When there is migration some of the kinetic energy of radial motion is 
transferred upon contraction to kinetic energy of vertical motion. ‘This factor 
rather than the gas pressure can then determine the minimum bubble radius, 
which is thereby increased. It may be noted that it is normally only about twice 
the original charge radius. The peak bubble pulse pressure may be much reduced, 
but in contrast the impulse is affected little. ‘The main effect on the bubble pulse 
spectrum will be that of a bodily shift to lower frequencies, the ‘6dB down’ 
frequency being reduced in approximately the same ratio as the peak pressure. 
Migration also causes an increase in the bubble interval 7}. 

According to Kennard the above reduction ratio depends on the value of b/a; 
for a 1-lb charge at 7 fathoms b/a~ 0-6 and the predicted reduction ratio is about 
0-2. ‘This should lead to an appreciable lowering of the spectrum level in the 
neighbourhood of 200 c/s, and though there is experimental support for this in 
figure 3 it is of doubtful significance, e.g. no reliable evidence of variation with 
depth was obtained for 140 c/sand above. However for a 50-lb charge at 7 fathoms 
the bubble radius a is 11 ft, and the calculated rise is about the same. Under 
these conditions the bubble pulse is of very little importance, and in fact the 
low-frequency 50-lb results are fitted extremely well by the shock wave theoretical 
spectrum alone. However, it might again be necessary to take account of the 
bubble pulse if the 50-lb measurements were extended to frequencies below 
about 10 c/s. 

It is worthwhile calculating the depth at which such bubble migration effects 
become small. ‘This may be arbitrarily defined as corresponding to b/a=0-3, 
with a predicted reduction ratio of about 0-7. From equations (16) and (17) 
for the critical depth 


dco QO00 WETS coe ce Me ee (18) 


This corresponds to about 1 fathom for a detonator, 30 fathoms for a 1-lb charge, 
and 80 fathoms for a 50-lb charge. 

Now the explosion bubble must eventually break up when it stops oscillating, 
and the break-up is likely to be accelerated when it is rising rapidly under gravity. 
It may be noted that a bubble is unstable in form when it is contracting (Taylor 


Underwater Explosions as Acoustic Sources 247 


1942), and the shape may be distorted at the minimum radius—where the speed 
of rise is a maximum. This suggests that the bubble pulse may be virtually 
eliminated when the migration is serious. Experiments by other workers have 
shown that the bubble distortion is indeed greatest for shallow charges (and also 
when the original charge is not spherically symmetrical), and that bubble pulses 
are missing for large shallow charges (quite apart from catastrophic effects such 
as blow-out at the surface). This also suggests the possibility of a systematic 
variation of source level with firing area etc., due to changes in the sea turbulence 
conditions. There is however no reliable evidence for this, e.g. no significant 
changes in the measured differences with site. 
8.3. Variation with Depth 

The variation of charge-source level with depth is obviously of general 
interest, because charge sources are used on various occasions at a variety of 
depths. There is also a particular interest because charges may be fired at different 
depths at the same position, perhaps to investigate mode excitation functions 
in shallow water. It is necessary to be able to separate variation due to the source 
from that due to propagation. There is little source variation at high frequencies 
since the shock wave corresponds to a high impedance source, but at low 
frequencies there is considerable variation. 

Now the shock wave is unaffected by depth, as noted above. The bubble 
pulse peak pressures are also unaffected for the range of depths used (provided 
the bubble is stationary), and their impulses vary only very slowly—with d, 1°. 
The only parameter changing rapidly with depth for non-migratory bubbles is 
the bubble interval 7, proportional to d,~°®. ‘Thus, on going from 7 to 60 fathoms 
there is a four-fold increase in the bubble-pulse frequency. Some of these effects 
have already been seen when comparing figures 3 and 4 (see also figure 5), and 
there are also the special effects which do not obey the simple scaling laws 
—e.g. gravity migration. 

Consider now the experimental results, and first the detonator to 1-lb differences 
in figure 1 where there are large real differences with depth. On going from 5 to 
30 fathoms the calculated detonator bubble-pulse frequency moves up from 
about 60 to 160 c/s, and this is evident in the results. ‘This moving up is also 
responsible for the decreasing (algebraic) difference at the lowest frequencies 
as depth is increased, but a quantitative theory is difficult because of the variable 
cancellation effect discussed in §7. Changes in the 1-lb spectrum should have 
a relatively small effect on these differences. _ 

The 50-Ib-1-lb differences in figure 1 show less depth variation, because the 
bubble-pulse frequencies tend to lie below the range of interest—though there 
should be marginal effects due to the 1-lb 40-fathom charges. ‘The most obvious 
depth effects are for the lowest frequencies at 7 fathoms, due to the 50-lb charge 
migration already discussed in §8.2. A small variation may be expected at the 
middle frequencies too, because of the d,~"° impulse law plus small bubble 
migration effects on both the 1-lb and 50-lb charges. However this is swamped 
by the experimental scatter, even though the latter 1s surprisingly small, 

The absolute charge source levels shown in table 2 exhibit appreciable depth 
variations only for frequencies at, or below, about 70 c/s. The 35 c/s and 70 c/s 
values are plotted in figure 5 and compared with the theoretical curve for a single 
frequency at the octave centre. The experimental and theoretical levels agree 
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in mean level, the magnitude of the depth variations is correct, but detailed 
agreement is completely lacking. This cannot be wholly ascribed to the width 
of the measurements band, and it may be yet another phenomenon in which 
bubble migration plays a part. 
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Figure 5. Dependence of 1-lb source levels on charge depth. Experimental points: 
arbitrary reference for 10-8 c/s, absolute for 35 c/s and 70 c/s. 


Figure 5 also shows experimental data for the narrow bandwidth at 10-8 c/s, 
based on unpublished ground-wave measurements by W. W. Reay in the area 
off Perranporth, Cornwall, described by Merriweather (1958). ‘The considerable 
depth dependence measured there was due both to the source variation and the 
mode excitation function, and it was necessary to correct for the latter by assuming 
a sinusoidal form with a maximum at 25 fathoms in water 45 fathoms deep. The 
general level has been adjusted to give the best fit to the theoretical line but is 
known to be approximately correct; the agreement in shape is excellent. 


§ 9. CONCLUSIONS 


Surface cavitation and the change of source position due to bubble migration 
are shown to have only a small effect on the acoustic signal received at a distance. 
The measured differences between charges (table 1) and the absolute charge source 
levels (table 2) obey the simple scaling laws, and agree well with the predictions 
from Fourier analysis. For the larger and shallower charges it is also necessary 
to allow for the effect of migration in reducing the contribution of the bubble 
pulses. 

Many minor problems remain, especially some connected with the finite- 
amplitude propagation discussed in §3. In general it is still desirable to use 
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experimental rather than theoretical values for charge differences and source 
levels, especially when migration makes accurate prediction difficult. Thus the 
most important part of this paper is the presentation of the experimental results 
in tables 1 and 2, with accuracy generally to about +1 db. 
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Abstract. The hydromagnetic equations are employed to obtain the conditions 
necessary for a pressure balance in a pinched discharge in ionized deuterium. 
The time dependent energy equation is integrated to give the time taken to heat 
the plasma by Joule heating with bremsstrahlung radiation losses only, and with a 
pressure balance maintained at all time. This heating time is shown to depend on 
the radius, line density, and final temperature of the plasma. ‘The current density 
distribution during the heating process is calculated, showing only a small diver- 
gence from uniformity. The condition for no run-away electrons to be present 
at any time during the heating process is shown to place a restriction only on the 
minimum line density of the particles. The effect of an unbalance of pressure, 
causing a change in the outside radius of the plasma during the heating process, is 
discussed. Finally, the utilization of a transient energy source and its relation to 
discharge parameters is considered. 


§ 1. INTRODUCTION 


HE aim of this paper is to present scaling relations which will be useful to those 

| working on electrical pinched discharges in ionized hydrogen or deuterium, 

where Joule heating is the predominant heating mechanism. A few rela- 

tions such as the well known Bennett relation have been derived before, but the 

heating time scale, the current density distribution in the plasma during heating, 

and the relation of discharge parameters to run-away electrons and circuit para- 
meters have not previously been published. 

Essentially the heating process considered in this paper is the second stage in a 
pinched discharge. ‘The first stage is the initial ionization and compression of the 
gas so that at the end of this stage the plasma is pinched to a radius a, and, when 
viewed in cylindrical geometry, carries an axial current .%, and is at a uniform 
temperature 7). In the second stage, it is assumed that a pressure balance is 
required at all times so that the plasma, being pinched and isolated from the walls, 
does not alter its dimensions during the heating process. Under this condition, 
as the temperature rises due to Joule heating by the current, so the current must 
rise to maintain the pressure balance. The time scale is thus the same for the rise 
of temperature and current. ‘The exact current and temperature profile with 
time is found when bremsstrahlung radiation is the only heat loss. Heat losses 
due to cyclotron radiation and heat conduction are not considered here. Also 
the plasma is assumed to be stable throughout the heating process and to be cylin- 
drically symmetrical. It is unfortunate that this condition is difficult to achieve 
for a physical system as described is likely to be essentially unstable. On the other 
hand, the calculations on stability have been made with models which are not good 
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_ approximations compared with actual expected conditions, and experimental work 
has not been very extensive. With further investigations conditions may 
in fact be found, perhaps using carefully programmed magnetic fields, that will 
extend the duration of the pinched discharge long enough to cover the heating 
times calculated here. In any event, it is interesting to follow the consequences 
of the heating process under the assumption of stability. 

During the heating process the total axial current and the electrical conductivity 
(which is a function of the temperature) change with time. The current density 
distribution will not therefore be uniform across the radius, but it will be shown in 
§ 4 that the distribution is, in fact, close enough to uniformity not to alter the general 
calculations which will be made assuming uniform current density. 

Whilst the plasma is under pressure balance, the electric field varies inversely 
with the temperature. During the heating process it therefore falls from a maxi- 
mum toaminimum value. However, this electric field must at all times be much 
smaller than the critical electric field at which the electrons run away, otherwise 
the energy will entirely be expended on run-away electrons instead of being 
transferred by Joule heating tothe ions. A condition for this will be calculated in 
§5. 

If the applied electric field does not follow the theoretical profile with time, then 
the current also will begin to diverge from its correct value and cause an unbalance 
in the radial pressure. ‘This will result in a radial acceleration of the plasma 
and an alteration in the outside radius of the plasma. It will be shown in § 6 that 
this change eventually results in a restoration of the total current to its proper value 
for pressure balance which is independent of this outside radius. ‘The electric 
field thus controls the radius of the plasma column, and this affects the time scale 
for Joule heating. 

Finally, the relations between a transient energy source for heating the plasma 
and the dimensions, density and peak temperature of the plasma are derived. It 
is hoped that these formulae will be helpful to those designing experimental 
pinched discharge devices. 


§2. THE STEADY STATE 


The relevant hydromagnetic equations for a stationary plasma possessing 
_cylindrical symmetry and carrying an axial current are 


1a 
a (Gale Hh) sista te ae rgndiewe (1) 
Pee Oe (2) 
= it ayes Sond 1G) Ae (3) 
if 


It will be assumed that, during the heating process under pressure balance 
conditions, the current density 7, and electric field Z, are uniform over the radius, 
This assumption will be examined in detail in § 4. ‘The pressure balance condition 
in the radial direction is given in equation (3). a 

Since over most of the discharge the electrical conductivity depends only on 
temperature, uniform electric field and uniform current imply uniform tempera- 
ture. This implication is further enhanced by the high thermal conductivity of 
the plasma and its radial isolation outside its radius a from the walls of the con- 
taining vessel. 

R2 
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In fully ionized hydrogen or deuterium, if the electron and ion temperatures 
are the same, the pressure p and internal energy U can be written as 


PH=2nkT | ee ee ee (4) 
Ua 3nkT es ete (5) 


where 2 is the number density of electrons or ions and is related to the line density V 
by 


N= | yu Ae ee (6) 
0 


where a is the outside radius of the plasma. 
Similarly the total axial current / is related to the current density 7, by 


$= | CO ee oe er (7) 
0 

Using the condition that »=0 for r>a, equations (1), (3) and (4) yield, on 
integration, 


2 2 
n= He 1-5 | fot:7<ads ee Se eee (8) 
Then, applying equation (6) one can obtain the relation, first derived by 
Bennett (1934) between axial current, temperature and line density 
lon NRT =p ?, 
and the distribution of number density in the form 


n= mal 1- fa forr<a 10) 
an Ss ES (ees. ( 


The time dependent energy equation for the axially symmetrical plasma 
where Joule heating, and losses by bremsstrahlung radiation and radial thermal 
conduction, occur, can be written as 

aU. Lg | pol 


= = = =] —_ 2771/2 
ot r or z = | ib. Bn Ol eM (11) 


where \ is the thermal conduction coefficient and £ is the bremsstrahlung radiation 
coefhcient. Any effect of electrodes, if they be present, is ignored in this paper. 
An estimate of the heat losses to electrodes has been made by Haines (1960) for 
the steady state when Joule heating is balanced by bremsstrahlung radiation losses 
and axial heat conduction and diffusion. 

The integration of equation (11) over the radius eliminates the heat con- 
duction term, because the heat flux vector is zero for r>a. Also, in this in- 
tegration, the radial dependence of the number density is assumed to be given by 
equation (10) during the heating process: this again depends on the current 
density and temperature being uniform and a pressure balance being maintained 
always. ‘Then equation (11) becomes 


a =p] —V2 ple 


where the electrical conductivity is given by 


Ae a: aia DS ST (13) 
(see, for example, Spitzer 1956), and 


Ne 
~ Soma? an ema ars Sucuscouexe (14) 
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¢@ and # can be treated as constants during the heating process, and so equation 
(12) is the simplified time dependent energy equation. 

The maximum possible temperature 7, occurs when Joule heating is balanced 
by bremsstrahlung radiation losses, that is, steady state is reached and d7/dt 1s 
zero. ‘Then 


oye 
Af = ¢ ss Lamk 
m ub auBN 
or NT,=265x10" hee (15) 


where « and f have values of 1-1 x 10-8 and 1:42 x 10-" in m.k.s. units for hydrogen 

or deuterium. At this temperature, the maximum current -/,, then flows, and 
from equations (9) and (15) is given by 

_ 84/3ak 

= (apy 

It is to be noted that this maximum current is a constant, independent of the line 


density, temperature, and radius of the plasma. This result has been derived by 
Pease (1957). 


Sone AQP amips een (16) 


§3. THE Heatinc TIME SCALE 


Under pressure balance conditions, the energy equation (12) can be inte- 
grated from time t=( to ¢ when the temperature rises from Te to. J ,.to yield 


= 3ap.a?T >” Ege Tm+ \) — ® se 


8 Z /Tm—1/T / Tm 
1 /Tm+V/ 7) / To ] 
== ia) ht Pn PE MEAE 17 
2 2 La 4p V Tm oS 


This equation can be expanded in the form 


_ 3apa*Tm?* (1 irs 7 3 Lins _ 75 
p= Seo | 5 Cor) + ze Co”) 


Pees 
ta (f = i)+o- | hemaoe (18) 


where (=4/T/4/T., and Gy=VTo/V Tn: 

From equation (17), it can be seen that it takes an infinite time to reach T\> 
but in order to obtain a time scale for the heating process, the time 7, taken to 
reach a fraction 7” of T,,, can be found, where 7, <T, as below: 


3a? T m3? 1 l+yn ] 
Bae a hele ai oe | — SOP Ee 19 
cr 8 E a(7 7) ( ) 


For example, if 7=0-9 


Fg oe WP OT cee pe Men, FTE (20) 
For the case when bremsstrahlung radiation is zero, equation (18) reduces to 


je : ayia? T8? = 1-89 x 10-282 nee (21) 


where again 7)<T7. . 
The relation between current and time during the heating process under 


pressure balance can be obtained from equations (9) and (17). In fact, VER ES 
and /,/.%,, simply can be written for ¢ and C, respectively in equation (18), 
because the current is proportional to the square root of the temperature. 
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Similarly the relation between the applied electric field and time can be 
obtained as follows from equations (2), (9) and (13) 


Le 
Eg oa naa T3? 
20/1 OR Wl a ae ee (22) 
Tmo? ad 
VN 
= 686 x 10-8 W 


for ionized hydrogen or deuterium. This means that, since the electric field is 
inversely proportional to the temperature, it falls from a maximum initial value 
E, at temperature 7, to a minimum final value of E£,,,,, at temperature 7\,. The 
actual time dependence of the electric field can be seen by writing 1/E,,;,//£ 
and 4/E,.,// Eo for ¢ and 9 respectively in equation (18). 

The radius of the plasma a is not governed directly by the total current which 
flows but by the applied electric field. This can be seen from equations (9) and 
(22), the former showing the current depending on the temperature and line 
density only, and the latter showing that the electric field depends also on the 
radius of the plasma. ‘The time scale for heating, however, is also affected by the 
radius of the plasma. .A discussion on this will be found in §§ 6 and 7. 


§ 4. CURRENT DEnsiTY DISTRIBUTION 


The theory in the previous sections depends for its validity essentially on the 
current density being uniform across the radius of the plasma during the heating 
process. The actual current density distribution can be calculated where the 
total axial current -%, the electrical conductivity o and the outside radius of the 
plasma are known functions of time, using the theory by Haines (1959). The 
current density 7, was found in this theory using a Laplace transform of .% and 
the appropriate Fourier—Mellin inversion theorem, as shown: 


: 1 , E+ eup /pl (4/px) oo) 
i(x, y)= ——. lim | ea | Ges dodp a iene ee 23 
tt neo J gin 27071, (/p) 0 2) ee ee) 
r : dt 
where w= , andy=| aoa’ oe. te (24) 


qis a dummy variable equivalent to y, and I, and I, are Bessel’s imaginary functions 
of zero and first order respectively. 

In this particular problem, in order to avoid a rather complex calculation, the 
current distributions are calculated during the Joule heating of the plasma under 
pressure balance for the case when bremsstrahlung radiation is put to zero. The 
axial current / then rises steeply all the time; in fact, always more steeply than 
with radiation losses present, so that the distribution of current obtained from this 
will be the worst possible divergence from uniformity. 

Equation (12) in this case becomes 

dT 
ia pit ideo sient oe (25) 
¢ being given by equation (14). 

For the application of this general transform theory, the total axial current 

and the current density everywhere must be zero at t=0. However, in this 
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problem of the second stage of a pinched discharge the initial current has a value 
of 4%, and the temperature 7) is related to this by equation (9): 


NRW 
I= || Ra) ae? eae (26) 
be 
The total axial current which must be used for the transform theory is there- 
fore .#’, given by 
i 1/2 
f'=F-Iy=| | (PST ae ON kas. (27) 
Similarly, the current density 7, will be given by 
Peete ie eS (28) 
where t= SF | a>. 
From equations (13), (24) and (25) a relation between y and T can be obtained 
a{? 1 a ar 
- | Tr) Haa® dT T?? 
te gd 
Se) iene ule ga Wise 29 
ie 7, oe 


Then, writing (7,/T)*?"* for e-”Y from this equation, the Laplace transform 


of .%’ becomes 


te Vi16 16dT 
| J" (q)ePtdq= 7) 


16a.Nk 122 [2 Geet) Lo 
| | ee fo iG we 
1 i 


0 Ne 
ee oC 30 
Ao 3p 3 Soy 
Inserting this into equation (23), the current density distribution 1s 
PEG ae vy Poy D0 = =) d (31 
= sili | Dna®l,(+/p) p38 > foie eer ) 


Lil pea J g—in | 
It can be shown on expansion that the integrand is a single valued function of 
p with poles of 7,/(x, p) occurring at p=0, p= 8/3 and p= —y,”, where y,, n=1, 


2... are the non-zero roots of the equation 


Ji(yn) =0. 
From an evaluation of the residues at these poles one obtains, using equation 


% iliofi 


sf 
ie y)= Phew (39 ( ae 
eb 
) 


_§ foep(=niretoe)(4 1)... S 
n=1,2... 7a” Jo (Yn) Yn Yn e 3 
where y is given by equation (29). . 
In tis esate for current density distribution, the first term is seen to be the 
particular integral of the differential equation for current density 
Lia fat on 
eee eee a aa 33 
6 Ox (» =) oy ce 
Gig) nO" 34 
“oy zy 3 Us ( ) 


where 
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This is the long time term, giving a current density distribution not far from 
uniform; in fact the current density at the surface of the plasma is 1-79 times 
that at the centre. 

The transient terms (the infinite summation term) give a more pronounced 
skin effect at the start of the current profile, but these decay as the temperature 


increases because 
3v7/16 — 2°753 
ewy = Ty : To ‘4 
dE a 


In fact, these transient terms die away to 1/e of their original value when ip = L727 
and to 1% of their original value when T7=5:327). This characteristic time 7 for 
decay is very much smaller than the heating time 79.9; in fact 


3/2 
P0429. (72) ; 
To-9 ina 


Thus it can be concluded that the current density is not very far from uniform 
during the heating process under pressure balance. 

However, the divergence from uniformity will have an effect on the energy 
equation (25) tending to modify ¢. Fortunately, the Bennett relation (equation 
(9)) is unaffected by the distribution of current when there is a pressure balance 
and uniform temperature across the radius: this can be seen as follows: 


2NkT = i Pee ye 
0 


= | =» | -a|’ r2 2 dr . 


From the condition that p=0 at r=a, and from equations (1) and (3), this 
becomes 
Det | : rif | ( rit | dr 
0 0 


a 2 
= i ice ritr | : 


Then by equation (7) the Bennett relation (9) is obtained. 

The modification to ¢ for the long time term only will be found. This 
modification is independent of time because the relative distribution of current 
over the radius given by this term is a constant with time, namely Iy(4/(8/3)x). 
However, the current distribution will be modified again by the changed ¢. 
Therefore, the current density used will be the first term in equation (32) with 
/ (8/3) replaced by € which then has to be found. This is 
ay Tee 
7°, exp (y) oe ee (35) 


and is the particular solution of equation (33) with equation (34) as 


1,(%, y) - 


Ot. : 
ay ST ee ee ee ee eee (36) 
Since the current distribution is constant, one can write on integration 
(BS 
a HOLS) Pe Cee! Ee (37) 


or 4 =P, exp (c*y) 5s 5) ae eee: (38) 
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On integrating equation (11) it can be seen that 


_ al 2nd f} 
SNe 
dt a Jo 
for the case when no radiation losses occur. 


Using equation (35) and the relation 


EE ce (39) 


pe! 
2] 1,2(éx)xdx=1,2(€) —1,2(E) 
~ O 


equation (39) becomes 


anz, al _ ma® $2 aye io te) Le) 

Nk— = ——*_ exp (2£y) = —? > a 

3 a ae exp (2€y) 26 OS ctr (40) 
Using equations (9), (24) and (37), this becomes 


d&  ,. 21,%£)—1,2(€) 
— = 29 pSV LN 1 = “4 
3 855 mere ee eS (41) 


Comparing equation (41) with equation (37), we can see that € is the root of the 
equation 


: owen 
I,?(€) = 5 Li's) pene te (42) 
giving a value of €= 1-656 (compared with its unmodified value of 4/(8/3) = 1-633). 


To obtain the modified 4, equations (9), (13),(37) and (42) are used in equation 
(40) to give 


¢ is thus modified to 5-485/aua? (as compared with 5-333/apa"). 

In equation (21), the time taken to heat up to a temperature T(> Ty) is 
modified to 1-68 x 10-"a?T??. 

In conclusion it can be stated that the current distribution during heating 
is nearly uniform and only slightly affects the previous calculations. 


§ 5. THE EFFecT oF RUN-AWAY ELECTRONS 


The critical electric field, above which electrons run away and Joule heating is 
considerably reduced, is given by Dreicer (1958) (in m.k.s. units) as 
5 eye f ee atl neg 
E.=1-51 x 10-2 (aye nails (44) 
where n is the number of electrons per centimetre. To be consistent with 
Dreicer’s formulation of In Q, Spitzer’s (1956) formulation for electrical conduc- 
tivity will be used in this section. ‘This is 
Pee 10-( 5) Cee he ls (45) 
In Q 
To prevent run-away electrons in the heating process described in previous 
sections, it is essential that the applied electric field E, is always much less than E,, 
otherwise the theory does not hold and the plasma is not efficiently heated. 


E, is given by 
4, _ fin © 1 JI 46 
sae = 10 T53x10°T@ ra ae 


using equation (45). 
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Then, from equations (44) and (46), 


E, . uA 
i = 1-38 x 10" TB’ Secates (47) 
If there is a pressure balance at all time, equation (9) can be used together with 
Nordin |) 6 a eae (48) 
to give 
Ee ee ee (49) 
Eo Ni2 


In order that electrons in the high energy tail of the Maxwellian distribution 
do not grow by collisions into the run-away velocity region over a reasonable period 
of time, it is necessary that F,/E, < 1/100. 

Therefore it can be seen from equation (49) that the condition for no run-away 
electrons is that the line density Nis greater than 10!* electrons per metre. Thisisa 
sufficient condition, when the plasma is under pressure balance, to prevent 
run-away electrons, and it is to be noted that the ratio E_/E, as given by equation 
(49) is a constant during the heating process. 

The number density 7 actually goes to zero at the surface of the plasma (see 
equation (10)), and the approximation made in equation (48) is not strictly applic- 
able. Thus it is difficult to avoid a few run-away electrons occurring at the 
surface of the plasma. 


§ 6. UpsET OF PRESSURE BALANCE 
The equation of motion for the plasma in the radial direction can be written 
as 
dv, : op 
me Bieta seeibe (50) 
where p is the density of the plasma. When the acceleration is zero, there is a 
pressure balance given bythe Bennett relation, equation (9), where the temperature 
is assumed to be uniform over the radius. 
Ohm’s law for a radially moving plasma can be written as 
igo (He Dt oe Ne ee (51) 

During the heating process outlined in § 3, the electric field should follow equa- 
tion (22) in order that a pressure balance should be kept. If, however, E, diverges 
from this value, it will cause a corresponding change in the current density i, as 
seen in equation (51). ‘This in turn causes an unbalance in equation (3), and as 
can be seen in equation (50), a radial acceleration is produced. The resulting 
radial velocity modifies equation (51) so as to tend to restore the original value 
of current density. Soon, the acceleration is stopped and equations (3) and 
(4) are restored. The outside radius of the plasma, the current density and 
pressure gradient are altered from what they would have been if E, had not 
diverged, but the total current flowing does not depend on the outside radius of 
the plasma and this is restored to the same value as it would have been. 

‘Thus it can be generally summarized that the electric field governs the outside 
radius of the plasma (see equation (22)): any divergence in pressure balance due 
to a change in electric field results eventually only in a change of radius, the total 
axial current flowing, when the pressure balance is restored, being the same as it 
would have been if there had been no change in the electric field. 
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In particular, if during the steady state when the current is .%,, = 1-2 x 10° amp; 
the electric field is increased so as to increase the total current beyond .%,,, the 
radius of the plasma column decreases until the resistance of the plasma column is 
increased so as to reduce the current back to %,. ‘The maximum temperature 
~T,,, in this steady state does not depend on the plasma radius but only on the line 
density (see equation (15)). 

If the electric field is not carefully programmed with time so as to preserve a 
pressure balance at all time, that is, the outside radius a of the plasma varies with 
time, then, if this variation of a is small and slow, it can be included in the pre- 
ceding theory, §3, on the heating time scale, as follows. Equation (12) can be 
modified to give 

aT/dy=¢' T?-y'T!? 
where 
- +o 
ve b ala o = 2) and f= fal a 
0 a(t) Sap. 

Equations (17), (18) and (19) can be similarly altered to give modified time scales 
if a(t)isknown. The results of §4 on current distributions are unaltered by these 

small variations with time of the outside radius. 


§ 7. UTILIZATION OF A TRANSIENT ENERGY SOURCE 


If the source of electrical energy, for supplying the axial current to heat the 
plasma and to create the pinching force, is a bank of condensers, then it is required 
to know how to utilize this so as to reach the required peak temperature 7), in the 
plasma when the current pulse is at its peak value /,. 

A quantity & is now defined as being the total energy available as Joule heating 
for the plasma in the discharge tube up till the time when the current is at its peak 
value. It is assumed that the current and electric field vary with time as given in 
§ 3 so as to maintain a pressure balance always. 


Then, e= (2 ence Ohl Shae) ae (52) 


0 
where 7, is given by equation (19), and V is the total voltage across the plasma, and 
is equivalent to zE, z being the length of the plasma column. 
Using equations (2), (9) and (12) it can be seen that 


: = cd dT 


7 = 


pena? TO p—eT 
which by equation (14) becomes 
p- Soar zin( ) oS (53) 
perp | 
=at-1 xo 102 in (7 ) 
n being defined as 
syle Sola ance ah a ere (54) 
12 Fq 12x 10° 
2 
or a) i rE (55) 
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Thus, from equation (53) it can be seen that the energy per unit length of 
discharge determines the fraction 7 or the peak current obtained. Depending 
on the line density N used, this also fixes the peak temperature acquired in this 
idealized model. 

The equations which relate the circuit parameters, 6, %,, 7, to the plasma 
parameters, a, z, N and T,, are (15), (19), (53) using (54) and (55). They are 


Dp 
summarized below in a suitable form. 


NT, =~/7 x 2:65 x 10” 


at tet 1+ 
ey a0, 2D Bie oN 
T,=5°2 x 10 a E n( =) ”| 


é=1-1x 10°=In( i ) 
1-7? 
where 7 = 8-3 x 10-7.Y, <1, Y, is the peak current in amps, 7), the peak tempera- 
ture in °K, 7, the time taken to reach peak temperature in seconds, & the energy in 
joules dissipated in the plasma in time 7,, N the line density of ions or electrons 
per metre length, a the radius of plasma column in metres and 2 the length of 
plasma column in metres. 

For example, if one has a condenser bank which can dissipate & joules in a 
time 7, sec by which time the current has a peak value of 7, amp, then, by 
choosing a required peak temperature 7, one can estimate from these equations 
the radius a and length zg of the plasma column and its line density NV. 

Alternatively, if one requires a plasma of radius a, length z, line density N and 
peak temperature 7.,, one can estimate the size and characteristics of the energy 
source. 


ACKNOWLEDGMENTS 


The author would like to thank Dr. Latham and members of the High 'Tem- 
perature Physics Group of Imperial College for encouragement and discussion 
on this work, which was done whilst in receipt of a maintenance grant from the 
Department of Scientific and Industrial Research. 


REFERENCES 


BENNETT, W. H., 1934, Phys. Rev., 45, 890. 

Dreicer, H., 1958, Proceedings of the Second International Conference on the Peaceful Uses 
of Atomic Energy, 31,57 (Geneva: United Nations). 

Haines, M. G., 1959, Proc. Phys. Soc., 74, 576. 

1960, Ibid., in the press. 

PEacE, R.iS., 1957, Proc. Phys. Sec: B, 10, 11. 

Spirzer, L., 1956, Physics of Fully Ionized Gases (New York : Interscience Publishers.) 


Field Dependent Electron Mobility in Ionic Crystals 


By J. F. BARNES anp R. H. TREDGOLD 


Physics Department, University College of North Wales, Bangor 


MS. received 26th February 1960, in final form 17th March 1960 


Abstract. ‘The Boltzmann equation for electronic conduction in an ionic crystal 
is set up and an approximate solution is obtained through terms in the cube of the 
field. Explicit results are obtained for values of hw, of 2kT and $kT where wy 
is the angular frequency of longitudinal optical modes. It is shown that for 
fields less than the known breakdown fields the mobility decreases with increasing 
field. The non-ohmic effects will always be negligible for fields less than 
ay cm—". 


§ 1. INTRODUCTION 


ONIC crystals divide themselves roughly into two groups in so far as their 

electronic conductivity is concerned. 

The first group includes PbS, PbSe and PbTe and its members behave 
in many ways like conventional covalent semiconductors. ‘The intrinsic energy 
gap is much less than lev and thus at ordinary temperatures the conductivity 1s 
quite high and it may be necessary to use Fermi—Dirac statistics in discussing the 
behaviour of the electrons in the conduction band. 

The second group includes many materials used as dielectrics, such as Al,O; 
and BaTiO, such technically important materials as CdS, and also the alkali 
halides. In this group the apparent energy gap is much more than lev and an 
observable electronic current can only be obtained by the application of a field 
which is, in any case, greater than 10% v cm™!, and in some cases may need to 
be much greater. The conductivity observed in this group usually departs 
considerably from a simple ohmic behaviour. ‘The extreme example of non- 
ohmic behaviour is, of course, the rapid increase of current with applied field 
which immediately precedes dielectric breakdown. 

In order to understand the non-ohmic behaviour of these materials, one must 
attempt to disentangle trapping, space charge and field emission effects on the 
one hand, from a genuine field dependence of mobility on the other hand. In 
this paper we study the field dependence of mobility of electrons in a simple 
model for an ionic crystal. The study can be considered as complementary to 
the work of Howarth and Sondheimer (1953). They studied the low field 
behaviour of ionic materials in which degeneracy must be taken into account. 
We treat the case in which degeneracy may be ignored but in which the mobility 
starts to become field dependent. We assume that the fields under consideration 
will not be enough to have a serious influence on the electronic effective mass 
and thus any non-ohmic term will arise via the field dependence of the scattering 
of the electron by the ionic vibrations. ‘The results obtained can only be semi- 
quantitative in nature as, in the interest of simplicity we make two important 
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simplifications: (i) the polaron effect is ignored (Frohlich 1954, Allcock 1956); 
(ii) it is assumed that the effective mass of the electron is the free mass. We feel 
that the major error is likely to arise through approximation (ii) and a separate 
study of effective mass in NaCl is being carried out as a check on these assumptions. 


§ 2, INTERACTION BETWEEN A CONDUCTION ELECTRON AND THE 
LATTICE VIBRATIONS 


We consider one electron in the conduction band interacting with the vibrating 
ions. The electron will suffer collisions with the vibrating ions, and will either 
gain or lose energy in the process. It may be shown (Frohlich 1937, Howarth 
and Sondheimer 1953) that the longitudinal ‘ optical’ modes are by far the most 
effective in scattering electrons and we will thus only consider these. 

We treat the crystal as a continuous medium, with the masses and charges of 
each type of ion uniformly distributed throughout the crystal. In the linear 
approximation, all the longitudinal ‘ optical’ modes will have approximately the 
same angular frequency wo, given by 


2 
os 47 € 


Wo 7 ee (1) 
where m, is the density of positive ions in the crystal and 
1 1 1 
ee ee wines 2 
M M+ M- 2) 


where M+ and M~ are the masses of the positive and negative ions respectively. 
This result follows if the Coulomb forces predominate as compared with the 
nearest neighbour forces, and we can then treat the system as a plasma (Tonks 
and Langmuir 1929). 

In order to determine the collision probability between an electron and a 
phonon we need to write down the complete Hamiltonian of the system 


Bed es = oll eee 3) 
H., is the Hamiltonian of the electron 
hk? 
Al ae “Om seeeee (4) 


where k is the wave vector, and m is the mass of the electron. H,,,. 8 the sum 
of the Hamiltonians of all the oscillators 


wo 2M | he? oo ole | 
osc DQ 2 eM ( 0gc2 gs? ) de qs © ‘serie (eve (5) 


the sum is taken over a hemisphere in K space, and ge and qs are cosine and sine 
normal mode coordinates. 

As in the Debye model of specific heats, we assume that the wave number K 
has all values up to a ‘cut-off’ value K,,,. chosen so that the number of normal 
modes corresponds to the number of positive ions in the crystal. 


. H,, is the interaction Hamiltonian between the electron and the lattice 
vibrations 


El, 


kay 


87M \ 12 qs Qe. 
(=~) oy | — Boos K.r+ Esink.r | ance (6) 


where V is the volume of the crystal. 
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H,, and H,.. lead to wave functions for the electron and the lattice vibrations. 
We assume that if H,,, is treated as a perturbation we will obtain collision 
probabilities which are at least of the right order of magnitude and qualitatively 
of the correct form. 

The total energy U of the system in the absence of H,,, is 

g h?k? 
U = > (m(K)+4)hay +—— nena (7) 
K 


2m 


where (K) are the quantum numbers of the lattice oscillators. 

The probability per second W that the electron will make a transition from 
the state k to the state k’, coupled with a transition of the oscillator from 7 to n’ 
may now be calculated using perturbation theory. 

For the case of emission of energy by the electron, the probability is only non- 
_ zero when 


Ty a a ere (8) 
: 8ir(N + 1)ae? 0 / sin? Et 
2k = ee | ee eae 9 
W(k, k — K) ae 5i( A ) (9) 
where 
hE=Ey— Ey, +h te wwe (10) 


For the case of absorption of energy by the electron, the probability is only 
non-zero when 


ok Ree 98 8 aiae: (11) 
: 82zNw,e? 0 (sin? &t 
= Sg ne or ile 
W(k, k+K) eri A ) (12) 
where 
RE=Ey— Efi tees (13) 


Here N is the statistical mean of the quantum number » of a lattice oscillator and 
is given by 
1 
a rn 14 
? exp (tw,/kT)—1 oe 
Hence the probabilities per second are only large when £ =0, 1.e. conservation of 
energy, and only those transitions are possible in which momentum 1s conserved 
((8) and (11)). 
We have now to determine the distribution F(k) of electrons in k space when 


a field is applied along the z axis of the crystal. 
The distribution of electrons must satisfy Boltzmann’s equation 


ee cr (15) 


The left-hand term gives the rate at which electrons are accelerated out of the 


state k by the applied field £. 
ais the rate at which electrons are scattere 


lattice waves: 


a=F() oa TG k+K)PK+ { IV(k, k—K)a°K |. ae (16) 


a7? 


d out of the state k by collision with 
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b is the rate at which electrons are scattered into the state k by collision with 
lattice waves : 


= os iG k)F(k—K)+ W(k+K, k)F(k+K) | ke (17) 


As there are only a few electrons in the conduction band, the exclusion principle 
may be ignored, and in the case where there is no applied field acting on the 
crystal, it is obvious that the electron distribution is a Maxwell—Boltzmann 


distribution 
ie; (F(k) =A exp (—2°k?/2mkT) es Pieces (18) 


where A is a constant. 


§ 3. DETERMINATION OF THE DISTRIBUTION FUNCTION 
As the distribution function is a Maxwell—Boltzmann function in the case of 
no applied field, we will assume, that when there is an applied field the distri- 
bution will be a modified form of Maxwell—Boltzmann function displaced in 


the k, direction 
P(k) =exp(—307(k—k,)*), eee (19) 


where «2 =h?/2mkT and ky is in the k, direction. ‘The integration for a is easily 
performed, but in the case of 5 it is necessary to expand F(k) in ascending powers 
of ky, and terms up to A, are retained in our approximation. ‘Thus we obtain 


b—a 
Sem (— P(e he) {| 2a pos G1 2ask (e+ ) Sieiiees a | 
x [BR(24+2)L,—2a(1 +A) ] 
2 
ene E 60s? @=1) (F (Caer Sal +Ay22+2)) = (# + =) I, sin 3 | 
3 2 
+ 2a%h,2(5 cos @—3 cos 8) E CAS ite (1 Hay +ay(t+3n) |} 


+ (N+ 1)B exp (—«?(k* + ko)) {| 22% cos 6 + 2a% (8 = 2) sin 26 cos a] 
i 
x [$R(2—A)I, —2n(1 —A)"?] 


+ath [G cost —1 (5 C2 Sa -1"4(2-2)) mG - NI sint@ | 
L 


eet (cee 0S coe als Gay ge (1—d)¥2(4 =) (4 — 3) |} 


DORA Ei i 28 0a 0 5 (20) 
c= a thee (21) 
e Zu ehh (22) 
i = ae | en ene: (23) 
i 
gee a i ‘ =n Py. (24) 


(is the angle between k and the k, direction, We now proceed to choose ky such 
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that F(k) is the best solution to (20), chosen in the sense of least squares. We 


thus obtain 
ari eBaR. ao) 
a E ete a SO eels.’ (25) 


as an equation in ky. 

In order to obtain an explicit form for (25) it is necessary to evaluate a 
number of definite integrals, only a few of which can be obtained in terms of 
known functions. ‘The remainder (25 in all) have been evaluated numerically 
for values of the parameter hw,/RT of 2 and }. In the former case, we obtain 


ze + 5-SpBPhy + 40p%8 hy? =0 eee (26) 
t 
and in the latter 
PREG © ao a 7 
— 15-88 =. + 282p6?k, +23-2p7B ra He ee eae (27) 
t 


Here p=(h/2mw,)'?. We thus find that 


5-88 e2 2 12 | 
ho = SOpeE Th ( is =) 


ek e? 
== ‘67 =e ——— aces Me | mals ee.axs: 28 
067 Fy | 1-49 Bap | oe 


corresponding to (26), and 


54-2 Bh 
eE Lt Ze 
Ate ego er ee Me he Zo 
si ° Bh | 217 Bei | be 


corresponding to (27). 
§ 4. DISCUSSION 


Since the above calculation depends on choosing an F(k) of the same shape 
as that corresponding to zero field, and since we have been obliged to expand 


Asymptotic value of 2, according to (28) } 


= ek 
= 
= ‘s' 
i ei 
2 2: 
° th, 
w< =: 
ay 
I foo) 

0 2 4 6 10 12 14 16 18 20 


8 s 
E (10> vem") 


Variation of ky with field for NaCl with fiwo=2kT. 


F(k) through the third power of , only, it is unlikely that our results (28), (29) 
will be valid for very large values of E. In the figure we show kp, (which is 


s 
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proportional to the current) as a function of field. For hwy = 2kT (which is about 
correct for the alkali halides at 200°x) the conductivity is still decreasing with 
field at the breakdown point. 

Now qualitative considerations based on the scattering mechanism studied 
here, lead one to suppose that the ‘plasma boundary’ connected with dielectric 
breakdown in von Hippel’s theory (1940) should correspond to the condition 


and it is evident that breakdown actually occurs with ky very much less than the 
value given by equation (30). Now supposing the approximations used here 
are valid, it is evident that the ‘plasma boundary’ has nothing to do with di- 
electric breakdown. 

It may also be deduced from the above results that the mobility must be 
sensibly independent of field for fields less than 10°vcm for any realistic 
values of RT and hw. For low fields and fwy»=2kT we find the mobility 
p=6:8cm?v-tsec—!. This result may be compared with that given by the 
approximation of Howarth and Sondheimer, namely » =4-0 cm? v—!sec71. 
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Abstract. From theoretical calculations carried out for the two trihalides AsF, 

and AsCl, using the molecular orbital method, estimates of hybridization and ionic 
character in the bond orbital have been obtained using the observed values of the 
dipole moments. These are compared with corresponding data from quadrupole 
coupling constants. 


§ 1. INTRODUCTION 


N continuation of the work in this laboratory by Narasimha Rao (1957, 1959) 
] dealing with calculations on dipole moments using wave mechanical methods, 
the present work is undertaken on the trihalides, AsF, and AsCl,; the observed 
dipole moments for the molecules are used to obtain estimates of the respective 
hybridization and ionic character parameters. The important previous work on 
the subject was mentioned in the references above. ‘The method adopted for the 
present calculations is that developed by Pople (1950) and Duncan and Pople 
(1953) based on the molecular orbital theory. 

The halides of group V elements seem to offer an advantage in calculations of 
this nature. Studying the variation of the ratio of the observed dipole moment of 
these molecules to the product of the electro-negativity difference and inter- 
nuclear distance, Kisliuk (1954) has found the ratio to be constant for each group V 
nucleus and increasing steadily from the lighter to the heavier ones. This 
suggests, as he has remarked, that the dipole moments can be explained in terms of 
the hybridization of the bonding orbitals rather than in terms of the relative size 
of the atoms, the polarization of the core electrons etc. 

The molecule AsF, is particularly chosen since its quadrupole coupling data 
unambiguously indicate the presence of sp-hybridization only. ‘This inference 
was drawn by Dailey (1953) from a consideration of the sign and the large magni- 
tude of the coupling constant of arsenic in AsF;. He points out that this large 
coupling constant definitely indicates that the bonding orbitals are not pure 
p-orbitals, but some sort of hybrid orbitals. If the hybrid bonds are considered 
as constructed from a set of p-orbitals and directed along the molecular axis, then 
a defect of electrons might be expected along that direction. If, however, these 
are constructed using s-orbitals of the valence shell, the two non-bonding electrons 
of the valence shell would be promoted to the hybrid orbital which would not be 
true if any other (say d or f) orbital were to be used for hybridization. An 
excess of p electrons therefore results along the molecular axis since the non- 
bonding orbital contains two electrons while the bonding orbital on the average 


$2 
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contains only one, and this excess is evident from the sign of the coupling constant. 
A similar feature may be expected in AsCly, its quadrupole coupling constant 
(Kisliuk and Townes 1951) being similar in sign and magnitude. Further, in these 
molecules hybridization occurs on the apical atom alone and not on the halogen 
since, as a general rule, the dipole moment would tend to sustain hybridization 
on the positive atom and to quench it on the negative atom (Gordy 1955)5) . hat 
the apical atom alone is concerned was also pointed out by Kisliuk in his inter- 
pretation of the nature of the chemical bond in group V trihalides from microwave 
spectroscopic measurements. 


§ 2. CALCULATIONS ON ASF; 


The electron configurations of the arsenic atom in its ground state is represented 
as 1s?2s22p%3s23p%3d!04s24p3, while for the fluorine atom it is written as 1s°2s"2p°, 
and the As-F bond is regarded as arising from the pairing of As(4p) , and F(2p), 
orbitals. The atomic orbital approximation of perfect pairing of electron spins is 
assumed, so that the bonds are treated as localized: "The bonding orbital of arsenic 
is assumed to be a mixture of s- and p-orbitals. ‘The wave functions for the 
bonding and non-bonding orbitals are written approximately as linear combina- 
tions of atomic orbitals, as in the case of NH,; the non-bonding orbital being 
directed along the molecular symmetry axis. The three equivalent bond 
orbitals are 


ip = A{cos en (As, 48) + sin ep (As, 4pp,)}+ 4 (Fy, 2p) 

Wp =A{cos ey (As, 48) + sin ep (As, 4pp2)} +4 $(Fo, 2p) 

upg =A\COS ep (As, 48) + sin en d(As, 4pp3)} +e d(Fs, 2p) 
where cosep and sinep are hybridization parameters, while A and w are ionic 
character parameters. 4pp 1, 4Ppo, 4pp3 are the 4p, atomic orbitals of the As atom 
directed along the three bond directions. (F,,2p), (F2,2p), (F3,2p) are the 
2p, orbitals of the three F atoms. 

‘The wave function for the lone-pair orbital is written as 


by, = cose, ¢(As, 4s) +sine, d(As, “0% 


4p, being the 4p, atomic orbital of the arsenic atom directed along the symmetry 
axis. 

The unknown parameters in the equations are evaluated by making use of the 
orthogonality conditions between the bonding orbitals and the bond and lone- 
pair orbitals as was done by Duncan and Pople for NH3. The individual values of 
A and p are obtained from the normalization condition for yp, when A/y is known 
from the orthogonality condition. The orthogonality conditions give 


A* (cos? ep + sin” ey Cos %) + 2Aw(S} cos ep + So sin ep cosa) +p? Sy = 


and 
A ___ (cosez,S; + sinez, cosy S,) 
im COS €}, COS ey, + SiN e SIN Ey, COSY 


in which a is bond angle and y is the angle between a bond and the lone-pair 
direction; S,, S,, S, are the three overlap integrals defined as 


Si =J $(As, 48)6(F, 2p) dz 
Sp= | ¢(As, 4p)6(F, 2p) dr 
Ss=J (Fy, 2p)d(F3, 2p) dr. 
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The normalization condition for the bonding orbital gives 
d2 + 2Au(S, cosep t+ Sosinep)+p?=1. 


If we locate the origin of the coordinate system at the As atom, the dipole 
moment due to the bonding electrons is given as mp =2e(E—d/2) where € is the 
coordinate of the centre of negative charge and may be obtained from 


by g dr | bor dr 


and d is the internuclear distance. The contribution of the bonding electrons 
to the total moment is My=3 mpycosy. The dipole moment contribution of the 
non-bonding electrons is M, = —2e €, in which &, is obtained from 


a 
c= 


. / ” 
Bate dr | | yy? dr. 
“ / 


However, since the wave functions are normalized, fyp2dr=1 and Jy%,?dr=1. 
The total moment M is equal to Mpy+M,, the sum of the contributions of the 
bonds and of the single-pair. 

The necessary integrals are evaluated by taking a value of 1:712A for the 
internuclear distance and 102° for the bond angle from microwave measurements 
(Kisliuk and Geschwind 1953). ‘The atomic wave functions used are hydrogen- 
like and values of the effective nuclear charge are adopted from Pauling and 
Sherman (1932). These are Zp=7:72, Zs=10-14 for the As atom and Zp =4-84 
for the F atom. 


ze 
>L 


Table 1 

A/ pe A pe COS €p COS ef, My MM, M 
oe) 1 0 0-415 0-696 =—3-312 — 6-714 — 10-026 
1-00 0-6801 0-6801 0-400 0-694 + 3-637 — 6-709 —3-072 
0-60 0-4971 0-8284 0-388 0-691 + 6-764 — 6-706 +0-058 
0-40 0-3616 0-9038 0-379 0-688 + 8-594 — 6-704 + 1-890 
0-36 0:3342  0-9283 0-372 0-684 +9:-514 — 6-703 +2-811 
0-30 0-2816 0-9410 0-369 0-681 +9-922 — 6-702 + 3-220 


The results of the calculations are given in table 1. By suitably varying the 
values of A and p, different values are obtained for the hybridization parameters 
and the dipole moments. ‘The experimental value of the dipole moment for 
AsF, as obtained from microwave measurements by Shulman, Dailey and 
Townes (1950) is 2-815 Debye units. This value, it may be observed from the 
above table, is derived when A/y, which is a measure of the polarity of the bond 
orbital, is equal to 0-36. The corresponding value of cos €p is 0-372 which amounts 
to about 14°%, for the s-character. The contribution of the non-bonding electrons 
(given by M,) to the total dipole moments is considerable and is almost inde- 
pendent of the polarity of the bond orbital. The same feature was observed in 
the case of NH, by Duncan and Pople (1953). og 

The amount of hybridization deduced above may be expected in view of the 
large value of the coupling constant for As in this molecule (—235 Me/s). . From 
a study of the quadrupole coupling constant, Dailey assigned iso, s-hybridization 
agreeing very closely with the value derived from the dipole moment in this 
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investigation. It may be of interest to note that the value of s-hybridization 
derived from the bond angle (s-character = cos «/(cos «—1) (Townes and Schawlow 
1955, p. 238)) comes to about 17°% which is in fair agreement with the above values. 
Gordy’s estimate (Gordy, Smith and Trambarulo 1953) of 8% for the s-character 
may perhaps be low, in view of the 9% s-character for the As bond orbital in AsH, 
which has a much lower coupling constant than AsF3. 

The ionic character (equal to 12 —)?) of As-F bond derived in this investiga- 
tion is about 70%. This value is consistent with the large electro-negativity 
difference between the As and F atoms (2:0). Pauling’s graph (Pauling 1940) of 
ionic character plotted against electro-negativity difference indicates about 60% 
while the revised estimate of Townes and Dailey (1950) gives somewhat more 
ionic character for AsF3. 


§ 3. CALCULATIONS ON AsCl, 

Similar calculations are carried out for AsCl,. Values of 2-161 A for the bond 
length and 98°25’ for the bond angle are adopted from microwave data (Kisliuk 
and Townes 1950), and an effective nuclear charge of 7-42 is taken for the Clatom. 
The results are shown in table 2. 


Table 2 

Ale A im COS €p COS €; M, M, M 

o) 1 0 0-357 0-785 —5-757 — 6-682 — 12-439 
1-00 0-6070  0-6070 0-310 0-780 + 4-354 — 6-680 — 2-326 
0-90 0-5794 0:6439 0-296 0:779 + 5-503 — 6-677 —1-174 
0-80 0:5429 0-6785 0-292 0:776 + 6-723 —6:676 + 0-047 
0-68 00-4987 0-7214 0279 0-770 +8-641 —6-671 + 1-970 
0-60 0-4521 O7535 0:274 0-768 + 9-763 — 6-670 to 093 


The observed value (Townes and Schawlow 1955, p. 614) of 1:97 Debye 
units is obtained when A/w is equal to 0-68 and cos «, is equal to 0-279. This 
amounts to about 8°% s-character for the bonding orbital which is in agreement with 
the value of 10° assigned by Townes and Schawlow (1955, p. 242) from the 
quadrupole coupling constant, while the Cl-As—Cl bond angle yields about 
12-13%. A lower value of the s-character for AsCl, than for AsF,; may be 
expected because of the lower coupling in AsCl,. 

The ionic character for the As—Cl bond comes to about 28%, which is consistent 
with the value of 22 to 25° expected from the Pauling graph, the electro- 
negativity difference between the two atoms being 1:0. ‘The S-shaped curve of 
‘Townes and Dailey (1955) however indicates a larger value, about 40%, for the 
ionic character. 


§ 4. CONCLUSIONS 


The molecular orbital theory calculations carried out for the two molecules 
AsCl, and AsF, indicate that the non-bonding electrons make a substantial 
contribution to the total dipole moment. The estimates of ionic character and 
hybridization obtained in this investigation are consistent with approximate 
deductions from other data and may be considered fairly reliable as full ortho- 
gonality conditions have been used in this derivation. AsCl, indicates less 
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s-character in the bonding orbitals than AsF;. It should be pointed out also that 
in the present calculations the effect of inner core electrons has been neglected for 
reasons stated earlier and also elsewhere (Narasimha Rao 1959). 

In the above calculations, hydrogen-like wave functions are used. In order 
to see how far these results may be sensitive to the choice of the wave functions 
calculations are also carried out for one molecule AsFs using Slater type iagdones 
For n=4, the Slater function involves fractional powers, and the computation of 
the overlap integrals in this case cannot be simply evaluated. For this reason 
Craig et al. (1954) corrected the fraction to the nearest integer and then evaluated 
the integrals, while Jaffe and Doak (1954) obtained the integral values as averages 
of the corresponding overlap integrals form =3andn=5. 'Theauthor has adopted 
this latter method for evaluating the integrals for AsF3. 

The results are given in table 3. 


Table 3 

A/e A be COS €p COS €;, My M, M 

co 1 0 0-415 0-696 — 4-252 — 6-634 — 10-886 
1-00 0-6359 0-6359 0-380 0-691 +2-962 — 6-630 — 3-668 
0-80 0-5633 0-7042 0-372 0-689 +4-324 — 6:626 — 2-302 
0-60 0-4684  0-7805 0-359 0-685 + 5-962 — 6:622 — 0-660 
0-40 0:3446 0-8616 0-338 0-679 +7-785 —6:618 +1-167 
0-23 O-2135 40-9283 0-329 0-650 + 9-366 —6:547 +2-819 


0-20 0-1879 =0-9396 0-344 0-643 +9-616 —6:536 + 3-080 


The value of cos ¢,=0-329 corresponds to about 11% s-character, slightly 
lower than the 14% obtained previously, while the amount of ionic character in the 
As-F bond, given as ?—A?, is observed to be 80% which is slightly higher than 
the 70% derivedfromtable1. The qualitative features, however, have not altered. 
This feature was pointed out by Schatz (1954) from calculations on HCI using 
Slater type, hydrogen-like, and modified hydrogen-like wave functions. 
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Abstract. Experiments are described in which colloidal suspensions of 
nickel-iron alloys in paraffin-wax have been prepared for the purpose of measuring, 
by internal ferromagnetic resonance, the total internal magneto-crystalline 
anisotropy field as a function of alloy composition. Determination of the internal 
resonance frequency is by measurement of the complex permeability of the 
particles over a range of frequencies. ‘The variation of internal field with com- 
position is found to be in agreement with previous qualitative observations by 
Anderson and Donovan employing a different technique and the total anisotropy 
is found to pass through a minimum in the region of 65° nickel. Values for the 
anisotropy constants A, and K, are calculated from the results and are compared 
with published values. 

Multiple peaks in the permeability against frequency curves are interpreted as 
magnetostatic resonance modes of different order as predicted by Walker from 
theoretical considerations. 


§ 1. INTRODUCTION 

N an earlier paper (Anderson 1960, to be referred to as I) internal resonance 

measurements on small cobalt particles precipitated in a copper matrix were 

reported. It was shown that the value of the internal field which represents the 
magneto-crystalline anisotropy, determined from the variation with frequency 
of the complex permeability, was in good agreement with that calculated from 
anisotropy constants measured by static methods. ‘This work is considered to 
validate the experimental method used to determine the anisotropy field, in which 
small particles of the ferromagnetic material are placed in a high frequency 
alternating field and their permeability measured as a function of frequency. 
The same method as was described in I has been used in the present work. ‘This 
differs from the standard ferromagnetic resonance type of measurement described, 
for instance, by Reich (1956). 

The internal field, calculated from the observed resonant frequency by simple 
spin-resonance theory, is found to fall rapidly from the value for pure nickel as 
iron is added, reaching a marked minimum at 65% nickel; thereafter the field 
increases again, but at a much slower rate. The results indicate that the total 
anisotropy energy of the specimens used never actually reaches zero in the alloy 


series. 
§ 2. EXPERIMENTAL DETAILS 


2.1. Preparation of Specimens 
The colloidal-sized particles were produced from an ingot of the desired 
composition by a ‘breeding arc’ in an atmosphere of dry hydrogen (see, for 


instance, Svedberg 1928 and Bagguley LoS oye 
+ Now at Royal Holloway College, University of London, Englefield Green, Surrey. 


274 a: Anderson 


A 10kw induction heater was modified by replacing the normal work coil by 
two electrodes. The non-earthed side of the tank circuit feeding the normal 
work coil was connected to a copper tube, of } in. diameter, through which the 
normal flow of cooling water was carried, the water circuit being completed by a 
length of rubber tube. This electrode was bent so that it fitted inside a 2 in. 
diameter Pyrex glass tube into which it was sealed by leading it through a cork, 
Through a cork at the other end of the glass tube was led a stainless steel tube 
which was coupled to the spindle of a light electric motor. ‘The arrangement 
was such that the stainless steel electrode, which was earthed, rotated close to 
the cooled copper electrode. 

The alloy was produced by melting a suitable mixture of carbonyl nickel 
and iron powders in a furnace through which dry hydrogen was streamed. ‘The 
resulting ingots were rolled to strip of approximately } in. width by & in. thick. 
The strip was annealed at 1000°c for one hour, followed by furnace cooling for 
ten hours. Short lengths of it were wrapped round the two electrodes so that 
the high-frequency arc was struck between them. 

Before starting the arc, the inside of the Pyrex tube was given a thin coating 
of paraffin wax so that particles flying out of the arc would adhere to the walls of 
the tube. It was found necessary to blow cold air over the tube whilst the arc 
was burning. A suitable concentration of alloy in the wax was obtained by running 
the arc for approximately half an hour. 

The wax carrying the particles was removed from the tube by dismounting 
and warming it. ‘To ensure the removal of the maximum amount of material 
the tube was washed through with molten wax. 

Particles of all sizes, up to as much as 2mm in diameter, are obtained from 
the arc. Some particles, generally the smallest, arise from condensation as 
droplets from metal vapour. Others are torn out of the electrodes explosively 
and are in the majority. 'To limit the range of particle sizes, and to eliminate 
larger particles, the melted wax was centrifuged at 3000 rev/min until it hardened. 
Photographs of typical particles are shown in figure 1 (Plate). The range of 
sizes obtained was from about 1 to approximately 25 microns in diameter, with a 
majority in the range 5 to 10 microns. Spherical particles were found to be 
relatively rare, indicating that the most important mechanism of production is 
that of explosive disruption of the electrodes. Many of the particles produced 
by the latter process show signs of cubic symmetry. 

‘The specimen was formed as a rod of length approximately 4 cm and diameter 
0-5cm. A blank specimen was also produced which had the same dimensions 
and was composed of the same wax, but did not contain any metal particles. 


2.2. Measurement cof Permeability 


The apparatus used has been briefly described in an earlier paper (Anderson 
and Donovan 1959). ‘The full detail and theory has been given recently 
(Anderson 1960b). 

A modified Foster-Seeley discriminator is used to measure the complex 
permeability of the test specimen. It is inserted in the test coils of the discrimina- 
tor and the change in magnitude and phase of the secondary induced voltage is 
observed. ‘The effects of the wax, and certain artifacts of the apparatus, are 
eliminated by taking similar measurements on the blank specimen. Frequencies 
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in the range 16 to 240 Mc/s were used. Resonance is revealed by an increased 
absorption of power in the specimen, characterized by a peak in the curve of the 
imaginary part 4, of permeability plotted against frequency, and by a phase shift 
of the induced signal, characterized by a deviation in the curve for the real part 
4, of permeability plotted against frequency. 


§ 3. RESULTS 


3.1. Complex Permeability and Resonance Frequencies 


In figure 2 are shown the real and imaginary parts of permeability plotted 
against frequency for the 90% Ni-10% Fe alloy. The dotted curve shows the 
results obtained for a specimen prepared from the wax as extracted from the 
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Figure 2. Complex permeability of 90°%, Ni-10°%, Fe alloy. 


breeding arc, The solid line shows the results obtained after centrifuging, 
when the multiple peaks appear to ‘condense’ into two main, double peaks. 
Multiple peaks were found in every case, as is exemplified by figure 3 showing the 
curve for the centrifuged 75° nickel specimen. 

The larger of the first pair of peaks is taken as representing the resonance 
frequency, for reasons which will be discussed later. In figure 4 is shown the 
variation with composition of the resonance frequency for the colloidal specimens ; 
this is compared with the curve obtained from a series of polycrystalline alloys 
examined by transmission line technique, described in an earlier paper (Anderson 
and Donovan 1957). No quantitative significance can be attached to the 
polycrystalline results. 

It has been pointed out by Kittel (1946) that permeability has little but 
formal significance at high frequencies, so that the absolute magnitudes calculated 
for the real and imaginary parts of permeability can have little meaning attached 
to them. For this reason the accuracy with which they are determined is not 
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of interest. ‘The measurement technique is aimed at the observation of variation 
of permeability with frequency. The limits of detectable change in permeability 


are 1%, in x, and 0-05% in py. These are the limits of error and are shown by 
vertical lines in figure 2. 
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Figure 3. Complex permeability of 75°% Ni-25% Fe alloy. 
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3.2. Anisotropy Constants and Internal Field 


The equations giving the anisotropy fields for the three easy directions of 
magnetization occurring in the Ni-Fe alloy series are given below: 


Sor 
<100) i Ms; eee eee (1) 
1 
1 a Ee ees 
(110) Hae= = 347 (Ki 4K) 2) 
ils oe = = Heat OS eee (3) 


where M, is the saturation magnetization and A,, Ky, are the anisotropy constants. 

Alloys containing 35, 40 and 45° nickel have a (100) easy direction and the 
internal field has been calculated from equation (1) using the values for A, given 
by Hall (1939). The results are compared with those obtained from the resonance 
frequency using the simple spin—-resonance formula fy=yHx, in table 1. It 


Table 1. Anisotropy Constants for Ni-Fe Alloys 


(1) (2) (3) (4) (5) (6) (7) (8) 
35 +3 — 1-93 S97 aden +21°5 _ 
40 +5 = 1-84 G8) 29:3 +20°8 — 
45 +4 — 1:75 5-5. 25 +17-4 —. 
ee 0 —150 158 29-45 18 — —91-6 
60 —2°5 —120 1:50 23-8 14 = — 66°8 
65 —6 —70 137 Loo. Oy = —47-4 
70 —11 —17 1-23 227 285 = — 30:9 
75 —30 —18 i 53-4 50-7 = =12:5 
80 —13 —20 1:03 31:0 56:8 — — 69-4 
85 —17°5 — 23 0-95 39:0 63-6 — — 66 
90 — 24-5 — 23 0-81 63-4 = 77-1 -- — 39-5 
100 — 56 +53 0-60 101 78:5 a + 78°75 


(1) Alloy (% Ni); (2) Ky, (10%ergem™); (3) Ky (10%ergem™); (4) Mg (up); 
(5) Hj, calc. (Oe); (6) Hy meas. (Oc); (7) K, calc. (10% erg cm~*); (8) Ke calc. (10° erg cm™), 


will be seen that agreement between the calculated and measured values is not 
good. Using the experimental value of the field, values for K, have been calculated 
and are shown. It is pointed out that these compare more favourably with the 
values given by Bozorth (1952) which for 35, 40 and 45%, nickel are 16, 21 and 
20 x 10? erg cm~* respectively. 

The 55, 60 and 65% nickel alloys have been shown by Kleiss (1936) to have 
a (110) easy direction. In this case the internal field is given by equation (2) 
and involves K,. The values of the latter shown in table 1 are those given by 
Bozorth (1951) and have been used, together with Hall’s values for K;, to calculate 
values for the internal field. Again the agreement with experiment 1s poor. It 
is generally acknowledged that the accurate measurement of Ky is difficult and 
so the results have been used to yield values for Ky. ‘These are shown in the 
table. ns 

Because of the relatively slow cooling treatment given to the alloys it is thought 
that their anisotropy should correspond more closely to the values given by Hall for 
an ordered specimen; the slightly raised resonance frequency at the composition 
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75°, nickel could be interpreted as the result of a degree of long-range 
order, which is known to occur at the composition FeNi, in slowly cooled alloys. 
Since the majority of particles are explosively produced they would probably 
retain any ordering present in the original electrodes. Using the ordered values 
for K, and equation (3) the values of Hj calculated for the alloys 70, 75, 80, 85 
and 90%, nickel are shown in table 1. Agreement between these and the experi- 
mental values is slightly better in these cases, especially for the compositions 70 
and 75%, nickel. The results have again been used to yield values for Ky, which 
are shown. 

It is known that the anisotropy constants are extremely sensitive to the state 
of strain of the specimen for the compositions with finite magnetostriction. Asa 
result of the method of production the particles might be expected to contain 
large strains. It is therefore doubtful if the values obtained from torque measure- 
ments on carefully prepared, strain-relieved specimens can be applied in this case. 


§4. MacnetostaTic MopEs 


It has been shown by Walker (1957) that, when the wavelength of the applied 
radio-frequency field is much larger than the physical dimensions of the sample, 
propagation effects may be ignored. Further, the exchange field is given approxi- 
mately by 10-8/A?Oe where A is the radio-frequency wavelength, and in the 
present experiments this is negligibly small. The forces concerned in the 
equation of motion are, under these circumstances, purely magnetostatic, each 
spin moving in the steady field present. Walker shows that the solution of the 
equation provides a series of modes of oscillation higher in frequency than the 
fundamental spin-resonance mode. 

These modes will only be excited if the radio-frequency field is non-uniform. 
From the configuration of the test coils in the apparatus used it is clear that this 
is the case in the present experiments. 

When the separation between the fundamental resonance frequency and the 
higher mode is small, Walker gives the formula 


ae ( (1—2?)e? Og i. 
(L—s?)o2+22)/ ~ 
In this, 3 is the value of the argument of the associated Legendre function P”(z) 
for which the function has the value zero. Q is given by w/47yMg where w is 
the angular frequency of the mode; Q,, is given by H/47Ms; « is the ratio of the 
axes of the particle, assumed spheroidal. The ratio is taken such that the numera- 
tor of it is the length of the axis in the direction of the magnetization. Walues of 
the argument z for which the associated Legendre function is zero have been 
calculated for various values of m and n, and are shown in table 2. 

In his treatment Walker assumes the particle to be magnetized to saturation 
asa whole. ‘This is not the case in the present instance, since no external field is 
applied. The eccentricity factor « will not, therefore, be given by the macroscopic 
dimensions of the particle. The particles in the present experiments are all 
multi-domain and it is not unreasonable to suppose that, for a given alloy com- 
position, the size and shape of surface domains will be much the same for most of 
the particles. It is suggested that « should be a domain eccentricity factor 
determined by the length and width of the domain, and by the skin depth of the 
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Table 2. Squares of Values of Argument |z| for which P(x) =0 


4 m=0 m= 2 m= 3 m=4 
2 E25 
3 0-6 0:2 
+ 0-742 0-429 0-143 
SS) 0-82 0-587 0-333 O-111 
6 0-86 0-680 0-483 0-409 0-136 
7 0-89 
8 0-91 
9 0-925 
10 0-935 
11 0-942 
v2 0-946 
13 0-949 
Pay ie ere 
t qu+my 
Table 3. Skin Depths for Nickel-Iron Alloys 
Alloy (% Ni) p (ohm metres x 107°) fo (Mc/s) Skin depth (metres x 10-8) 
100 9 220 1:14 
90 15 208 53 
85 20 178 1-87 
80 21-8 158 2:05 
75 24°5 142 IBIS) 
70 275 82 S25 
65 30 30 5-64 
60 34°5 39 Gea 
55 41 50 305 
45 65 70 5-43 
40 74:5 82 5-38 
35 81-5 78 5.77 


Figures for resistivity from Yensen (1920). 


alloy at the frequency concerned, the domain being considered as an approxima- 
tion to an ellipsoid. 

It would be expected that « will vary from alloy to alloy. ‘The variation of 
skin depth with composition has been calculated on the assumption, based on 
the experimental results, that 

Pep = (My? + oe?) + pg 1 
andisgivenintable3. It will be seen that the skin depth increases with decreasing 
nickel content and passes through a maximum at the composition corresponding 
to the lowest anisotropy energy. Examination of the alloy strips from which the 
electrodes were formed, by the Bitter technique, has shown that the domain 
sizes vary in a similar way with composition. ‘The conclusion, therefore, is that 
% may not vary by very much over the composition range. 

Values of « have been estimated from the domain dimensions in the strips 
examined and the values subsequently adjusted, by trial and error, to obtain a 
fit between the calculated modes and the experimentally observed resonance 
peaks. The results are shown in figure 5, and it will be seen that reasonable 
agreement can be obtained between theory and experiment. 
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Figure 5. Magnetostatic modes in Ni—Fe alloys. 
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Figure 6. Magnetostatic modes in small cubic cobalt particles. 


Similar multiple peaks were obtained in some cases in the experiments on 
cobalt particles reported in I. ‘These higher resonance frequencies have been 
fitted to calculated magnetostatic modes in the same way, and the results are 


shown in figure 6. Again it will be seen that reasonable agreement can be 
obtained. 


§ 5. Discussion 

As in previous internal ferromagnetic resonance experiments, the narrow 
line-widths obtained indicate that the mechanism is not affected by the shape of 
the particles. If shape anisotropy had an influence the wide range of particle 
sizes and shapes would result in a continuous spectrum of resonance frequencies, 
different for each particle, and it would be impossible to obtain clear resonance 
peaks. 

A feature common to all results obtained has been the splitting of the funda- 
mental resonance peak, a subsiduary peak appearing at a frequency below, and 
close to, the fundamental one. Artman (1957) has shown that, in the case of 
standard ferromagnetic resonance in an applied field, it is possible to obtain two 
resonance frequencies. ‘This is based upon the supposition of multi-domain 
structure in the specimen. He postulates a dynamic demagnetizing factor, 
determined by «, for the domains and shows that one resonant frequency will 
be obtained when the field is perpendicular to the domain walls, and another, 
lower one, when the field is parallel to the domain walls. The detail of his 
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calculation depends, however, on the presence of an applied field, and it is not 
obvious how this should be amended to apply to the internal ferromagnetic case. 
The proposed mechanism could, however, operate in the present work, and would 
account for the doublet peaks observed experimentally. 

In connection with the magnetostatic modes it is pointed out that there are 
many possible combinations of values of « and x which could provide modes 
agreeing, more or less, with the experimentally observed peaks. The spacing, 
in frequency, of the experimental peaks follows no obviously regular law; the 
Kittel spin-wave modes, observed by Seavey and Tannenwald (1959) in thin 
films, would provide a frequency spacing proportional to the squares of integers, 
and the present results do not conform to this. It is considered that the Walker 
solution is the most likely mechanism in the present work. 


§ 6. CONCLUSION 

Evidence of internal ferromagnetic resonance in nickel-iron alloys has been 
obtained and some correlation has been found with the known variation of 
anisotropy energy with composition. The total anisotropy has been found to 
be a minimum in the region of 65% nickel, and some indication of long-range 
ordering in the region of FeNi, has been obtained. The results provide some 
support for the existence of magnetostatic spin-wave resonance modes when 
propagation and exchange effects can be neglected. 
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Magnetothermal Effects in Silicon-Iron Alloys 
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Abstract. Measurements are recorded of the reversible magnetothermal effect 
in two alloys of silicon-iron. Analysis of the measurements by the method of 
Stoner and Rhodes, though hindered by the absence of reliable data on the basic 
magnetic constants of the materials, shows that over the field range studied the 
experimental coefficient 6” is nowhere constant but tends to the ‘rotational ’ 
value b=(T/K,)(0K,/0T) as the field increases. The possibility is considered 
that the variation is associated with changes in a ‘spike’ domain structure. It is 
concluded that such a structure may be involved but cannot by itself account for 
the details of the observations. 


§ 1. INTRODUCTION 
A GOOD deal of attention has been paid in recent years to the problem of 


interpreting bulk magnetization changes in ferromagnetics in terms of 
elementary domain mechanisms. A number of techniques have 
emerged, involving for example pure magnetic measurements, magneto- 
resistance measurements, and magnetothermal measurements. ‘The latter in 
particular has yielded interesting and significant results for a wide range of 
materials and consists essentially of measuring the small temperature changes 
which occur in a specimen as it is taken step by step round a magnetization cycle 
under adiabatic conditions. It has been clearly recognized that the theory in 
terms of which such measurements are analysed (Stoner and Rhodes 1949, 
Teale and Rowlands 1957) can be precisely developed only in relation to reversible 
magnetization changes and experimental methods have developed with this in 
mind. In one of them (Bates and Sherry 1955), small forward and reverse field 
changes are applied to a specimen at various points along the cycle. The forward 
step yields a ‘total’ heat measurement, i.e. it includes contributions from both 
reversible and irreversible changes in domain configuration, whilst ideally the 
reverse step, if it is small enough, yields only the reversible part. In another 
method, used by 'Tebble, Wood and Florentin (1952), Tebble and Teale (1957) 
and also in the work reported here, direct measurement of the small temperature 
changes themselves is avoided, and measurements are in effect made of (aliel), 
thermodynamically related to (d7/@H),; small changes in temperature AT 
are imposed on the specimen at various points of the cycle and the resulting 
magnetization changes AJ are measured. The maximum AT consistent with a 
reversible AJ is found by experiment. 
The three domain processes which can occur during magnetization changes 
are domain boundary movement, domain vector rotation and change in intrinsic 
magnetization J). ‘The contribution to the observed thermal effects from the 
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last process can usually be calculated independently, leaving the remainder to 
be considered in relation to the many possible mechanisms involving boundary 
movements and rotations. The general outcome of several such analyses can 
be well illustrated by reference to the investigation by Tebble and Teale (1957) 
on polycrystalline annealed nickel. The method will be explained in detail in §2 
but it may be mentioned here that it involves the calculation of a coefficient b” at 
various field values. If only one domain mechanism other than change in J, is 
involved in magnetization changes, then the value of 5” should be independent of 
field and characteristic of that mechanism; above about +100 Oe 6” was found 
to be constant at a value characteristic of the mechanism of domain vectors 
rotating against crystal anisotropy forces. The work reported in this paper 
forms a continuation of this work and is concerned with the silicon-iron alloys. 
The behaviour of these well-known and widely used soft magnetic alloys was 
expected to be strongly influenced by boundary movements in low and moderate 
fields and an investigation of the reversible magnetothermal effects in these 
fields afforded a chance of studying this basic process. 

Previous work on polycrystalline Si-Fe (0-5°% and 4%) has been reported by 
Bates and Marshall (1953). Only total heat data were obtained, making an 
analysis in the hysteresis region impossible by the Stoner and Rhodes method. 
In higher fields, however, its application is justifiable, and three of the four sets of 
data yielded b” results which were unusual in some respects. Either rapid 
variation in high fields was found or b” was positive when it is normally expected 
to be a negative quantity. 

More recently, Bates and Sansom (1959) have made reversible measurements 
on a polycrystalline iron specimen, a single crystal of 27% Si-Fe and a 0-5% 
polycrystalline specimen. Except in fields below about 100 Oe b” was found to 
be sensibly independent of H for each specimen, the actual values being associated 
with (7/K,)(@K,/éT) and therefore suggesting rotations against magneto- 
crystalline forces. Fields up to 1000 Oe were employed but no evidence of the 
unusual 6” behaviour observed by Bates and Marshall was found. The present 
investigation is effectively complementary to Bates and Sansom’s work in that 
attention is confined here to the low and moderate field region where boundary 
movement effects may arise. 

Mention should also be made of one other relevant investigation (Bates, 
Christoffel, Clow and Davis 1957). ‘The specimen was a single crystal of 2°/, 
Si-Fe having a ‘rooftop’ orientation, i.e. its long axis was [001] and surface 
(110). ‘Total and reversible magnetothermal measurements were made in the 
field range —600O0e to +6000e. From 150 Oe to 600 Oe change in J, alone 
accounted for the observations ; below 150 Oe b” was calculated as a function 
of field but a constant value was not found. Rotations could not explain the 
results but powder pattern observations on the specimen suggested that boundary 
movements in the form of growing Néel (i.e. transverse) and reverse spike domains 
played a large part. 


§ 2. "THE THEORY OF THE METHOD 


For a reversible adiabatic change in magnetization involving only change in 
I, and rotations against crystal anisotropy forces, Stoner and Rhodes (1949) have 


T2 
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shown that the change in heat content AQ’ per unit volume, can be written 
AQ’ =ad(ITH)+bHdl ave ae (1) 


where a= —(T/I,)(el,jeT) and b= (TF) Ky) (eKyleD). «ents (2) 


I and H denote the magnetization and effective field respectively; Ay is the 
modulus of the first anisotropy constant and T is the absolute temperature. The 
first term in equation (1) is the contribution to AQ’ from change in Jy whilst the 
second term is the contribution from the rotational mechanism. The equation 
is often written in the differential form 


(GOOH), =a Hae) bbc es oe ye erere (3) 


with «p=(@1/dH),, the reversible susceptibility. As mentioned in the Intro- 
duction, it is (d//8T), which is measured, the connection with (00'/0H), 
being given by 

(000M )o=—Tlelel) ye eee (4) 


The other measurements are J and «x; as functions of H and their analysis pro- 
ceeds by the calculation at various values of H of a quantity 6” defined by 
— T(el/dT),+a(1+ Ary) 
Wil ae ate eee (5) 
Aky 

A glance at equation (3) now shows that b” equals the constant b when the model 
to which (3) applies is appropriate to the magnetization changes in the specimen 
under investigation. Some examples of this were noted in the Introduction. 

Teale and Rowlands (1957) have shown from a consideration of the free 
magnetic energy that an expression similar to (5) is obtained for all single 
mechanism systems, i.e. those in which only one domain mechanism other than 
change in J, occurs during magnetization changes. ‘The quantity b” will take on 
the constant value appropriate to the mechanism involved. Expressions 
analogous to equation (2) were given for several well-known mechanisms. 

When b” is found to depend on field, the occurrence of several mechanisms is 
indicated. ‘This situation also, has been discussed by ‘Teale and Rowlands (1957) 
but it was not possible to give a perfectly general and at the same time useful 
method of analysis. However, in the case where the relative magnetization 
I/I, could be expressed in terms of a single variable (domain vector orientation 
or boundary position for example), it was shown that (cf. eqn (3)) 


(20! |aH) p= aI Fine) 21.0 (6) 

n=1 
where 0, = (Ol el \am eer whe anh aoe (7a) 
with Rena Aire ae ee (7b) 
and D2, = 2, (OF n/ 82) =H. ARN ge (7c) 


The summation extends over the ‘n’ participating mechanisms (other than 
change in J) which is represented by the first term in eqn (6)). The quantities 
F,, are the contributions to the free magnetic energy from these mechanisms and 
are assumed to have the form shown in equation (7b) with f,(I /Iy) being some 
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function of J/Ij. The coefficients S,, are characteristic of the mechanisms (b in 
eqns (1) and (2) is an example) and are related to the 4, by 
De= CIA, Waa JOT) Wf as (8) 

The conditions under which equation (6) is valid would seem to limit its appli- 
cation at most to the analysis of magnetization changes involving either the 
rotation process or the boundary movement process but not both together. 
Several free energy contributions may still be associated with each process of 
course (i.e. several domain mechanisms may participate) and possible ways of 
using equation (6) have therefore been considered. 

Direct and detailed application of the equation to experimental data is pro- 
hibited by the fact that the v,, are not in general experimentally measurable; 
only their sum is fixed by condition (7c). A more tentative and qualitative 
approach is therefore necessary. The following purely formal argument was 
suggested by the fact that many experimental (b", H) curves in low and moderate 
fields resemble a branch of a rectangular hyperbola. Now from equations (3) 
and (6) we have 


BES Gepost (9) 
n=1 
Separating one element of the sum in (9) and making use of equation (7c), it is 
easily seen that 


(b"-—S,)H= 2, (Sn Si}Pne er (10) 
n—s 
If it could be assumed that the right-hand side of (10) was independent of H then 
a hyperbolic relation between b” and H would follow with 6” tending to the constant 
value S, as H increases. It would clearly be necessary for all but one of the wv, 
to be independent of H which would imply that the corresponding expressions 
for F,, must be linear functions of I/Jj. In general, a detailed examination of 
many domain structures would be needed to decide the circumstances under 
which a mechanism could be so represented and perhaps the most effective 
practical procedure is to plot b” against 1/H for particular sets of data and then, if 
straight lines are obtained, to consider possible domain models in the light of any 
particular features of the data or known characteristics of the materials con- 
cerned. An attempt to develop this method of analysis using the present results 
is made in §5. 7 aa: 
One special application of the above general expressions Is worth mentioning. 
If only two mechanisms, apart from change in Ig, occur during magnetization 
then equations (7c) and (9) can be solved simultaneously for v, and vg, to give 


v,=H(b" — S,)/(Sy—S2) and = %= H(S,—6")/(S,;—Sq).  os00e- (11) 
Substituting these expressions into equation (6) yields 
(30' /@H),=a(I + Her) + HerS,(b" — Sp)/(Sy— Sp) + HeerS2(S1— 8°) vis 


In this special case therefore, a complete separation of the measured (dQ'/0H), 
into its constituent parts is possible at any value of H in terms of b and the values 
of S, and S, for the two mechanisms involved. This may be applicable to data 
for specimens having relatively simple magnetic structures, such as single crystals. 
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§ 3, EXPERIMENTAL ‘TECHNIQUE 


In its general design the apparatus followed that described by Tebble and 
Teale (1957) to which reference should be made for details. Some modifications 
were introduced however to improve the mechanical stability of that arrange- 
ment, the main one consisting of mounting the magnetizing coil, its balancing 
partner and the astatic magnetometer on a heavy brick pier resting on anti- 
vibration matting. The advantages resulting from the effective elimination of 
spurious magnetometer deflections due to mechanical vibrations were partly off- 
set however by the effects of stray magnetic fields on the silicon—iron specimens. 
The random changes of magnetization produced in the specimens led to signi- 
ficant magnetometer disturbance and consequently to difficulties in obtaining 
reliable (01/87), measurements. The effects were particularly severe for the 
4°/ specimen in low fields and no data are reported below for this region. 

For the determination of (d//dT),,, each ellipsoidal specimen was provided 
with a copper—constantan thermocouple to measure the change in temperature 
AT caused by passing a heated stream of oil over it; the resulting magnetization 
change AJ was obtained from the deflection of the magnetometer, calibrated 
as described in the above reference. The sensitivity was usually about 
10-2e.m.u. mm! at 1 metre and the maximum AT for reversibility varied 
from about 1°c to 5°c, 

The reversibility susceptibility «;y in the highest fields was obtained from the 
slope of the magnetization curve; elsewhere the a.c. bridge method of 'Tebble 
and Corner (1950) was used. An interesting feature of these latter measure- 
ments was the observation of anomalous eddy current effects in both specimens 
(cf. Aspden 1957); the measured susceptibility decreased with increasing bridge 
frequency at a faster rate than predicted by the usual eddy current treatment, 
though the discrepancy became less marked the higher the field. In these 
circumstances the required xy data were obtained by extrapolation from readings 
at several frequencies. 

The (J, H) measurements were obtained by the usual search coil and ballistic 


galvanometer method, the galvanometer being calibrated by a standardized 
mutual inductometer. 


§ 4. DETAILS OF THE SPECIMENS AND RESULTS 


Two polycrystalline specimens were examined, one a 4% alloy and the other 
containing 0-288% silicon (by weight) according to the manufacturer’s analysis. 


Each was turned into ellipsoidal form and the measurements reported here refer 
to the unannealed state. 


(i) 4% specimen: length 37-05cm, diameter 0-366cm, He=0-17 Oe, 
I, =480e.m.u., demagnetizing factor N=0-00529. 


(1) 0-288%, specimen: length 39-9cm, diameter 0-400cm, H.=1-56 Oe, 
I; =680e.m.u., N=0-00543. 


‘The experimental results are presented below in both graphical and tabular 
form (tables 1 and 2), the latter having been taken from the best curves drawn 
through the experimental points. In all cases H denotes the effective field and 
the measurements have been corrected for demagnetizing effects where necessary. 
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Table 1. 4% Si-Fe, Unannealed; Values of Measured Quantities taken from 


=18l —I 
160 1456 
150 1448 
140 1440 
130 1432 
120 1422 
110 1412 
100 1400 
90 1388 
80 UWS 
70 1359 
60 1342 
50 1324 
40 1300 
30 1270 


Smooth Curves drawn through Experimental Points 


Average 'emperature 20°c 


— (8Q'/2H)s 
337 
32-3 
31-1 
30-3 
30-6 
31:3 
32:2 
33-4 
34-6 
35-8 
37-3 
39-0 
41-0 
44:3 
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1268 
12977 
1320 
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1411 
1421 
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1440 
1448 
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SO 
3°10 
2:49 
2:08 
1-79 
1-60 
1:46 
1-32 
A 
1:09 
1-00 
0-93 
0-87 
0-83 


+ (20'/2H)g 
44-9 
42-0 
39-7 
37°7 
36:0 
34-6 
30°35 
32:3 
31:3 
30-6 
30:6 
S15 
B22 
33:6 


Table2. 0-288°, Si-Fe, Unannealed; Values of Measured Quantities taken from 


—H —I 
160 1465 
150 1455 
140 1444 
130 1434 
120 1423 
110 1410 
100 1397 
90 1381 
80 1365 
70 1349 
60 1330 
50 1308 
40 1283 
30 1250 
20 1206 
10 LATS 
5 1015 


Smooth Curves drawn through Experimental Points 


5 a 
0-78 
0-81 
0-85 
0-90 
0-95 
1-00 
1-06 
1°12 
1-19 
1:27 
1-39 


Average Temperature 19°c 
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In figure 1, the portion of the curve between —40 Oe and +5 Oe is shown as 
a broken line because experimental conditions made it difficult to obtain reliable 


and reproducible measurements. 


The relatively large scatter of the points in 


the range —40Oc to —100¢e is particularly evident and may indicate some 
complicated changes in domain structure ; irreversible effects, which provide the 
most natural explanation, were not noticed during the measurements. 

It has been found that a close correspondence exists between the (/, H) data 
in fields greater than about 20 Oe for the present 4°, specimen and specimen 1 
(4%, untreated) investigated by Bates and Marshall (1953). The ‘total O’ data 
for their specimen are therefore compared in figure 2 with values of 


H 


| (30' /@H) dH, 


—160 
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calculated from the present results. Such a comparison is to some extent justi- 
fied by the fact that the magnetization changes in the field range considered 
appear to be mainly reversible judging from the hysteresis loop. 


Figure 1. Reversible (¢Q’/@H)s; 0-288% silicon-iron (note change of scale). 
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Figure 2. Reversible Q’; 4°% silicon-iron. Figure 3, Reversible (0Q'/@H)g5; 4% silicon-iron. 


§ 5. Discussion 


Although the comparison just referred to is limited in field range by the fact 
that the (0Q’/dH), results, given in figure 3, can only be integrated down to about 
— 30 Oe it can be seen that a measure of agreement is obtained which is satis- 
factory when it is considered that two sets of data were obtained by different 
experimental methods and the earlier set were ‘total Q”’ results. This corre- 
spondence between basic measurements is of some consequence here since th 
calculation of the derived quantity b” involves a knowledge of the values of “t 
coefficients a (see eqn (2)) which has only recently become available for th 
silicon-iron alloys. Bates and Marshall (1953), on the basis of the ine eh am 


then obtainable, estimated for the 4% Si-Fe a value a=3-51 x 10- and for 
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the 0:5% alloy 3-4 x 10? at 290°k. The information on which these estimates 
were made has been re-examined and with the results of more recent measure- 
ments these are given in table 3. They maybe in error by about +5°% and 


Table 3. Values of the Coefficient a= —(T/I,)(dJ)/8T) at Room Temperature 
for some Alloys of Silicon—Iron 
Weight (°% Si) 0 OS20608 10:5) ges 7825.5 Ome oS 
ax10? 3-68, 3:9b, 3-3¢ 4-0e 4-3b 4-6b 5-0Qd 5-2e 5-8d 


a, Weiss and Forrer (1929); b, Bates and Sansom (1959); c, Crangle (1959, private 
communication); d, Parsons (1957); e, by interpolation. 
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Figure 4. 5” analysis; 4°% silicon-iron. 
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Figure 5. 5” analysis; 0-288°%, silicon-iron (note change of scale). 


some uncertainty therefore attaches to the quantitative b" results in figures 4 and 

5. However, the general conclusions should be unaffected. 
Before proceeding with the analysis, it is interesting to note the changes which 

are brought about in the 6” results of Bates and Marshall if new estimates of a 
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are used. The re-calculated values of 6” shown in figure 6 are now negative in 
all cases over a reasonably wide range of field except in the 4°/, alloy, where the 
unusual behaviour of 5" is still present in high fields. 
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Figure 6. Re-calculation of Bates and Marshall (1953) data using new values of 
a= —(T/Iy)(@1)/@T). Original results: a@=3:51x10° for 4% Si-Fe and 
a=3-4x10- for 0:5% Si-Fe; re-calculated results: a=5:2x10- for 4% Si-Fe 
and a=4~x10- for 0-5% Si—Fe. 


Perhaps the first noteworthy feature of the results of the present measure- 
ments, shown in the upper parts of figures 4 and 5, is that 6” is nowhere constant 
in the field range covered. ‘The simultaneous occurrence of several domain 
mechanisms is therefore indicated even in fields which can be regarded as 
“moderate to high’ compared with the coercivities of the specimens. For both 
specimens it can be seen that 5” seems to tend to a constant value as H increases 
i.e. about —0-42 for the 4° specimen (cf. the re-calculated value —0-3 for he 
Bates and Marshall 4°, untreated specimen) and about —0-29 for the 0-288% 
specimen. ‘The limits of accuracy are to about +5°%% on the average. Compared 
with the primary ferromagnetics, there are relatively few reliable data here which 
enable these values to be unambiguously linked with any particular mechanism 
especially the usual rotation mechanism specified by (7'/K,)(dK,/@T). 

The values of this coefficient given in table 4 are estimated from results given 
by Bates and Sansom (1959) for 2-7%, Si-Fe and by Graham (1959, private 
communication) for 3-1% and 5-1% Si-Fe. The experimental alee of 


ee a ee ee 
Table 4. Values of b=(7T/K,)(0K,/dT) for Silicon-Iron at Room ‘Temperature 
% Si 2:7 3-1 5-1 
(T/K,)(@K,/eT)  -—0:37 —0-38 —0-46 
Fn eee 
b" = —0-42 for the 4°, alloy clearl i 
' y clearly fits reasonably into this schem ai 
therefore seems likely that 6” tends to (T/K,)(0K,/éT) as H sacued A 
similar conclusion is probable in the case of the 0-288%, specimen (b” = — 0:29); 
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in support of this Bates and Sansom find b” = —0-29 for iron and —0-37 for 
0-5°% silicon-iron. 

For both specimens then, 6” appears to tend to a value of the order of b as H 
increases. It can also be seen from figures 4 and 5 that, other than in the lowest 
fields, b” increases numerically with H. This general behaviour is similar to that 
reported for many other specimens (for example see figures 7 and 8 for nickel and 
cobalt) and the problem is to discover the combination of domain mechanisms 
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Figure 7. 6” analysis; annealed nickel data from Tebble and Teale (1957). 
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Figure 8. 6” analysis; annealed cobalt data from Tebble and Teale (1957). 


Porth 


responsible for it in each case. Assuming that the effect b” > (T/K,)(0K,/0T) 
as H increases signifies ordinary rotations, it could be simply asserted, probably 
correctly, that the observed variation follows from the additional occurrence of 
one or more reversible boundary movement mechanisms. In the absence of the 
necessary comprehensive theory, there remains the possibility of examining 
likely models which are amenable to discussion in terms of the existing theory. 
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The following is mainly concerned with the spike domain model, considered for 
example by Bates et al. (1957). These domains, initially magnetized trans- 
versely to the surrounding material, were found to feature largely in the 
demagnetization of their single crystal specimen of silicon—iron. The domains 
nucleated at imperfections, including the surfaces and grain boundaries. is has 
been shown that, because of the p* effect, the mechanism of redistribution 
of free poles on the spike surfaces as H varies can be characterized by 
b=(T/K,)(0K,/éT) rather than the usual 2(T/Ip)(@L/aT) (see ‘Teale and 
Rowlands 1957). ‘The mechanism of change in boundary area also occurs in 
this spike structure and a simple two-mechanism model (free poles and boundary 
energy) thus emerges as a possible means of accounting more fully for the observed 
b” results. It must be assumed that all the change in magnetization can be 
associated with the growth of the spikes. The coefficient appropriate to the 
boundary area mechanism is (7/y)(dy/0T) where y is the boundary energy per 
unit area; in value, (T/y)(dy/dT) is approximately $5 (e.g. Rowlands 1956). 
Now equation (2), restricted to m=2, can be written 


MS = (S.= Sol. os. eee (13) 


and over a field range in which v, is sensibly independent of H, 6” should be 
linear in 1/H. ‘That this is approximately the case for the 4° specimen can be 
seen from figure 4 which also shows, what is perhaps most important, that 
(S,—.S,)v, should be positive (confining attention to positive fields for con- 
venience). The same result holds for the 0-288 °% specimen in fields greater than 
about 50O0e. Since the value of b” appears to tend to bd in high fields, it 1s 
reasonable to set S,=5 and S,= 3b in equation (13), from which it then follows 
that v,.=(dF,/0I), must be positive and sensibly constant (F,, is the free energy 
associated with the spike surface area). Now whilst it can be constant, it is clear 
that (dF,/d/),, cannot be positive since the spike domains decrease in size as the 
magnetization increases. Even setting S,= 4b and S,=), contrary to the experi- 
mental indications, does not resolve the difficulty since for any reasonable shape 
of a spike (dF ,/dI), (where F, is the free energy contribution from the free pole 
mechanism) is positive when it is required to be negative. 

Several variations on the spike domain model have been examined in this way 
with the same general results, and it would seem that it cannot by itself account 
for the observed numerical decrease of b” as H decreases. It should perhaps be 
remembered that its dominance has only been demonstrated in specially orien- 
tated single crystals whereas the present specimens are in polycrystalline form. 
On the other hand, the occurrence of a spike structure in the specimens is quali- 
tatively consistent with several aspects of the magnetic measurements; thus, the 
highest values of J reached, 1456e.m.u. for the 4°, specimen and 1465 e.m.u. for 
the 0-288% specimen, are well below the saturation values of 1570¢.m.u. and 
1705 e.m.u. respectively. Following Bates et al. this may be explained by the 
presence of a relatively large number of transverse spikes even above the knee of 
Siam curve; and may be associated with the process of nucleation 
spikes. 

In figures 7 and 8, the (b", 1/H) procedure is applied to the results of Tebble 
and 'Teale (1957) for annealed nickel and cobalt. Over the range of field in which 
b” varies significantly it can be seen that the plots obtained are similar to those 
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shown in figures 3 and 5 for the present specimens. An attempted inter- 
pretation of the results in terms of equation (13) meets with the same kind of 
difficulties as described above; in essence, a suitable mechanism specified by S,, 
cannot be found which makes the quantity (.S,—.S,)v, positive in positive fields. 
It is probably too much to expect a simple two-mechanism model to account 
for the behaviour of polycrystalline specimens such as these. 

It may be appropriate to add a note about a modified definition of b” used by 
Bates et al. (1957). As stated earlier, b” calculated in the normal way was not 
found to be constant in the field range of interest, |H|<1500e. However, the 
empirical use of H —H, instead of H in the calculations resulted in a constant 
value —0-43 which was linked with the coefficient 6 (—0-47 for the specimen) 
as evidence for the spike structure discussed above. The interesting feature of 
this in the present context is that the substitution of H—H. for H to yield a 
constant quantity, bm” say, implies a hyperbolic relation between b” and H. The 
significance of He is, however, not clear. 


§ 6. CONCLUSION 


The present investigation has been concerned with the measurement and 
interpretation of reversible magnetothermal effects in the silicon-iron alloys. 
Two polycrystalline alloys were examined firstly a 4% alloy and then a 0-288% 
alloy. 

Within the limits imposed by lack of knowledge of the basic magnetic para- 
meters of the materials, it seems that b” in each specimen tends to the value 
b= (T/K,)(0K,/oT) as H increases. The effect of ‘spike’ domains is discussed 
and it seems that this model cannot account by itself for the decrease in the 
numerical value of b” as H decreases. It is likely that other processes, such as 
the usual rotational mechanism (also specified by 6), also occur but the theory 
is not yet sufficiently developed to enable a separation of the usual effects to be 
made. The formal (b”, 1/H) procedure may be of use in other investigations 
and its application has therefore been illustrated. 

Fair agreement is found between the thermal measurements for the present 

°4 specimen and the 4°, untreated specimen of Bates and Marshall. ‘The 
unusual 5” results for the specimens investigated by these authors have been briefly 
considered and it is clear that the explanation lies in the fact that the values of a 
then available were incorrect. With revised estimates of a, most, but not all, of 
the irregularities are removed. 
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Debye Characteristic Temperature of Solids 
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Abstract. Debye characteristic temperatures for a number of solids belonging to 
cubic, hexagonal, tetragonal and trigonal crystal systems are calculated from 
their elastic constants using series expansion and numerical methods. 


§$ 1. INTRODUCTION 


state problems such as electrical resistivity, thermal conductivity, 


| fh HE Debye characteristic temperature © enters into a large number of solid 


temperature dependence of the intensity of x-ray reflections and the 
scattering of thermal neutrons, because of its inherent relationship with lattice 
vibrations. It is roughly below this temperature that the quantum effects come 
into play. The importance of this parameter and the scarcity of the available 
data have prompted this effort to calculate and tabulate the Debye temperature 
of some solids utilizing the values of elastic constants measured in recent years. 


§ 2. DETERMINATION OF © 
At very low temperatures only the lattice waves of nearly infinite wavelengths 
contribute to the specific heat and ©((0) values derived from elastic constants 
are equal to those derived from specific heat data, where ©(0) is given by 


. h/ ON \18 


Gece ng big) 
- i= | apa 
h is Planck’s constant, Rk is Boltzmann’s constant, N is the number of vibrating 
units in volume V of the specimen and 7; are the velocities of propagation for low 
frequency vibrations and as such are functions of direction. ‘The subscript 7 
numbers the solutions to the Christoffel equation for plane wave motion. ‘The 
problem of estimation of © for an anisotropic substance is thus really reduced 
to that of averaging of the inverse cube of each of the elastic velocities over all 
directions. Two methods are available: 

(i) Numerical integration method. For a few cubic crystals the tables 
prepared by de Launay (1956) may be used, but the scope of the tables is limited 
to only those cubic crystals whose elastic constants satisfy certain conditions. 
Independent numerical integration for individual substances involves tedious 
calculations. 

(ii) Series expansion method. Hopf and Lechner’s (1914) method modified 
by Quimby and Sutton (1953) and Houston’s method developed by Betts et al. 
(1956a, b) may be used. This extended Houston’s method is easy and 
all-embracing and well suited to treat the whole vibration spectrum. It can 
therefore be used to calculate © values at non-zero temperatures for any particular 
model of atomic forces (Horton and Schiff 1959, Horton 1959). 
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§ 3, RESULTS 


The values of @ and the elastic constants from which they have been calculated 
for a number of substances belonging to the various symmetry classes are presented 
in the table. The experimental © values derived from specific heat measurements 
are also shown wherever available. 


§ 4. DiscussION 


In most of the cases © is calculated after the method of Betts et al. (1956a, b). 
In some suitable cases, as indicated in the table, © has also been calculated from 
de Launay tables. For an accurate evaluation of © the values of elastic constants 
measured at about 0°K should have been used (Alers and Neighbours 1959). 
But in the absence of such data we have used elastic constants measured at ordinary 
temperatures which yield an approximate value of 0. 
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The Half-value Period of Radium C’ 


By K. W. OGILVIE 
University of Edinburght 


Communicated by N. Feather; MS. received 29th Fanuary 1960, in final form 
30th May 1960 


§ 1. INTRODUCTION 


N current lists of radioactive constants the half-value period of RaC’ is given 
as 163-7 + 0-1 sec. This value is based upon a single accurate determination 
by von Dardel (1950a,b). Previously however, several experiments of 

lower accuracy had indicated a value of about 150 +5 psec. Both the ‘integral’ 
method of coincidence counting, in which the resolving time of the mixer circuit 
is varied, and the ‘differential’ or delayed coincidence method, were used. 
Information about these earlier experiments is set out in the table. 


Author Date Method eee 
period (1 sec) 

Dunworth 1939 Integral £ coincidence 150+20 

Rotblat 1941 Integral 8 coincidence se & 

Rotblat 1941 Integral y coincidence 155520) 

Ward 1942 Integral (one counter) 148+ 6 

hee sad 1943 Differential coincidence L55is 0 5, 


Sigurgiesson 


Von Dardel used an elaboration of the method of delayed coincidences whereby 
coincidence rates were recorded simultaneously for twenty different delays of 
the leading pulse, in this case that from the f-particle counter. 

The investigation here described was carried out in Edinburgh during 1951 
in order to find out whether the obvious discrepancy could be due to a small 
systematic error in the older determinations. A new experiment was performed 
by the integral method, paying careful attention to the electronic technique. 
It has been thought worth while to report briefly on this experiment, even after 
this lapse of time, chiefly because no other ‘check’ experiment of comparable 
accuracy has been described in the meantime. ‘The result of the experiment was 
to confirm von Dardel’s value. 


§ 2. DESCRIPTION OF THE EXPERIMENT 


Coincidences were detected between f-particles from RaC and «-particles 
from RaC’ using a simple arrangement of Geiger counters. ‘The resolving time 
of the coincidence circuit was varied by altering the duration of the pulses fed to 
the mixer from the B-particle counter, the pulses in each channel being formed 
by trigger circuits. A paralysis circuit connected to each counter was adjusted 
so that the paralysis time introduced was long compared with the greatest pulse 
duration used in that channel. This was found to be of some importance, as 


+ Now at the F.B.S. Falkiner Nuclear Research Laboratory, Department of Physics, 
niversity of Sydney. 
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irregular firing of the‘trigger circuits could not then occur, and all pulses fed to 
the coincidence mixer were of the proper duration. The source, radium active 
deposit on an aluminium foil of thickness 11 mg cm~2, was arranged in such a way 
that «-particles could not enter the B-particle counter. 
If N atoms of RaC’ are formed per second, and the resolving time is 
T(=T,+T,), the genuine coincidence rate with such an arrangement is 


Ne,¢,{1—exp (—AT,)}. 


The efficiencies of the two counters, e, and «,, are supposed to include the solid 
angle factors, and 7, and 7, are the pulse durations in B and « channels 
respectively. If the possibility of emission by the source of two radiations in 
‘prompt’ coincidence is included, and if for these radiations the efficiencies of 
the counters are ¢,’, «,’ respectively, the total coincidence rate becomes 


R= (Nme,'e,' + Nege,) — Nege, exp (AT) exp (SAD) nh onc shee 


having the form R= A—Bexp(—AT). The quantity mis the number of prompt 
coincidences per disintegration of RaC’, and we discuss the meaning of «,’e,’ 
below. 

The experiment consisted of varying 7, determining in a subsidiary experi- 
ment the resulting resolving time using two separate sources of f-particles, and 
fitting the coincidence rates observed with the radium source to an expression 
of the form given. 

After the data from seven separate experimental runs had been combined 
and corrected for source decay the best fit to equation (1) was 


R={4-12—3-60 exp (— 435 x 10°7)} x 104. 


The result for the half-value period is accordingly t,.= 159-5 + 3 usec. 

The most likely small systematic error in the earlier experiments occurs in 
the generation of delays and resolving times by trigger circuits In the absence 
of paralysis of sufficient duration, two input pulses separated by less than the 
characteristic time of the circuit lead to the production of short output pulses, 
and this effect is in the correct direction to explain the discrepancy. If too few 
counts were recorded at the nominally larger resolving times during experiments 
by the integral method, the curve of coincidence rate against resolving time becomes 
distorted, since the maximum value Ny corresponding to a large nominal resolving 
time, is reduced. The form of equation (1) is not then strictly appropriate, but 
in an experiment of moderate accuracy the best fit using such an expression leads 
to a value of A which is too large, 

The origin of the observed prompt coincidences must now be considered: 
they can hardly arise in the disintegration RaC +RaC’. 


In the decay of RaB (%Pb) three intense y-rays are emitted from the excited 


oul nucleus, having energies 242, 295 and 352kev. The total proportion of 
internal conversion electrons from these rays is (Nielson, Nielson and Waggoner 
1956) 23 + 2%, of which 19% are K conversions. Instantaneous coincidences can 
be detected between the B-particles from RaB and photoelectrons or K x-rays as 
well as between photoelectrons and K x-rays themselves. Because a total 
thickness of 18 mgcm~? Al had to be traversed in order to reach the B-particle 


counter few photoelectrons could be counted there. Most of the instantaneous 
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coincidences were therefore due to B-particles detected in the 8 counter and 
photoelectrons or K x-rays detected in the « counter: or K X-rays detected in 
the 8 counter and photo-electrons or B-particles in the « counter. 

The number of instantaneous coincidences is thus given by the expression 


Fi / / , / / / 
Nm(€g5 Expt “ek “es “Cae foe 
: ; ; er : 
where ¢,,,’, for example, means the efficiency of detecting photoelectrons in the 
®% counter. Since €,,’=e,,’=e, and also €., —f We Obtain 


Nm €,€5 ie Sak T €eK_ ' 
F = 


The terms inside the square bracket must be identified with €,'€,’ in equation (1) 
so that 


Bota Olt=m{14 Se tex} 
B a 


using the experimental results. As the ratio of efficiencies must be considerably 


less than unity, this lends support to the high values of internal conversion 
coefficient ascribed to the y-rays emitted by RaB. 
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Knight Shift of the Nuclear Magnetic Resonance in Liquid Indium 


By C. P. FLYNN awnp E. F. W. SEYMOUR 


Department of Physics, University of Leeds 


MS. received 12th April 1960, in final form 27th April 1960 


SING a Pound—Watkins type of spectrometer and a conventional phase- 
sensitive detection system the nuclear magnetic resonances of In and 
115[n have been observed at a frequency of 5-50 Mc/s in finely divided 
liquid indium of purity 99-9°%%. The particle size was of the order of 40 1, which 
is less than the skin depth under the conditions used. ‘The resonances were 
detected both above the melting point (156°c) and in the supercooled state, but 
not in the solid metal. The peak-to-peak width of the derivative of the "In 
resonance was 2:3 gauss and that of "In was approximately the same. Alize 
signal amplitudes were about 200 and 10 times noise, respectively, in rough 
agreement with the isotopic abundances of 95-84% and 416%. 
As was observed in an investigation of bismuth (Flynn and Seymour 1959) 
the amplitude of the resonance signal exhibited a thermal hysteresis below the 
melting point, the signal being observable in the range 125°c to 156°c only 
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while cooling from above the melting point. A his corresponds toa supercooling 
which is a fairly general phenomenon among metals in finely divided ue 
(Turnbull 1950). The fact that the range of supercooling observed here, expresse 
as a fraction of the melting temperature, was smaller than that (0-18 to 0:25} 
observed by Turnbull for any of the metals he investigated is unexplained. The fact 
that no resonance was observed in the solid is doubtless due to the existence 
in the solid of an electric quadrupole coupling amounting to about 45 Mc/s 
(Hewitt and Knight 1959). ; 

The ratio of the frequencies of the In and '°In resonances at the same 
magnetic field was found to be v(!°In)/v(*¥In) = 100216 + 0:00004. This is in 
agreement with the ratio found in aqueous solutions of the nitrate and She 
(Ting and Williams 1953, Rice and Pound 1957). The frequency of the In 
resonance was compared with that of protons in glycerine in the same magnetic 
field. The ratio of these frequencies varied with temperature as shown in the 
table. 


Sample Temp. (°c) v?44In)/vGH) Reference 
In(NO ,)3 solution 20 0-219101 + 0-000013 Ting and Williams (1953) 
In,(SO,), solution 20 0:219128 + 0-000008 ‘This research 
Indium metal 170 0-220850 + 0:000007 This research 
Indium metal PLB 0:220830 + 0:000009 This research 
Indium metal 360 0:220797 + 0:000012 This research 


Also shown in the table is the corresponding ratio found by ‘Ting and Williams 
(1953) for an aqueous solution of indium nitrate. Partly in order to guard against 
possible systematic errors arising from differences in apparatus, and partly to 
check that any chemical shift in the nitrate solution is not untypical, measurements 
of the "°In and >In resonances were made in solutions of indium sulphate. 
Although the width of the "In resonance was concentration dependent, being 
3-2 gauss for a 10% molar solution and 7-8 gauss for a 20% solution, the frequency 
of the resonance appeared to be independent of concentration. (No useful 
measurements of the width of the weaker !°In resonance could be made.) Proctor 
and Yu (1951) observed a similar change of width with concentration for a solution 
of the nitrate and attributed the effect to a changing degree of dissociation. 

The shift of the resonance in the liquid metal with respect to that in the 
sulphate solution is [0-786 + 0-007 —(14 +3) x 10-5(T—170)] per cent in the 
range 170°C < T<360°c. This is assumed to be mainly a conduction electron 
shift (Knight 1956), but there is a possibility of a contribution due to a chemical 
shift in the solution. Any such chemical shift may well be a small effect since 
it appears insensitive to degree of dissociation and to change of chemical composi- 
tion. The conduction electron shift is comparable with those observed for metals 
with similar atomic numbers. The temperature dependence, which is similar 
to that for liquid gallium and caesium (Gutowsky and McGarvey 1953), may 
be attributed to the effects of thermal expansion on the spin susceptibility of the 
conduction electrons, and on the probability density at the nucleus of the con- 
duction electrons at the Fermi surface, both of which quantitites appear as 
factors in the theoretical expression for the Knight shift. The sign and order 
of magnitude of the temperature coefficient are accounted for if the spin 
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susceptibility is proportional to (volume)?’, as it would be for free electrons, and 
if the probability density depends on volume solely through the requirement 
of normalization of the conduction electron wave function. 
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Note on the behaviour of a Vapour—Liquid System above and below the 
Critical Pointt 


By P. H. E. MEIJER 
Physics Department, Catholic University of America, Washington, D.C. 


MS. received 1st February 1960, in revised form 5th April 1960 


Abstract. On the basis of the van der Waals equation we show that the maxima 
in the specific heat at constant pressure (infinite below the critical point and 
finite above) lie on one continuous line through the critical point. Experimental 
data fit the curve, above as well as below the critical point, although the van der 
Waals equation is known to be not entirely correct. The calculation is based 
on the rules of Ehrenfest for higher order transitions and does not make use of 
the caloric properties of the substance. 


HE persistence of a kind of transition above the critical point, experimentally 
confirmed by Jones and Walker (1956) as a large maximum in the specific 
heat at constant pressure, is considered on the basis of the van der Waals 
equation. It is shown that this phenomenon lies on a line that is a ‘smooth’ 
extension of the vapour-liquid line in the (pressure, temperature) diagram below 
the critical point, i.e. the curve has no discontinuity in its derivative at the critical 
point. 
The equation of state of van der Waals is 
{P+ (N?af/V*)}(V—Nb)=NRT a eaeee (1) 
+ This research was supported by the U.S. Air Force through the Air Force Office of 
Scientific Research, Air Research and Development Command. 
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where N is the number of molecules per mole, 6 and a are two constants. ‘The 
first is the volume occupied by the atoms. (One supposes that the force law has a 
hard core.) The second is related to the attractive part of the potential as pointed 
out for instance, by Hill (1948, 1951). 

We may characterize, according to Smoluchowski (1908), the critical point 
as the point for which we have an inflection point with horizontal tangent 

oP oP 
(Fenn Ls ee (2); (A) en, lira he: (3) 

although the connection with the disappearance of the meniscus is lost in this 
way. If we introduce 


we have for the equation of state 
3x8 + (1+ x)?(2+3x)—87(14+«)?=0. 
(a). The region below the critical point. 


This equation has three different real roots for x only if 7 and 7 are both 
negative. In order to determine the vapour-—liquid line P=P(T) we have to 
apply Maxwell’s rule (see, for instance, Hirschfelder, Curtiss and Bird 1954). 
One characteristic of x? = 0, 1.e. (V — V,,)? = 0 is its antisymmetry and this property 
will be preserved for values of the parameters 7 and 7 in the neighbourhood of 
zerot. In order to bring this out, we lower the origin by substituting 7=7' + 7. 
We find the curve (that is, the value of the parameter 7) which goes through this 
point by assuming that ove of the roots is still approximately zero 


x=0>7,=47, Le. w=7' +47; 


substituting this in (5) we find in the neighbourhood of the critical point (7’ and 
7 small permits one to disregard the higher powers of x in these terms) 


2a’ = 20 — 87 = —3x8 — 127x. (6) 


eee eee 


It is obvious that the horizontal line prescribed by the principle of Maxwell is 
a=0 ot w=47 (both negative). > Site. (7) 
This determines the slope of the vapour—liquid curve in the critical point. 


(b). Above the critical point. 


We first discuss the criterion used to determine the ‘continuation of the 
vapour-—liquid curve’. From experimental data, the maximum of Cy could be 
used as a criterion, but this cannot be derived from the equation of state unless 
an additional assumption about Cy is made, i.e. Cy has a monotonic behaviour. 

It seems more natural to base our considerations on the Gibbs function 
G=G(T,P). The equation of state is one of the results derived from this function. 
Below the critical point the two first derivatives are discontinuous (a transition 
of the first order in Ehrenfest’s (1933) formulation). 

Above the critical point the result mentioned above can be formulated as a 
‘strong variation in the third derivative’ or a ‘smoothed-out third-order 
transition’. However, these statements contribute more to semantics than to 


ir Careful analysis of the experimental data of isotherms near the critical point shows that 
the power is actually closer to 4 than to 3 (Widom and Rice 1955). 
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physics. On the other hand the importance of the Ehrenfest classification is 
that if one of the nth derivatives undergoes a strong variation, all the other 
thermodynamic quantities which are derivatives of G of the same order will 
behave similarly. 

From the experiments of Jones and Walker (1956) we see that Cp has a sharp 
peak as a function of 7 at certain temperatures and pressures above the critical 
point. We want to consider this as a peak of 


Ee Ee eS 
an (=), = (=), Sere (8) 


instead of Cp, since this is connected with the derivative of a thermodynamic 
property. We will characterize the locus of points P= P(V) above the critical 
point by stating that (e°G/cT*),, undergoes a strong variation (although not 
really a discontinuity), i.e. in the Ehrenfest terminology we would have a smoothed 
out transition of the third order. This implies that the other derivatives 


SN fol oh a a fa sp (Sp (9) 
ePaT2 eT? P ? oP20T aPaT’ ee ape a p2 Pi suonelekene 


undergo similar variations. The third derivative of G with respect to 7’ can only 
be found if the caloric equation is known, which is usually not the case, but the 
previous three depend on the equation of state only. The maxima in Cp—Cy 
are also expressible in the equation of state but this needs the assumption that Cy 
behaves uneventfully in the neighbourhood of these points in the (P, 7) plane 
in order to draw conclusions about Cp. 

If we consider 6?V//¢P? we find from (6): 


(S) SER BGeese 8s Asis (10) 


OTT 


which for 7+0 has a discontinuity of type x! at x=0. Substitution of x=0 
into (7) gives 


which gives us the slope of the locus. If we consider this ‘transition’ as 
continuation of the ordinary phase transition below the critical point, we find 
that the locus is continuous, i.e. has no kink, in accordance with the experimental 
results. 

The three derivatives (9) can be obtained from (5) directly and a rather tedious 
calculation shows that they all have a sharp maximum near x = —2r. Substituting 
this approximation in the equation of state we find that the locus in second 
approximation is given by 

m=47(14+37) na ees (12) 


which represents the experimental curve of Jones and Walker satisfactorily. 
The second approximation is an important check since the previous result (11) 
could have been purely accidental. 
We would like to make a final remark on the criterion used for the extension 
of the phase transition above the critical point. Since the critical point is usually 
characterized by equations (2) and (3), which imply that o V/aP*=0, we tried 
to use the latter to characterize the locus; this does not give the right result in 
higher approximation, neither did the generalizations of (OV/eT=0 as proposed 
by Rice (1955). The correct result is obtained by looking at points where the 
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expression undergoes large ‘variations’, which comes closer to the idea of 
transitions than demanding that either one or the other of the above expressions 
be equal to zero. 
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Paramagnetic Resonance Spectrum of Dysprosium in the Cubic Field of 
Calcium Fluoride 


Bleaney (1959) has recently suggested that some rare earth ions with an 
odd number of electrons and ground state J > 5/2 may have as their lowest level 
a fourfold degenerate I’, state in a cubic crystal field. In an external magnetic 
field the T, state splits into four levels which, in general, are not equidistant. 
This suggests that these ions may be suitable for a three level Bloembergen type 
maser (Bloembergen 1956). Bleaney suggested ions such as Ce®+, Nd3+ and Dy?+. 

We have recently measured the spectrum of Ce?+ ina single crystal of calctum 
fluoride (Dvir and Low 1960). We have shown that indeed the lowest level 
is the I, state and that it behaves essentially like the J =5/2 level in which the 
initial splitting between the quartet and doublet is larger than the Zeeman 
splitting. We have also tried to measure the spectrum of Nd?+ in calcium 
fluoride and have observed a number of new lines. However, in the main our 
crystals contained ions situated in a crystal field of axial symmetry. 

We should like to report here the spectrum of dysprosium in calcium fluoride. 
The spectrum was measured at 20°k and at a frequency of 8766-7 Mc/s. One 
isotropic line was observed with half-width of about 30 gauss with g=7-47 +0-03. 
There is some indication that the line is broadened by spin-lattice relaxation. 
The large line width and the poor signal-to-noise ratio did not permit an accurate 
measurement of the hyperfine components. Some of these, principally isotope 
163T)y, were detected. 

The ground state of dysprosium is ®H,,).. In the cubic field of calcium 
fluoride these levels split up into three quartets ([',) and two doublets (I', and 
T,) (Judd 1957). The experimental g-factor can be fitted to that of the I’, doublet. 
This doublet can be approximated by 


= 1 
aVi(d = ae, Vive eae co pe Ae tile 
2 2 
where 
15 77 \ +2 PTE eee ) +1/2 Tete 
39. \ 11/2 3 11 \+12 1 

—_— — e = ———— 5 
(za) lJ. + 5)+ (a5) Ld aeeetane? 


and (J = 13/2, J,) has the same form. . . . 

The admixture from the next higher levels is caused by intermediate coupling. 
If breakdown of Russell—Saunders coupling is neglected («=1) the computed 
g-factor is 17/3 A or 7555. The deviation of the g-factor by about 1 /o is probably 
caused by the intermediate coupling from the J = 13/2 level which is only about 
3000 cm- above the J = 15/2 level. 
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The signal-to-noise ratio of better than 15:1 indicates that most of the 
dysprosium ions are situated at cubic lattice sites. It also indicates that the next 
I’, level must be removed by at least 50°K from the D, level. Contrary to the 
suggestion by Bleaney this ion is, therefore, not suitable for a Bloembergen 
type maser. 


This work was supported in part by the United States Air Force, Research 
and Development Command, through its European Office. 


Department of Physics, W. Low. 
Hebrew University, 
Israel. 
25th February 1960. 
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Magnetic Resonance and Magnetocrystalline Anisotropy in Ytterbium 
Iron Garnet 


This letter reports anomalous effects which have been noted in measurements on 
ytterbium iron garnet, Yb,Fe,O,,. The single crystals used were grown by the 
flux method by Mr. J. Page of these laboratories. 

Ferrimagnetic samples exhibit resonant absorption of microwave energy witha 
maximum, as a function of applied static magnetic field, at Hy. Figure 1 shows 
the variation of H; with temperature for a small, polished, spherical, single crystal 
specimen of ytterbium iron garnet with H; applied in a [100] crystallographic 
direction and in a [111] direction. ‘The frequency concerned was 9400 Mc/s. 
Below 220°x there is a sharp drop in Hy [111] whereas H; [100] varies only slowly. 
Curves relating to other directions ina (110) plane lie between the curves illustrated. 

Similar measurements using a microwave frequency of 17000 Mc/s gave 
qualitatively similar results. Above about 220°K the difference, 

A, [100] — Ay [111], 
is the same at the two frequencies, but below this temperature the difference at the 
higher frequency becomes greater, rising to 2160 oersteds at 140°. 

According to the normal interpretation of microwave resonance at a single 
frequency Hy [111] —H, [100] =10 K,/3.M where all but the first-order magnetic 
anisotropy constant are neglected. ‘The g-factor can then be determined from 
w/y =H, [100]+2K,/M where y=ge/2mc. Values for K, for ytterbium iron 
garnet derived in this way have been reported (Jones, Rodrigue and Wolf 1958). 

Such an interpretation of the measurements reported here leads to a rapid rise 
in the magnitude of K, (as in Jones et al. 1958) and g below 220°K. Also the 
values for these two parameters calculated from the measurements at 9400 Mc/s 


diverge below this temperature from the values deduced from the 17000 Mc/s 
measurements. . 
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K, has also been measured by one of us (R.F.P.) by the static torque method. 
The values are in agreement with those obtained as described only above 220°. 
Below this temperature the rapid increase in the magnitude of K, is not observed. 
Throughout the temperature range covered by figure 1, K, increases roughly 
linearly with reducing temperature and at 130°k K,/M is only — 160 oersteds, 
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compared with —600oersteds and —810oersteds deduced by the conventional 
method from the measurements at 9400 Mc/s and 17000 Mc/s respectively. 

This suggests that the rapid fall in H; [111] (and all directions other than 
[100]) below 220°k is not due to anisotropy in the magnetocrystalline energy but 
to some other effect associated with the microwave resonance phenomenon. 

Figure 2 shows values of the magnetic resonance line width AH measured at 
9400 Mc/s, as a function of temperature. AH becomes increasingly anisotropic 
as the temperature is reduced, with AH[100] much narrower than for other 
crystallographic directions. It seems reasonable to suggest that the effect which 
causes the reduction in H; in directions other than [100] is also associated with the 
broadening of the resonance line in these directions. 

It has been shown (Kittel 1959) that when the rare earth sub-lattice is heavily 
damped H, can be increased considerably in the rare earth garnets; the increase 
being greater as the temperature is reduced from room temperature. If, as is 
reasonable, it is assumed that in ytterbium iron garnet the effect of the rare earth 
sub-lattice upon resonance is greatest in directions other than [100], the reduction 
of H, in these directions reported here is contrary to the effect produced by the 
mechanism treated by Kittel. 

If the resonance properties observed in the [100] direction are assumed to be 
normal and those in other directions anomalous, the g-factor can be deduced from 
H, [100] at the two frequencies, using the relationship w=y(Hr+He) where 
H.=2K,/M. The g-factor deduced is 1-87 + 0-02 with no significant variation 
with temperature throughout the range 300°K to 130°. Values for K,/M deduced 
from He are in reasonable agreement with those measured by the static method 
throughout this temperature range. For the [111] direction a similar comparison 
does not show any such agreement, thus confirming the assumptions stated at 
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the beginning of this paragraph. Hence the present measurements show that Ay 
for ytterbium iron garnet is much smaller than previously reported below 200°K. 
The authors believe that the anomalous anisotropic resonance behaviour of 
ytterbium iron garnet is novel. ‘The effect may be associated with the anisotropy 
in the exchange interaction between the ytterbium and iron sub-lattices already 
noted (Wickersheim and White 1960). 
A more detailed description of the phenomenon will be published shortly. 


Mullard Research Laboratory, R. F. PEARSON. 
Cross Oak Lane, R. W. TEALE. 
Salfords, Nr. Redhill, 
Surrey. 


6th May 1960. 


Jones, R. V., RopRricuE, G. P., and Woxr, W. P., 1958, ¥. Appl. Phys., 29, 434. 
KitTeE., C., 1959, Phys. Rev., 115, 1587. 
WICKERSHEIM, K. A., and WHITE, R. L., 1960, Phys. Rev. Lett., 4, 123. 
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REVIEWS OF BOOKS 


Theory of Elementary Particles, by J. HAMILTON. Pp. xii+482. (Oxford: 
Clarendon Press, 1959.) 75s. 

This book deals with a branch of theoretical physics that has grown up from 
small beginnings since the end of the war. One who remembers the state of 
the subject in pre-war days is struck first by the sheer mass of this work. 
According to the author the book is intended to give an account of ‘ the basic 
methods and concepts’ of high-energy physics and indeed, the many and 
extensive footnotes bear witness to the fact that this is a condensation of even 
more extensive material. Thus the research student, for whom the volume 
is primarily intended, will almost certainly find either a detailed treatment or 
a most adequate set of references to any subject of enquiry, except for develop- 
ments too recent to have been included. ‘To the reviewer’s knowledge there is 
no other single volume on the subject—and the literature is by now becoming 
quite extensive—in which so much is covered. 

The book opens with an introductory chapter on classical fields, as is 
customary, but the content of this chapter is notably different from the con- 
ventional in including physically oriented sections on the propagation of high 
energy particles through matter (optical disc and sphere). The following 
chapters II-IV deal with the quantization of boson fields, the Dirac equation, 
and the quantization of fermion fields. Each of these chapters goes rather 
further than one might expect from its title. Thus among other things one finds 
a full treatment of the problems connected with low-energy photons in chapter I, 
a discussion of parity violation, two component theory etc. in chapter III, and 
accounts of both perturbation and Tamm-—Dancoff methods in chapter IV. 
Chapter V is devoted to a treatment of S-matrix and renormalization theories 
and is followed by chapter VI on ‘ Heisenberg operators and pion—nucleon 
scattering’, in which Chew-—Low techniques are given prominence. ‘This 
cnapter also introduces one to the concept and use of dispersion relations. 
Here above all, the author cannot escape the consequences of writing on a 
subject undergoing spectacular development. No doubt these sections will 
look very different in any future edition of the book. 

The following chapter is headed ‘ Selection rules’, and discusses the im- 
portant role of symmetry relations such as time reversal, CTP theorem ete, 
This is also the point at which the reader is first introduced to strange particles 


in general. | . 
Perhaps the outstanding single feature of this work is the next chapter on 
‘ Polarization analysis’. Here the author has succeeded in presenting in a most 


clear and systematic manner all the basic formulae on polarization which are so 
essential for the analysis of experiments. To the reviewer’s knowledge no 
comparable account has been published hitherto. ee 
The concluding chapter has the title ‘ Foundations of field quantization 
and discusses in some detail the Schwinger and Feynmann principles. It is 
followed by an appendix on Green’s functions and invariant functions. 
Although the graduate student would be brave to sit down and attempt to 
master the contents of this book in one attack, it is a work that both he and the 


more senior worker will doubtless have many an occasion to turn to for a good 


few years to come. N. KEMMER. 
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Theory of Relativity, by W. Pav. Translated by G. Fietp. Pp. xiv+241. 
(London, New York, Paris, Los Angeles: Pergamon Press, 1958.) 35s. 


It is an outstanding tribute to Pauli’s eminence in theoretical physics that 
his article published in German in 1921 should now appear in English trans- 
lation. It is also a wry comment on the lack of any major progress ingtie 
subject in 38 years. 

In the part dealing with the special theory the lapse of time has made hardly 
any difference. Pauli’s brilliant mathematical treatment is combined with a 
discussion of the physical foundations of the theory which is, to the advantage 
of the book, much fuller than most present-day writers would regard as necessary. 

Although the treatment of the general theory is of a like level of distinction, 
the subtle change in attitude that has occurred in the 38 years since it was written 
robs this part of some of its freshness. Naturally the great effort that has gone 
into quantization is not mentioned in the body of the book, but it is disappointing 
that the supplementary notes do not discuss it either. Similarly, neither 
gravitational waves nor gravitational energy is now considered to be the simple 
subject the reader of this book might be led to believe. The supplementary 
note on the equations of motion is so brief as to be disappointing. Against 
these disadvantages must be put a clarity of understanding of the foundations 
that can be looked for in vain in most more recent presentations of the theory. 
The cardinal role of the principle of equivalence and the comparatively minor 
significance of the general principle of covariance are so well brought out that 
it is a joy to read the book for these parts alone. 

Dr. G. Field’s translation is outstandingly good. H. BONDI. 


Theoretical Elasticity, by CARL E. PEARSON. Pp. xii+218. (Harvard: Univer- 
sity Press; London: Oxford University Press, 1959.) 48s. 


The aim of the author of this book is to provide “‘ a compact and convenient 
summary of methods and results in the field of theoretical elasticity.” Chapters 
1 and 2 introduce vectors and Cartesian tensors, which are then used in a 
detailed treatment of the elementary theory of stress (chapter 3) and deformation 
(chapter 4). With increasing speed the author next outlines the basic theory 
of elastic solids (chapter 5) and the methods of obtaining general solutions 
associated with the names of Betti, Kelvin, Boussinesq, Galerkin and others 
(chapter 6). Chapter 7 deals in an abstract way with variational methods and 
chapter 8 with the elastic constants when temperature change is taken into 
consideration. ‘The book closes with brief chapters on time-dependent problems 
and non-linear elasticity. 

The bookis very uneven in treatment, with much space devoted to topics 
foreign to its subject while important results needed in the argument are merely 
quoted or verified. In the mathematics there are many careless or inadequate 
statements. The author’s habit of giving a general argument, without pointing 
out its purpose, physical significance, or any application, makes for hard reading. 
In general the references are few and insufficient. 

But much of the material is of great interest and previously not to be found 
in book form. Although the book cannot be recommended to the beginner, a 
reader with knowledge of the subject will find it stimulating. 


E. R. LAPWOOD. 
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Topics in Electromagnetic Theory, by DEAN A. WarkINs. Pp. ix+118. (New 
York: John Wiley; London: Chapman and Hall, 1958.) 120s. 


The major part of this short book is concerned with the electromagnetic 
field problems which arise in the theory of microwave valves. Its principal 
merit is that it gives an excellent account of the properties of the periodic 
structures which play such an important part in travelling wave tubes, backward 
wave oscillators, etc. The treatment is at the level appropriate to a student 
with some knowledge of electromagnetic theory beginning a study of this 
subject. The mathematical details are elegantly presented and are illustrated 
by physical arguments where appropriate. The second chapter on the 
properties of the helix is particularly useful in that it gives a simple, yet 
comprehensive, account of this widely used structure. 

A second objective of the book is to emphasize the essential similarity of 
the theoretical treatments of diverse branches of microwave engineering. In 
this, the author is much less successful, the discussion of, for example, the 
helical aerial being much less complete than one would desire, The last chapter 
on ferrites and their microwave applications is also rather sketchy and can be 
regarded as no more than a very brief introduction. 

The first three-quarters of the book, in which the author is dealing with his 
own special subject are excellent and can be strongly recommended as an 
introduction to the theory of microwave valves. J. BROWN. 


Radiation Biology and Medicine, edited by W. D. Cxaus. Pp. xx+941. 
(Reading, Massachusetts: Addison-Wesley; London: Pergamon Press, 
1958.) 87s. 


This encyclopaedic survey, prepared for the United States Atomic Energy 
Commission, deals firstly with the biological effects of radiation and secondly 
with the uses of radiation in medical, agricultural and biochemical research. 

Radiation (taken here to comprise X-rays, y-rays and sub-atomic particles) 
is unique among physical agencies in the variety of its effects at every level of 
biological organization from the single molecule to the entire species. These 
effects are discussed in eighteen chapters which make up roughly half of the 
book. R. L. Platzman’s lucid account of the basic processes in the interaction 
of radiation with living matter provides a foundation for other contributors who 
discuss the responses of cells, tissues and organs. H. J. Muller introduces a 
group of essays on the genetic effects of radiation, with particular reference to 
human populations. A great deal of information is expertly summarized, 
though no attempt is made at any numerical assessment of the hazards resulting 
from fall-out, hospital x-rays or other man-made radiations. Injuries to the 
individual from internal or external radiation sources are discussed in some detail 
and four chapters are devoted to the control of radiation hazards. 

The second half of the book begins with a short and useful review (by 
D. J. Rosenthal and J. H. Lawrence) of the uses of radioactive isotopes in the 
study and treatment of disease. M. Brucer discusses the value of "°Co and other 
long-lived y-emitters in the treatment of cancer and L, E. Farr writes briefly 
on the medical uses of nuclear reactors, describing several American projects 
still at early stages of development. The role of high-energy accelerators in 
medical and biological research is also explained, 
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The many important and fruitful applications of isotope techniques in 
biochemistry receive proper attention. ‘These topics are heavy going for the 
physicist, though the historical intermissions help to make the picture clearer. 
Applications in soil science and in entomology provide interesting chapters of 
less specialized nature. 

Most of the 56 contributors write in a plain style, making their points clearly 
without recourse to jargon. Nearly every chapter is followed by a long bibli- 
ography. Many scientists now have a personal or professional interest in the 
biological effects of radiation; they will find this book useful both for occasional 
reference and for leisurely study. J. M. A. LENIHAN. 


Progress in Nuclear Physics, Vol. 7, edited by O. R. Frisco. Pp. vii +326. 
(London, New York, Paris, Los Angeles: Pergamon Press, 1959.) 84s. 


This is the most recent in a series of annual volumes that come out about 
every eighteen months. The series meets a need. The need is for articles 
written by professionals in nuclear physics to explain their branch to professionals 
in other branches of nuclear physics. ‘I’oo often review articles are intra- rather 
than inter-branch; written by thundering virtuosi they exhaust the subject and 
the reader alike, they synthesize and extrapolate and are submitted in support 
of candidature for academic renown. But they do not persuade that physics is 
interesting. Frisch from the beginning of his series has insisted that his authors 
inform without blinding and excite without prestidigitation. By and large he 
and they succeed in this volume as in its predecessors. , 

D. V. Bugg writes a useful article to show how rapidly the bubble chamber 
is expanding. (Not so useful in his remark, having just discussed deuterium, 
that helium is the lightest atom of T=0.) F. R. Metzger writes an excellent 
article on the theory and techniques of resonance fluorescence. B. G. Harvey 
broadens the scope with an almost persuasive article on spallation, a subject so 
complicated that only chemists venture to tackle it. A. E. Glassgold’s article on 
the optical model is indeed a model: starting, as all best guides, with ‘ un peu 
@histoire ’ it takes us to the present state of the art quickly and in almost nar- 
rative form—a feat all but concealing that the number of the parameters exceeds 
the number of papers written. Finally, two parity-violating articles: ‘ Measure- 
ment of Helicity’’ by L. Grodzins and ‘ Weak Interactions’ by J. J. Sakurai; they 
have been well correlated and their overlap is small and unexceptionable. The 
first of the pair is concerned with techniques for measuring the screw-sense of 
electrons and photons. It will be of the greatest usefulness and is very timely. 
Let us note sadly that left-circularly polarized gamma rays and right-circularly 
polarized optical photons have identical definitions—clearly one or other of them 
should be observed only in a mirror and/or the front of the other (or the one) 
should be labelled ‘ back’ (to avoid confusion). The second of the pair is a 
fascinating review of the recent exciting developments culminating in the 
striking success of universal V-A. (By dramatic chance additions in proof 
just catch m+e+yv.) This article is happily and humanely composed: it 
refers to the eastern tradition, etymology, snails, the old days poverty, le ane 
garbage, innocence, Lord Kelvin and God. isc 

The volume is well balanced and well produced. For this editor and 
publishers deserve credit. But neither will get any for the shocking puff ‘The 
Leading International Review Series in Nuclear Physics ’ that claims the middle 


of the dust jacket. We are not buying toothpaste. D. H. WILKINSON 
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Handbuch der Phystk, Vol. XXXVIII/2, Neutrons and Related Gamma Ray 
Problems, edited by S. FLUcce. Pp. vi+ 868. (Berlin: Springer, 1959.) 
DM. 178. 

‘The juggernaut continues. This volume contains two articles the first of 
which, ‘ The Production and Slowing Down of Neutrons’ by E. Amaldi, is a 
Ease book of 660 pages; the second, ‘ Penetration and Diffusion of X-Rays’ by 
V. Fano, L. V. Spencer and M. J. Berger is a mere lengthy monograph. 

It must be said at once that Amaldi’s article is astonishingly readable. ‘The 
subject does not look very promising and could be—indeed has been—written 
up with excruciating dullness, but Amaldi has struck a happy blend of detail 
and narrative, experiment and theory that make the search for information in it 
a pleasure, even though one may succeed in putting it down before getting to 
the end. An introductory section has the right balance between history and 
later exactness, and in fact is within itself an excellent short monograph. that 
would be of considerable use in, say, undergraduate teaching, if available 
separately. It is, alas, lost. Later sections deal with: Reactions with emission of 
neutrons and neutron sources; The slowing down of neutrons of energy larger 
than a few ev; Slowing down and diffusion of neutrons in the chemical region, 
i.e. E less than or of the order of 1 ev; The diffusion of thermal neutrons. 
Amaldi’s over all approach is experimental but there is considerable theoretical 
detail in the sections on slowing down and diffusion—no sophisticated problems 
but an excellent grounding for someone moving into reactor physics. It is very 
fitting that this considerable work should have come from a member of the great 
Rome team of the early 30’s and should have been written from Rome. 

‘The penetration and diffusion of x-rays is an exceedingly complex problem. 
In the analogous problem for neutrons one is helped by one’s ignorance of the 
fine details of the elementary cross sections and so may justifiably use approxi- 
mations. With x-rays however, at least those of low energy, one believes that 
the fundamental processes are well understood and so all that stands in the way 
of an exact solution is mortality. The situation is aggravated by the fact that the 
solutions to the elementary processes themselves, although exact, are frequently 
not analytic or at least not tractably so. Fano and his group at the Bureau of 
Standards in Washington have for many years hammered dedicatedly at this 
problem or nest of problems. ‘This article describes how, though the problem 
has not been broken, it has been beaten, into shape. Successive sections discuss: 
Elementary processes; General theory; Calculation of flux distributions in 
infinite homogeneous media; Effects of boundaries and inhomogeneities; 
Experimental aspects. For so complex a subject the writing is very clear. "This 
article contains very little light relief but it is surely appropriate that a work with 
so grim and forbidding a title as ‘ A million random digit numbers with 100 000 
normal deviates’ should be published from a place called Glencoe. (Back in 
1692 there were only about 200 normal deviates.) D. H. WILKINSON. 


Die Methoden der Molekiilphystk und ihre Anwendungs Bereiche, by H. Preuss. 
Pp. vit167. (Berlin: Akademie-Verlag, 1959.) DM.22. 


This book sets out to describe all the main methods used in the application 
of wave mechanics to the calculation of the electronic structure and other 
properties of molecules. There is an enormous amount of material, dealing 
with both o and 7 bonds, but in order to compress it within 167 pages, 
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Dr. Preuss has found it necessary to omit much of the detailed analysis. He also 
starts by presupposing a basic knowledge of the wave equation and its main 
principles. As a result the book is not easy reading. But it contains a good 
deal of material not yet found in other similar textbooks. Thus Mofhtt’s 
method of atoms-in-molecules, the theory of the density matrix, the free-electron 
model, and Lowdin’s natural spin orbitals are all described and illustrated. In 
nearly every case tables of numerical magnitudes are given to show the degree 
of success obtained by the particular technique being considered. In this respect 
the book is likely to prove very useful, particularly to those who already have 
some knowledge in this field. It would have been even more useful if it had 
been provided with an index. C. A. COULSON. 


Physics and Philosophy, by W. HetseNBerG. Pp. 176. (London: Allen and 
Unwin, 1958.) 15s. 


Although we are still very much engaged in the making of modern physics 
and realize at each successive step that the development which began roughly 
with this century shows no sign of slackening, we are already interested in its 
history. A survey of achievement so far, and of its philosophical implications, 
by one of the main architects of the—admittedly unfinished—edifice is bound 
to command attention. 

The present volume contains the substance of the Gifford Lectures delivered 
by Professor Heisenberg in St. Andrews in 1955-56. ‘The great successes 
gained by physics in the past half century permit the author the luxury of being 
clear without being dogmatic, a most refreshing combination which the full-time 
philosopher can nowadays rarely afford. In most of the chapters Heisenberg 
simply thinks aloud, taking sides here and there, giving his reasons for doing 
so, but never being too sure that his opinion is final. Sometimes, as in the 
chapters on the Copenhagen interpretation of the quantum theory, he is personally 
involved and he lets his reader know it whereas in others, as for instance in that 
on relativity, he adopts a critically descriptive attitude. ‘Throughout the book 
one has the impression that Heisenberg is making up his own mind on the 
philosophical problems presented by physics and this, for the reader, is a most 
fascinating process. Instead of being presented with the results of enquiry 
and their carefully prepared derivation, we are taken into the author’s confidence 
when he is trying to arrive at conclusions in a forest thickly planted with doubt 
and reservations. ‘The fact that we are made to see and appreciate these is in 
itself a tribute to the author’s clarity. 

| This is neither a textbook nor a philosophical thesis and it would be both 
misleading and presumptious to give a precis of its contents. The approach 
chosen. by Heisenberg is clearly set out on the first page when he says: “‘ every 
tool carries with it the spirit by which it has been created ”’, and it is the definition 
rather than the analysis of this spirit with which he is mainly concerned. 
However, in the last chapter he discusses, again in an undogmatic manner, the 
impact of modern physics on human affairs and the change which this has made 
to the position of the physicist in society. 

. Those who hope that this book will fill the blank space reserved for modern 
science in their philosophy classes will be disappointed. Far from having his 
Sy eae eae ee the reader must realize that, in this series 
eee er ne ae 7 is making ‘him think. Anyone who is 

ook most rewarding. K. MENDELSSOHN. 
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Elektronen- und Ionenprozesse in Ionenkristallen, by O. Svastw. Pp. viii +307. 
(Berlin, Gottingen, Heidelberg : Springer, 1959.) DM. 66. 

Professor Stasiw is well known in the field of colour centres and imperfections 
in ionic crystals and his book on this topic will be read widely. 

The first half is concerned (i) with the statistics of lattice defects and applica- 
tions to the study of ionic conductivity, diffusion and dielectric loss phenomena, 
(11) with optical absorption by perfect crystals and by crystals both additively 
coloured and containing deliberate additions of foreign ions, and (iii) with the 
statistics of electrons liberated thermally and optically and the related semicon- 
ductive and photoconductive effects. ‘This development is logical and detailed 
and prepares the way for the review of photochemical processes which occupies 
much of the second half of the book (subtitled ‘‘ with consideration of photo- 
chemical processes’’). ‘Topics here include the formation and aggregation of 
colour centres in pure and additively coloured crystals and in crystals containing 
additions of sensitizing foreign ions (e.g. KC1+ KH and AgBr +Ag,S) and also 
the influence of mechanical deformation on photochemical processes. ‘The 
last two chapters of the book deal with the application of nuclear resonance 
techniques to the study of the structure of imperfect crystals and with the 
quantum theory of the absorption of light by crystals. This last chapter con- 
tains a full account of the interactions of electrons and lattice vibrations, necessary 
for the understanding of the shape and width of colour centre absorption bands. 

A rather surprising omission is the absence of a full discussion of paramagnetic 
resonance methods. ‘These methods yield information about the electronic and 
atomic structure of colour centres in a way that is often breath-taking. ‘The 
technique provided the first direct information about the disposition of the wave 
function of the F-centre electron and so confirmed the vacancy model: it has 
subsequently yielded a wealth of information on various hole (V) centres and 
impurity centres—information which seems quite unattainable by more classic 
methods. It is also surprising that there is not a fuller mention of the polari- 
zation of luminescence radiation and the dichroism which can be induced in 
some crystals (otherwise isotropic); these studies in principle also give direct 
information about the symmetry, and thus the atomic configuration, of colour 
centres. These points apart, however, the book is a most pleasant and useful 
review of the field, and we welcome it. A. B. LIDIARD. 


Dendritic Crystallization, by D. D. SaraTovKIN. ‘Translated by J. E.S. BRaDLEy 
from the Russian. Pp. iv+126. (New York: Consultants Bureau , 


London : Chapman and Hall, 1959.) 50s. 


The enormous variety of forms shown by growing crystals has been the 
subject of study almost before scientific crystallography began. Among the most 
fascinating, as well as the most complicated, are the dendrites, or tree-like forms, 
to which we are accustomed since children in the hoar frost on the window- 
panes. They have accumulated enormous literature, most of which is purely 
descriptive. | 

Of recent years, however, the study of dendrites has become of great importance 
in applied physics and technology, since the growth of crystals, particularly of 
pure crystals for electronic purposes, has become a technique in its own right. 
That is why we can welcome the translation of Saratovkin’s book on Dendritic 
Crystallization which is one of the few devoted entirely to this subject. 
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The reading of the book indicates that the problems of dendritic growth are 
now emerging from the descriptive into the truly scientific phase with controlled 
experiments, but that still the very complexity of the phenomena baflles any single 
theory to account for them all. It is evident that dendrites only occur when 
crystallization is relatively rapid, and consequently inevitably in conditions where 
different parts of the same dendrite are in different physical states. ‘This puts a 
premium on careful observation and makes a rigid theory of dendrite formation 
extremely difficult. As this book shows, much work has been done on dendrites 
in the Soviet Union, work which is little, if at all, known to English speaking 
scientists, and Saratovkin’s book is particularly valuable in this respect introducing 
us to literature with which we are unfamiliar. Here are given a summary of 
researches on dendrites, some extremely extensive, beginning with the pioneer 
work of Chernov in the last century and going on to that of Bochvar and Lemmlein 
at the present day. 

The author also shows a very considerable acquaintance with both German 
and British contributions, including the more recent work on function of 
dislocations. 

The value of the book is enhanced by the author’s very good stereo-micro- 
scopic photographs of dendrites, and in general by a very readable presentation 
of the subject. Certain interesting points are made, namely the control of the 
dendritic axes by impurities, the distinction between dendritic and skeleton 
crystals, and the mode of formation of honeycomb and foliated dendrites. 

The book should be of particular interest to metallurgists on account of the 
discussion on the crystallization of eutectics and the experiments on the crystal- 
lization of eutectics from mixture of metals well below their melting points. 

At atime when we are still unclear on the mode of growth under equilibrium 
conditions, it is premature to expect a complete theory of dendrites, but the 
phenomena reported in this book should certainly offer a lead to those wishing 
to undertake research in this fascinating field. J. D. BERNAL. 


Methods of Experimental Physics, Vol. 1, Classical Methods, edited by 


I. ESTERMANN. Pp. xii+596. (New York, London: Academic Press, 1959.) 
$12.60. | 


‘There is no traditional way of writing books on experimental methods, so 
that a reviewer must devote much of his space to defining the general scheme 
of a book bearing such a title as the present. The volume follows the lines of 
the great German Handbiicher; it aims at covering its topics in an encyclopaedic 
way, often starting from elementary and fundamental considerations; it is not 
very critical nor eminently readable, but it does direct the reader’s attention to 
a great variety of facts and makes available to him a great number of references. 
The references are brought up to 1957, in some places to 1958. 

The eight sections deal with evaluation of results, fundamental units 
mechanics of solids and of fluids, vibrations and sound, heat and thermodynamics, 
optics, electricity and magnetism. The section on errors and statistics contaite 
very valuable material but is in places so condensed as to be obscure. die 
sections on units and on the statics, kinematics of solids and fluids are useful 
since they contain in compact form information which may be needed by workin 
physicists and which may have been omitted from a physics course. But in : 
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work of this kind it is surely wrong to leave the impression that viscous flow is 
Newtonian in all important cases: ‘ thixotropy ’ does not appear in the index 
nor in the text. The subsection on vacuum phenomena could mislead the 
student by failing to discuss adequately the important cases which are dominated 
by the gases given off from surfaces and the techniques of ‘ outgassing’. The 
thermodynamics is of a formal and even philosophical cast which is unexpected 
in the context. The heat section deals with thermometry, calorimetry and heat 
flow, the optics with geometrical and wave optics, spectroscopy and the detection 
of radiation. 

These sections are overburdened with hurried résumés of material which is 
easily accessible in textbooks known to every physicist: notable omissions are 
the practically important, and frequently neglected considerations of intensity 
and brightness in optical systems, and any mention of the modern ‘ spatial 
frequency filter’ treatment of optical resolution. 

The sections on electricity and magnetism are valuable summaries of theory 
and experimental methods, but appear to perpetuate the regrettable division 
which exists, in textbooks but not in practice, between ‘ electronic’ and other 
methods. Electronic instruments are certainly mentioned and their charac- 
teristics are sketched, but there is no discussion of their principles and no circuit 
details are given. 

The principal value of the book seems to lie in reminding the physicist of 
‘classical’ work which may have been crowded out of physics teaching: the 
reviewer hopes to use it as a check list and source of references when planning 
experimental work or lecture courses, but he feels that it sits a little uncomfortably 
between textbook and encyclopaedia. H. J. J. BRADDICK. 


Mathematics in Physics and Engineering, by J. IRviNG and N. MUutitnevx. 
Pp. xvii+883. (New York, London: Academic Press, 1959.) $1150. 


Here is the latest addition to the already swollen ranks of bumper maths 
books for scientists and engineers. ‘There are long chapters on differential 
equations, Bessel and Legendre functions, transform theory, matrices, dynamics, 
calculus of variations, complex variable theory, numerical methods, and integral 
equations, as well as appendices covering a variety of topics, such as the con- 
vergence of series and of integrals, elliptic integrals, and vector analysis. ‘The 
book is evidently intended for postgraduate students of physics and engineering, 
although it includes some material which would normally appear in under- 
graduate courses. A good knowledge of calculus is_the only obvious pre- 
requisite, but the abruptness with which the various topics are introduced would 
suggest that an undergraduate course of mathematics for physicists and engineers 
is assumed. 

The standard of rigour is not high, and, in spite of the length of the work, 
the treatment is sometimes irritatingly abbreviated. For example, although 
twelve pages are devoted to isoperimetric problems in the calculus of variations, 
the most difficult point in the basic problem is dismissed in the statement: 
‘“ Hence it is necessary to introduce the Lagrangian multiplier . . .” (the first 
time Lagrangian multipliers have been mentioned in the text). 

A feature of the book is the large number of worked examples drawn, from 
many branches of applied mathematics. ‘These are undoubtedly interesting, 
and should be useful to teachers of applicable mathematics. For the students 
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themselves, however, they may be rather a mixed blessing. Is it necessary for 
a structural engineer to concern himself with detailed solutions of Schrédinger’s 
equation, or an atomic physicist with problems on the bending of beams and 
the buckling of plates? Need either bother about aerofoils moving at super- 
sonic speeds? It must be realized that, at postgraduate level, specialization has 
inevitably begun. Although it is possible that at some time a physicist or an 
engineer may be called upon to solve a problem which lies within the other’s 
domain, it is impossible to prepare in advance for every eventuality. In any 
case, this book fails to prepare for some very probable eventualities. For 
example, group theory, which is in everyday use by theoretical physicists, is 
not even mentioned. 

A book which attempts to be as catholic as this must inevitably resemble 
the curate’s egg, and there is no reason why anyone, physicist or engineer, 
should be obliged to accept the bad with the good, the unwanted with the wanted. 
Before producing such weighty tomes publishers would do well to consider 
whether or not a series of small monographs, of which the present work would 
furnish half a dozen or so, might be of greater value. S. RAIMES. 


Fundamental Aspects of Reactor Shielding, by H. GOLDSTEIN. Pp. xvi+416. 
(Massachusetts: Addison-Wesley; London: Pergamon Press, 1959.) 
$9.50. 


The calculation of the penetration of radiation into matter is not a problem 
which can be solved by carrying over the tried and tested methods of reactor 
core physics; it is a field of study in its own right which demands a knowledge 
of techniques which only specialists can provide. For such people, and for 
those about to enter the field, this book is of vital importance and will surely 
become an essential part of their equipment. 

As the title implies, the emphasis throughout is on the fundamentals of the 
subject and the early chapters deal very adequately with such topics as the 
definition of biological and physical dose, permissible levels of exposure and the 
sources of radiation in reactors. ‘The discussion on dose definition is particularly 
valuable in view of the confusion which often surrounds the subject. 

After a useful, but somewhat digressive, chapter on experimental shielding 
facilities, the rest of the book is devoted to its principal objective, the penetration 
of gamma rays and neutrons into matter with a review of the methods of calcula- 
tion available. ‘The section on gamma radiation is excellent and is difficult to 
fault, containing as it does, an authoritive account of the ‘ method of moments ’ 
which has by now come to be universally accepted as the basic technique for the 
problem and with which Dr. Goldstein has himself been closely connected. 

The final chapter on neutrons gives a very good account of this difficult and 
still developing subject, but suffers from the disadvantage that, although fast 
neutron penetration is dealt with, not much help is given on the problem of 
calculating the thermal flux in a multi-region shield (an important requirement 
for design purposes). 

It is not intended to be a practical handbook of shield design (nothing is 
given on radiation streaming in ducts, nuclear heating or activation of coolants) 
but, on its own terms, as a fundamental account of the subject, it is first class 


and an invaluable aid to understanding. The style is lucid throughout and no 


textual errors have been found. K. T, SPINNEY, 
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Ultrasonic Relaxation in Triethylamine 


By R. A. PADMANABHAN} anp E. L. HEASELL 


Electrical Engineering Department, Imperial College, London 
MS. received 15th February 1960 


Abstract. The absorption of ultrasonic waves in triethylamine has been studied 
at temperatures between — 50°cand 25 °c, at frequencies between 10 and 100 Me/s. 
These measurements supplement those reported in 1956 by Heasell and Lamb 
and permit a more detailed analysis. To explain the complete set of results it 
1s necessary to assume the existence of a temperature-dependent entropy of 
activation. Physical reasons as to why this isa plausible explanation are advanced. 


§ 1. INTRODUCTION 


exhibits anomalous absorption in the temperature range 25° to 75°c, 

at frequencies between 20 and 200 Mc/s (Heasell and Lamb 1956). 
This behaviour has been interpreted in terms of the perturbation of a postulated 
equilibrium between the different rotational isomers of this liquid. 

Litovitz and Carnevale (1958) have studied the ultrasonic absorption in 
triethylamine as a function of pressure, between atmospheric pressure and 
3500 lb/in?. These measurements were made at 0°c and thus could not be 
compared directly with the previous observations. 


A PREVIOUS study of ultrasonic absorption in triethylamine has shown that it 


§ 2. EXPERIMENTAL PROCEDURE 


As previous investigation had shown, no further purification of the liquid 
obtained from the suppliers was necessary. ‘The samples obtained for the present 
work were initially measured without further treatment. Measurements were 
made at frequencies of 10-87, 30-3, 50-1 and 111-5 Mc/s, and between temperatures 
of —50°c and 25°c. A description of the measuring procedure may be found in 
Andreae, Bass, Heasell and Lamb (1958). 

Preliminary analysis of the results showed that they did not follow the expected 
pattern and that the region of apparent discrepancy occurred around 0°c. 'T'wo 
further sets of measurements were made at frequencies of 50-1 and 10-2 Mc/s. 
These frequencies were chosen as being more significant for the analysis of the 
data around O0°c. 

A sample of the liquid was allowed to stand over quicklime for 48 hours being 
occasionally shaken; it was then fractionally distilled, only the middle fraction 
of the distillate being retained. The boiling point was 89-3°c. | 

The measuring system was enclosed in a large polythene bag, the electrical 
connections being brought out through small holes and tightly bound with 
adhesive tape. The bag could be inflated with dry nitrogen and maintained at 
a pressure slightly above atmospheric. 


+Mr. Padmanabhan carried out this work whilst on leave from the National Physical 


Laboratory of India, New Delhi. 
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A sample of the distilled liquid was transferred into the measuring chamber 
and the bag tightly closed. After allowing some minutes for the nitrogen to 
completely displace the air from the system the cooling process was started. No 
condensation was observed at any stage of the cooling process, even at the lowest 
temperatures reached, —60°c. 


§ 3. EXPERIMENTAL RESULTS 


The plots of «/f? against temperature are shown in figure 1. At 50 Mc/s 
the check measurements agree precisely with the original ones. At the lower 
frequencies, 10-87 and 10-2 Mc/s, direct comparison is not possible. However, 
using the parameters of the relaxation, A, B and f,, determined from the original 
measurements, the values of «/f? were calculated for the check measurements. 


Sle 


—o— 10-87 Mc/s 


10'*x (a/f?) (sec?cm') 


20. -I0 0 10 20 
Talc) 


-50 -40 -30 - 
Figure 1. a/f? plotted against temperature. 


The two sets of values agree well down to —20°c, and below that temperature 
the divergence is less than 4%. The values in the table represent the best fit 
to the experimental data of the relation 


| . , of=All+ (fF "1+ B. fel) 

At the lowest temperature greatest weight has been given to the 10-87, 30:3 

and 111-5 Mc/s results, at the higher temperatures the 10-87, 50-1 and ee 

Mc/s data have. been used. The results at — 10, —5, 0,.5 and 10°c have been 

computed from both combinations to show that they give satisfactory continuity 

The table gives the values of A, B, fe and pmax obtained from the experimental 

data. ‘The double entries in the table show the values of the parameters obtained 
from the alternative sets of data. 


Ultrasonic Relaxation in Triethylamine 323 


In the analysis of the data the use of equation (1) implies that a single relaxation 
time is sufficient to describe the process observed. The agreement between the 
values re-computed from the above parameters and those derived by experiment 
is within +4% down to —20°c, and within + 6° below this temperature. 


LCG) —40 —35 —30 —25 —20 —15 —10 =) 
10374 (sec? em=-*) 6600 5375 4360 3560 2825 2170 1735 1395 
1738 = 1404 
10" B (sec* cm—*) 56 — 42 = 34 = DD) = 
(fe) (Mc/s) 6:07 7:67 9-60 11-8 14-7 18-6 23:0) 28-1 
Zo Pups 
10° umax 2°84 2°87 2°86 2°83 JF} 2208 20D 2°47 
2°54 241 
Ce) 0 5 10 15 20 25 
10204) (sec* cre) 1112 902 740 605 503 442 
1052 903 
172 (sec* eni-*) 40 — 66 — 78 = 
foe (Me/s) 34:3 39-6 47-9 B55 74:2 98-1 
34-9 40-0 
10? max 2:36 ZAy 21 2-10 Pie 2°45 
2227 2A9 


The dilatation of triethylamine has been calculated from the density data 
quoted by Timmermans (1950). The values quoted cover the temperature range 
0°c to 85°c, and within this range the dilatation is constant. It has been assumed 
that the dilatation remains constant over the rest of the temperature range. 

The specific heat of the liquid was measured by Phipps (see Heasell and 
Lamb, 1956) inthe temperature range 25°cto60°c. Within that range the specific 
heat may be expressed by the relation 


Cp = 0-5039 + 0-00017t + 0-0000064#? cal g—1 deg}. 


If a direct extrapolation is made to — 60°c the resulting values show a minimum 
at —12-5°c arising from the presence of the third term. If the latter is neglected 
and a linear extrapolation made from Phipps’ results, then the specific heat varies 
between 0-5039 and 0-4937 calg-1deg~ in the range 0°c to —60°c, a variation 
of only 2:1%. 

The sound velocity has been measured from —65°c to 25°c and is found to 
follow a linear extrapolation from the original measurements: 


v =1253—4-47t°c. 


At no temperature was the dispersion of velocity greater than 1%. 


§ 4. MOLECULAR INTERPRETATION 


The molecular interpretation has been previously discussed (Heasell and 
Lamb 1956). It was proposed that the triethylamine molecule can assume any 
one of three possible geometrical configurations (figure 2). ‘The anomalous 
absorption is attributed to the perturbation of the equilibrium between two of 


these three possible states. . 
Y2 
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(2) 


Figure 2. Rotational isomers of triethylamine. 


§5, ANALYSIS OF EXPERIMENTAL DATA 


We shall follow the original analysis by assuming that an equilibrium between 
only two states is involved and may be described by a first-order reaction 


(lower energy state) 4,—A, (higher energy state). ...... (2) 


Since the velocity dispersion may be neglected the static and infinite frequency 
adiabatic compressibilities may be assumed equal. In this case (Meixner 1953) 
there is no need to distinguish between the experimental relaxation time tm 
and the adiabatic—isobaric relaxation time Tps. 

If k,, and k,, are the forward and reverse rate constants, and if we assume that 
kiy<ky,, then following the notation of the previous paper 


fe=(RT/2nh exp (ASe4/R)exp(—AHSFIRT) een. (3) 


where AH,' and AS,* are the enthalpy and entropy changes occurring in the 
reverse reaction (2)->(1), between state (2) and the top of the barrier separating 
these states. Thus a plot of In(f,/7') against 1/T should be a straight line of slope 


AH,*/R. It has been shown (Meixner 1952, Davies and Jones 1953) that for a 
thermal relaxation process 


ABs AC, 2 cigs iy 


=> ed i ——_ —_- —— 
Bo ae) ne ep 
expresses the fractional change in adiabatic compressibility. If it is assumed that 
the volume change of reaction is negligible, and that AG, the free energy difference 


between states (1) and (2), is greater than 3RT7, then, as shown previously, the 
maximum value of sound absorption per wavelength max 1s given by 


wiry AE\2 AE AS 
max = IC, (el) Et (ar) exp fe RT) exp (=) ee pe: (5) 
Now 
VeO20 (S.C Ls alk ea (6) 
thus 
Daal l R NENG AE AS 
Umax — 2IC 210? RT) exp ( = RT) exp a J pdioddd (7) 


We have assumed that @ is constant, thus a plot of In(max T'Cp?/v?) against 1/T 
should be a straight line of slope AE/R. 
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The two relevant plots obtained from the experimental data are shown in 
figures 3 and 4. Figure 3 has the appearance of consisting of two straight portions, 


whilst figure 4 looks as if it might extrapolate to form two parallel lines, joined by 
a smooth curve. 
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Figure 3. Log, (f,/T) plotted Figure 4. Logi) (uTCp?/v?) plotted 


against 1/T. against 1/7. 

In arriving at the two graphs presented a number of assumptions have been 
made; we have neglected the velocity dispersion that must accompany a relaxation 
process. he latter is certainly less than one per cent throughout the present 
temperature range, as evidenced by our own experimental results. We have 
assumed that the change of volume occurring between the two isomers involved 
is negligibly small. Litovitz and Carnevale (1958) have studied the pressure 
dependence of the relaxation at pressures up to 3500kgcm~*. It was found that 
fc was independent of pressure within this range at 0°c. This supports our 
assumption that the volume change is negligibly small. We have also extrapolated 
the specific heat results beyond their intended range. | However, the net variation 
in specific heat is small and in any case would only affect the graph proposed for 
the evaluation of AF. Finally, we have assumed that the relaxation may be 
analysed in terms of a single relaxation time. Whilst theoretical treatments of 
the behaviour of more complex relaxing systems have been given (Meixner 1954, 
Davies 1956) there is no evidence, within the present accuracy of measurement, 
that more than one set of parameters need be used. 


§ 6. INTERPRETATION OF THE OBSERVATIONS 


One of the usual assumptions made in the analysis of ultrasonic data is that 
the various activation energies and entropy differences are temperature- 
independent. Inthe present case it seems worth considering further the assump- 
tion concerning the entropy changes. 

In the original analysis of the data on triethylamine it was remarked that the 
entropy changes then deduced were reasonable, insofar as the molecule possesses 
methyl groups which are probably free to rotate in some configurations but not 
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in others. Increasing the size of these groups will produce further hindrance . 
rotation. In a study of tri-m-butylamine (Krebs and Lamb 1958) it was foun 
that the entropy difference was small and in fact negative, 

We have assumed that the entropy terms may be divided 


AS AS. postr) 
ASEASESS(T) 


the temperature-dependent term being the same for both entropy differences, 
Figures 4 and 5 show the results of assuming that the straight lines, AB and 
A’B’ respectively, represent the temperature-independent entropy and energy 
differences, deviations from these lines being due to the effect of the term 6S(T) 
above. Inspection of figure 5 shows that in this case it is necessary to divide the 
corresponding data by exp [6S(7)/R], whilst the corresponding data of figure o 
must be multiplied. The results of this procedure are shown in figure 3 and figure 
6 respectively. 
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Figure 5. Logi (uTCp?/v*) plotted Figure 6. Logy (f,/T) plotted 

against 1/7. against 1/7. 


It is necessary to observe that whilst along line AB, figure 4, the assumption 
AG> 3RT remains true (AG lies between 3-5 and 4-5), this assumption is not true 
along line A’B’, figure 5. The theoretical line which would be obtained, even 
for temperature-independent values of the parameters is that shown as A’B”. 
However, the term exp[5S(7)/R] becomes small at the higher temperatures, of 
the order of 0-1, and thus the evaluation of 5S(7) may still be made by measuring 
the ratio of the experimental value and that given by A’B’. 

Inspection of figures 3 and 6 show that the recalculated data are now more 
nearly a linear plot than were the original results. The linearity found using the 
values deduced from figure 5 is rather better than that obtained using figure 4. 
In both cases the accuracies to be attached to the parameters obtained from the 
linearized plots cannot be high, say + 10%. 
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The reaction parameters obtained are as follows: 


figure 4 figure 5 
AH, 10:8 10-1 kcal mol—} 
AS,} 17 19 cal mol“! deg! 
AE 5:9 5*9 keal mol-4 
AS 11 16 cal mol=! deg-4 


The temperature-dependent terms are shown graphically in figures 4 and 5. 
It is possible to evaluate an activation energy to be associated with the change of 
entropy, since the predicted variation is monotonic and nearly linear on our plots. 
In each case the energy obtained is approximately the same, 5-6 kcal mol-1. 
This value is especially reasonable since it corresponds to the energy difference 
between the terminal states listed above. If it is considered that the barrier, 
between the two isomeric forms postulated, is due to the steric hindrance 
occurring when one methyl group passes over another, then the energy involved 
when one of these groups tries to rotate about the central C-N bond, or to rotate 
about the outer C-C bond might be expected to be of the same order. 

Ultrasonic data alone give only values for the difference in energy or entropy 
between two states, thus it is not possible to distinguish between the two sets of 
values given above using ultrasonic data alone. 

In the case of figure 4, we see that the entropy difference between final states 
decreases with increasing temperature. This might be expected to correspond 
to a relative increase of the ground state entropy. However, the ground state 
parameters do not enter into the expression for f.. The f, data also indicate that 
the calculated entropy difference decreases with temperature increase. The 
latter would correspond to a relative increase in the entropy of the higher energy 
stable state. These two conclusions are not immediately compatible and would 
involve a relative shift of two of the states, the change in the ground state being 
twice as great as that of the higher state. 

In the case of the data obtained in conjunction with figure 5, a simpler explana- 
tion is possible: both entropy changes would be compatible with a decrease in 
the entropy of the higher energy state with decreasing temperature. 

Since the interpretation associated with figure 5 is both simpler and more 
physically reasonable it is proposed that this be adopted as the correct explanation. 

The similarity between the two activation energies, that for the whole reaction, 
and that obtained from the temperature-dependent entropy term, supports the 
idea that the observed relaxation is associated with the restricted rotation of one 
of the ethyl groups about the central C-N bond. Since the entropy difference is 
always positive, then, in accordance with the work of Krebs and Lamb (1958) it 
is concluded that state (1), figure 2, corresponds to the ground state. Ifa third 
isomeric configuration is possible then it must be separated from the other two 
by a large barrier, since we do not observe any effects due to it in the present 
temperatures-frequency range. 
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Waves in a Conducting Sheet situated in a Strong Magnetic Field 
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Abstract. The hydromagnetic approximation is applied to the elementary linear 
theory of transverse waves in a thin uniform plane conducting sheet, in which 
the inertia is provided by the sheet, and the restoring forces by strong vacuum 
magnetic fields on either side of the sheet. 

The dispersion relation and damping are obtained. The waves should be 
observable in the laboratory. 


§ 1. INTRODUCTION 


HYDROMAGNETIC wave is a propagating oscillation in which the inertia 
is provided by a conducting fluid and the restoring force by a magnetic 


field. Generally the magnetic field confined within the fluid plays a 
dominant role. Such waves were first considered by Alfvén (1950) and have 
since then received very extensive theoretical treatment. They have also been 
demonstrated experimentally in mercury by Lundquist (1949), in liquid sodium 
by Lehnert (1954) and in gaseous plasmas by Bostick and Levine (1955), by 
Allen et al. (1959), by Sawyer, Scott and Stratton (1959) and by Jephcott (1959). 

We consider the elementary theory of those magnetomechanical waves in 
which the inertia is provided by a uniform conducting sheet and the restoring 
forces are provided by vacuum magnetic fields situated on either side of this 
sheet. It is supposed that the thickness of the sheet is small in comparison with 
the wavelength of the wave, and that the internal elastic and magnetic stresses 
within the sheet are small compared with the forces exerted by the external 
magnetic fields, except in so far as they serve to transmit these external forces 
to the material of the sheet. This material may be solid, liquid or gaseous. 

A sheet of gaseous plasma confined by magnetic fields tends to broaden owing 
to diffusion across the lines of force, and the theory presented applies to this 
case only during the period in which the thickness is small compared with the 
wavelength. 

We shall suppose that the waves are of small amplitude so that a linear theory 
is applicable. The viscosity of the medium will be neglected, and it will be 
supposed that its intrinsic magnetic permeability is unity. 

The basic equations for the vacuum are 


Tab 0h RBH 0 pe OO ted (1) 


and at the boundary the magnetic induction B is continuous if the resistivity 7 
is finite. Stewartson (1957) has shown that a necessary condition for B to be 
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discontinuous at the boundary of a perfectly conducting fluid for any length of 
time is that the normal component of B at the boundary should be zero. We 
shall suppose the normal comp cuent of B to be zero if the sheet is a perfect 
conductor. : 


§ 2. Waves IN A PLANE CONDUCTING SHEET 


Consider an infinite plane conducting sheet of volume density p and 
thickness whose mid-plane is the y=0 plane of a chosen coordinate system. 
Using the notation of Kruskal and Schwartzschild (1954) let the magnetic 
fields in the regions #+* defined by y> +A/2 and y< —h/2 be B+. This is the 
unperturbed system and, for equilibrium to exist, B+=B-. When oscillations 
displace the sheet from the plane, #*+ and Z~ will refer to the regions on either 
side of the sheet. 

The displacements of the sheet will be denoted by yg(x) and the consequent 
changes in the field by B=. 

In this section we shall suppose that the sheet is a perfect conductor of 
negligible thickness, that the unperturbed fields on either side of the sheet are 
in the same direction, and that waves propagate in that direction, which will 
be chosen to be the direction of the x axis, unit vectore,. ‘Then 


B+— Be, —B-, k=ke, 2 hanes (2) 
where /=27/k is the wavelength of a monochromatic wave. Consider standing 
waves of the form F 

Vata SIT Re ee ee eee (3) 
where A is a function of time. 


It is reasonable to impose the boundary condition that the magnetic 
disturbance remains in the region of the sheet, so that 


lim B+=Be,. 
yr ow 


The whole perturbed system is periodic of period /=2z/k in the x direction, 
so that 


B= B[1 + ae? "sin (kx + )]Je, + Bact *” cos (kx + p)e,. ...... (5) 
Higher harmonics are due to non-linearity and may be neglected. 
The boundary condition at the sheet is B.n=0 where n is the normal to 
= A sinkwx and so to first order in AR: 


P= 0s Boley savcalg ee ae (6) 
We also need the magnetic field at the sheet 
(B=P=B1e2ky.j—  — | eee (7) 


ignoring terms of order (Ak)?. 
Consider the motion of an element of the sheet of unit length in the z direction 


and of length 6x in the x direction. ‘To first order in Ak, it follows from Newton’s 
law of motion that 


(D> =)" oe ee ee eee (8) 


where p~ and pt are the ne pressures on either side of the sheet. The 
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magnetic pressures (Spitzer 1956, p. 25) are p+=(B+*)?/8 and by equation (7) 


h OV5 mae, B 
er o 3 5 
ays Bets he re re oe (9) 
aD +w*y, = Q, 
where , k B 
we SS h = As ee ee ree ori (10) 


Since w is the angular frequency of oscillation, the phase velocity of progressive 
waves is 


-, kh 47p kh : 

where I’, is the velocity of Alfvén waves in a infinite medium of the same material 
as the sheet, permeated by a uniform field of magnitude B. The group velocity 
of the sheet waves is one half their phase velocity and both velocities are higher 
than the Alfvén wave velocity. 

A rough physical argument provides a link between the two types of waves. 
In the sheet wave the energy in the distortion of the field falls off as exp(—2ky). 
The effective depth of the distortion in the y direction is 2 x [7 exp(—2ky)dy=k™, 
where the factor 2 comes from the magnetic field on both sides of the sheet. The 
amount of material contained in this depth corresponds to a uniform distribution 
of density pkh throughout space, and one would expect the phase velocity of the 
waves to be the same as for Alfvén waves with such a density, that is 
i 2 
Th Net 
There is a discrepancy of a factor 2 which can be explained as follows. ‘The true 
Alfvén waves have a perturbation field which is entirely orthogonal to the 
unperturbed field, whereas the sheet waves have one half their magnetic energy 
in a field component parallel to the unperturbed field. 


7 12 
V,?= 


§ 3. DERIVATION BY ENERGY EQUATION 

The dispersion relation (11) can be derived by equating the maximum 
kinetic and potential (or magnetic) energies of a standing wave. This method 
of derivation will enable us to generalize more easily to the case in which the 
fields B+ and B~- and the phase velocity are all in different directions, and to 
treat the damping when the sheet is an imperfect conductor. 

Consider standing waves of the form 

Ye= Agsinkesitat., (on) iy weenie (12) 

Then 


= =A,sinkxwcoswt, verses (13) 


The potential energy is zero when y,=0 so that sinwt=0 and coswt= +1. 
All the energy of the wave is then in kinetic form. The mean energy E per unit 
area in the (x,y) plane is obtained to second order in A, by averaging over one 
complete cycle in the x direction. Then 


E= $a(kx)3pho* / patke) 2 es (14) 


where the integration is over one cycle. 
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The kinetic energy is zero when dy,/ét=0, and all the energy of the wave 
is then in potential form, that is magnetic field energy. Here, as in corresponding 
derivations in stability theory, some care is required. . 

The magnetic energy per unit area due to the presence of the wave ts 


B= athe) | dy E s = | [face Fr: (15) 


and if the perturbation field is B =B— B, then 
i6nE= f d(ke) le dy2B. B+ f athe) | dy\BP. 1... (16) 


The first term must be zero for equilibrium to exist. It may be shown to be 
zero identically by magnetic flux conservation. ‘The second term is correct to 
second order when B is correct to first order, and will be used to compute the 
magnetic energy due to the wave. 

From equation (5) 


B+ = BA,ket*"( + sin(Rx)e, + cos (kx)e,,) 
Aysin kx co 
Lon B= pathy] | dy| BI? -+ | iB | 
—o Ay sin kx 


R 2 
is paths) ae exp (2A cin et) wep Cae enna 


~ 27 B*A,2k 
to second order in Ay. ‘To this approximation 
E=B?A,2k/87. 
Equating (14) and (18) we obtain (10) and the dispersion relation (11). 


§ 4. WAVES AND FIELDS AT DIFFERENT ANGLES 


Let the phase velocity of the wave be in the » direction and the unperturbed 
fields on either side of the sheet be 


B2= 6 -e.4 Bie.) sic benenee i) 
For equilibrium to exist the magnetic pressures in the regions #+ and #~ must 
be equal: ‘ 

(Boh)? (Bot)? Bex )t3 (Ba) 

When the potential energy is zero, the kinetic energy per unit area is given by 
equation (14). The z components of the magnetic field are unchanged by the 
perturbation and make no contribution to the potential energy of the wave. 
Therefore when the kinetic energy is zero, the mean energy per unit area is 

E=}[(B,+)?+(B,-)JApk/8r. ide. (20) 

Equating the two expressions for the energy, the phase velocity is given by 

1 (B,*)?+(B8,-) 
ie cece SN AE SF 
esti eee wg, ile beats (21) 
and the group velocity is 


(a e | 2 E 49 be By thee . 
l6zpkh . (B..+)?+(B,-» Fl 
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§5. DAMPING DUE TO FINITE RESISTIVITY 


In the case of Alfvén waves the damping due to finite resistivity makes the 
waves difficult to observe in the laboratory; it is important to obtain some 
estimate of the corresponding damping of the sheet waves. This damping is 
due to the diffusion of the oscillating magnetic field into the sheet where its energy 
is dissipated by ohmic loss. All damping due to the mechanical properties of 
the sheet will be neglected. 

We shall suppose that the sheet consists of material whose electrical resistivity 
is so low that the energy loss per cycle is small compared with the total energy 
of the wave. Also we shall neglect the thickness / of the sheet and the amplitude 
A, of the waves in comparison with the wavelength /=27/k. Only the simple 
case in which the magnetic fields on either side of the sheet are in the direction 
of the propagation of the wave will be considered. 

The field within the sheet is required. For small oscillations the sheet is 
nearly flat, and the velocity of motion is small, so it should be possible to obtain 
the field for a region small compared with the wavelength as if it were a stationary 
planar slab of thickness h with oscillating boundary conditions, obtained by 
neglecting the effect of finite resistivity on the field outside the sheet. 

This assumption may be justified from the basic equations and it is found 
to be valid when the effect of internal motions within the sheet can be neglected, 
and 7 is so small that powers of 7 higher than the first can also be neglected. 

We use the coordinate system O’x’y’s’ illustrated in the figure, for which 
2’ =z and the y=0 surface is the mid-surface of the sheet, whose boundaries lie 
at y= +h/2. x’ represents distance along the sheet perpendicular to Oz. These 
coordinates are approximately rectangular over regions in the (x,y) plane of a 
size small compared with the wavelength. 


= 
" 
1} 


The primed system of coordinates (z’=2). The thickness of the sheet and the y scale 
have been exaggerated. AB is the distance along y’=0 from A to B. 


In this coordinate system (dropping the primes, which are implied throughout 
the rest of this section): 
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and the boundary conditions at y= +h/2 may be obtained from equations (7) 
and (12). They are 
B+= Bal + ygk)e, 
=B(1+ A,ksinkxsinwt)e, (Y= CEnI ZI UP meet (24) 
Evidently B= Be, throughout the sheet, for the variations in the y direction 
are of order (kh)~ larger than those in the x direction, which may therefore be 
neglected : 


Ee ee 
Ot 4m dy? | i 
Let b 
C= BA PSU RLS sp ie ieee EERE: (26) 
The standard derivation of the radio frequency skin effect then shows that 
if the skin depth is ; 
sy fic le. ee Ae bee 27 
(see for instance Spitzer 1956, p. 52), and y=(1+2)/d, then 
io= Ce sinh (yy) sittin (xh) 2) 20) ee (28) 


The power dissipated per unit area of sheet 


nC 2 ph/2 
| dy cosh (yy) cosh (y*y) 
—n/2 


= x 
“a (aye 


sinh (yh/2) 


where the function 
(X)= sinh X + sin X 
~ cosh X—cos.X ° 
Note that C is a function of x, defined by equation (26). 


We require the power dissipated per unit area by the magnetic field averaged 
over one cycle in space and time, which is 


ae f des) a / f d(kx) 
eS : (= i (Auk)? > d(kx) sin? (kx) T(h/d) 


aa 
B2A RY? 
a 2( = ) Th/) Sees ah ge ees: Sage (31) 


From equation (18) for the mean energy of the wave per unit area: 


_ BA aA, 9 (BAR? 
a a = 2{ = ) (MALIN he (32) 


where the amplitude Ay is now a function of time which varies slowly in comparison 
with the wave oscillations : 


A,(t)=exp(—vi),- 4 ete eee eee (33) 
; | 
calers Lh) 9 ne ee ee (34) 
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where /=2m/k is the wavelength. Asymptotic forms for the function T(X) are 


UX SAE XS | (35) 
aes ae i} isin 
and a formula for the damping exponent valid in the two asymptotic regions is 
Hii farts (h>d or h<d) (36) 
nega Se pleats 


The time for e-fold decay of the amplitude of the wave is approximately the 
time for the magnetic field to diffuse a distance (J/g)! where q 1s the lesser of the 
skin depth and the thickness of the membrane. 

The theory does not enable us to obtain any slow phase changes in the wave 
that are of order unity over a period of the order y—, if any such phase changes 
are present. 

The possibility of detecting these waves depends on the number of oscillations 
which take place before they are damped below the limits of observation. A useful 
measure is the ‘quality’ or O of the wave analogous to the quantity used for coils 
and resonant cavities. 


energy stored in the wave 
~ energy lost per radian of oscillation 
WwW 
= erie» ©) Oem aiai es a7, 
as (37) 
Using the definition (27) of d, the quality of the sheet wave is 
2 
ee kee ee 38 
Qs kdT(h/d) Co 
Se Riel IN) Mea tsi at (39) 
whdT(h/d) 4p 


The quality of an Alfvén wave in a continuous uniform medium of the same 
material as the sheet is 


2 2 B 
O=pe-ope es (40) 


wd? 4p : 
We compare the quality of the sheet waves and Alfvén waves of the same 
frequency for two extreme cases, using the asymptotic formulae (35) for T(X). 
When 
h>d T(h/d)~1 
and 
OsOeR Taal. Coy «o> bo eiany (41) 
The sheet waves damp much more rapidly than the Alfvén waves. 
When 
h<d T(h/d)~2dJh 
a C70): i a an rrr (42) 


The two types of waves damp at the same rate. 
When the damping of the sheet waves is comparable with that of Alfvén waves, 
the former should be observable in copper and mercury. ‘The mechanical 
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stresses in the copper sheet could be reduced by splitting it into thin strips at 
right angles to the lines of magnetic force and suspending these strips very loosely. 

For a gaseous plasma the hydromagnetic approximation may not be valid. 
In particular if the wavelength c/fp of radiation in free space at the plasma 
frequency fp is long compared with the skin depth d then the inertia of the 
electrons cannot be neglected (Spitzer 1956, p. 52). 


§ 6. CONCLUSION 


A plane uniform sheet of conducting material situated in a uniform vacuum 
magnetic field can support transverse magnetomechanical waves similar to the 
Alfvén waves in a three-dimensional continuum of the conducting material. 
The dispersion relation is given by equation (11), where h is the thickness of the 
sheet, and other symbols have their usual meanings. The phase velocity is 
dependent on frequency and is greater than for the corresponding Alfvén waves. 

When the skin depth is much greater than the sheet thickness the sheet waves 
are damped at the same rate as the corresponding Alfvén waves. The sheet 
waves should be observable under laboratory conditions in mercury and copper. 
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Abstract. The 5-1 band of the recently discovered B’+B system of N, has been 
photographed under large dispersion and a rotational analysis has been made. 
The upper state has been shown to be of species °X, and the lower state has 
been confirmed to be B*II,. The rotational constants derived from the analysis 
are B’ = 1-381,cm-!, D’ =4-6 x 10-§cm-—!, B” = 1-610,cm—, D’ =5-4 x 10-*cm—. 
The spin structure of the 3X,~ state has been determined and a discrepancy 
between theory and experiment noted. 


§ 1. INTRODUCTION 


ECENT spectroscopic studies of nitrogen discharges and afterglows have 

shown the presence of a new system of bands in the near infra-red. The 

first band of the system was discovered in a discharge tube source by Carroll 
and Sayers (1953) who gave measurements of the four strongest heads at 8265-5, 
8283-8, 8293-3 and 8310-64. The band was degraded to longer wavelengths 
but otherwise was very similar in structure to the First Positive bands. Only 
one band of the new transition was observed due to the high intensity of the 
First Positive system in the same spectral region. 

More recently Kistiakowsky and Warneck (1957), while investigating the 
spectrum of the Lewis—Rayleigh afterglow under low dispersion, observed some 
poorly resolved features at 6934, 7823, 8949 and 10434 A which they were unable 
to assign satisfactorily. ‘here was no obvious relationship between these bands 
and the band at 8265-54. Later however, more extensive measurements of the 
system giving head structure were made by LeBlanc, Tanaka and Jursa (1958) 
who studied the afterglow emission of nitrogen—argon mixtures at low tempera- 
tures. ‘These workers identified the lower state as B°II, but were unable to 
establish the character or vibrational numbering of the upper state. It was evident 
from this work that the 8265-5 band was the (n+1)-1 band of the afterglow 
system, where m is the unknown integer used by LeBlanc, ‘Tanaka and Jursa 
in their vibrational analysis. An investigation of the isotope effect has shown 
that »=4 so that the band discussed in the present work is in fact the 5-1 band. 

The new transition is of importance not only because of its appearance in the 
nitrogen afterglow but also because two bands of the system have been reported 
in the spectrum of the night sky by Khvostikov and Megrelishvili (1959). 
Furthermore the electronic character of any new state of N, is of considerable 
interest for comparison with the extensive and detailed data on the theoretically 
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predicted levels which have been given by Mulliken (1957). The work described 
below was therefore undertaken with a view to establishing the nature of the B’ 
state} and determining its rotational constants. A brief preliminary report of the 
results has already been given (Carroll and Rubalcava 1959). 


§ 2. EXPERIMENTAL 


The source employed was essentially the same as that described by Carroll 
and Sayers (1953), i.e. a conventional transformer discharge through nitrogen. 
The conditions necessary for the appearance of the new transition were (a) that 
the N, should be quite pure and in particular free from O, and (6) that the 
discharge tube should be very clean. The pressure of N, was varied from 0-2 
to 3-5 mm and within this range no noticeable change in the intensity of the 
transition occurred. Low current densities were used in the experiments in 
order to keep the rotational temperature low. This procedure facilitated the 
analysis as it rendered the heads of the new band more obvious under large 
dispersion and reduced the overlapping by the higher rotational lines of the First 
Positive bands. It should be recalled that the new band lies in the middle of the 
Av=1 sequence of the First Positive system and it is only because there is a local 
minimum in the intensity of the latter system that the new band can be observed 
at all. The spectrum was photographed in the second order of the 21 ft grating 
in the Physics Department of University College, Dublin, on hypersensitized 
Kodak IIN plates. Second, third and fourth order iron arc lines were used 
as reference spectra. In addition to the structure of the B’-B band many lines 
of the 3-2 First Positive band were measured in the same region. A comparison 
of these measurements with those given by Carroll (1952) (to be referred to as I) 
in the analysis of the 3-2 band suggests that the wave numbers in both cases are 
correct to about 0-02cm™, although weak or blended lines will be in error by 
amounts greater than this. 


§ 3. ANALYSIS 


Under large dispersion the band appeared fairly weak and it was also 
overlapped to some extent by First Positive structure, especially at higher J 
values. Nevertheless a number of branches were picked out by inspection. 
At this stage the knowledge that the lower level was v=1 of the B3II ge state 
considerably facilitated the analysis. By using the data in I for this level and by 
applying the combination principle it was possible to identify branches, calculate 
others and assign N values. In this way three components were found in the new 
band, each consisting of a fairly strong P, Q and R branch. The presence of 
well developed Q branches showed that the upper state was not of species *I] 
while the absence of A-doubling eliminated the possibility that it might be of 
species *A. The observations were however consistent with the upper state 
being *2. This was verified by the identification of a number of satellite branches 
from which the fine structure in the B’ state was shown to be typical of a 3% state. 


tThe designation p’ for the new state has been used by Wilkinson (1959) ; Kistiakowsky 
and Warneck referred to their afterglow bands as the ‘ Y bands’. 


Rotational Analysis of the 5-1 Band of the B'-B System of Ng oo” 


The lower state is of g-symmetry; therefore according to the selection rule 
of g<++g, the upper state must be of u-symmetry. Furthermore, the 2:1 
intensity alternation in the rotational structure characteristic of N, is observed 


and in all cases the lines from levels with even N are found to be the stronger. 
Hence the upper state must be 3Ly~. 
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Figure 1. Energy level diagram for a *2y —*Ig transition. 


Anenergy level diagram for a*2, *Il, (case a) transition is shown in figure iu 
Twenty-seven branches are theoretically predicted for such a transition and in the 
present analysis at least some structure was found for twenty-four of the expected 
branches. ‘The two satellite branches, ®P,, and PR,;, which are associated 
with the two main branches R, and P, respectively were not resolved because 
of the very small splitting between the F, and F; levels in the *Xy state peepee ‘ 
the @P,, and @R,, branches were unresolved from one another for the same 
reason. The results of the analysis are given in table 1. Figure 2 (Plates I and II) 
shows a reproduction of part of the band together with the identification of the 
branches. 
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The Bll, state. 


As the lower state of the new system is known to be B*II, the combination 
differences for the lower level determined from the present analysis should agree 
with those obtained for the upper level of the 1-0 First Positive band. ‘The latter 
were got from the rotational analysis given in I and were found to agree very well 
with the values derived from the present work. As a typical example, table 2 
gives the A,F,,(/) values, as obtained from both sets of data. 

The rotational constants B and D for the lower level were computed by a 
procedure similar to that described in I. The results are given in table 3 which 
also gives the constants determined from the analysis of the 1-0 First Positive 
band. The latter values are to be considered the more accurate as they are based 
on more extensive data. 

The A-type doubling for the [1 state was determined from the analysis by the 
usual methods. The results are not given here as more extensive data for the 
A-doubling are already available in I. 


Table 1. Wave Numbers and Line Assignments for the 5-1 Band of the B’—B 


System 
Al R, Qi P, SRoy BOs QP TRsy SQs1 
Q 12106-49 12107°86 
1 106°39 12101-62 110-37 12121-02 
2 106-01 098-40 12098-06 112-73 12106:49 125-98 
3 105-36 94-91 91-65 114-84 105-94 12095-46 130°86 12114-12 
+ 104-46 91-25 85:12 116-76 105-08 91°86 135°52 116-14 
5 103-30 87-39 78°44 118-38 103-89 87:99 117-70 
6 101-85 83-19 71-44 119-81 102-46 83°85 119-16 
7 100-11 USoTe 64-22 120-83 100-76 79-41 120-16 
8 98-06 74-06 56-66 121-69 98-73 74-70 121-02 
9 95-74 69-06 48°81 122-19 96°37 69-70 121-54 
10 93-08 63-69 40-64 122-49 O85 64:47 121-84 
el 90-11 58-01 32:09 122:19 90-74 58-67 121-54 
12 86:77 51-95 23:29 121-69 87-50 52:59 121-02 
is 83-05 45-60 14-07 120-83 83°85 46-30 120-16 
14 78:98 38-83 04-52 119-51 79-68 39-44 118-86 
15 74°51 31:69 11994-58 117:88 FSO2S) B22 1177-26 
16 69-70 24°13 84-20 115-92. 70°36 24:74 
7 64:47 16-22 73:46 113-33 65:14 16-86 
18 58°82 07-88 62-32 110-37 59-54 08-62 
19 52:72 11999-14 50:81 HOPES 53-48 11999-87 
20 89-94 38°84 90:71 
21 80°38 26:49 81-13 
22 70°38 13-70 PAA AI 
DS 59-93 00-50 60-69 
24 49-05 886-90 49-83 
25 37:78 72:90 38°54 
26 26°15 58-50 
Di, 14:03 
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Table 1 (continued) 
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48-32 
50-89 
52°79 
54-00 
BO: 
54-64 
54-00 
52°79 
51-04 
48-70 
45-84 
42-54 
Byovestas 
34-14 
29-20 
OB, 
17-84 
11-41 
04-52 

1997-13 
89-26 
80°85 
72-02 
62:67 
52-84 


SRyp 


12081-62 
860-14 
90-27 
O3e75 
96:97 
99-38 

101-26 
102-95 


Q; 


12034-77 
BA-06 
Boroo 
31°37 
29-70 
26-94 
HESSOVS) 
19-60 
15-08 
09-99 
04:38 

11998 -23 
O15 7 
84°38 
76:68 
68°50 
59-83 
50-62 
40-95 
30-82 
20-17 
09-08 

11897-50 
85°51 
73-10 
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RQs. 


12069-28 
70°97 
72:18 
72°88 
73°09 
72°88 
72:18 
70°97 
69:28 
67°19 
64:63 
@ileas 
58:01 
54:00 
AEDS) 
44-65 
See ily 


Ps 


12020-59 
16-86 
12-56 
07-64 
02-10 

11996-00 
89-33 
82-01 
TE AO 
65°83 
56:98 
47-54 
37°62 
27:20 
16°30 
04-88 

1892797, 
80-59 
67°73 
5437 
40-52 
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Table 2. A,F,,(J) Values for the v=1 Level of the B 311 State determined from 
the Present Analysis and also from the Analysis of the 1-0 First Positive 


Band 
A.Foq(J) A.Fea(J) 
Pp First peecene First 
all neceee Positive lf f Positive 
work work 

system system 

0 1 86:61 86°58 

1 18 93-04 93-03 

2; 22:02 22:09 14 99-49 99-49 

3 28:27 28°63 15 105-87 105-89 

+ 34:86 35-09 16 112-41 112-30 

5 41-46 41:52 lez, 118°77 118-71 

6 47-97 47:96 18 125-18 T2512 

7. 54:38 54-38 19 131-58 130-56 

8 60:88 60:85 20 138-03 137-92 

9 67:26 67:28 21 144-36 144-33 
10 WET 73°74 22 150-79 150-72 
itil 80:13 80:17 23 SYS) 157-08 

Table 3 
Bea) B*IIp, v=1 
Present work First Positive system (1) 
B (cm) ie Ssille 1-610, 1:6108 
DiGi) 4-6 x 10-8 5-4x 10-° 5:03 Ome 


The 8 erie state. 


In any *& state, on account of the triplet fine structure, three sets of combination 
differences, A,F',(N), A,F,(N) and A,F3;(NV) can be formed. In the present 
case for N greater than about 5, the spin splitting in the B’?%, state is almost 
independent of N (see below) and hence the A,F’(NV) values as determined from 
the three components are almost the same for a given value of N. To determine 
the rotational constants B and D therefore, the three sets of A,F(.V) values were 
averaged and treated in the usual graphical manner as described by Herzberg 
(1950). The constants obtained are given in table 3. 

The dependence of B, on wv is given by the well-known equation 

B,=Be-—%(v+ 3). 
As only one vibrational level was studied in the present work it was not possible 
to determine %e and Be directly. However Pekeris (1934) has shown that if a 
Morse potential function is used to describe an electronic state the following 
relationship holds 
6 (wexeBe®)"?  OBe? 


We We 


Le= 


As the vibrational constants were known for the 2, state, equations (1) and (2) 
were solved for ae and Be. The results obtained were %—0-0156cm— 
Be=1-467 cm— and re=1-281 A. i 
. The spin splitting in the B’ state can readily be determined from wave number 
differences of the type 
849(N) =" Qa (N— RG 1) 
Sse(N)="Qas(N + 1) — P3(N +1) 


Rotational Analysis of the 5-1 Band of the B'-B System of Nz o45 


S 
= 
2 
= 
a 
” 
= 
03 
o F, Levels 
=o x, Levels 


5 10 IS 20 25 


Figure 3. Observed and calculated spin splitting in the ?Xy state. Curves A and A’ 
are the 6,, and 43, splittings respectively as calculated from the observed 6, values 
using Schlapp’s formula; curves B’ and B are the same splittings calculated from 
the observed 43, data. 


where 6,,(V) and 6,,(.V) measure the separation of the F,(V) and F;(NV) levels 
respectively from the F,(.V) level. The average values of these quantities are 
given in table 4 and shown graphically in figure 3. 


Table 4. Spin Splitting in the v=5 Level of the B’*2,~ State 


N — 812 — 330 N — die — 830 
1 13 0-66 0-63 
2 0-55 14 0-67 0-66 
3 0-60 0-69 15 0-68 0-63 
4 0-62 0-69 16 0-68 0-65 
, 0-63 0-66 17 0:71 0-65 
6 0-64 0-64 18 0-71 0-62 
vf 0-66 0-68 19 0:77 0-64 
8 0-62 0-67 20 0-72 
9 0:67 0-67 21 0-73 

10 0-65 0-64 22 0-76 

11 0-65 0-65 23 0-78 

12 0-69 0-66 24 0-76 


According to Schlapp (1937), in a *% state the F,(V) component follows the 
simple rotator formula while the splittings of the other two components from this 


are given by 
8,.(N)=(2N +3)B,—{(2N + 3)?B,? +? — 20B,}? + y(N + Ale aeaotes (3) 


Sao(N) = — (2N—-1)B, + {(2N—1)°B,2+2—20B}2—yN-A ssa (4) 


where A and y are constants. On expanding these expressions in powers of /B 
and on rejecting squares and higher powers of this quantity, one finds that the 
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splittings given by (3) and (4) reduce to the values given by Kramers’ (1929) 
formula 


2N+1 

PV) == (Nee Bienentaee (5) 
‘ 2AN , 

S(N)=— eg YN, sees (6) 


With the present data it was found that the differences in the spin splittings 
calculated by both Schlapp’s and Kramer’s formulae were well within the limits 
of accuracy of our measurements except at the lowest N values where the former 
was slightly better. Kramers’ expressions (5) and (6) were therefore used to 
determine A and y as they lend themselves to simple graphical treatment. The 
values obtained were: from (5) A=0-63cm71, y= —0-0052cm~ and from (6) 
A=0:60cm—, y=0-0014cm-!. The values of A and y should of course be the 
same; however, the discrepancy in both quantities is outside the limits of 
experimental error. The effect is illustrated in figure 3 which shows together 
with the experimental data the theoretical curves calculated from both sets of 
data. It is seen that each pair of A and y values represents satisfactorily the 
splitting from which they were determined but not the other splitting. Further- 
more for both Kramers’ and Schlapp’s formulae the sum 6,,(—1)+639(N +1) 
should be constant and equal to —(2A+y), whereas with the present data this 
sum shows a small but definite linear dependence on N. In connection with this 
anomaly it is of interest to note that another small but real discrepancy between 
theory and experiment has been reported in I for the a®Xy~ state of N,. 


§ 4. CONCLUSION 


Mulliken (1957) has recently prepared a detailed table of the experimentally 
observed levels of N, together with the estimated positions and other properties 
of additional states whose existence is theoretically predicted. Among the 
latter are two, a®A, and a 3%, state, both of which arise from the electron con- 
figuration KK(og2s)? (ou2s)? (7u2p)? (og2p)? (7g2p) and which should lie between 
the well-known B*Il, and cll, states. ‘The predicted energy and constants for 
the states are 


Loo We re(A) 
Ay 60500 1490 1:28 
yu 70700 1530 1:27 


The values of Ty) and we for the B’ state as determined from the R, head measure- 
ments of Le Blanc, Tanaka and Jursa (1958) are 65874cm~-! and 1513:1cm-! 
respectively and lie roughly midway between the values for the 3A, and 35,,~ 
states of Mulliken so that, on these data alone, it was not possible to identify the 
B’ state. In fact Le Blanc, Tanaka and Jursa (1958) favoured 3A, as the upper 
state of the infra-red bands. The present analysis shows that the B’ state must 
be identified with the predicted °X, state. In view of the uncertainties inherent 
in the theoretical work the agreement between the experimental and theoretical 
data for the °X, state can be considered very good. 
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Wilkinson (1959) has reported several forbidden transitions in the absorption 
spectrum of N, in the vacuum ultra-violet. One of these is identified as the 
Bix transition. In his most recent work on the fine structure of these bands 
Wilkinson (private communication) from a comparison of the experimental and 
ee ee distribution has concluded that the transition is of the type 
4 <‘Xg*. Thus the present results and the work of Wilkinson are in excellent 
agreement. 

A few final points may be made about the new system. An examination of the 
potential curves for the B and B’ states shows that the strongest bands of the 
system lie quite far in the infra-red. In particular the most intense transition 
from v’=0 should be the 0-1 band at 20 400 A. Indeed in this region the B’>B 
bands may well be as strong as the First Positive system. Furthermore the 
right-hand limbs of the potential curves for the two states cross at about 
72 000 cm~ so that in principle at least the transition could change from B’—B to 
B->B’ for some of the infra-red bands. Again the °A, state is predicted to lie below 
the B’ 34, state so that the allowed ?Ay—>B*Ilg system should have its most 
intense bands at even longer wavelengths than the B’+B system. The study 
of electronic spectra in the infra-red beyond the photographic limit has been 
largely neglected; in the case of N, at least it is a field which might well repay 
investigation. 
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Abstract. The experimental total cross sections for the individual pion—nucleon 
and nucleon-nucleon processes have been used to deduce the pion—deuteron and 
nucleon—deuteron total cross sections using a geometrical optic model 


§ 1. INTRODUCTION 


T is known, experimentally (see Chen, Leavitt and Shapiro 1954, Cool, 
| Piscon and Clark 1956 and Coor et al. 1955), that the cross section for the 

scattering of high energy (~1Gev) pions and nucleons by deuterons is less 
than the sum of the corresponding neutron and proton cross sections, measured 
separately. 

Glauber (1955) has shown that the non-additivity of the free-particle cross 
sections can be largely explained by ‘eclipses’, in which either the neutron or the 
proton lies in the shadow cast by the other. Glauber obtained cross section de- 
fects, of the magnitude observed, by using the diffraction approximation in the 
calculation of the scattering amplitudes and assuming black sphere interactions. 
Sitenko (1959) used the same approximation, but assumed a different individual 
nucleon—pion scattering function. Both authors performed their calculations 
only at a single incident energy. 

Since there are more experimental data available now, we shall compute the 
am—d cross sections over an energy range from 0-55 to 1:-5Gev. Furthermore, 
since in this energy range the wavelength of the incoming particle is small compared 
with the range of nuclear interactions (2 x 10- cm), the interaction will not vary 
appreciably in distances comparable with this wavelength and so we would expect 
the incident particle to follow its classical path. ‘Thus it seems justified to try 
to account for the observed cross section ‘ defect’ on the basis of a classical model. 


§ 2. GEOMETRICAL Optic MODEL FOR THE SCATTERING PROCESS 


We assume that the regions of interaction of the constituent nucleons of the 
deuteron with the incoming particles are spheres with sharp boundaries. The 
radii r are given by the formula o=77?, where o is the experimental total cross 
section of the nucleon under consideration. We do not use black spheres, since 
we allow for scattering as well as purely absorptive interactions. 

The deuteron is taken to be two such spheres, whose centres are a distance R 
apart. ‘The polar and azimuthal angles of the vector R relative to the Z axis 
(the direction of the incident beam) are @and¢. The cross section of the deuteron, 
for a given (R, 6, ¢), is taken to be the area presented by the two spheres to an 


t Work performed under the auspices of the U.S. Atomic Energy Commission. 
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observer atinfinity. ‘To obtain the true deuteron cross section we average over all 
possible positions of the two components of the deuteron in three space. 

Fora given R, a uniform probability distribution is assumed over the directions 
(6,4). ‘Thus, an average deuteron cross section for a fixed R is obtained, which is 
then weighted according to the square of the radial wave function of the deuteron. 
Hence the deuteron cross section is given by 


pr co =f) ye5: a 2a 

o(rnra)=or toa (| |v(R) Pak) | dR |y(R)P—oy [ |” Rab 
0) 0 47 R? oJ! 0 
xRsinOddX(ry,7,R,0) nse (2.1) 


where y( R)/R is the deuteron radial wave function, and _X is the region of overlap 
of the two areas, which is 


X(t» R, O)= S7Z(oj—cosajsinay), sve (2.2) 
i=] 
with 
Wl / ged tag me re 
COS &; rusian eee A= 1,2, cise (2:3) 
LF], 


provided the two spheres really overlap. If they do not overlap X is set equal to 
zero, and if one sphere is completely behind or in front of the other (i.e.7;+ R<1;), 
then _X is set equal to the cross sectional area of the smaller sphere. 

The model does not take into account the fact that the kinetic energy of the 
incoming particle may not be equal to its collision energy, due to the internal 
motion of the nucleons in the deuteron. However, the error in the collision 
energy thus introduced is only of the order of +30Mev. In regions where there is 
no sharp resonance in the experimental cross sections, the values of o should not be 
influenced much by this error in the collision energy, especially as these errors can 
be expected partially to cancel each other in those regions where the dependence 
of the nucleon cross sections on the energy is monotonic. 


§ 3. RESULTS 


The calculation was begun using Burke’s (1956) Hulthen wave function and 
then Moravesik’s (1958) analytic approximations to the Gartenhaus functions. 
Some deuteron cross sections were also obtained using the Gaussian S-state wave 
function of Burke and Robertson (1957) and the Gaussian deuteron function of 
Bransden, Smith and Tate (1958), which contains a d-state component. 

The calculation of the cross section, given in equation (2.1), was performed on 
an IBM-704 digital computing machine. The time taken to compute a cross 
section was about four minutes. 

For 0-8Gev pions and 1-4Gey nucleons on deuterons, using the same input 
cross sections as Glauber (1955), and Moravcsik’s (1958) deuteron wave function, 
the present model gave the following cross section defects : 


n-d: 3'6to42mbn (experiment : 4to 6 mbn; Glauber: 1 to 3 mbn) 
n-d: 8-8to10-1mbn (experiment: 6to9 mbn; Glauber : 4:5 to 7-2 mbn). 


It is noted that the results are in quite good agreement with the experimental 
results quoted by Glauber. 
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Additional pion-deuteron cross sections were calculated using the 7™—P 
and 7+—p measurements of Cool, Piccioni and Clark (1956). The unpublished 
Saclay and M.I.T. data on the zp total cross sections have also been used, to- 
gether with the Cool, Piccioni and Clark (1956) 7*-p data, to calculate pion— 
deuteron cross sections. The Saclay data were not corrected for ~~ and e~ 
contamination, which is expected to be about 6% at the lower energies and about 
2%, at higher energies. The results, again using Moravesik’s functions, are 
presented in the table. 


a—-d Total Cross Sections in mbn 


The ‘shadow’, in mbn, is given in parenthesis. 


Energy Calculated o,-g, using the data from: Expt 7—d 
(Gev) Cool et al. (1956) Saclay MELT. Cool et al. (1956) 
0-55 50:4 (3-9) 317 1:0) 48-6 (4:9) 

0-67 A1-7 (2:3) 45-0 (2-5) 

0:76 61:2 (4:4) 55:1 (3-9) 57:0 (4:0) 60:9-62:2 (3:4-4:-7) 
1-02 64:3 (5-2) Filsy (A) 62:5 (5-0) (ig S22" (W258)) 

1°26 62:5) @5) 65-7 (6-1) 68:5 (6°8) 6275) (G5) 

1-38 66-1 (6:1) 60:3-64-1 (11-9-8-1) 
| °5) 60-1 (5-2) 57-0) (8-3) 


§ 4. DIscussION 


It is noted that the model yields numbers of the observed magnitude, even 
over the quite wide energy range of the table. ‘The large difference (~ 10 mbn) 
between the calculated values at 0-55 Gev and 1-02 Gev, is due to the different 
positions of the maxima in the 7 —p data taken from the three sources. 

The several wave functions used gave about the same results, with the exception 
of the Gaussian function of Bransden, Smith and Tate (1958), which consistently 
gave too large a deuteron cross section. 
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Abstract. A scintillation counter method, which eliminates the need for escape 
corrections, has been developed for the measurement of L/K capture ratio for 
intermediate and high Z nuclei. With this method the L/K capture ratio has 
been determined for 11Cs at 0-153 +0-008. The computed value for this simple 
allowed transition, of known energy, is 0-145, which lies only marginally lower. 


$ 1. INTRODUCTION 


ONSIDERABLE interest has been shown in recent years in the determination 
of the relative probabilities of L- and K-electron capture. In general 
the L/K capture ratio can be expected to depend on both the nuclear and 

the electron structure of the atom. For an allowed transition, however, this 
ratio should always be independent of the nuclear matrix elements; and should 
be a function of the decay energy, and electron distributions only Very approxi- 
mately then 


(x) ~~ (2 —e,)? buy thoy cy Ca 
BE fol (Mee) pia (een) Be 


Here «,, «, are the electron binding energies, E—e, is the energy given to the 
neutrino in K capture, g and f relate to the electron wave functions at the nucleus ; 
tee is small and g? can be expected to vary as 1/n* where n is the principal 
quantum number. The theoretical computations originated by Marshak (1942) 
and by Rose and Jackson (1949), have been extended by Brysk and Rose (1958). 
Further amendments have been made by Odiot and Daudel (1956), which lead 
to larger theoretical values, but the magnitude of the correction falls off rapidly 
with rising Z and becomes insignificant above Z~ 17. 

When the transition energy is known an L/K ratio assignment affords an 
important check on the validity of the basic theory. The available experimental 
results have been reviewed by Radvanyi (1955) and Fink (1958). ‘The results 
are not numerous and, except for a few cases, they are not precise enough to 
provide a satisfactory comparison with the relevant theory. ‘The number of 
suitable nuclei is quite small. Among the few more accurate experimental 
results discrepancies of order 10-20%, with prediction obtain. This state of 
affairs stems largely from the technical difficulties encountered in the exact 
measurement of the very soft L x and Auger radiations emitted, and from K x-ray 
escape. For the investigation of low Z gaseous sources a proportional counter 
method has been utilized by Drever and Moljk (1957), which eliminates escape 
corrections. 
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It seemed desirable therefore to study the electron capture process further ; 
and particularly for an intermediate Z nucleus. For such nuclei L/K values 
are very scarce. 11Cs is of particular interest because the transition energy is 
known from the inner bremmstrahlung spectrum end-point to be 355 + 10kev 
(Saraf 1954). The transition is allowed; for log ft=5-3, and the shell model 
predicts a 5/2 3/2 transition with no change in parity. ‘The decay, furthermore, 
is a simple one as shown in figure 1. The intensities of the L and K x-rays have 
been studied by Fink (1955). The predicted value for the L/K electron capture 
ratio for 184Cs, based on the calculations of Brysk and Rose, is 0-145. ‘To deter- 
mine the L/K capture ratio for this nucleus an improved scintillation method of 
internal source spectroscopy has been developed here, which eliminates all 
escape corrections in the L/K capture measurements. 


131 


3/2+ —Ae fe) 
Figure 1. Decay scheme of #*1Cs. 


The aggregate energy released by successive ionizing radiations can in 
principle be faithfully recorded by embedding the source in a scintillation crystal 
(cf. Bannerman, Lewis and Curran 1951, Scharff-Goldhaber, der Mateosian, 
Johnson and McKeon 1951). 

The present method is illustrated in figure 2. Firstly an inner activated 
sodium iodide crystal was grown with a trace of the source. There is then no 


Figure 2. Well type method—the source is dispersed in the inner NaI(TI) crystal, and 
this latter is itself completely surrounded by Nal(T1). 


self absorption in this dispersed source. For a moderately sized crystal the L 
radiations are absorbed, and the K X-rays too unless they are liberated near the 
surface (cf. Compton and Allison 1936, Appendix IX). This K escape, though 
small (a few per cent of the K’s for a crystal of size 1 cm’), is of critical importance 
since a K a escape is fallaciously registered in the counter as an L-capture event 
To eliminate these K surface escape effects, the crystal in which the source was 
buried was itself wholly entombed in an outer well type crystal, fitted with a lid 
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of the same material. With this arrangement the K-capture radiation from the 
source was wholly absorbed, and registered as a K-capture event. This method 
has proved to be simple, and effective, in operation. 


§ 2, EXPERIMENTAL PROCEDURE 


The !8'Cs was supplied by the Amersham Radiochemical Centre, in chloride 
form. It has been obtained by chemical separation as the daughter nucleus of 
*}Ba. A preliminary search was made for any y-radiations emitted by a thin 
external source of the !Cs, with a 2in.x2in. diameter NaI (Tl) Harshaw 
scintillator, and a multichannel pulse analyser. Calibration was effected by 
RaD (46-5key), and other external sources. Except for the very prominent 
K x-ray peak at approximately 30 kev no line radiations were obtained in the 
range of 10 kev—1 Mev, indicating that the source was very pure. 

A trace of the 8'Cs source was added to a few grammes of Harshaw Nal (Tl) 
chippings; and these were inserted into a vessel of satin-surfaced fused silica, 
which was slightly heated, evacuated, and then sealed. Single crystals were 
readily grown by the Bridgman (1925) method, up to 1 cm! in size. 

The half-life of the source was found by measuring the K peak from one of 
these crystals over a period of several half-lives. It was found to decay with 
T,.=9-6 days in agreement with the results of Yatte et al. (1949). 

For the well type application a single crystal, approximately 5mm, was cut 
and cleaned. This was inserted in the well type crystal of Harshaw Nal (TI) 
which had an external size 11.cm%, the walls of this latter were approximately 
3mm thick and the lid approximately 2mm thick. The crystal system was 
immersed in liquid paraffin and surrounded by an aluminized mylar reflector. 
An aluminium container with a thin mylar window was used, since this type of 
container showed no phosphorescence effects. The photomultiplier used in the 
main work was an E.M.I. 9514S tube, selected for its low noise and good reso- 
lution. The tube had been kept in the dark for a long period, and was not exposed 
at all during the experiments. Arrangements could be made for cooling the 
tube when necessary. The system was surrounded by 2in. thick lead screening 
to minimize background effects. The pulses were amplified in a non-overloading 
amplifier (type NE 5202), and were displayed on a CDC multichannel pulse 
height analyser. 

§ 3. RESULTS 


A sharp peak was observed at 35kev due to K capture. The gain of the 
amplifier could be increased by a factor of 10 and a broad distinct peak due to 
L capture (~5kev) was found. Typical K and L peaks are shown in figure 3. 
This figure shows one of several runs in which the crystal and photomultiplier 
system had been cooled for several hours, in a cooling jacket, with freezing brine 
(—15°c). Data concerning the last 15 channels in the figure 3 (b) were obtained 
inasubsidiary run. A background run was made with the well type crystal alone, 
under similar conditions. The thermal noise of the tube was also measured 
similarly for comparison. Above 2kev the background curve differed little from 
the thermal noise curve. 

In the region of the K peak background effects were small, and figure 3 (a) 
gives immediately the measure of K capture. Figure 3 () shows the L capture 
region and the broken curve shows the L peak after background effects have 
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been allowed for. Apart from the low energy rise this curve accords approxi- 
mately with the distribution that could be expected from statistical considerations 
(cf. W. B. Lewis 1942), taking the K peak asa standard. ‘The rise at low energy 
was found to be unaltered when the paralysis time of the kicksorter (35-200 psec) 
was increased, externally, to 1msec. Moreover a run on the L/K ratio taken 
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Figure 3 (a). !Cs K peak at 35 kev obtained with the arrangement of figure 2; 
with cooling (5 min run). 
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Figure 3 (d). ''Cs L peak at approximately 5 kev similarly (30 min run). Crosses denote 
background run, taken with the well type crystal of NalI(T1l), with no inner source 
crystal, under similar conditions; circles, thermal noise of the tube, similarly; 
the broken curve shows the curve obtained by allowing for the background. 


after the crystals had been several days in the dark showed no essential change 
from figure 3, when allowance was made for the loss of source strength over that 
time. The rise, in a region associated with single electron emission from the 
photocathode, seemed to be induced by the L and K radiations which had already 
recorded properly in the L and K peaks. It could be due to delayed emission, 
for instance, induced by phosphoresence in the crystal and by glow in the 
multiplier. Such effects could be expected from the work of Harrison (1954), 
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and Bernstein, Bjerknes and Steele (1958), for example. Further confirmation 
was obtained by wrapping a '°!Cs source of comparable strength in 5/1000 in. 
silver foil to stop the L x-rays and placing this in the well. ‘The K peak occurred, 
no L peak of course, but still, quantitatively, the characteristic rise at low energy ; 
indicating that the rise should be dissociated from the L-capture peak. In 
conclusion, it should be stated that M capture, which would give a broad peak of 
1 kev, could be contributing, at least partially, at the trough of the broken curve. 


§ 4. ANALYSIS AND CONCLUSION 


L and K peaks were analysed by measuring the relative areas under the 
respective peaks. Dead-time corrections for the kicksorter have been applied— 
these were generally less than 1°4. Measurements were done repeatedly over 
several half-lives with similar results. The crystal was cleaned on many occasions 
by absolute alcohol and its size altered appreciably, the consistency of the results 
indicated that the source was distributed throughout the crystal. This was 
further confirmed by measurement of the amount of K-escape radiation, by 
surrounding the radioactive crystal with aluminium foil. The mean value 
obtained for the L/K ratio was 0-153 +0-008, and the error limits are mostly 
associated with the assessment of the lower energy end of the L peak. It should 
be further stated, that if there is M capture present, in amounts predicted by 
theory, that the L/K value will tend towards the lower limit. 

It should be mentioned finally that a complete series of experiments had 
previously been made here with single active crystals, without the well type 
device. These had been made with a different #*4Cs source specimen. In 
these the K x-ray escape was measured experimentally, and also found to be in 
agreement with assessments based on a uniform source distribution. For a 
crystal lcm x0-6cm diameter this K x-ray escape was approximately 5%. 
After correcting for this escape the L/K capture ratio could be deduced. This 
method gave values for the L/K capture ratio of approximately 16% in accord 
with the more precise value 0-153 + 0-008 given above. 

The computed value of 0-145 for this intermediate Z nucleus is seen to be 
only marginally lower. 
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Abstract. The visible and ultra-violet absorption spectra of single crystals of 
manganese fluoride, and of two manganese zinc fluoride mixtures, have been 
measured down to 62°K. 

The sharp lines arising from the level complexes (*Eg*A,¢}(*G) and 4Eg(4D), 
which are insensitive to the magnitude of the crystalline electrostatic field, show 
a non-linear shift with temperature, which varies with composition, and is corre- 
lated with the temperatures at which long-range antiferromagnetic order becomes 
appreciable. 

A separation of the exchange interaction effect from that due to the thermal 
expansion of the lattice can be made with some certainty in the material of medium 
dilution, except in the immediate neighbourhood of the ordering temperature 
where effects due to the lattice expansion anomaly may be appreciable. 

The magnitude of the antiferromagnetic interaction shift aids the identification 
of the transitions, and is interpreted as giving a measure of the variation of 
short-range spin order with temperature. 

Measurements of line width and oscillator strength have been made for 
several absorption lines, and the data for the magnetically dilute materials can be 
interpreted on simple vibrational models, but for pure manganese fluoride these 
models seem less satisfactory. 


§ 1. INTRODUCTION 
M «= measurements have been made on the optical absorption of mag- 


netically dilute materials, particularly the compounds containing 

hydrated ions of the first transition group. ‘The levels have been 
related to those of the free ion by considering the effect of a crystalline electrostatic 
field of the appropriate symmetry. Various smaller perturbations, such as those 
due to the vibrational modes of the complex ions, and the spin-orbit, spin-spin 
and covalency effects can be included (Koide and Pryce 1958). 

In antiferromagnetic materials, exchange interaction may substantially modify 
the energy levels, and an attempt has been made to detect such effects in manganese 
fluoride. This has a number of absorption bands in the visible and near ultra- 
violet, and some of these have relatively small half widths and well-detined maxima, 
so that the small line shift with temperature can be followed with fair accuracy. 

This shift would be expected to arise from the change in crystalline field 
strength D, with lattice dimensions, and also from the splittings of the ground 
state and excited states produced by the exchange interaction. The latter should 
vary (along with the spin ordering temperature) with change in the concentration 
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of the magnetic ion and it should therefore be possible to separate the two effects 
by measurements on manganese fluoride diluted with a suitable non-magnetic 
ion. Zinc fluoride was chosen because it is of the same crystal structure with 
approximately the same lattice parameters as manganese fluoride, and it was 
found that mixed crystals could be grown over a wide range of compositions. 

Since the experimental work described in this paper was completed, a report 
on the optical absorption of MnF, has been made by Stout (1959), and comparison 
with his results will be made where possible. . 


§ 2. SPECIMEN PREPARATION 


The crystals were grown in graphite crucibles by the Stockbarger technique. 
Evaporation was reduced by maintaining a pressure of about 2 cm of oxygen-free 
nitrogen in the furnace during the growth period. The manganese fluoride was 
obtained by repeated crystallizations of selected materials, when green manganous 
oxide separated out as an impurity. The commercial zinc fluoride powder 
appeared to be of an even lower purity. A very considerable quantity of water 
was removed by heating im vacuo, but the residue was a stone-like white mass 
containing a large proportion of zinc oxide. However, by setting the crucible 
rather high in the furnace heater, zinc fluoride could be distilled on to the lid, 
leaving the relatively refractory oxide in the crucible. ‘The evaporated material, 
after further crystallizations, gave a clear colourless product. 

The mixed crystals were prepared by mixing the appropriate quantities of 
pure crystallized manganese fluoride and zinc fluoride, melting down at a 
temperature of about 950°c, and growing at a rate of 2mm per hour. Cone- 
ended crucibles of } in. to § in. diameter and length 3 in. were used. If a single 
crystal was not obtained the product invariably shattered during cooling as a 
result of the differential thermal expansion. In a few runs, however, homo- 
geneous single crystals up to 1 in. in length were obtained, and it was noted that 
in such instances the c axis of the tetragonal cell was aligned approximately along 
the axis of the crucible. 

The crystal compositions were determined by volumetric analysis, using 
E.D.T.A. as titrant, and masking the zine with cyanide (Flaschka and Armin 
1O35)): 

Manganese fluoride does not cleave well, so that suitably oriented plates were 
sawn from the crystal, and the surfaces ground and polished. 


§ 3. OptTicaL ABSORPTION 


3.1. Method of Measurement 


_ A Hilger Uvispek spectrophotometer with quartz prism was used in conjunc- 
tion with a vacuum cryostat fitted with lithium fluoride windows. The specimen 
crystal was mounted within a copper block attached to a liquid air reservoir, and 
could be rotated into the beam when required. The reservoir could be ara ed 
to extend the range to 62°. ‘Temperatures were measured by a pra 
constantan thermocouple attached to the specimen mount. 

Hydrogen lines were used for calibration and it was found that drift occurred 
during a run even though the temperature of the room was thermostaticall] 
controlled. To permit a wavelength check between each low enum 
reading, a manganese fluoride plate, with optic axis perpendicular to the surface, 
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was inserted in the beam. This plate remained at room temperature and the 
maximum of a suitable absorption line was used as a reference point. Thus 
the line shift was obtained as the difference of two readings taken within a short 
time interval. 

Absorption readings in polarized light were obtained by interposing a polaroid 
sheet between the exit slit of the monochromator and the cryostat. "This reduced 
the light intensity, but by over-running the filament lamp source it was possible 
to examine the absorption down to 32004. 

Pure manganese fluoride was found to give an orange-red fluorescence at low 
temperatures, particularly when excited by wavelengths corresponding to 
absorption peaks in the ultra-violet. In the crystals containing zinc, the fluores- 
cence was much less intense. As the detector gives a measure of the integrated 
incident light irrespective of wavelength, the measurements were checked with a 
filter interposed between the cryostat and the detector, which absorbed the fluores- 
cent radiation but passed the main beam. ‘The difference between the two sets 
of results was well within the experimental error in the original absorption 
readings. 


3.2. Energy Level Interpretation of the Absorption Spectrum 


The transmission curve for pure MnF, at room temperature and at 63°K is 
shown in figure 1 and the values for the wave numbers corresponding to line 
maxima in the absorption spectrum are given in table 1. All measurements 
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Figure 1. Transmission curve for pure MnF, at room temperature and at 63°K. 


Table 1. Line Wave Numbers for MnF, at Room ‘Temperature 
Calculated values correspond to B=671, C=3710 and D,=820cm™ 


1O=*/A\ (cmipe) 


Line ‘Transition Measured Calculated 
A 6Aag => “T1,.0°G) 19°50 19-50 
B 8Aig > *T 2g(7G) 23°41 22:56 
(@ 25-21 

SAag = (4E,*Aig}(4G) 25°32 25:23 
CH 25:50 
D BAng = Vek DV) 28°15 28-40 
E °A,, > ‘Eg(*D) \ vee \ 29-90 
F 8Aag > aT ae) 33-08 35°40 
G SAag > PAK) 39-01 40-66 
inl SAig > TE) 41-34 42-00 
I ®Aig > VCE) 43-20 44-72 
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refer to room temperature with the exception of line I which is not resolved at 
room temperature. The wave number for this line is therefore given at 90°K. 
For the lines measured by Stout (1959), the agreement with the present data is 
satisfactory. 

Manganese fluoride has a rutile structure and the symmetry of the manganese 
site is rhombic, but the identification of the transitions corresponding to the 
different lines can be made on the assumption of a cubic electrostatic field, as it is 
known that there are only slight differences between the absorption in manganese 
fluoride and in the cubic material K MnF, (Hrostowski and Kaiser 1959). ‘The 
similarity also extends to the details of the different line profiles. Thus the varia- 
tion in the extinction coefficient through the line corresponding to the transition 
between the ground state and the {*A,,*Eg} complex in a cubic field, as given 
by Heidt, Koster and Johnson (1959) is very similar to the line C for MnF5. 

Using the cubic field approximation, two procedures can be followed. Either 
the Racah parameters B and C together with the electrostatic field parameters D, 
can be treated as adjustable parameters and the best fit with the experimental results 
obtained (Heidt, Koster and Johnson 1959), or the values of B and C appropriate 
to the free ion can be used, and D, and a covalency parameter « adjusted to fit the 
experimental data. A modified version of the first technique has been used. 
The values of B and C found to give the best fit by Heidt have been adopted as 
being more nearly correct than the free ion values, and a D, of 820cm™! has 
been found to give the best fitin MnF,. The predicted wave numbers are given 
in table 1. 

When the free ion values of B=950 and C=3280 are used and a covalency 
factor is introduced, the best fit was obtained by Stout with D,=780cm~ and 
«=0-064. ‘The levels are again identified as in table 1, but the *E,(*G) and 
*A,,(4G) levels are now separated and Stout suggests that the two lines at 25-21 
and 25:32cm7! are due to transitions to the cae level, and the 25-50 cm— line 
to the *Eg levels. This assignment is not certain because spin-orbit and spin-spin 
interactions, together with the orthorhombic component in the crystal field all 
produce changes in the separation of these levels (Koide and Pryce 1958). 
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Figure 2. Transmission curve for line D in pure MnF, at (a) 300°x, (6) 150°x, (c) 90°x 
and (d) 63°K. he line does not depend upon the polarization of the light. 
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However, it is supported by the results on line shift with temperature discussed 
in $3.3. 

It may be noted that at the lower temperature fine structure corresponding to 
vibrational effects was observed in some of the lines. Thus the line D, which is 
produced by transitions to *T,, levels, shows a resolution into four peaks, at least 
one of which must be associated with vibrational excitation (figure 2). 


3.3. Temperature Shifts for Sharp Lines 


The temperature shifts of the sharp lines C and E (which arise from levels 
which are independent of the crystalline field parameter D, in the cubic case) 
can be measured with fair precision, and it is from these that the magnitude of 
the exchange interaction effects has been inferred. 

The shifts of the two main components of the line C for the three compositions 
are shown in figure 3. The separation of the components was facilitated by the 
use of polarized light, for it was found that the component of higher frequency 
was strongly absorbed for light with electric vector perpendicular to the optic 
axis, whereas the lower frequency component was strongly absorbed when the 
light was polarized parallel to the axis (figure 10). 

For the most dilute material (Mnp.4)ZNp.9)F2) there are small linear line 
shifts at a rate of about 10cm~1/(100°c). In the intermediate crystal 
(Mno.62Znp.3sF) the line shift at room temperature is again linear with the 
same slope as above, but as the temperature falls below 100°K the slope pro- 
gressively increases. For pure MnF, the slope at room temperature is rather 
greater than for the diluted crystals, and the upswing at lower temperatures is 
also more pronounced. 

Similar behaviour is shown by the sharp line E (figure 4). 

It is suggested that this sequence is correlated with the increasing importance 
of exchange interaction with the increasing manganese concentration, and therefore 
with the increasing deviations from a linear inverse susceptibility-temperature 
plot. In Mngo49Znp.g9F2 the plot is linear down to 6°K, in Mno¢oZnogeFy the 
departure from linearity occurs at about 50°K, while in MnF, the Neel point 
minimum is at about 68°K (Finlayson et al., to be published). Before the inter- 
action effect can be discussed quantitatively, however, it is necessary to separate 
out the line shifts with temperature caused by the variation in lattice dimensions. 
This can be obtained from the most magnetically dilute material where interaction 
effects are negligible (figure 3). In Mno .Zng3,F, the same rate of shift is 
obtained at higher temperatures so that the difference between the extrapolation 
of this linear section and the curve at lower temperatures (figure 3) gives the net 
interaction shift (figure 5). The interaction shifts for the two components of 
the sharp line E were obtained byasimilar procedure and are also shown in figure 5. 
These shifts are the combined result of the direct effect of the interaction on 
the energy levels of the manganese ion, and of the change in crystal field resulting 
from the expansion anomaly near the ordering temperature. The relative 
magnitudes of the two mechanisms are difficult to estimate, and Stout (1959) 
has suggested that the crystal field change is important. However, in MnF, 
the anomalous fractional lattice changes Aa/a and Ac/c are less than iM Oras 
(Gibbons 1959). This probably causes a shift of the order of Icm™, as the shifts 
of the sharp lines C and E are less than 25 cm™ when the fractional lattice changes, 
as a result of varying composition, are more than 3 x 10-* (figure 8). Therefore, 
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Figure 3. Change of line frequency with temperature for line C using polarized light 
travelling perpendicular to the optic axis. (a@) Pure MnFs, (6) Mno.g:Zno.33Fe, 
(c) Mitta pert Zttipenig kins 
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Figure 4. Change of line frequency with temperature for line E using polarized light 


travelling perpendicular to the optic axis. (a) Pure MnF,; XA is a line with slope 
equal to the wave number change with lattice dilation; (6) Mnyo.g:Zno.3gF > 
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Figure 5. Interaction shift of lines E (a) and C (6) for Mno.62ZNpo.3s5F 2 and increased 
shift above that at room temperature in MnF, for the same lines. 
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in this discussion, the complete interaction shift will be attributed to direct 
exchange effects. 

For pure MnF, the interaction effect appears to be important already at room 
temperature, because the wave-number-temperature slope of both C and E is 
considerably greater than the common room-temperature slope of the two diluted 
materials. An extension of the measurements to higher temperatures is being 
undertaken to test the interaction origin of the increased slope at room tem- 
perature. Until such data are avilable it is only possible to obtain a provisional 
lower limit to the interaction shift. Thus, if a line XA is drawn (figure 3) with 
the slope due to thermal expansion obtained from the magnetically dilute 
materials, then the divergence between line and curve now gives the increase in 
interaction shift over that value which pertains at room temperature (point A). 
The interaction shifts obtained in these ways are shown in figure 5 for C and E, 
For both lines the lower limit to the interaction shift is much greater with pure 
MnF, than with Mno¢9ZmogsFs. It must be emphasized that the interaction 
shifts for MnF, must be regarded as less certain than the shifts in the magnetically 
dilute material as a direct extrapolation from a linear section was not possible. 

The lowering of the ground state energy of the ith manganese ion in the 
ordered antiferromagnetic state is given by —M,=2J,,M;. Here M, and M, 
are the components of the spin angular momenta along the antiferromagnetic 
axis, and J;, is the exchange integral. Interaction splitting also occurs in the 
excited levels as is shown by the different interaction shifts for lines C and E. 
The relative magnitudes of the splitting in different levels can be estimated by a 
method suggested by Kanamori (Stout 1959). The super-exchange mechanism 
takes place through the overlap of the d orbitals with neighbouring fluorine atoms. 
As the manganese ion is octahedrally surrounded by fluorine ions, the overlap 
will be greatest for the dy orbitals. It is therefore assumed that the exchange 
integrals are proportional to the fractional occupancy of dy orbitals by the com- 
ponent of spin along the c axis. “The fractional occupancy of the dy orbitals in 
the different states is obtained from the wave functions for maximum spin quantum 
number es (Koide and Pryce 1958) and is found to be } for the °A,, ground state, 
2 for *A,,(@G), # for *Eg(?G) and £ for *E,(*D). The corresponding energy 
changes are proportional to the product of M, and J,; and are thus in the ratios 
(8.4): (3-3): (8-4): @-4)- These four levels, together with the transitions 
between them, are shown in figure 6. ‘Two simplifications have been made: 
first, all the ions have been shown in the lowest ground state before excitation ; 
secondly, only the transitions associated with small changes in es have been 
indicated, as the more nearly es is a good quantum number, the more nearly will 
the selection rules reduce to Aes= + 1,0. Under these conditions, it follows that the 
snteraction shifts for transitions from the ground state to the lowest és levels arising 
from 4A;,(7G), 4E,(4G) and *E,(*D) are in the ratios (4- $):G-§): 4= 2), 
i.e. 1:05:0-75:1. Even for complete order some transitions for which Aes # + 1,0 
will take place and lead to a broadening of the line, and this broadening will 
become more marked as the temperature rises. However, the ratio of the 
interaction shifts will remain unaltered for the transitions considered above as 
the fractional occupancy of dy orbitals does not depend upon és, which will 
therefore represent the relative interaction shifts for an important fraction of the 
transitions even at temperatures where there is an appreciable population in 
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higher es levels. The ratios of the shifts of the centres of gravity of the lines would 
be more satisfactory for comparison with experiment, but this cannot be computed 
until more is known of the relative intensities of transitions between different 
<x levels. 
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Figure 6. Schematic representation of transitions between ground state and excited levels 
(i) with no exchange interaction, (ii) with exchange interaction. 


Figure 5 shows that for pure MnF, the ratio of the interaction shifts for lines 
E and C is always greater than 1, with a value of 2-8 at 100°K. In Mnp¢9 Zn s.F 5, 
where the experimental measurements have a greater fractional error but where 
the extrapolation is more certain, the ratio is 1-0+0-3. Thus the experimental 
results are not sufficiently accurate to decide with certainty if the C line should 
be associated with a transition to a 4A,,(*G) or a *E¢(*G) level, but the shifts are 
more consistent with the *A,, assignment. It should be noted that also Stout 
gives the line as arising from a transition to a 4A,, level. 

In Mnpo.¢2 ZNo.3gF the interaction shift is proportional to XS,, and the shapes 
for all four components of C and E are of the general character to be expected 
from nearest neighbour short range order (Kaufmann and Onsager 1949). 
Unfortunately no detailed treatment is available for short-range order with 
S=8: 

For MnF, only the change in interaction shift over the temperature range is 
known. However, it is clear that the interaction shift is much more important 
at higher temperatures than in the dilute material. This is still true if the reduced 
temperatures T/T. aoing are used for making the comparison. Again no detailed 
theory is available for S= $, but the quasi-chemical theory applied to S=4 
would give this qualitative change with the decreased number of nearest neigh- 
bours in the magnetically dilute material (Elcock 1956). 

Other work on the influence of exchange interaction on optical properties is 
that of Newman and Chrenko (1959 a, b) on NiO and CoF,, and Pratt and Coelho 
(1959) on MnO and CoO. With the exception of Stout’s article the most 
relevant work to the present investigation is that on MnCl,.4H,O and 
MnBr,.4H,O by Tsujikawa and Kanda (1958). Their measurements were 
made on lines which corresponded to our line C, and showed a rather smaller 
shift to higher frequency near the Néel temperatures. However, these 
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temperatures are low, between 1:6°K and 2:2°k, and so even a short-range order 
interaction would be restricted to a very narrow temperature range. The data 


do not appear to permit a differentiation between the direct effect of short-range 
order on the levels and the effect of a lattice anomaly. 


3.4. Broad Line Temperature Shifts 


The temperature shifts of the broad lines in MnF, are shown in figure 7. No 
dependence on the polarization of the light has been detected. The broad lines 
arise from energy levels, which are dependent upon the crystalline field parameter 
D,,, so that relatively large thermal expansion shifts, correlated in direction and 
magnitude with the slope of the level in the Orgel diagram (‘Tanabe and Sugano 
1954), will be superimposed upon the interaction shift. 
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Figure 7. Changes in line frequency with temperature for lines A, B, D, F, G and H in 
: MnF,. 


Thus the movement of lines A and B to lower frequencies as the temperature 
decreases corresponds to the negative slope of the *T CG) and *T,,(4G) levels 
with increasing D,, while the upward movement of line f corresponds to the 
positive slope of the *T,,(*P) level. Line D shows little shift with temperature, 
as expected from the small slope of the T,,(*D) level. — However, line G is broad 
and moves to lower frequency, whereas from its assignment to *Al (CF), one 
would expect G to be a fairly stationary sharp line showing mainly interaction 
effects. 
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3.5. Line Shift with Composition 


The line shifts with composition at room temperature are shown in figure 8. 
For lines A, B and D the position of maximum absorption appears to be indepen- 
dent of the direction of polarization, whereas for lines F, G and H this could not 
bechecked. The frequencies of lines D, F and H do not vary appreciably, whereas 
the lines A and G decrease in frequency with dilution and line B increases. Dilu- 
tion with zinc corresponds to a decrease in both lattice parameters and presumably 
to an increase in D,. Hence the opposite motions of lines A and B are not 
accounted for, because these lines involve levels both of which have a negative 
slope in the Orgel diagram. 
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Figure 8. Change in line wave number with sample composition. Measurements with 
unpolarized light. 


§ 4. Line WIDTH 


The variation of line width with temperature has been measured for lines 
Ato F. The following treatment is similar to that given by Klick and Schulman 
(1952) in their analysis of Mn?*+ in ZnSiO,. ‘The configurational energy of both 
ground and excited states is represented by parabolae and the half line width 
AEF is then proportional to the square root of an effective temperature 7, given 


by 
_ hvg hv, 
l= Dk coth (ss) 

where vg is the vibrational frequency in the ground state (Williams and Hebb 
1951). It follows that the rate of variation of line width with the square root of 
the absolute temperature should show a falling off at low temperatures, the form 
of the curve depending upon vg. The data for Mno¢9ZnpagF, are shown in 
table 2, and in figure 9(a). The variation for all lines is similar, and can be 
fitted to a 4/7), curve by using a value vg of approximately 9x 10!2sec-2. A 
vibrational frequency of the same order (10'sec~!) was used by Klick and 
Schulman in the paper quoted above. 
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. ‘The corresponding line widths for pure MnF, are given in table 3 and plotted 
in figure 9 (bd). 

Here, however, the curves (figure 9(b)) show no levelling and display a 
range of slopes, i.e. there is no evidence of 4/7, variation with constant rg. 
It must be concluded that the simple vibrational model is unsatisfactory for the 
pure MnF,, in spite of its applicability to the diluted material. 


Relative Half Line Widths 
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Figure 9. Relative half line widths plotted against T/*, (a) for Manp.¢2Z2Mo.gel'2, (5) for 
pure MnF,. The lines corresponding to different vibrational frequencies are as 
predicted from a Teg law. 


Table 2. Half Line Widths for Unpolarized Light for Mnp.¢2 ZNo.38!2 


Half line width (cm~!) at 


Line 300°K 150°K 90°K 63°K 
A 925 770 765 755 
B 1245 1020 1015 1015 
‘© 160 145 135 140 
D 595 540 455 460, 
E Gs) 230 225 Pile) 
F 610 495 460 460 


Table 3. Half Line Width for Unpolarized Light for MnF, 


Half line width (cm~') at 


Line 300°K 150°K 90°K 63°K 
A 1030 730 670 680 
B 1010 975 935 880 
@ 160 145 115 130 
1B, 795 548 440) 400 
E 290, 235 230 DE 
F 650 525 465 410 


§ 5. POLARIZATION EFFECTS 


The profiles of the lines E and C depend upon the polarization of the incident 
light, so that it is possible to test whether the transitions involved are of a magnetic 
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dipole or electric multipole type. In figure 10 the line profiles for C are shown for 
the three different orientations in the polarized beam. If the transition were of 
magnetic type, then orientations (6) and (c) would be equivalent. However, 
it is found that (a) and (c) are equivalent, so that the transition 1s of electric 
multipole type. This is in agreement with the assumption made in previous 
discussions (Tanabe and Sugano 1954, Koide and Pryce 1958, Stout 1959). 
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Figure 10. Absorption coefficient against wavelength for line C. 


§ 6. INTENSITIES 


The theoretical prediction of oscillator strength requires a knowledge of the 
vibrational modes of the lattice (Koide and Pryce 1958). In the absence of these 
data, the simplified treatment of Holmes and McClure (1957) has 
been used. The oscillator strength is related to the ground state vibrations 
which remove the centre of symmetry of the surroundings of the manganese 1on, 
and the vibrational levels are assumed to be equally spaced, with separation k@. 

The oscillator strength f is then given by f=f){l+exp(—6@/T)} where fp 
is the oscillator strength at 0°k. Holmes and McClure found that they could 
represent the behaviour of two bands in NiSO,.7H,O with a single value of 0. 

Here the variation of oscillator strength for the lines A and B in pure MnF, 
and for Mno¢2Znp.sgF 9 is given in table 4. 


Table 4. Variation of Oscillator Strength with Temperature for Lines A and B 


Line MnF, 
300°K 150°K 90°K 63°K 
A SHH  O-? SAO Se Oe BDI Se IMG % Zeists) Se Os 
B 3-62 2:94 2:95 2-95 


Mo. g2ZNo.galo es 


wm > 


PIXOS IO LO One ER a et 1-75 10" 
1:86 qS3 ios 1-45 
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The corresponding graphs (figures 11 and 12) include curves for 6 values 
500°, 440° and 370°x. For both materials line A is best fitted by G=370 7K 
and line B by 6=500°k, the agreement being more satisfactory in the magnetically 
dilute material. Thus, unlike NiSO,.7H,O, the same 0 value will not serve for 
both lines. However the two @ values correspond to frequencies of 8 x 10% 
and 10° sec—!, which are of the same order as the value vg=9 x 1012 sec—! derived 
from line width measurement on Mno.¢9Zno.3gF». 


Oscillator Strength 


Temperature (°k) 


Figure 11. Measured variation in oscillator strength with temperature for Mno.g.Zno.ggF 9. 
(a) Data for line A together with variation corresponding to fy=1.81 x 10-7 and 
§=370°, (6) data for line B together with variation corresponding to fy=1:81 x 10-7 
and §=500°. 
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Figure 12. Measured variation of oscillator strength with temperature for MnF). 


(a) Data for line A together with variation corresponding to fy=2°85 x 107’, 
4 =370° and 4 =500°, (b) data for line B together with variation corresponding to 
fo=2°94x 10-7, O= 370°, 440° and 500°. 


The difference in @ values for A and B may indicate a difference in the 
vibrational frequencies in the upper and ground states, which are assumed to 
be the same in the Holmes and McClure treatment. It may be noted that in 
the magnetically dilute material the oscillator strengths for lines A and B are always 
less than in the pure MnF,. Thus the value of f, for lines A and B is 1-81 x 10~7 
and 1:47 x 10-7 while in pure manganese fluoride the strengths are 2:85 x 10“ 
and 2:94x 10-7. It was originally expected that dilution with zinc would lead 
to an increase in the oscillator strength, as in the mixed crystal the manganese ion 
is surrounded by some manganese and some zinc ions, and so in the magnetically 
dilute material the manganese ion is in general in a less symmetrical position. 
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CONCLUSIONS 


There are absorption spectrum changes, particularly line shifts, which are 
associated with the Néel temperature. ‘These effects extend upwards over a 
considerable temperature range, through part of which, the portion of the shift 
caused by the direct interaction effect can be separated from that due to lattice 
contraction. 

The super-exchange interaction splitting of the manganese levels follows 
short-range rather than long-range spin order, and it would seem that optical 
measurements are likely to provide information not readily available by other 
methods. 

In the magnetically dilute material a simple vibrational model provides a 
reasonably satisfactory account of the variation of line width and oscillator strength 
with temperature. The model fails for pure MnF,. 
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Abstract. The growth of pre-breakdown currents in uniform field conditions has 
been studied in carbon dioxide at different pressures in the £/p range of 1200 
to 26vcm~!(mm Hg)!. Experimental measurements of the Townsend ioniza- 
tion coefficient « show good agreement with the earlier measurements in the E/p 
range of 1200 to 100 v cm~! (mm Hg)~! and with the recent measurements in the 
E/p range of 70 to 5|0vem~!(mmHg)-!. The results show that earlier measure- 
ments neglecting attachment may be in error below E/p=50vcm-1(mm Hg)". 
It is suggested that the mechanism of negative ion formation 1s due to dissociative 
attachment, consequently the growth of current at constant E/p can be 
represented by the appropriate modification of the ‘Townsend equation. 
Employing this equation, values of x and the dimensionally equivalent attachment 
coefficient 7 have been computed. Further, static breakdown potentials have 
been measured up to pd (pressure x gap length)~1500mmHgem and the 
values of secondary coefficient y have been calculated using the modified Townsend 
breakdown criterion. 

From the the mean values of «/p and 7//p, the mean cross sections for ionization 
and attachment have been calculated for various electron mean energies and 
compared with the values computed from low pressure single collision data, by 
assuming either a Maxwellian or a Druyvesteyn distribution of electron energies. 
It is concluded that neither of these distributions explains the results. 


§ 1. INTRODUCTION 


HE formation of negative ions by electron attachment to various common 

diatomic and triatomic inorganic molecules was studied by earlier workers 

but no electron attachment was observed in carbon dioxide (Loeb 1956, 
Bradbury and Tatel 1934). However, recent work of Craggs and ‘Tozer (1960) 
in these laboratories, using a Lozier apparatus to study collision processes in 
carbon dioxide, demonstrated for the first time the production of negative ions 
in that gas. The process was interpreted as 


Cieten cou Orgs uf |r. 2! Giese (1) 


It therefore seemed desirable to study attachment in carbon dioxide in swarm 
conditions and to measure the attachment coefficients for various values of the 
parameter E/p (Fis the field strength, p the gas pressure) in uniform fields. Since 
this necessarily involved the measurement of ionization coefficients an opportunity 
was taken to measure the latter over a wide range of the parameter E|p and to 
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compare them with the results of the previous workers. The work is of interest 
also in that, as in CO, NO, etc., the negative ions formed are principally O-, the 
study of which is relevant to attachment studies in dry and moist air (Prasad 1959, 
Prasad and Craggs 1960). 

It has been shown (Harrison and Geballe 1953, Geballe and Reeves 1953) 
that when electron attachment of the type 


AB+esAB- or A+BrU° © seseee (2) 


occurs in the growth of the electron avalanche the equation for the current flowing 
in a uniform field gap is given by 


i) [ a —(a—n)d n ] /[ ya _ (a—nd | 
—= e — — i e —1 teil 
I, La-9 a—7 a @) 


where « is Townsend’s primary coefficient, 7 the attachment coefhcient, y the 
secondary coefficient, d the electrode separation and J, the initial electron current 
at the cathode. 

It follows from equation (3) that the criterion for breakdown at which the 
current J becomes self-maintained and independent of Jp is 


ee, esi (4) 
eae Viranege all Malena 
where d, is the breakdown sparking distance (cm). 
Provided only those current measurements are considered in which con- 
tributions due to secondary processes are negligible then equation (3) is reduced 


to 
I = 4 
ia [ : er me = u! |. Staite acta (5) 
0 a— 7) a— 7) 


Equation (5) indicates that the semi-logarithmic plot of (J/Jo, d) is not linear 
and that curve fitting techniques are necessary to evaluate « and y accurately. 

Consequently values of «, 7 and y have been calculated in carbon dioxide by 
employing equations (3), (4) and (5) and the authors find that the measurements 
of pre-breakdown currents conform to the above theory over a wide range of 
pressures. 

From the mean values of «/p and 7/p so obtained, the ionization and attachment 
cross sections have been calculated for various electron mean energies and an 
attempt has been made to compare these values of cross sections with the values 
computed from Craggs and ‘Tozer’s (1960) single collision data by assuming 
either a Maxwellian or a Druyvesteyn distribution. 


§ 2. EXPERIMENTAL PROCEDURE 


The apparatus used in the present study has been fully described b 
Peacock and Wilkes (1956) except for a few ean Seas ee 
made to improve its performance and accuracy. The ionization chamber has 
been fitted with an auxiliary inlet so that either spectroscopically pure gas in Pyrex 
glass containers or compressed gas in a cylinder can be introduced. The chamber 
can be evacuated to 5 x 10-°mmHg with an apparent leak of 0-44h—. The 
aluminium-alloy cathode used previously with an overall diameter of 15cm 
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machined and polished to a Rogowski profile, has been electroplated with platinum 
to provide better surface stability. A quartz envelope photocell of type QVA-39 
has been incorporated in the low pressure mercury discharge lamp assembly to 
monitor the ultra-violet radiation used to provide the initial photoelectric currents 
from the cathode. 

The gas pressures are measured (corrected to 20°C) either on an oil manometer 
using silicone oil of specific gravity 1-09 to within +0-05 mmHg or a micro- 
manometer using metal bellows as a pressure sensitive element to within 
+0-5 mm Hg at the higher pressures. The electrode separation is measured to 
within + 0-005 mm by means of a rigidly supported micrometer. A new potential 
divider of improved design has been incorporated in the high-voltage supply to 
provide the ionization chamber with continuously variable voltage (0-2 volt 
steps) from 0 to 50 kv, known with an absolute accuracy to 0:3%. 

The ionization currents are measured by determining the voltage drop across 
a set of high stability resistances in the range 10° to 10"! ohms using an extremely 
stable feedback electrometer amplifier (Allenden 1958). ‘The values of these 
resistances were carefully measured to an accuracy better than 1%. The 
departures from linearity in the amplifier were found to be within the permitted 
values of the precision indicating meter (Sangamo Weston d.c. microammeter, 
model $82) used. Measurement of an ionization current was made by using two 
different resistances, whenever the magnitude of the current was such that good 
accuracy could be obtained for both readings. ‘This procedure provided a fre- 
quent check on the relative values of the resistances and throughout the investi- 
gation no changes in the values were detected. Thus the ionization currents 
could be determined with an absolute accuracy to 1:5°%, and relatively they could 
be measured more accurately than this. ‘The overall accuracy in the measurement 
of «/p should therefore be not greater than 3%. It is more difficult to assess the 
errors in 7/p, since they depend on curve fitting but it is estimated that in the 
most favourable conditions (medium values of E/p) they are about + 3°. 
increasing to perhaps + 10°, for low and high values of E/p. 

Care was taken that no dissociation occurred in carbon dioxide due to photo- 
lysis. Chapman, Chadwick and Ramsbottom (1907), Coehn and Sieper (1916), 
and Coehn and Spitta (1930) observed that in the presence of water vapour carbon 
dioxide can be dissociated by irradiation with ultra-violet light depending upon 
the water vapour concentration. However, Coehn and May (1934) have shown 
the inability of ultra-violet light to cause a decomposition in extremely dry carbon 
dioxide. Therefore, special care was taken to dry the carbon dioxide. 

The gas used in the experiments at pressures up to 100 mm Hg was spectro- 
scopically pure and supplied by the B.O.G. Ltd., but preliminary measurements 
up to 100mm Hg and the final measurements at higher pressures were made in 
cylinder gas (97% carbon dioxide, 2%, nitrogen, oxygen less than 1%) obtained 
from the Distillers Co. Ltd. Each gas filling from the cylinder was passed very 
slowly through a trap, maintained at —50°c by using a mixture of solid carbon 
dioxide and acetone. 

To confirm that no dissociation occurred due to photolysis, the light from 
the ultra-violet lamp was allowed to fall on the cathode (in the usual manner ) 
for 24 hours after taking one set of measurements for a particular gas filling. 
The measurements were then repeated and in all cases the results calculated 


2B2 
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from the two sets of measurements agreed within experimental limits and never 
As a precaution, whenever the cathode was 


showed any systematic error. 
‘cleaned’ by running a low pressure glow discharge in an atmosphere of oxygen- 


free hydrogen in the chamber, the chamber was subsequently evacuated, filled 


with carbon dioxide and the cathode then stabilized by irradiating it with ultra- 
violet light. ‘This procedure helped to stabilize the cathode in approximately 

15 minutes. 

§ 3. DATA AND RESULTS 
The experiments were conducted over a pressure range of 0-5 to 700 mm Hg 

(corrected to 20°c) and a range of E/p from 26 to 1200vcm~1 (mmHg). 
‘Typical results obtained at 100 and 25 mm Hg are shown in figure 1 where the 
natural logarithm of the currents is shown plotted as a function of the gap distance. 
All these plots exhibit curvatures characteristic of equation (5), thus justifying 
the assumptions made regarding the mechanism of negative ion formation. It 
was observed, however, that beyond a particular value of E/p, for each pressure 
the curvature of these plots ceased to be apparent and the latter become linear. 
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Figure 1. Ionization currents in carbon dioxide at 100 and 25 mm Hg pressure for various 
constant values of the parameter E/p (v cm~! (mm Hg)~), 
. ‘The absence of appreciable upcurving in all these plots at large values of d 
indicates very low secondary electron yields except at very low pressures (0-5 and 
1mm Hg), where the contributions due to secondary processes were taken int 
account while calculating «. Consequently it was impracticable to measure aa 
of y directly and hence y’s were calculated employing the measured Beata 
potentials and the values of x and 7. However, in experiments conducted as 
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pressure of 25 mm Hg where a few values of y (~ 10-8) were directly measurable 
over asmallrange55 < E/p<70vcm~! (mm Hg), it was found that the observed 
values of y were in agreement with the calculated values to within 10%, thus. 
justifying the use of Townsend’s breakdown criterion for the evaluation of y. 


3.1. Evaluation of « and 
The values of « and 7 have been computed from the above mentioned curves. 


by a careful process of curve fitting employing equation (5). The values of «/p 
and 7/p thus obtained in the range of E/p from 26 to 50vcm-! (mm Hg)-* 


Table 1. Values of «/p and »/p for CO, at 100 and 25 mm Hg Pressure 


100 mm Hg 25 mm Hg 
E|p a/p n/p a/p n/p 
26 0-0072 0-:0096 —~ — 
30 0-0160 0-0120 0-0160 0-:0120 
Be 0-0233 0-0144 0-0232 0-:0144 
34 0-031 0-0155 0-031 0-0156 
36 0-040 0-0160 0 040 0-0160 
38 0-051 0-0182 0-051 0-:0180 
40 0-063 0-0188 0-063 0-0188 
42 0-074 0-0172 0-074 0:0172 
44 0-088 0-0168 0-088 0-0160 
46 0-100 0-0135 0-102 0-0144 
48 — = 0-115 0-0104 
50 0-122 — 0-124 — 


at 100 and 25 mm Hg pressures are given in table 1 and the values of »/p have been 
plotted as a function of E£/p in figure 2, which also includes data taken in this 
laboratory by Chatterton with a Bradbury filter. The values of «/p and /p 
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obtained at pressures of 300 and 700 mm Hg have not been included, since they 
are considered only to be of sufficient accuracy to estimate y from the measured 
breakdown potentials because of impurities present in the gas (cylinder gas). 

The values of «/p for the parameter E/p >50 have been calculated from the 
linear plots of (log J, d) on the assumption that attachment is negligible. 

The mean values of «/p obtained in the present study for various values of 
E|p have been plotted as a function of E/p in figure 3, for purposes of comparison 
with the results of Bishop (1911) and Schlumbohm (1959). 


3.2. Breakdown Measurements and y 


Breakdown potentials V, were measured over a pressure range of 1 to 
700 mm Hg (corrected to 20°c) up to pd~ 1500 mm Hg cm and are plotted as a 
function of pd in figure 4. Results showed no pressure dependence (within 
2°) for any particular value of pd, thus indicating that Paschen’s law is obeyed in 
this region. 
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Figure 4. Observed breakdown potentials in carbon dioxide as a function 


of pd. 


As mentioned earlier, no measurements of y were possible since no upcurving 
was observed in the (log/,d) plots. Calculated values of y using the breakdown 
sparking distances d, for various values of E/p (calculated from the breakdown 
potentials at different pressures) and mean extrapolated values of «/p and n/p 
employing equation (4) are summarized in table 2. ; 


Table 2. Calculated Values of y in CO, with Pt Cathode and Relative 
Sparking Distances pd, 


y X10 ae) Hts 20) iiss (OEE 1:02 0-67 0:43 


p (mm Hg) 5 (spec. pure) 25 (spec. pure) 100 

Elp 200 150 120 100 70 65 60 55 60 55 a0 ee 40 
pds ; 42 66 9:8; 14-6 36:3 46:3 60:0 82:8 62 84 118" 169 260) 342 
y x10 726955 51 31 20 13 We2 56:3 a5: OS De 7 
bp (mm Hg) 300 (cylinder) 700 (cylind 

E/p 42 40 38 36 34 36 oy ) 

pds 255 321 426 600 930 616 917 1484 
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§ 4. CORRELATION OF RESULTS WITH LOW PRESSURE EXPERIMENTS 


Calculated values of mean cross sections for ionization o+ and for attachment 


a employing the cross section data from low pressure experiments in carbon 
dioxide (Craggs and Tozer 1960) are compared with the data from the present 
study for the Maxwellian and Druyvesteyn distributions. 

The earlier work of Deas and Emeléus (1949), Tozer, Thorburn and Craggs 
(1958) and Thompson (1959) shows that the mean cross section for any 
particular collision process for the mean energy £ of a given energy distribution 
is given by the equation: 


= apexttN | 


where o,, is the cross section for this process for electrons of energy Eev and vy, 
is the velocity of, and d\, the number of electrons in the energy range £ to 
E+68E of the distribution in the swarm. Further, swarm constants «/p and /p 
can be converted into a mean cross section for any particular value of E/p from 
the knowledge of the drift velocity W, the mean velocity of agitation U and mean 
energy E of the electrons as functions of E/p by using the equation 


(0G 7 


where N is the number of molecules per cm at 1 mm Hg at the appropriate tem- 
perature and @ represents x or 7. However it is to be noted that when employing 
the data from the diffusion experiments (see Healey and Reed 1941) the various 
quantities should be corrected for the different energy distributions assumed 
(Healey and Reed 1941, Huxley and Zaazou 1949). 

The o* and oc values thus obtained by using the ionization and attachment 
cross sections from Craggs and Tozer’s (1960) low pressure data employing 
equation (6) and the mean values of «/p and 7/p from the present measurements 
employing equation (7) are represented for both the Maxwellian and the 
Druyvesteyn distributions in figures 5 and 6. Skinker’s (1922) values of the 
drift and agitation velocities have been used in the latter calculations. 


EAS ee ie TEE (6) 


§ 5. Discussion OF RESULTS 


From the double sets of values at 25 and 100 mm Hg pressure given in table 1 
st can be seen that the measured values of «/p and 7/p for different gas fillings are 
consistent. Further the values of «/p obtained at different pressures in the 
range E/p where the results overlap, also showed good agreement within the 
experimental limits (+2%). ‘These considerations suggest that «/p and y/p 
are not pressure dependent and are therefore functions of E/p. However no 
accurate measurements of «/p and 7/p could be made at pressures higher than 
100 mm Hg because the quantities of spectroscopically pure gas required were 
large. ‘The values of «/p and |p do not depend on the ionization current. This 
is shown by a careful consideration of the experimental data such as those, for 
example, plotted in figure 1. 

The values of «/p over a wide range of the parameter E/p plotted in figure 3 
show good agreement with the earlier measurements of Bishop (1911) in the 
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dioxide as a function of mean energy. 


carbon dioxide as a function of mean 


A, calculated from Craggs and Tozer’s 
low pressure data, for a Maxwellian 
distribution of electron energies; B, 
calculated with the data from the present 
study, for a Maxwellian distribution of 
electron energies; C, as for A but with 
a Druyvesteyn distribution; D, as for 
B but with a Druyvesteyn distribution. 


energy. A.B, C, D, as in figure 5. 


E/p range of 1200 to 100 vcm~! (mm Hg)~ (even though the pressure measure- 
ments at 0-5 and 1 mm Hg are not very satisfactory) and with the recent measure- 
ments of Schlumbohm (1959) in the E/p range of 70 to 50vcm~! (mm Hg)-1. 
The values of «/p for E/p<50vcm-!(mmHg)~* differ appreciably from the 
previous measurements of Schlumbohm because attachment processes ignored 
by Schlumbohm considerably influence the computed values of « below this value 
of E/p. 

Figures 5 and 6 show, respectively for ionization and attachment, the com- 
parisons between mean cross sections for the swarms deduced from « and 7 
measurements, and from the low pressure single collision work of Craggs and 
Tozer (1960) assuming either a Maxwellian or a Druyvesteyn distribution. It is 
apparent that, neither for ionization nor attachment processes in the present 
conditions, do these distributions apply. Thus it seems from figure 6 that the 
attachment data give a better general agreement between themselves than the 
ionization data, which would be expected, since the calculations of « from collision 
cross sections involve an accurate knowledge of the tail shape for the distribution, 
a quantity notoriously difficult to calculate accurately (Lewis 1958) whilst the 
attachment data refer largely to the lower energy part of the distribution and 
hence are somewhat insensitive to the type of energy distribution function 
employed. 

The values of y (table 2) are of interest. They are considerably less than 
corresponding values for dry air (Prasad 1959) where, for example, y~10~ 
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for E/p=38-40 at 700mm Hg, a value about 100 times higher than that for 
comparable conditions in CO, (see table 2). The y values for humid air (Prasad 
and Craggs 1960) overlap the CO, values. It has been suggested by Kohrmann 
(1956) and in more detail by Meek (1959) that the abnormally low ys for humid 
air may be due to a high absorption of the photons responsible for photoelectric 
emission at the cathode. In the case of CO,, the published data for absorption 
coefficients are similar in their general trend with wavelength and magnitude, 
so the same reason for the low y’s may apply. 


§ 6. CONCLUSIONS 


Measurements of Townsend’s first ionization coefficient were made in carbon 
dioxide and assuming Townsend’s breakdown criterion to apply, calculations of 
the y coefficient were made. However, contrary to statements in the literature, 
allowance must be made for electron attachment which, in fact, is greater than 
that in dry air in comparable conditions, and consequently is easily measurable. 
The electron energy distribution in the present experiments must differ appreciably 
from the Maxwellian or Druyvesteyn forms. This departure is more marked 
than is usually the case with the commonly investigated gases. 
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Abstract. The nature of the Fourier images obtained from phase objects 
is investigated theoretically both for the particular case of the sinusoidal grating 
and also for the general two-dimensional periodic object. ‘The results are 
verified experimentally with light optics using a two-dimensional phase grating 
of 50 periodicity. 

A detailed investigation is made of the intensity distribution on planes 
mid-way between, and in the immediate neighbourhood of Fourier image 
planes. While there is no contrast on the Fourier image planes themselves, 
it is shown that a simple relationship (equation (3.4)) exists between the pattern 
on neighbouring planes and the phase distribution in the general two- 
dimensional object. It is shown that there will be no moiré effect at full 
aperture for phase gratings effectively in contact. 

Analogies with the scattering of electrons by thin crystals are pointed out 
and it is indicated that under certain conditions a representation of the charge 
distribution will be obtained with modern electron microscopes. Full considera- 
tion of this point is deferred. 


$1. INTRODUCTION 


N previous publications (Cowley and Moodie 1957a, b, c, to be referred to 
1| as I, II, III) various aspects of Fourier images were discussed. Although 

the theory applied to complex objects the detailed results were confined to 
amplitude objects. It is the purpose of this communication to extend the detailed 
treatment to phase gratings. 

In previous communications some early references were overlooked. | These 
include an account by ‘Talbot (1836) of fringes observed near a grating irradiated 
with a parallel beam of light, and an approximate theory for a sinusoidal lattice 
by Rayleigh (1881) who obtained a focusing condition. Weisel (1910) and 
Wolfke (1913) refined and extended both the theoretical and experimental 
treatment and gave a simplied account of some of the symmetrical out-of-focus 
patterns obtained from one-dimensional amplitude gratings. The phenomenon 
has recently been observed in ultrasonic cells (e.g. Hiedemann and Breazeale 
195o). 

While the optical phase grating is itself of considerable interest our main 
purpose will be to obtain results which can be applied to the imaging of crystal 
lattices by means of electrons. The conditions under which there is correspondence 
between the scattering of electrons by a crystal lattice and the scattering of light 
by a phase object has been discussed in some detail (for instance Cowley and 
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Moodie 1957d). It is sufficient to remark here that under conditions quite 
frequently encountered in the practice of electron microscopy and electron 
diffraction the correspondence will be almost complete; light optical analogues 
may therefore be conveniently employed to check the simpler results. This will 
be done in the present paper and the application to the imaging of lattices merely 
indicated at several points. Detailed discussion of the electron case will be 
published separately. It may be noted that Lenz and Scheffels (1958) have 
made a limited application of standard Fresnel diffraction theory to the calculation 
of out-of-focus electron microscope images and obtained qualitative agreement 
with observations on some biological material with a periodic structure. 


§ 2. THE SiInusoIpAL LATTICE 


The sinusoidal lattice will be considered separately because of its immediate 
practical importance and because of its simplicity. The crystal is described by 


g,(x)=exp{iC,osin(2mx/a)}}= > J,(Cyo)exp{2mhx/a}, ...... (2.1) 
h=— © 
where, for light o is given by —2z7/A, and for electrons by 27mA,/h?, Ay being 
the wavelength im vacuo and C, a constant depending on the thickness and 
refractive index of the object. 
If this object is illuminated by a point source placed at a distance R, from 
it, then, as is shown in II, the wave function on a plane at a distance R is given by 


(x)= ¥ J,(Cyo) exp (2riuh®}exp 2aihx/Ma}, sees (2.2) 


where 


Hence, when p is integral or half integral a series of Fourier images is formed, 
but these have zero contrast. On all other planes, however, the contrast is finite. 
In particular, for the planes p=(2n+1)/4, that is, for those mid-way between 
Fourier images, 


S 2hx) .2 hel 
Haye S talCrodern {200 Fie) +4 £ JevalCeyes Pai =| 


ROY 2hx) 2 oo fg (Qh + 1)x 
= Jo(Cx0) +2 S Jan(Cya ens {2m 57} +2 3 Janea(Cye)sin [20 ep 


whence 
1(4)=14+sin{2C,osin (2mx/Ma)}. =v vvaee (233) 


Hence, for sufficiently small values of Cyo a clear representation of the phase 
distribution will be obtained on the (2n+1)/4 planes. This result holds only 
for the sinusoidal lattice. Further the range of validity of equation (2.3) for 
electrons includes values of C, sufficiently large to make severe distortion, or 
even halving of the fringe spacing possible. Discussion of these results, which 
have application to the interpretation of various images recently observed in the 
electron microscope will be deferred till $5. 
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§ 3. THe GENERAL TWO-DIMENSIONAL LATTICE 


The lattice is described by 


d' (x,y) =exp fiod(x, y)}=exp | io > > FE, exp {2ni («3 +at)t | ; 
hk 
with 
F b(x,V)=Ey, Fo (x,y) = big! -| | d' (x, y) exp {27i(ux + vy)} dx dy. 


Here 4(x,y) is to be understood as a projection of the refracting material or 
the potential, that is 


d(x, y)= I P(x, y, 2) az. 


Hence, if a=b, the wave function on an arbitrary plane of observation is 
given by 


p(x, v)= > > E,, exp {10} exp {27ip(h? + R?)}, 
eke 
where 
goed (hx + ky) 
~ Ma*- a) 


Romine cases — 7, 


w(4)= DY D Ens exp{iO}— DY D Ens’ exp {16} 


heven k even hodd kodd 
fi) > OE kool adi Ee Coote ee eee (3.1) 
h odd k even h even k odd 
Now 
$' (x, y)=1+i04(x, y) + {iod(x, y)}?/2! + {i0d(x, y)}/3!4+.... 
Hence 
Ean Geli, k)+1cE,,— FD E EnnE rn kk, 
es 1 
TEED Enna En hh, b=kySk 
Therefore von 
am, Ean XPLO}= YD d(h,RexpliB}+io YY Enxexp {i8} 
even k even h even k even heven k even 


=< aS SS Bie emer Ee 


hevenkevyen h, ky 


The summations can be evaluated in terms of the functions dee, boo; Peo, Poe; 
where, typically, 


foe = - y des exp {70}. 
keven 
There results ke 


. . ~ 
> Ens’ exp {18} =1+icfe5— a (dee* + peo’ + Poe” + boo") 


heven k even 


io® 
= 31 (dee? =F 3do00°bee =F 3dhe0*hee a 3hoe"bee ae 6peoboehoo) = SN, 


Fourier Images IV: The Phase Grating 381 


The other terms of (3.1) may be evaluated by similar means to give 


U(4)=1 +i0(boe—do0) + 5 {(fee~ $o0)?-+ (eo Foe) 
+ 57 {(bee—$o0}? + 3(Fee— $00) (eo $oe)®} ++. 
ia | ia (deo-+ boc) +i**(eo+ boo)(Beo+ boe) + 


l 
oe 


oe {(deot poe)? + 3(hee + bo00)"(heot+ doe} +-- | 


Sh 
= exp {io(dee — goo) } COS 7(deo — Poe) — EXP {10(Pee + hoo)} Sin o(Peo + poe) 
= exp {ia (dee + foo)} [cos 20¢00 cos a(deo = doe) = sin a(deo + foe) 


= i{sin 20¢00 cos o(deo < doe)}]- 


Therefore 
I(+) = 1 == sin 20¢oe sin 2c¢ceo —£OS 2o¢o0(sin 2o¢¢eo aia sin 2o¢oe). aia sihelete (3:2) 
I(—4)=14sin 2o¢o¢ sin 2oPeo + cos 2oPo0(sin Zo¢ce0 + sin Zopoe). .----- (3:3) 


Results for other values of , may be obtained in the same way, although the 
form of the distribution will in general be more complicated than that of equation 
(3.2). Analogous results are also readily obtained for one-dimensional distri- 
butions. Thus for a one-dimensional distribution, 


I(4)=1+s1n 20¢o, 
where 
do= > E, exp (26h. 
kh odd 
Asin the case of the amplitude grating the out-of-focus patterns are in general 


sharp and detailed. Even in the limit of small phase change, however, the 
patterns are completely different. Thus equation (3.2) takes the form 


I() = (1 —2o$oe)(1 — 200) 
for small phase change while, for an amplitude object, 
I(4) = (dee — $00)? + (beo + poe)” 


Some of the implications and applications of equations of the above type to 
electron microscopy will be considered in §5. ‘The point of immediate interest, 
however, is that such equations offer no direct means of reconstructing the 
equivalent amplitude object. Nor are the standard devices of light optics 
applicable. For instance, in the classical wave descriptions of phase-contrast 
systems the approximation is made that the maximum phase change through the 
object is small, a condition that will scarcely ever be satisfied by an electron beam 
and a real crystal. Further, as Linfoot (1955) points out, even for the phase 
object of small phase change the appearance inside and outside focus on an 
ordinary microscope bears no simple relation to the equivalent amplitude object. 
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Consider, however, a plane near a Fourier-image plane defined by p=" +e, 
where n is an integer and « satisfies <(h?+k®)<1 for all reciprocal lattice 
coordinates. ‘Then 


W(x,y) = SS By exp (fh exp nell? + #2) 
hk 

~ YY Ey! exp {i9}[1 + 2aie(h? + k)] 
hk 


[ia ee ee 
=f Gem) as) | Mate 


“feet {owe (3) + YH 


Hence the intensity distribution correct to the first order in € is given by 


ies Ve See ee oe: (3.4) 


where / is the distance from the Fourier-image plane. 
For the electron optical case V?¢=47p(x,y), where p(x,y) is the projected 
charge distribution, so that 


IT=1+2loAp(x, y). 


Thus in the neighbourhood of every Fourier-image plane of the general 
two-dimensional periodic object a magnified image of the charge distribution 
in the crystal will be formed. 

Equations (3.4) and (3.5) will also apply to non-periodic objects provided 
that / is now taken to be the distance from the Gaussian focus. 

These results can be applied to a special case in the wave theory of the moiré 
effect. In general defect-of-focus patterns will be quite complex (Cowley and 
Moodie 1959). However it is possible to show that under certain fairly restrictive 
conditions two crystals may be regarded effectively as being ‘in contact’. Suppose 
those conditions to be satisfied so that 


pio = $1 bo’ = exp {t(o11 + ooh9)}. 
¢’ in the above formulae can now be replaced directly by ¢,»’ so that 
L=1+ 2IXoyp; + oop). 


Thus, at full aperture and when the crystals are effectively in contact, there 
will be no contrast on Fourier-image planes, and on neighbouring planes the 


sum of the charge distributions will be observed. That is, at full aperture, all 
moiré effect disappears. 


§ 4. Ligur Optics EXPERIMENTS 


Experiments using light were made both to test the theoretical predictions 
and also to gain some experience in the analogous technique for interpreting 
electron micrographs where the a priori information will in general be very much 
less. 

The experimental arrangements were the same as those described in I, the 
object being a phase grating prepared by Mr. Hayes of the Defence Standards 
Laboratories. ‘The unit cell was square with a=50-9+0-1u; the pattern was 
known to be approximately that of a grid with a mark-to-space ratio of about 
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0-14, and the maximum phase change was thought to be of the order of one 
wavelength. he diffraction pattern obtained from this grating is shown in 
figure 1+. 

Structure factors for an ideal amplitude grating of the above mark-to-space 
ratio were calculated and multiplied by an artificial temperature factor of the 
conventional form, exp {—c(h?+?)'. The half-width was chosen so as to make 
the calculated intensitites approach zero in the same range of reciprocal space 
as those of the phase grating. The assumption was thus made that the errors in 
the grating had a normal distribution, and the best fit on this assumption was 
obtained for a half-width of about 24. In other words the mean grating consisted 
of the ideal grating convoluted with a Gaussian of 2 4 half-width. The summation 
of the modified structure factors is shown in figure 2. 

This should be a fairly accurate representation of the average shape of the 
grid. ‘The value of the phase change was then determined by evaluating equation 
(3.3) as a function of o for the points (0, 0), (0, +), (4, 4). A comparison of 
these sets of values with the intensities at the corresponding points on the pattern 
obtained experimentally eliminated all but a few values of co. More extensive 
calculations for each of these values then showed that c=z. ‘This determination 
was made to an accuracy of + 18° corresponding to + 250A pathlength difference 
in alr. 

More extensive calculation might have improved on this but the accuracy 
at this point is determined largely by imperfections in the grating which make the 
recognition of detail dificult. Comparison of figures 3 and 4 shows that equation 
(3.3) describes the observed pattern to within experimental error. In particular 
the pronounced maximum on the orgin, the faint streaks along the axis centred 
on (4, 0), and the slight depression round (3, }) are characteristic of J(— + 
for this grating. nee 

Equation (3.4) was then tested by calculating \/¢ and comparing this distri- 
bution with that obtained experimentally in the neighbourhood of a Fourier- 
image plane. Figures 5 and 6 indicate that the agreement is satisfactory. The 
minimum at the origin together with the faint diagonal minima constitute a 
sensitive test. 


§5. Some APPLICATIONS TO ELECTRON MICROSCOPY 


It was shown in III that for the very unfavourable case of illumination by an 

incoherent Gaussian source, the least resolvable distance is given by 
A=cR/(R+R,) 

where o is the half-width of the source. In some modern electron microscopes 
the effective source of illumination can be less than 10 so that, with a beam 
convergence of 10-? to 10-4 radians A can be of the order of 104. ‘The general 
considerations of this paper may then apply if certain conditions are satisfied. 
It should be noted that under the above conditions all Fourier images will have 
unit magnification. . 

In order to apply the above results to practical cases in electron microscopy 
considerable additional calculation is required. In particular the rather involved 
effects resulting from limited objective apertures prove to be of importance. 


+ All figures are Plates. 
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As indicated in §1 these calculations will be given elsewhere and we limit our- 
selves here to pointing out the importance of recognizing that crystals in the 
electron microscope behave, at their simplest, as phase objects. Under heavily 
restrictive conditions certain very simple systems can yield results in apparent 
agreement with calculations assuming amplitude scattering and this has led to 
confusion in much of the recent literature. Even in these systems, however, 
more detailed examination of the patterns shows the hypothesis of scattering 
by an amplitude object to be inadmissible. 

Again, the complexity of even apparently simple systems is much greater than 
appears, from published work, to be generally recognized. ‘This arises in large 
part from the absence of a sharp focal plane in the Gaussian sense and the tendency 
to select patterns of maximum contrast. These in general will bear little direct 
relation to even a simple lattice as an inspection of equation (3.2) shows. 

The above remarks apply only to conventional methods of electron microscopy 
where the magnification of the Fourier images will be unity. It can be seen that 
the methods briefly remarked on in III for obtaining higher magnification by 
means of Fourier images remain applicable provided that the patterns are suitably 
interpreted. 
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Abstract. The internal friction of single crystal silicon and germanium at 100 ke/s 
shows a relaxation peak near 0-56 of the melting temperature. The peak is 
electronic in origin and the relaxation time is the carrier lifetime. At the peak 
temperature, in many of the specimens measured, intrinsic recombination and 
intrinsic conduction are the dominant mechanisms, and the peak height at any 
given frequency depends only upon specimen orientation. If impurities are 
introduced so that the extrinsic lifetime becomes less than the intrinsic lifetime 
at the peak temperature, then the peak height is reduced. From the shape of the 
electronic peak and from its shift with frequency, the temperature variation of 
both intrinsic and extrinsic lifetime may be deduced. The activation energy 
of recombination of carriers in silicon appears to be 1-45ev and in germanium 
about 1-15 ev, although it is difficult to reconcile these values with existing theories. 
The height of the peak gives the deformation potential constant; in silicon it is 
2-3 ev and in germanium 6:5 ey per unit dilatational strain, which values are of the 
same order as those derived from hydrostatic measurements. 

In silicon crystals containing oxygen, having a [111] vibration axis, an internal 
friction peak appears at 1030°c (100kc/s). The peak is not present if the silicon is 
oxygen free or has a [100] axis, and can be attributed to the movement of dissolved 
oxygen. The activation energy is 2-55ev. The peak height varies, but in most 
crystals grown from silica crucibles the maximum logarithmic decrement is of 
the order 3x 10-4. In germanium a small peak appears in some specimens at 
770°c (100kc/s). No reduction of its height has been observed on annealing, 
and its shape is consistent with that of impurity relaxation. 


§ 1. INTRODUCTION 


N metals a considerable volume of information has been accumulated on 
impurity diffusion and electronic relaxation by the analysis of internal friction 
data. In semiconductors, however, this type of information has not been 
obtained from investigations prior to that reported here. Kessler (1957) has 
published a thorough set of measurements on the internal friction of germanium 
inthe 40-120kc/srange. A relaxation peak appeared which can now be recognized 
as an electronic relaxation peak, although experimental artefacts prevented its 
correct analysis at the time. Other investigations have been carried out in the 
megacycle range by McSkimin (1953), Truell and Bronzo (1953), Granato and 
Truell (1956), Teutonico, Granato and Truell (1956) and Lamb, Redwood 
and Shteinshleifer (1959). At these frequencies one would not expect impurity 
+ Now at Armour Research Foundation, Chicago, Illinois, U.S.A. 
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or electronic relaxation, and no such analysis of these results has been reported. 
Previous publications of the author (Southgate 1957, 1958) have described a 
relaxation peak due to impurity oxygen in silicon. 

This paper refers to measurements made at 100 kc/s (and occasionally 300 ke/s) 
on silicon and germanium, at temperatures covering much of the range 
between room temperature and the melting point. In both materials an electronic 
relaxation peak appears at 0-56 of the melting temperature, which is described 
by the theory of Weinreich (1956). The relatively large relaxation peak due to 
impurity oxygen appears, in silicon, at higher temperatures. The analysis method 
employed for the electronic peak in both silicon and germanium will be described 
first, followed by presentation of more detailed results. A further paper 
(Southgate 1960, to be referred to as Part II) will give details of dislocation 
damping and the behaviour of dissolved oxygen during heat treatment. ‘The 
value of internal friction will be denoted by the logarithmic decrement A. 


§ 2. ELECTRONIC RELAXATION PEAK ANALYSIS 


Weinreich’s theory of the electro-acoustic effect depends on the fact that elastic 
strains in a semiconductor can change the band gap, and hence the intrinsic 
charge carrier density, without producing large electric fields, thermal excitation 
giving equal numbers of carriers of opposite sign. ‘Thus relaxation effects can 
occur having periods long compared with the ‘electron diffusion’ relaxation 
time. The theory, when applied to an intrinsic semiconductor, gives 


_ 7q?n (A +e;/e®z)a;/o_ 
- 2RT (1 + w,/w?7)? + ,?/w?’ 


q being the ‘acoustic charge’ of the carriers, 7 the carrier recombination time, and 
n the carrier density. ‘The frequency w, is such that the associated wavelength 
is close to the charge carrier diffusion distance, and is of the order 10" sec-!. The 
geometry used in deriving this formula is that of a dilatational wave travelling in 
an infinite medium; and for the case of longitudinal oscillation of a thin bar, it is 
necessary to modify the expression to account for Poisson’s ratio strain. The 
conduction band will be taken to be such that the band shift depends only on 
dilatation of the material and not onshear. If now the strain axis is one of greater 
than two-fold symmetry, Poisson’s ratio will have a unique value, and a simple 
calculation shows that q in the above formula may be replaced by the expression 


leo poe eee (1) 


V, being the deformation potential constant of the band gap per unit dilatation, 
v Poisson’s ratio, and F Young’s modulus in the direction of strain. Measure- 
ments reported here are made at frequencies small compared with w,, and so 


7™g°n wT 


> Ok Tslasaists wa — aes (2) 


There are two components to the lifetime, one due to recombination across 
the band gap (intrinsic recombination) and the other to recombination via a 
lattice imperfection level (extrinsic recombination). Direct measurements of 
lifetime have not yet been reported at elevated temperatures, but it is postulated 
here that in the region of the peak, intrinsic recombination is of the order of 
Ipsec. In material having sufficiently high lifetime at room temperature, it 
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seems likely that intrinsic recombination alone determines the magnitude of the 
internal friction. The form of intrinsic lifetime variation is tentatively taken as 


cp exp (E,/k Te) 


where the energy Fy is of the order of the band gap, and 7, is constant. In silicon 
this form will be seen to fit the highest extrinsic lifetime specimens well. In 
germanium extrinsic recombination complicates the results to a greater extent, 
and the assumption of the form is more of a conjecture. The two materials are, 
nevertheless, felt to be sufficiently analogous to justify the assumption, which 
will be retained through the remainder of the analysis. 


-4 -2 0 2 4 
(ee Sle 7 =a ee ee cee] eee en 
x Ego( 1 — :) | 
\ bekor To) 4 | 
. | 
| 


WT VALUES 
0-3 — ON CURVES 


_ aS 
Figure 1. General form of electronic relaxation peak for combined intrinsic and extrinsic 
recombination, the extrinsic lifetime being temperature independent 
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The total carrier lifetime is formed by reciprocal summation 


Si Ti Te 


On the basis of the Shockley—Read (1952) theory it is supposed that extrinsic 
lifetime te does not vary rapidly with temperature. ‘Thus ze will be important 
at the lower temperatures where 7,, as given by (3), becomes large in comparison. 
Figure 1 shows a set of curves calculated from equations (2) and (3) for the ideal 
case of a constant extrinsic lifetime, the frequency remaining constant. ‘The 
curves have been normalized, £,, being the band gap extrapolated to zero 
temperature. The general form of the curves should apply equally well to 
germanium or to silicon, although the exact shapes in figure 1 are for silicon. For 
we > 1 the temperature at which the peak appears does not depend on re, although 
it depends onfrequency. Onthe other hand, if wre < 1a peak will still be observed 
whose location and magnitude change with te. This will not be a true relaxation 
peak as the condition w7 = 1 will never be satisfied, and no shift of peak temperature 
with frequency will be observed. In materials having different values of 7e, 
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the slopet of the lower temperature shoulder of the peaks will vary between 
Epo Het tkT and LE trl, whereas the slope of the upper temperature 
shoulder will remain approximately constant. As the measurement frequency 
is increased, the peak of those curves for which w7,>2 will occur at a higher 
temperature and move along the dotted line, which is of slope $£,,+ 3RT and 
represents approximately the change of carrier concentration. The activation 
energy E; may be obtained directly from the magnitude of the temperature shift. 
Thus, the general shape and temperature behaviour of the peak shows whether 
it is a true relaxation peak, and hence whether the deformation potential can be 
calculated from the peak height by the use of the relations (1) and (2). Deviations 
from the curves shown in figure 1 will occur if the extrinsic lifetime is sensibly 
temperature dependent. In this case, in the region where extrinsic recombination 
is dominant, the difference between }£,,+4RT and the lower temperature 
shoulder slope will indicate the temperature dependence of extrinsic lifetime. 


§ 3. EXPERIMENTAL DETAILS 


A detailed description has been given elsewhere (Southgate 1959) of the 
apparatus, which employs electrostatic drive and frequency modulation detection 
of specimen oscillation, The specimen resonates longitudinally at 100 ke/s, 
and is suspended about its nodal plane by fine tungsten wires. It is held in a 
high vacuum during measurement, and is heated by a molybdenum tube furnace. 
After being set into oscillation, the drive is switched off and the decay curve 
recorded on a pen recorder. 

The electrostatic drive method has the advantage that losses into the drive 
and measurement systems are very small. None of the curves presented has 
been corrected for this loss. Some of the decay curves observed were not true 
exponentials. This amplitude dependence is thought to be entirely due to loss 
at the support wires (Southgate 1959) and there is no indication that the true 
internal friction ever shows amplitude dependence over the range of vibration 
amplitude measured here, i.e. up to a strain amplitude of 10->. Experimental 
points exhibiting this mounting loss are characterized by their sporadic appearance 
in the temperature characteristic. 

Specimens were cut approximately to shape by a diamond wheel, and the 
damaged surface layer removed by subsequent hand-grinding on a glass plate 
using BM302 and 303} abrasive. It was found that a parallelism of the 
specimen sides to within 0-05 mm could be achieved in this way. Immediately 
before being mounted in the apparatus, the specimen was etched in a nitric— 
hydrochloric acid mixture, washed in de-ionized water, and dried on filter paper. 
Specimen cross sections vary from 4 to 6 mm square; the length depends on the 
axial orientation, being 42 mm for silicon and 25 mm for germanium in [111]. 

Unless otherwise stated, all specimens referred to in the remainder of the 
paper are single crystal, and were measured with their axes of vibration in [111]. 
All were grown in an argon atmosphere, the germanium by pulling from a graphite 
crucible and the silicon either by pulling from a silica crucible or by the floating- 
zone technique. Room temperature resistivities were in the range 10-50Q cm 
for all specimens except two which were doped with aluminium to 2:7Qcm. 


+ The term ‘ slope ’ of an internal friction plot will be taken to mean the slope of a 
(In A, 1/kT) plot, i.e. the activation energy if A obeys a simple Arrhenius equation. 
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§ 4. RESULTS 
4.1. Analysis of Silicon Results 


Nearly all silicon specimens measured showed a clearly defined electronic 

loss peak, although analysis of the peak shape is complicated by the fact that above 
the peak temperature there are usually comparable contributions to A from both 
electronic and oxygen relaxation mechanisms. Separation has been effected by 
assuming that the high temperature shoulder of the electronic peak and the low 
temperature shoulder of the oxygen peak, on a (In A, 1/7) plot, are both straight 
lines, and together form the total loss in this region. ‘This method was found 
adequate to determine the lines uniquely in most cases. 
Alltwelve specimens measured showed curves of ashape and location consistent 
in every way with the description of §2, assuming various concentrations of 
recombination centres. The accuracy with which the experimental points may 
be fitted by theoretical curves can be judged from figure 2, which refers to a speci- 
men having a room temperature lifetime of 30sec. The continuous curve is 
synthesized from three components: the electronic peak, the oxygen peak, and 
a constant mounting loss of 10-7. The good fit between the experimental points 
and the theoretical electronic peak, indicates that extrinsic lifetime does not change 
much between room temperature and 600°c. ‘The fitting of the oxygen peak 
at 1000/7 =0-77 will be discussed shortly. 
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Figure 2. Fit of synthesized theoretical Figure 3. Silicon: Lower shoulder 
curve to measurements. slope energy against room 


temperature lifetime. 


As the specimens were taken through successive thermal cycles, the contamina- 
tion increased, despite the cleaning precautions taken; and the lower temperature 
shoulder of the curve became less steeply sloped. Figure 3 shows the approximate 
slope of the measured low temperature shoulder plotted against the room 
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temperature lifetime. | A continuous curve derived from the theory of §2, on the 
assumption of temperature independent extrinsic lifetime, is also shown. The 
lower end of the theoretical curve is fixed at an energy 3E,, + 2kT=0-65 ev, 
while the position of the upper end is determined by the type of detailed curve 
fitting shown in figure 2. In view of the experimental errors, and the possible 
changes of extrinsic lifetime between room temperature and the peak temperature, 
the approximate agreement between the scattered experimental points and the 
curve is regarded as reasonably good. As the contamination progresses the 
room temperature lifetime becomes too short for convenient measurement but 
in all specimens measured the slope of the shoulder approached approximately 
0-65 ev when this occurred. As expected the peak magnitude decreased at this 
point. 

The energy £, associated with intrinsic recombination used in figures 2 and 3 
is 1:45ev. The spread of values of the upper temperature shoulder slope, 
which should remain unaffected by recombination centres, indicates an error 
in Eyof +0-lev. Theslope of the higher temperature shoulder is best measured 
when the oxygen peak is small or absent; this occurred in the one specimen in 
[100], and two specimens grown by the floating-zone method, one in [111] and 
one 6” off [112]. 

Average values obtained for specimens in [111] exhibiting predominantly 
intrinsic recombination are 9-8 x 10~® for the peak height and 655°c for the peak 
temperature. ‘The shift of peak temperature with a 3:1 frequency change, 
measured on two specimens, was 1/T=6:8x10-°, yielding an energy Ey of 
1-4 ev which compares well with the value derived from the peak shape. Measure- 
ments on a polycrystalline specimen of mean grain diameter 1mm showed an 
electronic peak of similar height and location to those in single crystal specimens, 
the derived extrinsic lifetime being about 3 psec. 
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Figure 4. Silicon: (A,,,1000/7,,). At 100 ke/s, initial measurements only are plotted. 


A change of peak temperature consequent on a change of measuring frequency 
will alter the peak height. Figure 4 shows a peak height against peak temperature 
plot; the straight line represents the change of carrier concentration as given by 
Morin and Maita (1954), and, as expected, the experimental points lie scattered 


about this line. Points are only shown for which the intrinsic recombination is 
dominant at the peak temperature. 


t+ The author is indebted to Dr. B. K. Ridley for making these measurements. The 


lifetime quoted is the ‘short’ lifetime, longer trapping times being ignored, although 
evidently present in many specimens. 
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The oxygen peak has been taken to obey the Snoek formula 


WT 
N= jie er ap’ We Renee (5) 
Ao being approximately temperature independent and 7 being the thermally 
activated atomic jump time. The shapes of the various peaks measured all 
follow this formula approximately, although the magnitudes of A, vary con- 
siderably. A single activation energy only is involved, and figure 5 showauhe fit 
between the experimental points and a solid curve obeying equation (5). This 
curve has been taken to have an activation energy of 2-6ev. The average, taken 
from the lower temperature shoulder slope for 16 curves, is 2:55 ev, although the 
higher temperature shoulder slope seems to be more variable and averages 2:95 ev. 
Equation (5) indicates that the slopes should be equal. It is suggested in Part IT 
that precipitation of oxygen during measurement causes this inequality, and that 
the lower temperature shoulder slope should give the true activation energy. 
The average peak temperature is 1030°c. 
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Figure 5. Oxygen peak in silicon. 


Two specimens were grown under identical ambient conditions, one having 
an axis in [111], and the other in [100]. ‘The oxygen peak appears in the first, 
but not the second, demonstrating that the sites between which oxygen can 
diffuse are identically located with respect to a [100] axis but not with respect to 
[111]. Of the floating-zone grown specimens measured, one has been previously 
floating-zone refined in vacuo and has a barely discernable oxygen peak, although 
its axis is [111]. The other had no previous vacuum refinement, and the peak 
height showed that the dissolved oxygen concentration was about 2° of that in 
crystals pulled from silica crucibles. 

Confirmation of the activation energy value is obtained from the magnitude 
of the peak shift with frequency. Figure 5 shows experimental points at 100 ke/s 
and 300 kc/s, the high temperature shoulder at 100 kc/s being taken from a 
parallel specimen which exhibits identical low temperature behaviour. ‘The 
duplicate was used to avoid the possibility of anneal affecting the second set of 
values measured. The temperature shift between the two maxima 1s 
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8(1/T) =3-8 x 10, corresponding to an energy of 2-52ev, which is in excellent 
agreement with that derived from the peak shape. Deviation between theoretical 
and experimental curves at low temperature end is due to electronic loss. At 
300 ke/s, points having the highest A cannot be measured owing to insensitivity of 
the apparatus. 


4.2. Analysis of Germanium Results 


In germanium, the shape of the electronic peak is more variable than in silicon, 
since it appears that impurities which reduce the extrinsic lifetime are more readily 
introduced by heat treatment near the electronic peak temperature. Even those 
specimens having the greatest maximum A cannot be fitted by curves based on 
intrinsic recombination only, and it seems that extrinsic recombination has 
never been negligible below the peak temperature in any of the specimens 
measured. As a consequence, the results show that the lower temperature 
shoulder slope tends to be in the region of }£,,+ 3RT=0-42ev, and for such 
specimens the peak value is frequently below the maximum observed, so that the 
curve looks like the wre = 0-2 curveinfigure 1. Several peaks have been measured, 
however, which do not fit the simple theoretical curve, since the higher temperature 
shoulder slope is too low. The reason for the misfit has not been determined, 
although it could be explained by a sufficiently erratic behaviour of extrinsic 
lifetime. On the basis of the larger values of higher temperature slope, which 
are usually more clearly defined, one can derive an activation energy EF, of 
approximately 1-15 ev for the intrinsic lifetime. Specimens have been measured 
in [111], [110] and [100]. Peak magnitudes range from 3 x 10-® to 28 x 10-%, 
and peak temperatures from 375°c to 460°c. The average of the eight peaks 
having the highest maxima gives a peak temperature of 395°c, with a relatively 
small scatter between the peaks. 


Measurements of Electronic Peak at 100 kce/s: Germanium, Specimen T 675 
Chronological order 


Frequency Shoulder Energies (ev) A aPelOS 1000] Tae 
(ke/s) Higher temp. Lower temp. 
300 0-82 0-33 18 1:42 
100 0:58 0-28 8-0 1-47 
300 0-72 0-31 v7 1-38 
100 0:58 — 18 1057) 
300 0:72 — 25 1-45 


If the specimen is doped with a sufficient concentration of known impurity, 
the effect of the accidentally introduced impurities can be swamped. Ina 
specimen containing about 5 x 10 gold atoms per cm, thermal cycling produces 
relatively little change in the characteristic. The specimen has been compensated 
with antimony so that it is an intrinsic semiconductor at room temperature. The 
general shape of the curve is that to be expected from a specimen with a 
recombination level 0-1 ev from the centre of the band and a room temperature 
lifetime of about 0-8ysec. Photoconductive measurements are in agreement 
with such a low value, giving a room temperature lifetime below 1 psec. 
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Care must be taken in determining the shift of peak temperature with frequency 
as significant recombination centre diffusion can take place between eres 
measurements of curves. Results are given in the table for 675+ at 100 and 
300 ke/s, measurements of the last two pairs of peaks being taken alternately at 
either frequency. A significant change of maximum A has occurred between 
successive heatings, although the specimen was only taken to 700°c and cooled 
again over a period of about half-an-hour while measurements were taken. The 
extrinsic lifetime must have increased over this period, so that the last pair of 
peaks are more nearly true relaxation peaks than the previous pair. The larger 
temperature shift between the last pair agrees with this interpretation. An 
energy of about 0-S8ev may be derived from this shift, but there is not enough 
evidence to indicate whether this is near the true activation energy for recombina- 
tion. 
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Figure 6. Germanium: Specimen 19/1 with a 0-1 gold film on the ends. Numbers 
indicate sequence of heating. 


Attempts have been made to remove impurities from a specimen by using gold 
as a getter. A thin film of gold at the specimen surface should form a molten 
gold-germanium alloy at higher temperatures and act as a sink for the impurity, 
thus increasing extrinsic lifetime and reducing the variation of peak shape between 
specimens. An initial experiment showed that if a film 0-1 thick is evaporated 
along the specimen sides, A increases to 10-4 at higher temperatures. Subse- 
quently, care was taken to evaporate the gold onto the specimen ends only, where 
it cannot affect A directly. Figure 6 shows the effect of thermal cycling on a 
specimen with a 0-1, gold film on the ends. This specimen had a history of 
several heats with etched surfaces and also one heat with a gold film on the sides, 
which may have effected a preliminary gettering. Reproducibility is much 
better than observed previously with the same specimen and the peak height 
exceeds that of any unplated specimens. The slope of the lower temperature 
shoulder is sufficiently different from 3£,,+2kT to indicate that intrinsic 
recombination is dominant at the peak and hence that the peak height may be 


+ The author is grateful to Dr. J. O. Kessler of R.C.A. Laboratories, for supplying this 
crystal. Some measurements on it have already been described (Kessler 1957). 
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used to calculate the deformation potential. Small kinks in the curves, indicated 
by the arrows, occur near the gold-germanium eutectic, and it is reasonable to 
suppose that these are due to the melting of alloy which has diffused along the 
specimen sides. An estimate of kink amplitude indicates a contribution of 
3 x 10-8 to A from the diffused layer, this accounting for the difference between 
the first heat (7) and the cooling (8). j Lan 
In some specimens a small peak appears at 770°C, and this region is shown in 
figure 7 for three specimens. Annealing of 1/1 for 90 minutes at 890°c, and of 
1675 for 120 minutes at 780°c and 45 minutes at 890°c produces no change of 
peak height. Analysis of the peak shapes after subtraction of those components 
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Figure 7. Peak at 770°c in germanium. 


of the loss thought to be due to the high temperature rise mechanism (see Part IT) 
and the electronic mechanism indicates an activation energy of about 1-8ev. The 
100-300 ke/s shift of the peak in T675 is 6(1/T)=3 x 10~°, corresponding to an 
energy of about 3ev; the error in this measurement is, however, large, and the 
real value of the activation energy remains somewhat indeterminate. 


§ 5. DISCUSSION 
5.1. Electronic Relaxation 


It is as well first to summarize the reasons for believing the peak at 0:56 of 
the melting temperatures to be electronic in origin. ‘They are more evident in 
silicon. 

(i) The peak height is independent of dislocation density over a wide range 
and hence the peak is most unlikely to be due to dislocation relaxation (see Part IT). 

(ui) The peak height and location is independent of type and concentration 
of impurities, except in low-lifetime material. Furthermore, if attempts are 
made to fit a simple Snoek-type formula to the location and frequency-shift 
relationship, the pre-exponential factor associated with relaxation time differs 
from that usually found for point defect relaxation. 

(ii) As the frequency is changed, the temperature dependence of peak height 
is approximately the same as that of charge carrier density. 

From the analysis of the results in the previous section, it is evident that the 
theory of Weinreich can be given a complete account of the electronic losses. 
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The only uncertainty remaining is the exact form of the temperature dependence 
of the carrier lifetime. In silicon, the contributions from intrinsic and extrinsic 
recombination can be separated with a fair degree of certainty, yielding 1-45 ev 
for Ey. ‘There are dangers, however, in associating this value with an activation 
energy, since it has been obtained by curve-fitting over a fairly small temperature 
range. Equally well, one could have chosen a temperature-dependent pre- 
exponential term. Thus, inserting a 7~* factor in equation (3) shows that the 
experimental curves for silicon can be fitted by an intrinsic lifetime which varies 
as the inverse square of the carrier concentration. In germanium the energy of 
1-15 ev is too high to be broken down inthis manner. However, it is quite possible 
that the curves having lower values of high temperature shoulder slope give the 
true indication of the intrinsic recombination. In this case Ey would be only of 
the order of 0-95ev, corresponding to the temperature variation of the inverse 
square of the carrier concentration (Morin and Maita 1954a). 

The carrier recombination theories of van Roosbroeck and Shockley (1954) 
and of Dumke (1957), which latter uses the more complex band model now known 
to apply to silicon, give an activation energy of intrinsic lifetime in intrinsic 
semiconductors of only about half the band gap. These theories evidently do 
not apply to silicon in the region of the relaxation peak since such a small energy 
could not be fitted to the curves. Beattie and Landsberg (1959) have more 
recently put forward a theory involving Auger effects, and show that the intrinsic 
lifetime governed by this mechanism has an activation energy of (1+2p)E@/(14+p) 
where yp is the ratio of hole to electron effective masses. In silicon, using the 
average effective masses quoted by Conwell (1958), an energy of 2 ev is predicted, 
which is significantly higher than the experimentally determined value. In 
germanium the theory predicts 1-25 ev, which is not too far from the larger of the 
experimentally suggested values, 1-15ev. It is evident, however, that further 
measurements on specimens of carefully controlled purity will be needed to check 
this possible agreement. The general conclusion at present seems to be that no 
single theory explains the intrinsic lifetime behaviour of both germanium and 
silicon, and that there is no direct theoretical support for the suggestion that the 
lifetime varies essentially as the inverse square of the carrier density. 

From the height of the electronic peak, the deformation potential may be 
estimated. A complicating factor arises from the many-valley structure of the 
silicon and germanium bands, since here the band gap will depend on both the 
dilatational strain and the shear strain, and in the Weinreich theory depends only 
on dilatation. In general, pure shear will raise some valleys and lower others 
(relative to the valence band). For small displacements, however, the population 
of any one valley is a linear function of the change in energy, and the total change 
of electron population is thus a function of the average displacement of the valleys 
relative to the valence band. No sudden change of slope of this average displace- 
ment can occur, and hence, by the symmetry argument of Shockley (1950) the 
electron population depends only on the dilatational strain. The formalism of 
§ 2 is therefore applicable. ; 

Calculation of the deformation potential from equations (1) and (2), using the 
measured electronic peak height, involves a knowledge of Poisson’s ratio v and 
Young’s modulus E, both of which are orientation dependent. Averaged values 
of elastic constants have been taken from the literature (McSkimin 1953, Bond 
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et al. 1950, Fine 1953) and v values calculated using the relations of Voigt (1928). 
Values of carrier density obtained by Morin and Maita (1954a,b) are used. 
From these are derived deformation potentials, per unit dilatational strain, of 
magnitude 2-3 ev in silicon and 6-5 ev in germanium. These results are in fair 
agreement with those of Slykhouse and Drickamer (1958) who found values of 
1-9 ev for silicon and 6-0 ev for germanium from absorption edge shift measure- 
ments, and with those of Paul and Brooks (1954) whose measurements of 
piezoresistance gave 2-0ev in silicon and 4-2ey in germanium. Differences in 
the values may well arise from the higher temperatures at which the acoustic 
measurements have been made. 

The orientation dependence of peak heights is approximately as expected: 
the ratios of the heights in [111] and [100] in silicon should, according to equations 
(1) and (2), be 1:59:1 which compares with the measured values of 1:51:1. 
In germanium no check can be made as it is not clear whether peaks for specimens 
in directions differing from [111] are true relaxation peaks. 


5.2. Oxygen Relaxation 

The discussion in this section will be confined solely to oxygen in silicon, as 
there is insufficient evidence to confirm analogous behaviour in germanium. 

Wert and Zener (1949) have shown that if the relaxation process consists of 
elementary diffusion steps, having an activation energy H, the relaxation time 

7 = (sve) eHIRD, 

S being the entropy of diffusion, v) the atomic mean vibration frequency and z 
the number of nearest neighbour positions. ‘The driving force for diffusion is 
the Gibbs free energy H— TS. An approximate value of S is given by 


d 
BH (InG), 


G being the mean elastic shear modulus and f a constant near unity. On the 
‘ideal gas’ approximation vy should be approximately RT/h. Inserting the 
value 2:55 ev for H gives vy =7 x 1018, which is gratifyingly near RT/h =3 x 1038. 
This activation energy value is also in agreement with the direct diffusion measure- 
ments of Logan and Peters (1957) from which may be derived an approximate 
value of 3-Lev. 

Infra-red studies indicate that oxygen is interstitially held in undistorted 
(‘as-grown ’) silicon, the Si-O—Si bond angle being 100° as in quartz. Features 
of this oxygen location have been discussed by Kaiser, Keck and Lange (1956) 
and by Hrostowski and Kaiser (1957), and consideration of the simple geometry 
of the location shows that relaxation will give an internal friction peak in [111] but 
not in [100]. However, the strain field around the oxygen has not been 
sufficiently well mapped out to allow derivation of the oxygen concentration 
from the height of the internal friction peak. Heat treatment of the silicon 
will change the location of some of the oxygen, allowing it to diffuse to sites 
where it does not affect the internal friction, and the use of internal friction 
measurements to study this diffusion will be described in Part II. 
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Abstract. Measurements of the magnitude of electronic and oxygen impurity 
relaxation peaks in single crystal silicon yield values for the extrinsic carrier 
lifetime and the relative oxygen concentration, respectively. This method is 
used to study the production of recombination centres associated with oxygen 
impurity, and the internal precipitation of oxygen. Recombination centres are 
induced when oxygen-containing silicon is cooled rapidly from above 1000°c 
to 650°c, reducing the lifetime to less than 0-35 psec, which then recovers at a 
rate which increases with successive heat treatments. Precipitation onto internal 
particles at 1025°c occurs in the order of 3 hours for 2°7 Qcm aluminium-doped 
silicon, and considerably longer for a purer sample, indicating that aluminium 
acts as an efficient precipitation nucleus. A 2% plastic deformation of the 
aluminium-doped specimen does not greatly reduce the precipitation time. 
Analysis of the precipitation curve form indicates that stresses around the 
precipitate particles may be important in determining the precipitation rate. 

Dislocation relaxation produces a rise in internal friction at elevated 
temperatures, an activation energy of 1l-lev in germanium and 1-5ev in 
silicon being associated with the rise. In silicon and germanium specimens 
which have been plastically deformed by about 2° the process becomes 
dominant above 0-6 of the melting temperature. Undistorted (‘as-grown’) 
specimens show a rise at higher temperatures, which varies in magnitude between 
specimens, and which could be due to the same process as that in deformed 
specimens. Oxygen in silicon appears to inhibit the loss process. Experimental 
results are discussed in the light of three possible theories, and it is concluded 
that there is insufficient evidence to indicate which one is applicable. 


§ 1. INTRODUCTION 


I: a previous paper (Southgate 1960, to be referred to as Part 1) the analysis 
of internal friction data obtained at 100 kc/s in germanium and silicon has 
been described. It was shown how the shape of a relaxation peak at 0-56 
of the melting temperature was determined by the charge carrier recombination 
centre density, and how the magnitude of a peak in silicon at 1030°c depended 
on the density of interstitially dissolved oxygen. The present paper will describe 
the use of these relationships to study the production and annealing of recombina- 
tion centres in silicon containing oxygen, and the internal precipitation of oxygen. 
The analysis of Part I will be assumed to be correct throughout this paper. 
If the height of the oxygen peak diminishes, it will be assumed that a proportionate 
amount of oxygen has been internally precipitated onto particles, although it is 
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possible that it has moved to an alternative site which does not produce internal 
friction. If the height of the electronic peak diminishes, it will be assumed that 
recombination centres have been introduced, although again there may be another 
explanation. 

At higher temperatures, in deformed material, a large rise of internal friction 
occurs. This effect was first observed by Kessler (1957 a), who interpreted it as 
dislocation damping. Further measurements in both silicon and germanium 
will be described here. 


The magnitude of the internal friction will be denoted by the logarithmic 
decrement A. 


§ 2. EXPERIMENTAL DETAILS 


Internal friction is measured by observing the decay of 100 kc/s longitudinal 
oscillations of a nodally supported half-wave bar. Details of measuring tech- 
niques and specimen preparation have been indicated in Part I and elsewhere 
(Southgate 1959) and will not be repeated here. 

Plastically deformed specimens were produced by three methods: (1) the 
germanium specimen was extended in argon at about 500°C, (11) silicon specimens 
were twisted at about 1000°c ina simple apparatus containing a nitrogen—hydrogen 
mixture and (iii) silicon specimens were twisted, under constant strain, after 
reduction to circular section, at about 1000°c im vacuo. In case (iii) a strain—time 
record showed that the specimens entered the work-hardened region of slip at a 
surface shear strain of about 2°. In all cases, the strain appeared to be uniform 
along the sample axis and deformation occurred without any visible cracking. 
Before straining, the centre portion of each sample was reduced to a smaller 
circular cross section by grinding, and after straining, the remaining square- 
section end-pieces were cut off. 

All specimens discussed are single crystal and most have an axis of vibration 
in [111]. They have been zone-refined and have resistivities of the order of 
10 Qcm, although all silicon specimens not grown by the floating-zone method 
contain oxygen in concentrations of the order of 1 in 10°. 


§ 3. OXYGEN IN SILICON 


3.1. Oxygen Precipitation 


The kinetics of oxygen precipitation were studied in a distorted specimen, 
and its ‘as-grown’ twin. Both these specimens were cut from aluminium-doped 
crystals of 2-7 Q2cm room-temperature resistivity. It is assumed that during 
precipitation, contributions to A other than that of dissolved oxygen remain 
constant. The fraction still to be precipitated is then 


co & A 
where c and Aj are the concentration and maximum A, and subscripts 0 and f 
denote initial and final stages. Annealing near the peak temperature of 1030°c 
was carried out while the specimen was mounted in the apparatus, peak height 
measurements being made at intervals, and the results are shown in figure 1. 
Precipitation can be seen to take a period of some hours at 1030°c. Restoration 
of the original peak occurs after 10 minutes’ anneal at 1280°c. Precipitation 
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is about three times as fast after this re-solution treatment, and is slower at 
lower temperatures, but the introduction of dislocations by plastic deformation 
affects the precipitation rate to only a small extent. If one shifts the time axis 


| 10 100 


03 ANNEALING OF 
(025°C PEAK 
01 iz ey, 
TIME. HRS [<0] ee 
0:03 Ol | 10 100 


Figure 1. Precipitation of oxygen in‘ as-grown’ 9/2 and twisted 9/1. Precipitation tempera- 
tures on curves. R: after.re-solution at 1280°c. { is the fraction still to be precipitated. 


of the 1030°c precipitation of the deformed specimen by a factor 3 to account 
for an imaginary reprecipitation, and compares this line with the 847°c 
reprecipitation, an activation energy of 1-7ev is obtained. ‘The accuracy and 
significance of this value are, however, not very well defined. 

Further measurements of oxygen precipitation have been made on a specimen 
with a room-temperature resistivity of 27 Qcm. From the few accurate points 
available, it is evident that the precipitation rate is considerably lower than for the 
aluminium-doped specimens, Am only falling from 3x 10-° to 2:2 x 10-5 in 
20 hours. It seems likely that the difference is due to the presence of aluminium 
in the more rapidly precipitating specimens. 


3.2. Oxygen Recombination Centres 


In oxygen-containing silicon, heating above 1000°c for about 10 minutes, 
followed by a radiation cooling (quenching) to 650°c, causes a considerable 
reduction of electronic peak height. Brief reports of the effect have already been 
published (Southgate 1957). It can be associated with oxygen, since it does not 
occur in the most oxygen-free floating-zone-grown specimen (or in germanium, 
which contains very little oxygen). The effect is due to the introduction of recom- 
bination centres which produce an extrinsic recombination time of less than 1/w at 
the peak, although a detailed demonstration of this introduction by checking the 
(A, 1/7) curve is difficult since annealing occurs during measurement. Such 
recombination centres will be referred to as thermal traps. 


Table 1. Reduction of Electronic Peak Height after Radiation Cool to 650°c 


Anneal temperature (°c) 800 1050 1060 1060 
Duration (min) 3 5 12 18 
AN 6 IGE 9 6:5 32) 22) 


Te (usec) 5 i 0-3 0-2 
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The extent of the reduction following quenching is a function of the time and 
temperature of the pre-quench heat treatment, and table 1 shows the variation 
for specimen 15/1. It can be seen that over the range covered, a greater A reduction 
occurs for an increase in either time or temperature of the heat treatment. If A 


at the intrinsic peak temperature is reduced to a fraction r of its intrinsic value, 
it is easily shown from the theory of Part I that 


7. t=[/(1—7)4+1-7)]r-, 
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Figure 2. Annealing of Si 353/2 near 650°c following successive quenches from 
near 1050°c. 
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Figure 3. Decay of thermal traps: Te values derived from height of electronic peak. 
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where 7, is the extrinsic lifetime and w is the circular frequency of oscillation. 
The last column in table 1 shows the calculated extrinsic lifetime immediately 
after quenching. 

The peak height reduction is only temporary, and recovery takes place in 
the order of one hour at 650°c. After a further heating to above 1000°c and 
anneal at 650°c, a more rapid recovery occurs. Figure 2 shows a sequence of 
anneals on a specimen grown from a silica crucible, the intermediate heatings 
being from 5 to 25 minutes at about 1050°c. The rate of recovery does not 
appear to depend primarily on the duration of the preceding intermediate heat, 
but rather on the total history of the specimen. Curves g and h of figure 2 
were taken after a ten-minute treatment at 1250°c in order to see the effect of a 
re-solution of oxygen which may have been precipitated. No return to the 
original curve form is seen. After heating at 1000°c for more than 100 hours 
a permanent reduction of electronic height occurs, even if the oxygen is 
redissolved. It is probable that the permanent reduction is due to fast diffusers 
entering the specimen. 

The number of recombination centres is proportional to 1/7,, which can be 
obtained from equation (1). Figure 3 shows a plot of 1/7, against time, thus 
giving a direct indication of the decay of thermal traps. The specimen of figure 2 
is shown together with 15/1, of similar origin, and KC 1/2, which contains about 


50 times less oxygen. Rather surprisingly, the last specimen gives a similar curve 
to the other two. 


§4. HicH ‘TEMPERATURE RISE 


In silicon having no oxygen peak, and in germanium, for which no large 
oxygen peak has been observed, a further rise of A takes place towards the melting 
temperature. ‘This high-temperature rise is greatly enhanced by plastic 
deformation, and appears.to.be due to.a dislocation mechanism. 
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Figure 4, Oxygen-free deformed silicon crystal. 
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In ‘as-grown’ crystals of germanium, the rise is only small, and is often 
only discernable close to the melting temperature. However, in a specimen 
having a [110] axis, which was extended+ by 1:6% at 500°c, the magnitude of 
the high temperature rise was a factor of 3000 greater than that of a similar 
‘as-grown’ specimen. Curves for these specimens have been given in a previous 
paper (Southgate 1958). The activation energy of the rise is 1-lev. In silicon, 
the energy is higher, and figure 4 shows the magnitude of the rise in an oxygen-free 
silicon specimen which has been twisted in vacuo, the surface shear strain being 
about 2°. Some annealing occurs during measurements. Ina similarly twisted 
specimen containing oxygen in concentrations of the order 10-°, however, no 
rise is seen. It therefore appears that oxygen can inhibit the loss mechanism, 
since simple masking of the rise by the oxygen peak would not be sufficient to 
completely conceal it. Silicon specimens deformed in a nitrogen—hydrogen 
atmosphere show a rather large loss in the 700°-900°c region, which reduces 
on anneal. Introduction of hydrogen from the atmosphere in which deformation 
took place, and its subsequent evaporation, may be the cause of these changes; 
the effect is complicated by the partial precipitation of oxygen during the high 
temperature anneal. 


Table 2. High Temperature Rise in Silicon 
Successive measurements on the same specimens indicate that 
annealing is occurring 


Specimen 359/1 ai /il 3/2 Cy 
Activation energy (ev) 1-4 — 1-48 = — ilesys) 2:0 
A(1000/T=0-7) x 108 9 5 2 650 520 8:5 


The magnitudes and activation energies of the high temperature rise in some 
silicon specimens are given in table 2. The energy of the rise in ‘as-grown’ 
oxygen-free 3/1 is close to that in its deformed twin 3/2, although the magnitudes 
are very different. Specimen 359/1 contains about 1 in 10° of oxygen, but in 
this case the rise is not masked by an oxygen peak since no peak appears for this 
specimen orientation, [100]. The magnitude of the rise in ‘as-grown’ crystals 
is of the same order in oxygen-containing and oxygen-free specimens, indicating 
that oxygen does not inhibit the rise occurring in ‘as-grown’ specimens, in 
contrast to deformed specimens. A higher activation energy is seen in KC 1/2, 
which contains an oxygen concentration only 2°, of that in 359/1, but the origin 
of the difference of energy is not clear. There were indications of a higher 
activation energy in an earlier measurement of 3/1, but since annealing was 
occurring during measurement, no definite value could be assigned. Figure 5 
shows the experimental curve for KC 1/2 divided into its components, electronic 
peak, oxygen peak, and high temperature rise. 

It seems clear that the high-temperature rise behaviour of silicon and 
germanium is essentially the same in deformed specimens. However, in ‘as- 
grown’ specimens, the variability is rather too great to feel confident of the 
similarity of behaviour. In particular, the annealing behaviour varies, and 
both increases and decreases of high-temperature rise with time can be seen 
in silicon and germanium specimens. 


+ This extended specimen was kindly supplied by Dr. H. G. van Bueren. 
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Figure 5. Floating-zone-grown KC 1/2, showing high-temperature rise in ‘ as-grown’ 
specimen. 


§ 5. DiscussIon 


5.1. Oxygen Precipitation and Recombination Centres 


Diffusion-limited precipitation processes can usually be fitted by the formula 
B=exp(—t/to)”", 


B being the fraction of solute still to be precipitated and ¢) a characteristic time 
of precipitation. It has frequently been supposed that the index m indicates 
the shape of the precipitation particles. Subsequent calculations by Ham (1958) 
have, however, shown that in strictly diffusion-limited precipitation this is not 
the case; and that m should in general be near unity, except in the early stages 
of precipitation. ‘The data for precipitation in specimens 9/1 and 9/2 given 
in figure 1 show that here the index m is 0:54 and 0-69, respectively. Thus, 
there is some additional limitation on precipitation rate. It seems likely that this 
is due to a modification of diffusion rate by stresses built up around the growing 
particles, which according to the Rayleigh scattering observations of Kaiser 
(1957) are spheres of silica. If it is supposed that oxygen diffuses interstitially 
through the bulk, then growth of the spheres would entail a build-up of material 
in the region and a consequent reduction of precipitation rate. Conversely, 
substitutional diffusion would produce a tension in the medium immediately 
surrounding the precipitate particles and hence increase the diffusion rate in 
this region, since formation of silica from a substitutionally held oxygen atom 
releases a vacancy. The postulated decrease of diffusion rate thus indicates that 
oxygen diffuses interstitially. 

Lederhandler and Patel (1957) have measured the rate of oxygen precipitation 
near 1050°c using infra-red absorption as an index of oxygen content, and 
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obtained precipitation times in undeformed specimens significantly longer 
than those of 9/2, although deformed specimens showed precipitation times of the 
same order as those in the twisted 9/1. It seems most probable that the 
aluminium in 9/1 and 9/2 is forming the predominant nucleation centres; there 
are 5 x 101° atoms per cm® as compared with about 10!’ atom sites per cm? along 
the dislocations in the deformed material. | 

The introduction of thermal traps and their annealing is evidently a complex 
phenomenon. In discussing the effect three forms of oxygen will be considered: 
Form I, present in a majority over the temperature range 700°-1300°c, which 
produces a mechanical relaxation but does not act as a recombination centre ; 
Form II, representing a small fraction of the total above 1000°c (in quasi- 
equilibrium) which is the thermal trap; and Form III, forming an increasingly 
large percentage of the total above 1100°c, which does not produce a mechanical 
relaxation. The existence of the last form is not certain, and it has been suggested 
merely to explain the fact that A on the high temperature side of the oxygen peak 
often drops more rapidly than expected from the activation energy of the peak 
(see Part 1). Forms II and III could possibly be the same. It should be pointed 
out that none of these necessarily involves the SiO, group discussed by Fuller 
and Logan (1957) which is concerned in effects occurring below 500°c. 

The transition II-I takes place more rapidly with successive anneals at 650°c. 
It seems reasonable to suppose on this evidence that further defects, such as. 
impurities or vacancies, which can change the rate of transition, are present in 
variable quantities. Proximity and oxygen aggregation effects are unlikely since 
the introduction of thermal traps is studied here in crystals which have suffered 
only short-period high-temperature anneal and in which the general precipitation 
evidence indicates that very few of the oxygen atoms have had time to aggregate. 
In Part I the location of Form I is discussed. It is probably interstitial so that 
2-55 ev, the relaxation activation energy, is the energy of bulk diffusion. Thermal 
traps could then be formed if II were substitutional, and possibly the varying 
decay time reflects the varying anneal rates of excess vacancies frozen in by the 
quench from 1050°c to 650°c. Excess vacancies would tend to maintain a higher 
concentration of II, although there is no obvious reason for a variation of a vacancy 
anneal rate. An alternative explanation for the curves of figure 3 could be that 
the heating introduces three kinds of traps, one decaying at the rate given by a, 
a second decaying at approximately the rate given by ¢, and a third kind which 
does not anneal rapidly. The variation of total rate could then be due to the 
initial introduction of different ratios of the three kinds of traps, curve b for 
instance being due to a 10:1 ratio of the second kind to the first kind. However, 
it is felt that at present there is insufficient evidence from this study to permit 
more positive identification of the processes or forms of oxygen involved. 

It is notable that the electronic peak height is affected to only a small extent 
by deformation in all cases for both silicon and germanium, indicating that the 
component of extrinsic lifetime due to dislocations is greater than 1:5 pSEC. 
The density of dislocations is probably in the range 10% to 10°cm ®, at least this 
is the observed etch-pit density, and at room temperature the results of Wertheim 
and Pearson (1957) indicate that the lifetime due to this density would be about 
an order of magnitude less than 1-5psec. Hence it seems likely that the capture 
cross section of the dislocations must reduce markedly with temperature increase. 
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5.2. Dislocation Motion 


The association of plastic deformation with the high-temperature rise suggests 
that dislocation motion may be responsible for the loss. As mentioned previously, 
it has not been established that the rises in ‘as-grown’ and deformed specimens 
are of the same nature; however, in this section dislocation loss mechanisms 
which could apply to either feature will be discussed. It is also possible that the 
loss may be due to vacancy pair relaxation, since large numbers of vacancy pairs 
are generated during plastic deformation. In germanium, the activation energy 
for divacancy diffusion is suggested by Seeger (1958) to be 1-6ev, and very 
tentatively by Letaw (1956) to be 2:2ev. These energies are considerably higher 
than the observed 1-lev, and consideration of the annealing behaviour of the 
high-temperature rise does not support the possibility that a variation of divacancy 
concentration with temperature adds to the energy. Similarly, in silicon one 
would anticipate energies of divacancy diffusion higher than the 1-5 ev observed 
for the high-temperature rise in deformed material. Hence divacancy motion 
is not thought to be responsible. 

Existing theories which could be applied to the high temperature rise are: 
(i) the Bordoni peak theory of Seeger, Donth and Pfaff (1957) referred to here 
as the SDP theory, (ii) the impurity field damping theory of Weertman (1955, 
1957), (iii) the vacancy drag theory of Kessler (1957b). Theories of hysteretic 
loss due to dislocation break-away will not be considered as they lead to a larger 
amplitude variation of A than actually observed. 

Theories (i), (i1) and (iii) will all give a loss which depends on the distribution 
of the dislocation pinning points. This dependence is covered by the general 
theory of Granato and Lucke (1956). If the pinning is mainly by point defects 
whose distribution along the dislocation lines remains constant as the dislocation 
density is increased, say by plastic deformation, then A will be proportional to 
the dislocation density. If, on the other hand, pinning is predominantly at 
dislocation intersections, then A will be approximately independent of dislocation 
density. In general, both types of pinning are probably significant, and thus, 
as has been observed, the loss does not increase with plastic deformation as much 
as does the dislocation density. ‘The observed decrease of A with annealing 
does not help to distinguish which mechanism fits best, as in each case a 
condensation of a greater number of pinning points during annealing would have 
the same effect. The lack of any large effect of deformation on the rise in oxygen- 
containing samples can be adequately explained in each case by assuming that 
oxygen can pin the dislocations. Each mechanism will now be considered in 
turn. 

(1) In many metals the Bordoni peak occurs in the kilocycle region, at 
temperatures between 10°K and 100°K. The SDP theory, which assumes the 
peak is due to a thermally activated motion of dislocations from one potential 
well to the next by the lateral motion of kinks in the dislocations, shows that the 
peak temperature increases with increasing Peierls force of the dislocation. 
Hence in germanium and silicon, where the Peierls force is anticipated to be 
larger than in metals due to greater bond strength, and to greater localization 
of the dislocation, a considerably higher Bordoni peak temperature may be 
expected. ‘The high-temperature rise could thus be part of a Bordoni peak which 
appears near or above the melting point. If this is so, an estimate of the expected 


Internal Friction in Germanium and Silicon: II 407 


activation energy can be obtained from the SDP theory. The value of the 
pre-exponential frequency factor is found (SDP equations (4.5) and (4.5 a)), 
assuming the formulae for the mass and energy per unit length of the dislocation 
given in the paper to apply. It then appears that, for a peak in silicon near 
1400°c at 100 kc/s, the ‘activation energy’ of the process which would be 
derived on the simple formula (SDP equation (2.1)) is about 2-6ev. Stress 
amplitudes of vibration are assumed low compared with the Peierls stress. It 
thus seems unlikely that this dislocation mechanism is responsible for the high- 
temperature rise in ‘as-grown’ crystals, either in silicon or, by a simular 
argument, in germanium. In deformed crystals, it is possible there is a peak 
just above the maximum temperature of measurement, and in this case an energy 
of about 1-9ev would be expected in silicon. Such a value is, however, still 
significantly larger than that measured. 

(ii) According to the solution hardening theory of Mott and Nabarro, a 
certain length of dislocation is taken to move coherently through the crystal 
when stress is applied, the stress field of impurities producing resistance to 
dislocation motion without actually pinning it. Weertman (1955, 1957) uses 
this concept to calculate internal friction, assuming that the potential wells are 
regularly spaced rather than random, and applying standard rate theory to 
determine their velocity. It should be noted that the temperature is assumed 
here to be sufficiently high for rapid interchange between the potential wells 
formed by the lattice planes which are used in the SDP theory, so that these 
wells do not resist dislocation motion. 

If the atomic fraction of impurity is between 10~? and 10~“, approximations 
can be made to Weertman’s formula, from which it seems that the activation 
energy H derived from the temperature increase of A is almost independent of 
impurity concentration. The formula is then 


H = A234GB3 


where A is close to unity, ¢ is the impurity misfit factor (fractional difference in 
atomic size), and the remaining factor is equal to the stress energy of the 
dislocation per unit atom length. Substitution of misfit factors of the order 0-05 
will give activation energies equal to those observed. Since the nature of the 
impurities is not known—they need not be electrically active—iittle further 
correlation can be made between theory and experiment. 

(iii) Vacancies are more mobilv than impurity atoms and will move in the 
stress field of dislocations at higher temperatures. The phase lag between the 
dislocation movement and the vacancy movement produces a loss. Kessler 
(1957 b) has made detailed calculations of this loss, assuming that the dislocation 
is surrounded by a vacancy atmosphere. If the atmosphere and the general 
vacancy concentration are in thermal equilibrium, then as the temperature 
increases (a) the Cottrell atmosphere of vacancies disperses, (b) the vacancy 
jumps become quicker and (c) the equilibrium concentration of vacancies 
increases. Associating energies Q, H and K with these processes leads to an 
effective energy of the rise equal to O+H —K. Again, an assessment of this 
value is difficult to make since none of the component values is known accurately, 
but in germanium, the values of H and K estimated by Letaw (1956) require 
a value of Q equal to 2:lev. This should be the binding energy of a vacancy at 
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its distance of closest approach, and the value derived is higher than that given 
by the Cottrell (1953) formula, at least on the basis of the values assumed by 
Kessler for closest approach distance. ‘The discrepancy is not sufhciently large 
to discount the theory, which in other respects agrees as well with experiment 
as does the Weertman theory. 

It can thus be seen that the number of undetermined parameters involved 
in these three theories is large, and until further experimental studies have been 
carried out on annealing of the high-temperature rise and the effect of varying 
impurity content, it will not be possible to determine whether the Kessler or the 
Weertman mechanism, or any other, is dominant in the high-temperature rise 
region. 
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Note on a Pinch Effect in a Low-pressure Arc 
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HE constriction of a discharge under the action of its own magnetic field 

is well known to be of importance in some of the heavy current devices 
which have been used in attempts to bring about thermonuclear reactions 
in hot plasmas. Similar effects, controlled magnetic constriction of an ordinary 
low-pressure arc column, and the converse effect, magnetic expansion, have been 
studied experimentally by one of us (Johnston 1955) with Langmuir probe 
techniques. The constriction of the column was produced by a magnetic field 
with lines in the same direction as those of the field of the arc, and the expansion 
by having the fields in opposite directions. The controlling field was produced 
by a current in a water-cooled cylindrical copper tube situated along the axis of 
the arc. 


Mercury arc tube for demonstrating positive and negative pinch effects: A, anode; F, and 
F,, cathodes; P, and Ps, Langmuir probes (cylindrical forms shown) ; G and g, ground 
joints. Details of the electrode leads and probe movements are not shown, and the 
pumping tube, at the anode end, is omitted. 


The discharge tube, shown in the figure, was 60 cm long and 5-0 cm in outside 
diameter, the centre was occupied by an inner glass tube 8 mm in outer diameter, 
the whole being much like a Liebig condenser. The copper tube, which is not 
shown in the figure, fitted loosely in the inner tube and projected at both ends. 
The main electrodes were an annular nichrome anode A, and two straight wire 
hot cathodes F, and F, made of 200 thoriated tungsten. This arrangement 
of electrodes was chosen so as to help maintain the discharge uniform over the 
annular cross section of the tube. The positive column was investigated with 
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two probes P, and Py, each of which could be moved radially by a screw system— 
not shown in detail—mounted in a side tube and operated through ground 
joints. The tube contained mercury vapour at a pressure of 1 to 2, and was 
used on the pumps. The discharge currents ranged from 40 to 160 ma, most 
measurements being carried out at 100ma. The current through the copper 
tube was supplied by batteries and could be varied from 0 to 150a. When the 
current through the copper was in the same direction as the arc current, the arc 
could be seen to contract around the inner glass tube. When the currents were 
in opposite directions the arc was pressed against the outer wall. The strongest 
magnetic field had only a slight effect otherwise on the macroscopic discharge 
parameters, reducing the anode current and increasing the potential difference 
across the tube each by about 6 to 10%. Within the range of magnetic fields used 
the arc did not exhibit any tendency to break up into striations or to assume a 
spiral form, except for the strongest field under expansion conditions, when there 
was aslight tendency to spiral. Noise increased from the zero additional magnetic 
field condition by only a factor of two for the strongest field. ; 

A number of Langmuir probe measurements were made using a logarithmic 
oscillograph circuit (Johnston 1956). Although some doubt arises about the 
interpretation of the probe characteristics, because of the magnetic field (Spiwak 
and Reichrudel 1936, Bickerton and von Engel 1956), they indicated that the 
visible changes in the plasma were accompanied by changes in electron 
temperature, in addition to the expected changes in electron density. ‘The electron 
temperature was apparently not constant across the positive column, in presence 
of the extra magnetic field. A negative radial temperature gradient was found 
in the contracted discharge, and a positive gradient in the expanded discharge. 
These gradients were found both with cylindrical probes placed parallel and 
normal to the field lines, and with plane probes normal to the field lines. The 
results for the various probes, although not agreeing in detail, showed similar 
radial variations of the electron temperature. The gradient increased with the 
current through the copper; typically, a change in temperature from 6 x 104 to 
3 x 10* °K was found in a radial distance of 0-5 cm for a current of 150 a. 

It is difficult to judge how reliable the electron temperature measurements 
are, but the temperature gradient recorded did reverse when the direction of the 
current through the copper was reversed, which would leave the magnitude of 
the radial gradient of the magnetic field due to the current through the copper 
unchanged. ‘The temperature gradients are in the opposite directions to those 
predicted by transport theory for an infinite plasma (Ware 1954), and their 


existence and magnitude, if real, are probably considerably dependent on boundary 
conditions. 
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The Magnetostriction of Lithium—Chromium Ferrite in the 
Neighbourhood of its Compensation Point 
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ERTAIN antiferromagnetic substances exhibit rapid changes in Young's 

modulus as their temperature is varied just below their Néel temperatures 

(Street and Lewis 1951, Fine 1952). It has been suggested that this may 
be due to movement of antiferromagnetic domain walls brought about by the 
interaction between the applied stress and magnetostriction. ‘This is the same 
explanation as that given to a similar occurrence in ferromagnetics and also 
accounts for the AE effect. With antiferromagnetics a difficulty arises because 
it is impossible to move the walls by the application of a magnetic field since the 
intra-domain magnetization is zero, so that even if single crystals are available 
it is not possible to measure the magnetostriction by normal means. At this 
stage it is perhaps worth while mentioning that the magnetostrictive strain which 
can be detected in very strong fields (Belov and Kevitin 1959) does not give 
the desired information. Ifa field is applied parallel to the antiferromagnetic axis 
it decreases the number of ‘wrong’ spins. If it is applied perpendicular to this 
axis it merely tilts the spin moments through a small angle towards the field 
direction. Both processes may give rise to a measurable magnetostriction but 
they are not necessarily related to the magnetostriction required to explain the 
Young’s modulus anomaly which is an anisotropic strain depending on the 
direction of antiferromagnetic ordering with respect to the crystal axes. 


Temperature “C 


-200 -100 0 100 
eee maa 


Polycrystalline magnetostriction constant A, Of Lig.5 Feo-g Cri-z O,. The compensation 


point is at 20°c. 


A ferrite at its compensation point has zero magnetic moment and hence 
behaves like an antiferromagnetic. Thus one can investigate the properties of 
a ferrite with a compensation point in its antiferromagnetic form by observation 
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of its behaviour on either side of the compensation point. In view of the apparent 
impossibility of measuring antiferromagnetic magnetostriction directly we have 
measured the magnetostriction of lithium-chromium ferrite of composition 
Liy.;Fey.gCr,.,0, as a function of temperature. According to Gorter (1954) 
the compensation point is 20°c. ‘The measurements were made by observing 
the strain in a polycrystalline disc as it was rotated in a saturating field of 5000 
oersteds thereby eliminating any volume magnetostriction. ‘The results are 
shown in the figure. It is evident that there is no anomalous behaviour at the 
compensation point and that the magnetostriction in the antiferromagnetic form 
is essentially the same as in the ferrimagnetic state. “Thus we conclude that the 
magnetostriction is determined by the magnetic moment of the individual 
sub-lattices and not by the net moment. = 

This result suggests that the order of magnitude of the magnetostriction of 
ferromagnetics and antiferromagnetics may be very similar and that the explana- 
tion of the Young’s modulus anomaly in terms of stress-induced domain wall 
movement is in order. In this connection it may be remarked that CoO exhibits 
a large change in Young’s modulus and that cobalt ferrite has the largest magneto- 
striction yet observed. 
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Second Dislocation Relaxation Peak in Aluminium at Low Temperatures 
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N aluminium Lax and Filson (1959) have observed a second low temperature 
[ cseaten relaxation peak which is considerably narrower than Bordoni (1954) 
peaks occurring at higher temperatures. The interesting thing to be observed is 
that the second dislocation relaxation peak is broader than the single relaxation 
spectrum at lower frequencies (figure 1 at 51 kc/s), but becomes narrower than the 
single relaxation spectrum at higher frequencies (figure 2 at 414 ke/s). According 
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to Zener’s (1948) theory for a single relaxation time, the ratio of the damping O71 
to its maximum value Om? is given by O07/Om-!=sech (Inw/wm) where wm 
is the characteristic relaxation frequency for maximum damping. 


Using 


w= exp [—W/RT], where w, is the limiting frequency associated with the 
attenuation peak due to dislocations and W is the activation energy, and 


wm =w, exp [— W/RT] where Tm is the temperature corresponding to maximum 
damping, we obtain the relation 


OF 


= =sech Ww oe = l 
On! k\Tm a , 


Values of O-'/Om~! have been calculated at different temperatures using the 


experimental values of Wand compared with the experimental values of O7'/Om 
as shown in figures | and 2. 
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The frequency-temperature dependence of the second relaxation peak in 


aluminium gives an activation energy of 550 calories per mole, 1.e. 0-024 ev. 
Values of the Peierls stress Tp? can be obtained from the relation 


7h3 Tp? 1/2 
w= (Fa)e(F) 


dislocation and yp is shear modulus. 


where b is the distance between the closest atoms in the glide direction of the 


In aluminium p is 2:5 x 101! dyn em and b 
is 2-48 x10-8cm. Hence using W=0-024 ev, we find Tp?/ 


y= 6°4 x 10~° which is 
less than the upper limit 3-6 x 10“ found by Cottrell (1953). However, the 
ratio Tp°/j2 can also be expressed as 


Fi ayes 
N33) \ 08 


where W, is the energy of a kink of the dislocation. 
propos 


Lothe and Hirth (1959) have 
ed a model for low temperature dislocation motion using the concept 
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of nucleation and growth of kinks in dislocations lying in Peierls potential troughs. 
According to their model the observed activation energy for the creep in the pure 
aluminium equals 2Wy, i.e. 2W=3400 cal mol-!=0-15ev. Using this value 
of Wx, the ratio 7p°/ is found to be equal to 1-144 x 10-4 which is closer to Cottrell’s 
upper limit of tp°/p. 
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Polar Scattering in III-V Compounds 
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is limited at room temperature by lattice optical mode scattering, and 
that acoustic modes are relatively unimportant. There is now sufficient 
information to make rough calculations for five other III-V compounds, to see 
if similar conclusions can be drawn. 
For zinc-blende crystals the mobility limit at 290 °K due to polar optical mode 
scattering is given by 


e \2/ m \32 hy 
= 1031 3 : Dien ash ae ay 
p=3%10 (5) (=) FMa'y (cxo| | 1) cm?v—!sec 


where e,* is the effective charge defined by Callen (1949), M the reduced mass of 
the atoms, a the lattice constant and v the longitudinal fundamental optical 
frequency. Fis a slowly varying function of hy/RT which at room temperature 
is approximately equal to 0-7 for all the compounds considered. 

In the table we show results for InSb, InAs, InP, GaSb, GaAs and AISb, 
using parameters deduced from far infra-red restrahlen spectra (Picus et al. 
1959), refractive indices, dielectric constants and effective masses. Effective 
mass values measured by magneto-optical effects have been used where available. 
In the other cases we have taken the approximate values quoted in the literature, 
generally deduced from the dependence of mobility on impurity content in 
impure specimens. The simple relation given above must be modified for the 
case of electron mobility in InSb to allow for the non-parabolic conduction band, 
and the screening due to the large number of electrons present at room temperature. 


Bsmt (1959) has shown that the electron mobility in pure InSb 
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Predicted and Measured Mobilities for III-V Compounds 


(1) (2) (3) (4) (5) (6) (7) (8) (9) 
InSb Electron 0-013 0-13 5°5 260 200000 78000 10: 
Hole 0-18 3600 750 
InAs Electron 0-03 0:22 7 340 22000 33000 10!6 
Hole 0-41 500 450 
InP Electron 0:07 0-24 10 480 6800 4800 5x 101 
Hole O-4 500 150 
GaSb Electron 0-047 0-11 7 340 43000 5000 101” 
Hole 0-5 1200 1000 
GaAs Electron 0-072 0-17 8:5 400 11000 8000 5x 1016 
Hole 0:5 600 400 
AlSb — 0-19 10 480 — LOZ 
Hole 0-4 800 460 


(1) Material; (2) carrier; (3) m*/m; (4) e.*/e; (5) v0" sec); (6) hv/R(CK); (7) calculated 
polar mobility (em? v—! sec!); (8) measured mobility (cm? v~! sec~'); (9) lowest 
total impurity content (cm~*). 


We should expect that the measured mobilities will be less than those given 
solely by polar scattering, since other scattering mechanisms cannot be ignored. 
Impurity scattering is important in all the compounds except InSb, and some 
indication of the lowest total impurity contents achieved are given in the table. 
If the appropriate allowance is made for impurity scattering, in every case but three 
the predicted mobility is within a factor of two of that measured. For electrons 
in InSb we have no appreciable impurity scattering, but we must consider 
electron-hole scattering, which can be treated in a similar way. At room 
temperature, there are 1-6 x 101° holes per cm’, and if the scattering due to them 
is combined with polar scattering, the mobility predicted (Ehrenreich 1959) is 
110 000 cm2 v-1sec-1, in good agreement with the measured value. 

For holes in InSb and electrons in GaSb we find that the mobilities calculated 
from combined polar scattering and impurity scattering are much higher than 
the values found in practice. There is conflicting evidence about the effective 
mass of holes in InSb. We have used 0-18 m, the value obtained from cyclotron 
resonance (Dresselhaus et al. 1955), and a value of near 0-5 m would be needed 
to give a polar mobility equal to the measured mobility. If we calculate mp 
from the equation 


n2 =4(2nkT|h?)*(memn/m?)*” exp (— E/RT) 


taking the energy gap as 0-17ev, the intrinsic concentration as 1-6 x 10!®cm~* 
(Hilsum and Barrie 1958, Hrostowski et al. 1955), and the electron mass appro- 
priate to this concentration (Moss, Smith and Taylor 1959) as 0-016m, we find 
that mp is approximately 0-5m. Other electrical measurements may be used 
for finding m*, but the answers obtained often depend on an implicit assumption 
that acoustic scattering is dominant. For example, the value for mp of 0-18 m 
deduced by Weiss (1956) from thermoelectric effects is doubled if one assumes 
that the relaxation time is independent of energy. Since the cyclotron resonance 
value is not firmly established (Kip, private communication) we cannot come to 
any definite conclusions, but it is certainly possible that polar scattering is the 
limiting process here too. 
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There is no obvious reason for the discrepancy between the predicted and 
measured values of electron mobility in GaSb. We may illustrate this by 
comparing the parameters of GaSb with those of InAs since v, M and a are the 
same for both materials. GaSb is so much less polar than InAs that we must 
conclude that its carrier mobilities should be the larger. 

There is always the possibility that acoustic scattering is in fact the dominant 
mechanism for GaSb, but if this were so we should then have to explain why 
this one compound should be the exception in this family of materials. Rough 
calculations of the mobility due to acoustic scattering can be made following the 
deformation potential method (Bardeen and Shockley 1950), and these give for 
Gasb a yalue’ of 3x 10? cmav “secs. 

Sagar (1959) has shown that the (000) minimum of the conduction band 
in GaSb is about 0-08 ev below the (111) minima. The effective mass appropriate 
to the (111) minima is about 0-22 m, and if we had used this value we would have 
obtained a polar mobility of 10 000cm?v-!sec~!. But if the band separation is 
as large as 0-08 ev the lower effective mass should be used for calculations on pure 
material at room temperature. It is possible that Sagar has overestimated the 
separation, but it seems more likely that the gallium antimonide available at present 
is very highly compensated, and gives little indication of the true potentialities 
of the material. Pure GaSb should have an electron mobility approaching that 
of InAs, if not InSb. 
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§ 1. INTRODUCTION 


HE experimental results of the measurement of cross sections of charge 

| exchange by single electron capture of low energy argon ions in argon gas 
given by Hasted and Gilbody (1957) indicate a reaction with an energy 
difference AE=0-18 ev between *P3). and #P,). states of the argon ions. Such 
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asymmetric behaviour of some symmetric reactions in the light of the adiabatic 
hypothesis gives more information about the nature of the reactions. In this 
work, we have calculated the cross section for the reaction 


Ree ee rA F ee (1) 


with AE=0 and 0-18 ev theoretically with the impact parameter method and 
compared the (c, (ev)'*) curve with the experimental curve given by Hasted 
and Gilbody (1957). 


§ 2. METHOD 


The method used for calculating the charge exchange cross sections is similar 
to that used by Karmohapatro and Das (1958) with the difference that of the 
four terms of the analytical wave function for argon worked out by Lowdin 
and Appel (1956) only the first one instead of the first two has been used here. 
In short, the method consists of assuming the one-electron model of the atom and 
the relative motion of such slow collisions is considered classically. 

With this model, the interaction potential 


1 1 
Haz -— sees 2 
eon (2) 
operated on 
Wip=AiexP(—4yra yp) ttt (3) 
for the initial and the final states, gives 
S(R 
Ayi= = Sieg Re aed (4) 


where 


S(R)=(alb), J(R)= (a 


1 

ae |e 
=) 
A, = —0°81754, a,=1-5080. 


R is the distance between the nucleus of the argon ion and the atom and 
r, is the distance between the nucleus of the argon ion and the electron of the 
atom, with suffixes a, b for the initial and final states, respectively. 

The solution of the integrals S(R) and.J(R) gives the probability of the reaction 


as 


P(Ry)=sim?x tees (5) 
where 
oO 2 
x= a = cos (=) Gy  ——s iw wis (6) 
y J —xo WU 


AE is the internal energy involved in the reaction and v is the velocity of the ions. 
The numerical value of y is computed for different values of Ro, the closest 
distance of collision, and the cross section is obtained graphically from the integral 


o=2n| ° P(Re)Ro dR oe (7) 


This method, for the different values of 2, gives the (a, (ev)"”) curve. 
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A+A>A+A 


0 10 20 30 
Energy (ev)/2 


Comparison of the theoretical cross section velocity curves obtained by the impact para- 
meter method using Slater’s wave function (curve I) and the first term of Loéwdin’s 
wave function (curve II, AE=0 and curve III, AE=0-18 ev), with the experimental 
curve (H) obtained by Hasted and Gilbody (1957). 


§ 3. RESULTS 
o, (ev)/2) curves in the energy range 25—900 ev for the reaction 
8) g 
At++A3A+At 


are obtained by the above method for both types of reactions with AE=0 
(curve II) and 0-18 ev (curve III). In the figure these curves are compared with 
the experimental curve given by Hasted and Gilbody (1957). 


§ 4. CONCLUSION 


It may be concluded that the one term approximation of such an analytical 
wave function gives more accurate results in the low energy range than the Slater 
nodeless wave function, even for a symmetric charge exchange reaction, as will 
be evident from the figure by comparing curve II with curve I, reproduced from 
Gurnee and Magee (1957). 

From the figure it is evident that the theoretical curve II has a closer agreement 
with the experimental curve, given by Hasted and Gilbody (1957) showing the 
reaction as asymmetric with AF=0-18ev. However, in the light of previous 
conclusions (Karmohapatro 1959) regarding the dependence of the probability 
of such charge exchange upon the experimental conditions, it can be said that the 
reaction in equation (1) may happen in four ways: 


(1) A*(?P3.)+A>A+At(?Po9) 

(ii) A+@Py_)+A>A+A+(?Pyj) 
(iii) A+@Py.)+A>A+At+(@P,,)—O18ev [0 (8) 
(iv) A*C@Py) + A>A+A*(?Pyip) + 0-18 ev. 


The symmetric reactions (1), (ii) or the asymmetric ones (iii), (iv) cannot 
be distinguished by the above method. However, experiments under different 
conditions may show superposed effects of these types of reactions, happening 
in different fractions. ‘Thus, the curve due to Hasted and Gilbody shows that 
most of the reactions are due to processes (iii) and (iv). 
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Cross sections for the argon ions with energy less than 25 ey are theoretically 
not calculated in the present work. The experimental curve has an inflection at 
the low energy end, which may be explained by assuming that the reactions 
(1), (11) of equation (8) are more prominent in this lower energy region. However, 
the present method may be applied to the low energy ion-atom collisions with 
certain accuracy ; or for energies near threshold where trajectories are not assumed 
to be straight, the approximation method described by Rosen (1958) may give 
good results. Dalgarno (1958) has calculated the charge exchange cross sections 
related to the mobility for A+ in A. The discrepancy of these data with the 
experimental curve shows an apparent violation of the theory of dependence of 
mobility of ions in parent gases on the charge exchange cross sections as worked 
out by Massey and Mohr (1934). This discrepancy may be due to the asymmetric 
behaviour of the reactions as (iii) and (iv) in equation (8), which is similar to the 
case of ions in unlike gases. 

The shape of the experimental curve may mean that the processes (iii) and 
(iv) play the dominant role throughout the energy range. However, on the 
low energy side, processes (i) and (ii) might be contributing a sizeable percentage 
in the total cross sections, producing the inflection in the experimental curve. 
The actual percentages may be estimated theoretically provided all the terms, to 
which the cross section is sensitive, are included in the calculations for each 
individual process. 
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Selection Rules for Spin-Orbit Matrix Elements for the Configuration f" 
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ELECTION tables in W and U, the quantum numbers of Racah (1949), 
are derived for spin-orbit matrix elements between states of configuration 

nu 
The space parts of the complete anti-symmetric wave function of an electronic 
configuration f”, which is an eigenfunction of S?, L?, M, and M, are seven- 
dimensional tensors of rank n with a basis of $,(1)¢o(m2)--$,(™n); where each 


2Z2E2 
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¢ is a one-electron spatial wave function of angular momentum quantum number 
/=3. ‘These tensors provide a basis for representations of the unitary group 
U. in seven dimensions and any of its sub-groups such as R;, G» and hs blete 
R. and R;, are the real orthogonal groups in seven and three dimensions, and G, 
is the group used by Racah (1949) to define the quantum number U, while R, 
defines the quantum number WV. Further, such tensors form a basis for a 
representation of S,, the symmetric group of permutations of the 1 electronic 
coordinates. Since this representation of S,, commutes with the above repre- 
sentations of U, and its sub-groups, tensors may be selected which transform 
irreducibly according to both U,and S,, inthe following manner. The irreducible 
representations of S,, and U, in this tensor space are both defined by a partition 
of the integer 7, i.e. (m1, 79, M3...) M1 >Mg2>Nz>.... Corresponding to a certain 
partition, tensors may be chosen to form a rectangular array the number of rows 
and columns of which being the dimensions of the corresponding irreducible 
representations I’ and D say, of S,, and U, respectively. This rectangular array 
has the property that the rows transform irreducibly according to I’ while the 
columns transform irreducibly according to D (see e.g. van der Waerden 1932 and 
Weyl 1946). It is clear that the columns can be arranged according to the 
irreducible representations of U,, R;, Gz, R3, and may thus be labelled by the 
set of numbers v, W; U, L, M,. A further label « indicates the row of the 
rectangular array to which the basis tensor |[«; vVULM,) belongs. 

These tensors must be combined with spin wave functions |8; SM.) which 
similarly transform irreducibly according to the representation [’, of S,, which 
is the associated representation of I’, and to the representation, defined by S, 
of the unitary group in the two dimensional spin space. ‘These functions may 
be chosen so that the representation matrix in [, of an element P of S, is 6, 
times the matrix representing P in I’, where 6, is + 1 or —1 as the permutation P 
is even or odd. In this case, since the representations I’ and I, may be chosen 
to be unitary, it may be shown that the antisymmetric complete wave function 
is given by 


|LWUSLM,M,)=)|x;SM,)|a;0WULM,). —...... (1) 


Thus the matrix of the spin-orbit operator referred to these states is 
(vo W'U'S'L'M,'M,'|>s;.1]voWUSLM,M,) 
i=1 


= (a; S’M,'|s|8; SMy). (a; 0 W'U'L'M,'[1,|8; oWULM, ). 


0,4,B 


Racah (1949) has observed that tensors such as 1; which transform irreducibly 
according to the representation D, of R, transform according to the representation 
(110) of R, and (11) of G,. Thus allowed matrix elements must be such that 
the product representations of R, and G4, (W’) x (110) x (W) and (U’) x (11) x (U) 
respectively contain the identity representation of the respective group at least 
once. | c(WW’'(110)) and c(UU'(11)) the number of times the identity repre- 
sentations (000) and (00) of R, and G, occur in the above product representations 
have been calculated by methods similar to those employed by Judd (1959) and 
are tabulated below. Since the spin-orbit matrix element between the states 
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lj’ W'U'S'L'JJ,) and |eWUSLJJ.) is linearly related to matrix elements of 
the above kind, the same selection rules in Wand U will hold between these states 
as between the Russell-Saunders states. 

The selection table for IV is not useful for matrix elements between states of 
high multiplicity: no matrix elements between the states listed in table 2 of 
Elliott, Judd and Runciman (1957) are forbidden for W, which are allowed for 
other quantum numbers including the seniority number v7. However it may 
be useful for states of lower multiplicity. The selection table for U has been 
verified and is proving useful in calculations of spin-orbit matrix elements for 
f*, f° and f° which are now being made here. This table may also be verified 
by reference to the matrix elements for f? (Judd and Loudon 1959). 

From the form of the spin-orbit matrix element in equation (2), it is easy to 
see that singlet-singlet spin-orbit matrix elements must be zero. Another known 
selection rule, that spin-orbit matrix elements are zero between different states 
of highest multiplicity for configuration /” may be easily derived from the 
form (1) for the complete wave function. By using the identity 


n 1 1 n 
ds. L= = S.L+ = > Mss) —1,);. vse (3) 


i=1 ijk=1 
and the fact that for n <2/+ 1, the single space part of the wave function is anti- 
symmetric to interchange of the spatial coordinates of any pair of electrons, it is 
easy to show that the spin-orbit matrix element between such states is simply 


1 / v , / / 
~ (SM,'|$|SMs). (W'U'LM,'|LIVULM,) 


for elements diagonal in SL and zero otherwise. Since matrix elements for 
n+21+1 equivalent electrons are minus the corresponding elements for n 
equivalent electrons, this rule may be extended to n<4/+2. 


c(WW’ (110)) 

(000) (100) (110) (200) (111) (210) (211) (220) (221) (222) 
(000) = = 1 = x - 7 7 2 _ 
(100) Z 1 
(110) 1 is 
(200) = 
(111) = 
(210) = 
(211) eS 
(220) Z = 
(221) es es 
(222) zs = = ~ 


flee 
I-_e | Re Re | 
pre | RRP RPT RR 
Re RR NORE RR | 
{mee | 
SPN ER | 


c(UU’ (11)) 
Gey 10} (11) (20) @iy Go. G2) Gly “Go 
(00) = - - = ~ - 
(10) . 1 
(11) = 
(20) = 1 
1 


— 


(21) 
(30) = 

(22) = = 
(31) : : 
(40) - - 


| ee ee 
bre} rR Re Pe 
ee Oe 
RRR RRR | 
FP Nor RR eK | 
pr | ee | 
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Note added in proof.—Dr. B. R. Judd has recently brought to my attention the 
following additional selection rule: 


(a) If c(WW’ (110))=1 and W=W’, all matrix elements that are non- 
diagonal in U and L vanish; 

(b) If c(UU' (11))=1 and U=U’, all matrix elements that are non-diagonal 
in L vanish. 


The Stopping Powers of Atoms 


By A. DALGARNO 
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$1. INTRODUCTION 


HE stopping powers of atoms towards fast particles can be expressed in 
| terms of an average excitation energy J (cf. Livingstone and Bethe 1937). 


By a slight generalization of a formula given by Mott and Massey (1949), 
it may be shown that 


InJ=} f,In (By—E,)/Sf, ee (1) 


where /, is the electric dipole oscillator strength of the transition from the ground 
state of the atom to the mth excited state, E)—E,, is the energy of the transition 
and the summations include integrations over the continua. he evaluation 
of (1) by explicit summation is possible only for hydrogen and helium, and for 
heavier elements it has been supposed that J must be determined by analysis 
of the experimental data. 

It is the purpose of this note to describe a purely theoretical method of 
computing J which is capable of yielding values correct to an uncertainty of the 
order of one per cent and which can be applied to any element. 


§ 2. 'THE EVALUATION oF I 
We define a function 


S(k)= > f,.(fo ha) (2) 
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Then (cf. Dalgarno and Lynn 1957) 
l67Z 


S(2)= 3 P71) ee ee (3) 
where r; is the position vector of the ith electron of the atom: 
: 3 1 
See \Eo+ aS (P.-p:>} neers (4) 
) 2 tFj 


where E, is the binding energy measured in rydbergs and p, is the momentum 
of the 7th electron; 


OV ee YY WAY ake. (5) 
where N is the number of electrons; 
1 x 
St. ye te (6) 
(= PyS=te 0  R Gi) 


where « is the atomic dipole polarizability in units of ag? (a4) =5-292 x 10- cm). 
In addition it may be shown that S (2-5) tends logarithmically to infinity. 
The general form of S(k) suggests that a reliable analytic fit can be obtained 
according to 
S(k)={a+ bk+ck?+dln(2-5—kR)}FS(0), =... (8) 


a, b, c and d being determined so that the values of (3), (4), (6) and (7) are 
reproduced. Now 


raed Ea s(t) | rane (9) 


f=(a4+dlg2-5) tydberss, = nbs esos (10) 


We have applied the method to hydrogen, helium, lithium and beryllium 
using the most accurate available wave functions to calculate the expectation values 
and using the best estimates available for the polarizabilities. ‘The derived 


so that with (8) 


Values of J (ev) 


H He A Be 
Experimentalt 155 41-. 39° 64°59 
Equation (10) 14-8 41-7 38°8 66:1 


+ The values for H and He are the results of explicit evaluations of (1). 


values of J are given in the table. Comparison data are provided for H and He 
by direct summation of (1) and for Li and Be by analysis of experimental data 
(cf. Burkig and MacKenzie 1957) and the corresponding values of J are also 
given in the table. . . 

The value for Be derived from (10) may be slightly too large since the 
Hartree-Fock wave functions employed probably overestimate both (3) and (4). 
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In any event, the experimental values may be in error by 2 or 3ev, so that the 
two sets of results are in harmony. Thus the simple method proposed here is 
capable of yielding values of J to an accuracy at least comparable with that obtain- 
ing in the determination of J from experimental data. | . ; 

A similar method has been proposed by Pekeris (1959) for the evaluation o 
the average excitation energy K associated with the Lamb shift but the probable 
error is very much larger. 
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Correlation between Photons in Partially Polarized Light Beams 


By E. WOLF 


Institute of Optics, University of Rochester, Rochester, N.Y., U.S.A. 
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1957a,b) demonstrated that the fluctuations in the current outputs 

from two photoelectric detectors illuminated by a coherent or partially 
coherent light beam are in general correlated. A clear explanation of this effect 
was given by Purcell (1956) and his analysis was extended by Mandel (1958). 
The Hanbury Brown—Twiss effect may be used to determine the degree of coherence 
between light vibrations at two points in space and has important applications in 
connection with the measurement of stellar diameters (Hanbury Brown and 
Twiss 1956b, 1958 a,b). 

The analyses published so far apply to light which is either linearly polarized 
or completely unpolarized. It is the purpose of this note to extend some of the 
results to partially polarized light and to show that the Hanbury Brown—Twiss 
effect can also be used to determine the degree of polarization of a light beam. 

Consider first the fluctuations in the output of a single photoelectric detector, 
illuminated by a plane, quasi-monochromatic, partially polarized light wave. 
Let us resolve the electric vibrations in the incident wave into two mutually 
orthogonal components, at right angles to the direction of propagation. If only 
one of the components (x, say) were present, then, according to the calculations 
of Purcell and Mandel, the mean square fluctuation in the number of photo- 


electrons ejected in a time interval T averaged over a sequence of such intervals is 
given by 


[: several important investigations, Hanbury Brown and Twiss (1956a, 


SnP=7,(1 + pn.) feet (1) 
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where it is assumed that T is much greater than the coherence time 7, of the light. 
If only the other component (y, say) were present, one would of course have a 
strictly similar expression for the corresponding mean square fluctuation An,?. 

In a partially polarized beam the fluctuations of the light vibrations in the 
x- and y-components are correlated. Assuming that the emission of the photo- 
electrons is associated stochastically with the two polarization components one 
must expect that there is then also a non-vanishing correlation An,An,, in the 


fluctuations of n, and n,. To determine An,An, we assume that the joint 
probability distribution for the two components of the electric vector in the 
incident beam is Gaussian (as may in general be assumed by an appeal to the 
central limit theorem of probability theory). Then it follows by a similar 
calculation as carried out by Mandel (1958) in connection with his formula 


(23) that 
An,An, ek ey nr re (2) 


where ,,,, is the normalized complex correlation coefficient which characterizes 
the correlation between the components E£,,, E,, of the incident electric vector, 
the components being represented by analytical signals (Born and Wolf 1959, 
Wolf 1959). Hence taking into account both polarization components, it follows 
from (1) and (2) that the mean square fluctuation in the number of photoelectrons 
emitted in intervals of duration 7’, when the detector is illuminated by a partially 
polarized beam is 


7] 
=fll+o(7/T)f], jj — seeeee (3) 
where eae es 
Lt y 
and o=1—2( te ) QS te). 9 waa vies (4) 
Ai 


The formula (3) can only be physically meaningful if the right-hand side is 
independent of any particular choice of the x and y directions. To show that this 
is so and also to express An? in terms of the degree of polarization of the light we 
introduce the coherency matrix J,,=<E,E;*), (4j=%,y), angular brackets 
denoting the time average. ‘Then if « denotes the quantum sensitivity of the 
photoelectric detector, 1, =40TS op) Ny =4%TI,,. Also ay? =F ey! val aa! yan 
and (4) becomes 


oe (5) 


where |J|=J p25 yy —J cy yo 38 the determinant of the coherency matrix. Since 
the right-hand side of (5) only involves the two rotational invariants of the 
coherency matrix, o is independent of the particular choice of the x and y 
directions; so is evidently also # since N,+Ny=$0T(SogtFyy)- Moreover 


from (5) and formula (5.14) of Wolf (1959) it follows that 
PG ah he oe (6) 
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where P is the degree of polarization of the light. Hence the expression (3) 
finally becomes 


erable wea Wid 9 Mande: (7) 


The term 4(1+P?)(z,/7)a represents an excess fluctuation in the counting rate 
over that given by classical particle statistics. In the special case when P=1 
or P=( (completely polarized or completely unpolarized light), (7) reduces to 
the expressions found by Purcell and Mandel. . 

It is now a simple matter to determine the correlation between the fluctuations 
in the output from two photoelectric detectors, illuminated by two portions of a 
partially polarized beam. If suffixes 1 or 2 refer to each of the two detectors, the 
mean square fluctuation in the count from each is given by an expression such 
as (7), with , or m, written in place of n. If the two outputs are joined together, 
one reverts to the single channel experiment with n=n,+mn,. Hence using the 


standard formula An?=An,2 + An?+2An,Anzy, it readily follows that the correlation 
in the fluctuations of the counts from the two detectors is given by 


An, An, = 4(1 + P?)(r9/T)n,np. pec cas) 


Again, in the special cases when P=0 or P=1, and when the light is coherent 
this formula is in agreement with the results of Purcell and Mandel. 

The relation (8) shows that the degree of polarization of a light beam may in 
principle be determined from measurements of the correlation in the outputs of 
two photoelectric detectors illuminated by two portions of the beam. ‘This 
possibility is probably of no great practical interest at present, since the method 
requires carefully controlled experiments and much greater technical skill than 
is needed in measurements by conventional means; the method is, however, of 
considerable theoretical interest since it does not require the use of a polarizing 
or a compensating device. ‘The principle could probably be more profitably 
used in connection with polarization measurements involving electromagnetic 


radiation of other regions of the spectrum, employing appropriate square law 
detectors. 
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Asymmetry in Scattering of 90-140 Mev Polarized Protons from 
Nuclear Emulsion Material} 


By J. G. RUTHERGLEN 
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Abstract. ‘The polarization in proton scattering from nuclear emulsion material 
has been measured by a counter method at proton energies of 143, 115 and 91 Mev. 
The results are in good agreement with estimations based on previous results 
for the constituent elements of the material and provide a good calibration for 
experiments in which nuclear emulsions are used as a polarization analyser. 


$ 1. INTRODUCTION 


T has already been shown (Feld and Maglic 1958) that the measurement of 

the asymmetry in scattering of protons in nuclear emulsions promises to be 

a useful technique in the determination of the polarization of proton beams 

of low intensity at energies in the region of 150 Mev. It therefore seemed desirable 

to obtain data of improved statistical accuracy and to extend the measurements 

over a wider energy range. In order to achieve this in a reasonable time it was 
decided to use counter techniques rather than actual scanning of emulsions. 


§ 2, EXPERIMENTAL PROCEDURE 


The external polarized beam from the Harwell cyclotron was used in these 
measurements. This beam is produced by scattering at about 8° from an internal 
carbon target and was known to have a polarization P; =0-46+0-01. ‘This beam 
passed axially through a solenoid which was capable of producing sufficient 
magnetic field to precess the proton spins through angles up to 120° in either 
sense with respect to their initial vertical direction. When this solenoid was 
correctly aligned, the movement of the beam due to the field was extremely small 
(CA oh gf 

Targets were set up in this beam and scattered protons were detected by two 
scintillation counter telescopes, each consisting of two counters in coincidence, 
which were capable of rotating in a horizontal plane about a vertical axis through 
the target. he distances of the counters of each telescope from the target were 
96cm and 130cm. ‘The effective angles subtended by the counter telescope at 
the target were 0-8” in the horizontal plane and 1-8° in the vertical plane. ‘I'he 
total width at half intensity of the angular resolution curve, measured by rotating 
the telescope through the direct beam, was 1-4°. Aluminium absorbers were 
placed between the two counters in each telescope to set a lower limit to the 
proton energy which could be detected. This lower limit was usually about 


9 Mev below the mean proton energy. 


+ Work performed as a Vacation Consultant at Atomic Energy Research Establishment, 
Harwell. 


428 Research Notes 


The emulsion targets were made from stripped G5 emulsions, cut to a suitable 
size and cemented together. ‘The majority of the measurements were made with 
a target of surface density 0-945 gcm~?, but some of the measurements at large 
angles were made with a 1-6gcm target. Measurements were also made at 
some angles on carbon and silver, using targets of surface density 1-41 g em—-and 
0-815 gcm respectively. 

The energy of the proton beam was measured by means of a range curve, 
using the aluminium absorbers between the counters. ‘The energy of the beam 
at the centre of the emulsion target was found to be 143 Mev, with a spread of 
+4mev at half intensity. For measurements at lower energies, CH, absorbers 
were placed in the beam between the solenoid and the target, and a collimator was 
placed between the absorbers and the target to ensure that the beam width was 
not appreciably increased by multiple scattering in the absorber. ‘This resulted 
in a reduction of beam intensity by a factor of about three at 115 Mev and about 
six at 91 Mev, relative to the intensity at 143 Mev. The proton beam was moni- 
tored by an ionization chamber placed in the beam at about 2 metres behind the 
target. The total charge was measured by means of a current integrator. 

For each measurement the counts in the left and right telescopes were recorded 
for equal monitor counts with the solenoid field off and with the field required to 
precess the proton spins through 120°. Background runs were also made under 
both field conditions with the target removed and an equivalent thickness of 
aluminium added to the absorbers between the counters. Background counting 
rates were usually less than 10°% of the rates with the target in place. ‘Then if 
L and R are the counting rates, with background subtracted, we have 


- (i) c & _14P,P,  1+4P,P, 
0 L 120° Usey alice 1—3P,P, 


where P, is the polarization of the proton beam and P, the polarization produced 
bythetarget. ‘hus from the measured values of ¢ the values of P, were calculated. 
In this method all systematic errors are negligible, except that due to lateral 
movement of the beam direction resulting from changing the solenoid field. 
This movement was measured by exposing x-ray films in the beam at the target 
and at about 150 cm behind the target. The centre of gravity of the beam was 
then determined by scanning the films with a micro-densitometer. The shifts 
were of the order of 0-03° for one field direction and 0-08° for the other, with 
respect to the zero field direction. They varied slightly for different conditions 
of absorber and collimators, and were measured to an accuracy of about +0-015° 
for each condition under which runs were made. Corrections were then made to 
the value of ¢«, using these shift measurements combined with the measured 
variation of scattering cross section with angle for each target. In the first set of 
runs measurements were made with both field directions and the two values 
of (R/L),.9» were corrected separately. These corrected values agreed well 
within the statistical errors and the mean value was taken for the evaluation of «. 
In later runs measurements were only made with the field direction which gave 
the smaller shift (~0-03°). Under the most unfavourable conditions the 


uncertainty of +0-015° in the beam direction resulted in an uncertainty of the 
order of +0-01 in the final value of P,. 
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The final results obtained for carbon, emulsion and silver are shown in the 


table. in calculating the errors shown in this table, all known sources of error 
Energy 6G O\/E Polarization P, 
(Mev) (deg) (deg mev!/?) Carbon Emulsion Silver 
143 6:45 4d 0-457 +0-015 0-373 + 0-010 
7:0 84 0-399 + 0-017 
7-65 92 0-459+0-015 0-440 + 0-017 0-398 + 0-026 
9-0 108 0-422+0-015 0-402 + 0-022 
10-5 126 0-530+0-015 0-440 + 0-030 0-376 + 0-035 
12-0 144 0-586 +0-018 0-479 + 0-030 0-365+ 0-061 
14-0 167 0-454 + 0-040 
16-0 192 0-662 + 0-050 
20-0 2359 0-680 + 0-050 
22-0 263 0-955 +0-045 0-699 + 0-070 
115 6:7 72 0-226 + 0-020 
7-0 vhs 0-378 + 0-026 0-276+0-015 0-202 +0-015 
9-0 96°5 0-415 +0-028 0-295 + 0-020 0-285 + 0-040 
11-0 118 0-392 + 0-036 0-322 + 0-030 0-122 + 0-070 
13-0 140 0-305 + 0-050 0-230 + 0-046 0-15 +0-10 
15-0 161 0-455 + 0-070 0-364 +0-061 
91 75 715 0-292 + 0-085 0-150 +0-030 0-178 + 0-036 
10-0 95°5 0-287 + 0-045 0:2144+ 0-032 0-130 + 0-046 
1225 119 0-335 + 0-087 0-157 + 0-046 0-107 + 0-095 
15-0 143 0-272 + 0-083 0-096 + 0:076 
LS 167 OPAL Sat Oeil) 


have been included except that due to the uncertainty of the value of P,, which 
has been taken to be 0-46. The value of the polarization from carbon at 7:65° 
is seen to be 0:-459+0-015, in good agreement with previous Harwell measure- 
ments. For the absolute values of P, it would therefore seem reasonable to take 
P, =0-46 + 0-008, in which case an error of +0-018P, should be added in quad- 
rature with the errors shown in the table. 


----- Carbon ae ; 
Loe Silver bromide BE 
a 08 


— Emulsion (estimated) as 7 
n3 blade A ote ok - | | wk | 
beer a 06 ae 
— ie Bice. fein 
+ ciate Sa gl | 143 Mev 
02 ae a ks 


14 16 1B 20 22 0 100 140 130 = =©220 + ~—-260 
i: i ‘ 8 (deg) 6/E (deg Mev’) 
Figure 1. Polarization plotted against scattering Figure 2. Polarization plotted 


angle, 143 Mev. against 04/E. 


The emulsion results at 143 Mev are also shown in figure 1. The bottom curve 
in figure 1 is an estimate for the polarization from AgBr based on the previous 
measurements for Ag (Dickson, Rose and Salter, unpublished). The top curve 
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is the polarization for carbon (Dickson and Salter 1957) and the middle curve 
is an estimate for emulsion, assuming that the contribution from the light elements 
is equal to that from the same mass of carbon. ‘The ratio of the masses of light 
elements to that of AgBr in the emulsion was assumed to be 0-19. It will be 
seen that the measured polarization from emulsion agrees well with the estimated 
curve. The polarization at small angles is determined mainly by the AgBr 
but at angles near the diffraction minimum of AgBr the scattering from the light 
elements becomes comparable and consequently the polarization remains 
reasonably high. 

The emulsion results at all three energies are shown in figure 2. The 
polarization is plotted against 6\/E, since one would expect the general shape of 
the curves to be similar on this scale. It will be seen that the polarization falls 
off fairly rapidly with decreasing proton energy. ‘The weighted mean values 
for the average polarization for 70 <6./E <170 are 0-412 + 0-010, 0-275 + 0-012 
and 0:172+0-020 at 143, 115 and 91Mev respectively. (The errors include 
theverroran |.) 

The mean value at 143 Mev is not in agreement with the results of Feld and 
Maglic (1958), who obtained an average value of 0-60 + 0-06 at a mean proton 
energy of 135 Mev for scattering angles between 5° and 12°. At angles greater 
than 12° the results are in agreement, within the statistical errors. It may be 
significant that the region of disagreement is that in which the cross section is 
varying most rapidly with scattering angle and hence where the asymmetries are 
most sensitive to small angular errors. It seems possible that such false 
asymmetries may arise in the method used by Feld and Maglic, either due to 
distortion of the emulsion in processing or by the effects of multiple scattering. 
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§ 1. INTRODUCTION 


N experimental determination of the ratio of z— to 7+ mesons photoproduced 
from deuterium is of considerable importance in the verification or other- 


wise of current theoretical predictions. The angular and energy 
dependence of the ratio has been studied by a number of workers and the results 
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have been discussed in some detail by Moravesik (1957). The experiment 
reported here describes measurements of the ratio at a laboratory angle of 125° 
and gamma-ray energies in the range 190-240 mev. 


§ 2. APPARATUS 

A liquid target of effective thickness 0-238 gcm~ of hydrogen or 0-575 gem 
of deuterium was exposed to the 240 Mev bremsstrahlung from the Glasgow 
electron synchrotron. Pions were detected by means of a scintillation counter 
telescope at a mean laboratory angle of 125° to the photon beam. 

The telescope consisted of three scintillation counters. Particles which 
stopped in the second counter were defined by a 123 coincidence—anticoincidence. 
Mesons were separated from electrons and protons by means of their dE/dx and 
FE pulse heights from counters 1 and 2. 

These pulse heights were recorded by photographing a cathode-ray tube spot 
display, in which the coordinates of each spot were proportional to the pulse 
heights C, and C, from counters 1 and 2. Positive pions were identified by their 
characteristic 7*+* decay in counter 2. The detection scheme required a 
coincidence between the meson signal and a delayed signal from the muon. A 
second cathode-ray tube spot display was used for recording C, and C, pulse 
heights which were accompanied by delayed coincidences. Typical spot 
pictures with a liquid hydrogen target are shown in figure 1, in which the 


/) Pulse Height (Counter 2) 


dE/dx Pulse Height (Counter |) 


Figure 1. The three groups of spots correspond to electrons, mesons and protons from left 
to right respectively. The larger spots represent those events for which there has 
been a delayed coincidence. 


‘ordinary’ and ‘delayed coincidence’ pictures have been superimposed, the 
latter being shown by heavy dots. It will be seen that about 50%, of 7* mesons 
were accompanied by recorded delayed coincidences. Thus the efficiency for 
recording a delayed coincidence was determined from the hydrogen runs and 
was used in the analysis of measurements on deuterium. 

The counter thicknesses were such that pions stopping in counter 2 had an 
energy range at creation from about 18-28mev. For measurements of pions 
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of higher energy, absorbers of carbon were placed between the target and the 
telescope. Corrections were made for decay in flight, nuclear absorption and 
losses due to events in which ~~ star products produce vetoes by entering the 
anticoincidence counter. The individual correction due to any one of these 
sources was never greater than 4%. 


§ 3. RESULTS 


Four sets of data were taken with different absorbers to cover the pion energy 
range from 20-50 Mev from both the hydrogen and deuterium targets. 


E (Mev) hah (deg) E,, (Mev) a lat 

17-8-27°8 125 190-209 oh) se40)211 Tl 
28:8-36°6 25 210-226 1-27 +0-12 
37:1-44-0 125 227-240 1:-43+0-25 
45-2-51:5 125 — 1:83+0-71 


The z~/7* ratios for the four runs are shown in the table. It should be noted 
that the highest energy run is beyond the kinematic limit of 43-7 Mev for pion 
production at 125° from a free nucleon by 240 Mev bremsstrahlung gamma rays. 
Mesons are only produced in this energy region because of the finite momentum 
of the nucleons in the deuterium. The angular variation of the z~/z* ratio 
from deuterium as a function of energy has been discussed in some detail by 
Moravesik (1957). Figure 2 and 3 are reproduced from Moravesik’s paper with 


Zab Ie Te eee caer ee et i A eh ee 
Ey (lab) = 220-230 Mev eee Ej(lab) = 200-210 ev 


ea eae eee | ee Pe eae ee Se be PU ele ae 


0 40 80 120 {60 0 40 80 120 . 160 
Flap (deg) Diab (deg) 


Figures 2 and 3. The angular distribution of the ratio of 7~ to 7+ mesons photoproduced 
from deuterium. The solid and broken curves are the ordinary and ‘ adjusted ’ 
versions of the theory due to Moravesik (1957), whose paper should be consulted 


for references to the previous experimental data. The present results are represented 
by open circles. 


the addition of the present data in the form of open circles from the three lowest 
energy runs. ‘The point in figure 2 is the weighted mean of the data from 
210-240mey. It will be seen that the agreement with previous experimental 
data is good and gives further support to the ‘adjusted’ version of the theory. 
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The majority of the previous data was taken with bremsstrahlung end-point 
energies between 300 and 500 Mev. Thus the present results give a satisfactory 
confirmation that the previous results were not appreciably affected by con- 


tributions from gamma rays of energy much higher than that appropriate to the 
free nucleon case. 
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Relativistic K Shell Stopping Power Theory 


By H. S. PERLMAN 


Physics Department, University of Melbourne 


Communicated by P. Swan; M/S. received 29th March 1960 


Abstract. The contribution of the K shell to the stopping power of mercury for 
relativistic electrons is calculated using Dirac wave functions and the Moller 
interaction. ‘The results are compared with those of approximately relativistic 
calculations. 


$ 1. INTRODUCTION 


LT HOUGH theoretical estimates of the stopping power contributions of 
individual shells are not readily susceptible to empirical verification, one 
can, to some advantage, compare the individual contributions predicted 

by different theoretical treatments. ‘To this end, we will quickly review the 
results of previous calculations. 

By way of delineation, interest here is confined to the average energy lost per 
unit length traversed by the electrons, variations from the average, 1.e. straggling, 
being ignored. Further, we are interested only in energy losses due to non- 
radiative collisions with isolated atoms. Accordingly density effect considerations 
are not relevant here. 

The non-relativistic theory developed by Bethe (1930) employs the Born 
approximation and hydrogenic Schrédinger wave functions. For incident 
electrons it gives (cf. Bethe and Ashkin 1953), 


sabe dE = 4re*N(1+f/2) {In (se /5) + correction terms O (#)} 


F 
PROC. PHYS. SOC. LXXVI, 3 2 


434 Research Notes 


where f denotes the total oscillator strength of all optical transitions from the two 
K states to all unoccupied states, N the number of atoms per unit volume and J, 
the so-called mean ionization potential of the K shell, which together with f 
has been computed for different atoms. 

The relativistic theory developed by Moller (1932) and Bethe (1933) using 
the Moller interaction, in Born approximation, with Darwin atomic wave functions 
and the assumption Za <1, yields 


dE 27e4+N 2moy?v"(L°—myc*) | 1 (* - -) 
—(——) = —— (14f/2)4 In —————_ + 5 | — 
ay Mov” oe i i Ly? aay 


= 2 = 
—| 3- eae In2 + as + correction terms O fx apse ee (re2) 
y Ve BE 


where the parameters /, and f are identical with those in (1.1). 

A word of explanation is necessary regarding the source of equations (1.1) 
and (1.2). Both these results involve some modification of the usual expressions 
quoted in this connection (cf. Bethe and Ashkin 1953, pages 254-5, equations 
(51) and (52)). 

In the first place, for electrons, the theory has hitherto been considered only 
for hydrogen and helium where 1+//2=2, there being no higher occupied states, 
and further the higher order corrections have been ignored. But for heavy 
incident particles, both these effects, namely, the exclusion of transitions to 
occupied states and the higher order corrections, have been considered (Brown 
1950, Walske 1952, 1956). ‘The former effect can be incorporated plausibly into 
electron K stopping though the correction terms probably need some modification 
(bence™ (1.1). 

In the second place, both these effects have hitherto been considered explicitly 
only in non-relativistic work. Incorporation into relativistic electron K stopping 
theory is seemingly straightforward (hence (1.2)). 


§ 2. PRESENT CALCULATIONS 


For heavy atoms, with many upper shells occupied, the probability of discrete 
excitation of a K electron is considerably diminished. This fact, together 
with the effect of the weighting by E°— E1, the energy loss of the incident electron, 
which is much larger for ionizing collisions, provides ample justification for the 
approximation to the total K shell stopping power — (dE/dx),. 


Ra (=). ot i | (MED O'ddW ee (2.1) 


©’ being the differential cross section for K ionization derived by Perlman (1960) 
using Dirac atomic wave functions and the Moller interaction. 

‘The K shell stopping powers for mercury were computed from (2.1) employing 
the results for the ©’ implicit in Perlman (1960). : 

Just one point of difficulty need be mentioned. ‘The E°— E? factor weights the 
predominant contribution in the W integration somewhat towards larger W as 
compared with the total cross section calculation. But the values of p (and W) 
chosen for the evaluation of the ®’’s (i.e. ultimately the Dirac continuum wave 
functions) were such as to accommodate a total cross section calculation and 
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consequently there is a slight dearth of @’ values in the upper W region. This 
was remedied by extrapolation, but it will be appreciated that the stopping powers 
are accordingly less accurate here than the corresponding total cross sections of 
Perlman (1960). Even so, the final error in the results (see figure) is probably 
less than 10°. 


§ 3. Discussion 

Comparing theoretical K stopping powers, one might expect that at high 
incident energies, where the unknown correction terms in (1.2) are negligible, the 
results entailed by (1.2) with J, and f as given by non-relativistic considerations 
(see Bethe and Ashkin 1953, table 1) would agree quite well with the present 
relativistic calculations. Examination of the figure indicates that this is grossly 
untrue for heavy elements. 

The reason for this is that in the derivation of (1.2) itis assumed both implicitly, 
through the use of Darwin wave functions, and also explicitly, that Z« <1, and 
of course this is not so for mercury. 


xio"8 


6 9 
(E°-m,c?)/I, 


K stopping powers of Hg for electrons. 1, Exact relativistic (present work); 2, semi- 
relativistic (Bethe et al., cf. eqn (1.2)) ; 3, {Darwin semi-relativistic (present work) ; 
4, non-relativistic (Bethe et al., cf. eqn (1.1)). 


+ The present ‘ Darwin semi-relativistic ’ values differ from the Bethe ' semi-relativistic’ 
in that the latter involve the additional explicit approximation (Za)’<1. 


Consequently, one cannot, with any justification, employ [,, as determined by 
Bethe and co-workers, together with (1.2), for the calculation of the K stopping 
of electrons by medium to heavy elements. 

That this same kind of observation would also apply to heavy particle K 
stopping at relativistic incident energies (in excess of say 100 Mev for protons) 
is clear. But further, the calculations of Jamnik and Zupancic (1957) indicate 
that even for slow protons (1 Mev), the use of Dirac rather than Schrodinger wave 
functions for the K electrons of heavy elements affects the K ionization cross. 


sections (and derivatively, K stopping powers) by factors of up to two. 
2F2 
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It seems reasonable to conclude, therefore, that for the heavier elements, the 
K stopping power theory for heavy particles developed by Bethe, Brown and 
Walske is also in significant error at all incident energies in excess of a few times 
the K ionization energy. ‘This is of course qualitatively just what one would 
expect, since their work ignores relativity completely. What is surprising, 
however, is the extent of the error that appears to be committed thereby even at 
low incident energies. 
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On the Ehrenberg-Franks Experiment relating to the Penetration 
of Electrons into Luminescent Material 


Ehrenberg and Franks (1953) have examined the penetration of electrons 
into luminescent crystals by a microscopic method based on the luminous figure 
produced by a narrow bundle of electrons incident on the crystal. They 
Suggested that the range-energy relation observed would be satisfied by a formula 
of the type R= V2/c+d, where c and d are empirical constants; the magnitude 
of the zero-energy range d varies between 1-3 and 3-7 for the crystals investigated, 
and its occurrence is attributed to diffusion of slow electrons, excitons, or radiation. 
Recent measurements, according to a personal communication from Dr. 
Ehrenberg, have, however, indicated a very much smaller value of d, so that the 
values quoted must now be taken as upper limits. 

The constant d can be interpreted by the ambipolar diffusion of released 
secondaries (electrons and holes). Broser and Broser-Warminsky (1958) 
estimate the upper limit of ambipolar diffusion length at 1 in CdS crystals. 
The diffusion length of excitons is considerably larger, having the magnitude of 
millimetres (Auth and Rideer 1959, Balkanski and Waldron 1958, Diemer et 
al. 1958). 

Our recent studies on diffusion processes in cathodoluminescence have given 
0-05—0-1 2. for the length of ambipolar diffusion in several types of luminescent 
crystals. ‘These values were deduced from the voltage dependence of cathodo- 
luminescence. The details of our studies will be published in a forthcoming 
paper. 

The upper limit of the ambipolar diffusion length can be experimentally 
determined respectively estimated by the Ehrenberg-Franks experiment. 


The author wishes to express his sincere thanks to Dr. W. Ehrenberg for 
valuable comments and for informing him of results recently obtained in his 


laboratory. 
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A Proposed Method for Measuring Ranges of Heavy Ions in Solids 


Shallow ionization chambers (Holloway and Livingston 1938) or cloud 
chambers (Blackett and Lees 1932) are commonly used for the determination 
of ranges of heavy ions in gases. The ionization efficiency decreases sharply 
at the end of the range of the ion but is sufficient for consistent data of the extra- 
polated range to be obtained. In the case of solid absorbers one commonly 
reduces the energy of the ion by interposing a foil of measured surface density 
to absorb the greater part of the particle energy. ‘The residual range 1s then 
measured with a shallow ionization chamber and is estimated by use of suitable 
conversion factors to convert the range in air to the range of the solid absorber 
in question. Another method is to use a multi-layer target to stop the heavy ions. 
The distribution of range is then determined by measuring the number of stopped 
ions in each of the target layers. This method is suitable for the range measure- 
ments of radioactive isotopes (Katcoff, Miskel and Stanley 1948) since sensitive 
tools, such as a radio-chemical analysis are required to establish the number of 
ions stopped in each layer. It is proposed to measure range—energy relations 
of heavy ions by the following method: A ‘thick’ target is bombarded with 
mono-energetic ions whose range-energy relation in the target material is to be 
established. The ions will come to rest inside the target at an average range R. 
The target is next bombarded with protons of energy EF, to produce resonance 
reactions with the embedded ions. ‘This energy is higher than the energy EF, at 
which the particular resonance reaction would have taken place if the ion had not 
penetrated a thickness R into the target material. ‘The range of the heavy ion 
is thus measured in terms of the rate of energy loss of protons in the target. 

The feasibility of this method is illustrated by the following example: Suppose 
that the range of slow carbon ions in gold has to be measured. A gold target, 
thicker than the range of the ions, is bombarded with mono-energetic carbon 
ions of energy Ee. The ions will come to rest in the gold target at a mean range 
Re. An ion current of 5a for one hour will leave about 10!” carbon particles 
embedded in the gold target, corresponding to a carbon target of approximately 
Iugcm™ surface density. The target is then bombarded with protons of energy 
E, to produce known resonances in C, e.g. C(p, p’y)C with E,,=4-40 Mev and 
ine], = 6°8 mbn sterad— (Maeder, Martin, Miller and Schneider 1954s) Ascarbon 
foil is next introduced in the path of the protons to produce the resonance at the 
surface of the foil and thus at a lower proton energy E,, say. Knowing the rate 
of energy loss of protons in gold we easily calculate the mean range Re of the 
carbon ions 

a dE 
Re(Be) = | ae 7, 


where £, = 3(£,+£,) with a good approximation. Assuming a normal distri- 
bution for the straggling of the range of ions we obtain 


| O2=O7= oF 
where 2,” is the mean square deviation of the carbon ion range, (2? the measured 
mean square deviation and ©,” represents the resonance width of the protons and 


its broadening due to the energy loss of the protons in the target material. The 
latter is a small quantity and, furthermore, can be calculated from theory. 
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The method has limitations in that suitable resonance reactions of sufficient 
cross section are required for this measurement. On the other hand there is no 
need for preparation of thin uniform foils which tend to rupture due to the high 
energy loss of the heavy ions per unit path length. Also there is no need to 
measure the thickness of the foil since the range is obtained in terms of the known 
rate of energy loss for protons. It should therefore be also suited to the measure- 
ments of ranges in chemically active targets which could then be evaporated 
im situ. 


The Physical Laboratories, Di I. Porat 
The University, K. RAMAVATARAM. 
Manchester. 


6th May 1960. 
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Estimation of Inelastic Collision Cross Section from Electron 
Mobility Measurements} 


A number of investigators have expressed the mobility of electrons at high 
electric fields in slightly ionized gases in terms of integrals involving the collision 
cross sections and the distribution function of electron velocities, which has to 
be obtained from a complex differential equation. ‘The enormous complexity 
of these expressions, when inelastic collisions are also considered makes any 
estimation of the cross sections extremely difficult, if not impossible. 

In this communication the author has used an approach similar to that used 
by Shockley (1951) and others in semiconductors, to develop a method for order 
of magnitude estimation of the inelastic collision cross sections from the mobility 
data. 

To keep the analysis simple the following assumptions have been made: 
(i) The inelastic collisions in which the electron gains energy from the molecule 
are negligible. (ii) The cross sections for elastic collisions and inelastic collisions 
in which an electron loses an energy €, to the molecule are both proportional to 
v", where v is the electron velocity. This is a very restrictive assumption but 
should be satisfactory for order of magnitude determinations. (iii) The velocity 
distribution of electrons in the presence of an electric field is Maxwellian, 
corresponding to a temperature 7’, higher than the gas temperature to Lous 
the number of electrons per unit volume having velocities between x and x + dx 
is given by 
N(x)dx = Ax? exp (— x?/A)dx OT dicot: (1) 
where x = (m/2k7,)'2v is the dimensionless velocity, A= '/I',, m is the electronic 


mass, and k is Boltzmann’s constant. 
+ Work supported by Armour Research Foundation, Chicago, U.S.A. 
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The collision frequency v of an electron is given by 


VV to imeicelezoys (2) 
where 
Ve Ny, O =a, ee oe (2a) 
= V=Aa,x", when X> Xp, | 
Be Ss OM OG Wa ee Oe a oe See (2) 
Vn = 10,0 = 0, when x < ay 


ny is the number of neutral molecules per unit volume, suffixes 1 and 2 refer 
to the elastic and inelastic collisions respectively, o is the collision cross section, 


a=n,o(2RT,/m)"?/v"— 
and 
Xp? = mMvq"|2RTy = €o/RT o. 


The drift mobility of electrons, obeying Maxwellian distribution of velocities 
is given by 


where eé is the electronic charge. 
Using equations (1), (2) and (3) we obtain 


_ 4e(a, +a) TAP 3-1 dy (7 sme —ud 1 a 
LX <a 7 ee Il 5) sia a. ‘ 4 (e \ ra AM ee ( ) 


ub 


where Vex) and (s)= | vee Vay 
0 


is a tabulated function (Jahnke and Emde 1945). ‘The average rate of energy 
loss by an electron due to collisions is given by 


A 2 
hen mts oT ae / cr an = loyal a 


since an energetic electron (at high electric field) loses a fraction 2m/M of its 
energy in an elastic collision with a molecule, where M is the mass of the neutral 
molecules. 

In steady state the power gained by the electron from the electric field E 


should be equal to that lost by the electrons in collisions. Hence using equations 
(1), (2) and (5) we obtain 


4 RT n/2 %o2/A 
euE? = a a, "+22 TT (- 5 *) = 2d €or [n() of | yioremvdy |. 
0 


me 2 


rol 


At low electric fields, where the electrons are not energetic enough to have 
appreciable inelastic collisions, equations (4) and (6) reduce to 


Mri? 


Ae\eme Jn 
w= Cs ): ee (4) 


ek? = 4k Ty a, An+22 u(="*) sivlale ee (6 a) 


and 
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Eliminating A between equations (6a) and (4a) we get 
4 3 —n (n+2)/(2n +2) 4 3 +n ni(2n +2) RT e 2/n —ni(n-+1) 
w= {555 0(5") al ie Tees E ‘ 
Sarl y) qi 2 M \ma, 


If we use the distribution function, obtained by Chapman and Cowling (1953), 
it may be easily shown that for the corresponding case 
_ G=n) {¢ oe ee +2) T1[(1 —3n)/(2n+2)| RT, / e \?” mio 7 
i 3 an II[(1 —2n)/(2n+2)| M \ma, ; 


It may be seen that equations (7a) and (75) are very similar. 

Equations (4) and (6) represent a simple parametric relationship between 
the mobility p and the electric field E and may be used for the order of magnitude 
estimation of the inelastic collision cross sections, from the mobility data. 


Physics Division, M. S. SopHa. 
Armour Research Foundation, 
Chicago, Illinois, U.S.A. 
6th May 1960. 
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REVIEWS OF BOOKS 


Radioisotopes for Industry, by R. S. RocuLin and W. W. Scuuttz. Pp. ix +190. 
(New York: Reinhold, 1959.) 38s. 


The authors aim to demonstrate the usefulness of radioisotope techniques to 
engineers and plant managers “ with a minimum of unfamiliar jargon and 
highly technical discussion’. In the space of 152 pages of text, plus appendices, 
this is a formidable task, tackled with commendable brevity and plain speech. 
A wealth of examples is presented, sometimes rather too briefly, but with 
sufficient conviction to encourage industrial readers to follow up details through 
a widely chosen bibliography. 

Economic advantages, entirely in America are stressed, using figures now 
thought by some to be rather conjectural. Details of training facilities, sources of 
supply and health regulations are also restricted to the U.S.A. and tend to 
localize a book which deserves to be more widely read. ‘There is a natural 
tendency to select American applications, but many foreign advances are scru- 
pulously acknowledged. 

The scientific introduction is inadequate and the appendix on ‘ technical 
aspects of radioactivity ” helps but little, so the reader is still confronted, without 
warning, with such terms as deuterons, fast and thermal neutrons. 

Provided he is not discouraged, however, the industrial reader as well as the 
applied scientist should find this little book stimulating and rewarding. 

J. L. PUTMAN. 


Acoustique Musicale, by COLLOQUES INTERNATIONAUX DU CENTRE NATIONAL DE 
LA RECHERCHE SCIENTIFIQUE. Pp. 260. (Paris: Editions du Centre 
National de la Recherche Scientifique, 1959.) 3400 fr. 


Acoustique Musicale is a handsomely produced report (in French) of the 
proceedings of an international conference on musical acoustics: it contains a 
series of papers dealing with the theory of consonance and dissonance, the origin 
of musical scales, and the physics of musical instruments. 

The section on musical instruments deals particularly with those of the 
violin family, the organ, and other wind instruments. Recent work on the 
mechanism of sound production, harmonic content, and the role of transients is 
described, and there is yet another contribution to the search for the ‘ secret of 
the Stradivarius’. A paper from the U.S. Navy Electronics Laboratory deals 
with the typical inaccuracies of pitch to which instruments and instrumentalists 
are subject in performance. 

In order to follow the discussions on consonance and dissonance, the reader 
will certainly need to be equipped with some knowledge of musical history and 
elementary harmony. It emerges very clearly that science cannot dictate to 
music, but can only help to describe and illuminate. Consonance in one 
context may become dissonance in another. 

Music, moreover, embraces more than the work of the classical composers. 
At least one paper in this volume is devoted to scales in oriental music, and in 
the reported discussions we find a happy remark about the latest fashion in 
western music: “ Je suis heureux d’apprendre que les musiciens ‘ concrets’ se 


Reviews of Books 443 


rendent compte de la nécessité de se donner des régles; je leur souhaite bonne 
chance v7, 


H. R. ALLAN. 
Experimental Nuclear Physics, Vol. II, edited by E. Sscre. Pp. ix+811. 
(New York : John Wiley and Sons, 1959.) 184s. 

. The writer of a modern textbook on theoretical nuclear physics can develop 
his subject along well-defined lines. ‘There exists for him an adequate frame- 
work of nuclear models and interactions and a wealth of experimental data from 
which he can select illustrative material. In undertaking the converse task of 
providing an expert survey of experimental methods and results, Professor 
Segré and his collaborators have faced a more difficult problem. Not only is 
their subject extraordinarily large and diverse, but it also inevitably leans heavily 
on theory at many points. The authors have therefore been called on to display 
gifts of interpretation as well as of exposition and the main articles in the present 
concluding volume are consequently well-rounded monographs. 

The particular volume under review may perhaps be described as a modern 
version of the classical work of Rutherford, Chadwick and Ellis. _ It is interesting 
to note that the traditional division of the subject of radioactivity into discussions 
of alpha, beta and gamma radiations is still thought to be the best mode of 
classification. The common features of radioactive decay, however, such as 
fluctuations and genetic relationships, are presented in a useful introductory 
article by E. Segré. This is followed by the chapter on alpha radioactivity 
(G. C. Hanna) which provides a thorough coverage of the whole field. Early 
regularities of the subject, such as the Geiger—Nuttall rule, are set within the 
wider context of recent results and the important interpretations of systematics 
now offered by the nuclear shell model and the collective model are well brought 
out. The experimental techniques, including radiochemistry, are treated in 
adequate detail and there is a comprehensive table of alpha emitters. The 
following two articles, each written jointly by M. Deutsch and O. Kofoed- 
Hansen, are equally expert and comprehensive accounts of gamma rays and beta 
rays. The experimental methods are thoroughly discussed and many useful 
tables of data are given. The experimentalist is shown clearly not only how, and 
with what accuracy, measurements may be made, but also how they may be 
interpreted in terms of nuclear level schemes. ‘The apparatus of interpretation 
naturally includes discussions of angular correlation theory and of transition 
probabilities. ‘There is also a useful section on neutrinos, including a very clear 
account of the analysis of the results of both ‘ classical ’ and modern beta-ray 
experiments in the light of parity non-conserving interactions. The helicity 
experiment of Goldhaber, Gradzins and Sunyar is included. 

The last edition of the book of Rutherford, Chadwick and Ellis was published 
in 1930, just at the beginning of the age of nuclear machines. Professor Segre’s 
work in 1959 must inevitably supplement the classical divisions of the topic of 
radioactivity by an account of particle accelerators, and this is offered in a stimula- 
ting article by E. M. McMillan, who has himself contributed so much to the 
subject. This chapter admirably conveys the excitement of the development of 
new machines, and although the detailed illustrations are drawn mainly from the 
famous accelerators of the Berkeley laboratory, the achievements of other 
workers are adequately discussed. The article well shows that advance from the 
earliest accelerators to the alternating gradient synchrotron (beyond which the 
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author does not proceed) has been an organic growth of theory and practice. 

Professor Segré and his authors are to be congratulated on having made avail- 
able a permanent record of the status of most of the main branches of experi- 
mental nuclear physics, excluding meson physics, in the period 1953-1958. Their 
work, which must of course be supplemented by regular periodical reviews, will 
remain a standard reference and a useful handbook for many years to come. 
The standard of presentation and typography in this volume, as in its predecessors, 
is excellent. W. E. BURCHAM. 


Introduction to Mathematical Physics, by WILLIAM BAND. Pp. xi 4-526, 
(London, New York : Van Nostrand, 1959.) 54s. 6d. 


This book sets out to cover the entire field of mathematical physics in a single 
volume of moderate size. It has seven chapters: introduction; the language of 
mathematical physics; the continuum theory of matter; the molecular theory 
of matter; the theory of fields; the theory of relativity; quantum theory. 

The limitations of such an enterprise are obvious, but nevertheless the 
reviewer well remembers the use he himself made of the comparable book by 
Georg Joos. The preface says: ‘‘ This text is designed for use in courses on 
theoretical physics, for college senior and graduate students”’. Whatever its 
suitability for the American system, it is clearly not a book that any of our 
undergraduate courses could be based on since it attempts to cover topics that 
stretch over from the first to beyond the final year of our courses. It could 
however find a place in our libraries, particularly for the use of the student of 
above average ability who is intent on looking ahead of his course and for instance 
reading about, say relativity, while his compulsory study is still classical 
mechanics. 

However, given the author’s aims, to what extent does he achieve them ? 
In the first place one must note that the author chooses a presenation in which the 
whole of continuum mechanics is covered before a particle is even mentioned. 
Not everyone will agree with the author’s justification of this plan. However, 
the book is certainly very readable and much of it is excellently presented. To 
pick one particular example arbitrarily, the short but clear statement of the nature 
of the allowed boundary conditions in problems of partial differential equations 
represents a piece of excellent condensed exposition. Every now and then, 
however, one encounters a point where one feels that condensation has gone too 
far. ‘Thus early in chapter 2 one reads on vibrating strings, “ the equation of 
motion is then easily shown to be...” and there follows the usual equation for 
the lateral displacement, including friction ina medium. There is no discussion 
in the text of the forces involved, merely a diagram with a three-line caption 
gives some indication how the equation is derived. 

To give another example of a rather unusual approach, very early on the 
scalar product of two vectors is defined in terms of the bilinear sum of Cartesian 
components. Equation (2.5) then defines the angle between two vectors as the 
scalar product divided by the product of the absolute magnitudes. Then as an 
exercise we find the problem : ‘‘ Prove that equation (2.5) agrees with the usual 
definition of angles between two vectors in Euclidean geometry”. Surely this 
is hardly good first reading for a student! 


The book is well produced with many diagrams and sometimes quite 


extensive sets of exercises at the end of every section. N. KEMMER. 
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Crystal Chemistry of Simple Compounds of Uranium, Thorium, Plutonium, 
Neptunum, by E. S. Maxaroy. Translated from Russian by E. B. 
Uvarov. Pp. ii+145. (New York: Consultants Bureau; London: 
Chapman and Hall, 1959.) 42s. 

This book is bound to be useful, even if only as a collection of facts. ‘Two 
pleasantly brief introductory chapters on the classification of crystal structures 
into molecular, chain, layer and coordination types, on bond classification, and 
on intermetallic compound systematics start the book. Then comes a detailed 
chapter on the structure of the elements in all their phases, and the relationships 
between these. ‘The compounds grouped according to the addition element, so 
that it is easy (provided a sixth sense guides one to the first pages of chapter 4) to 
find the literature reference and a brief statement of the compounds and their 
stability ranges for any addition. A chapter on ionic radii leads quickly to one on 
the duality in the chemistry of these elements occasioned by the close balance 
between 5f and 6d valence states. 

It is thorough, up to 1958, and in cases of rival interpretations in the literature, 
usually gives a judgment as to which is to be preferred. It is not indexed, 
though it seems intended to a considerable extent to function as a guide to the 
original literature. A good index would have been a great help to those who 
want to use it as an occasional reference book. A useful, competent book, almost 
entirely about its title, but not beyond improvement. W. M. LOMER. 


Proceedings of the International Conference on Nuclear Physics, Paris, 1958, 
edited by P. GuGENBERGER. Pp. xxiv+950. (Paris: Dunod, 1959.) 
9500 fr. 

This book is the account of the International Conference on Nuclear Physics 
held in Paris 7th—12th July, 1958 which dealt with nuclear interactions at low 
energies and nuclear structure. The sub-headings are elastic scattering; 
nuclear forces and sizes; direct interaction; heavy ions; photonuclear reactions; 
independent particle model and connection with the collective model; collective 
model: structure of nuclear matter; weak interactions (theory and recent 
experimental results). Each of these topics was presented by one to three speakers 
following which there was discussion presented verbatim in this volume. ‘The 
many dozen short prepared contributions that formed the second part of the 
conference are also given in full in this volume. It is impossible to summarize 
these proceedings or to do more than say that there were no major surprises and 
no contributions made for which this volume is likely to be a definitive reference. 
However, many of the contributions form interesting and valuable alternative 
presentations of matters already treated in the various review series. 

D. H. WILKINSON. 


Absorption and Dispersion of Ultrasonic Waves, by K. F. Herzretp and 
T. A. Lirovitz. (Pure and Applied Physics, Voli. 7;), Pp, xvii 535. 
(New York, London: Academic Press, 1959.) $14.50. 


The purpose of this book is well set out in the preface; it is to discuss the 
propagation of ultrasonic waves in fluids, with particular reference to the 
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mechanism of the absorption process and of the dispersion which usually 
accompanies absorption. While it avoids the subject of propagation in solids 
(a fact that might perhaps have been written into the title), it is nevertheless 
true that much of the theory under discussion may also be applied to solids; 
the book is therefore of general interest to those using ultrasonic techniques in 
their investigations. 

At the start, there is a lengthy (22 page) introduction which contains a very 
full summary of the rest of the book. The term ‘introduction’ here is not 
entirely happy; it will introduce a reader, who already has some familiarity 
with the subject, to what is to come, but the new research student would require 
some additional guidance from his supervisor before tackling it. One is sorry 
too that the authors start off in the very first paragraph by appearing to anticipate 
criticism. ‘This seems unnecessary somehow; the search for the mechanism 
behind the process is essential to physics and there is no need to defend such 
searching. 

The new research student (or other non-specialist) who omits the introduction 
and proceeds directly to page 25 will find that he has relatively plain sailing 
ahead. The book is very readable. All symbols used in the extensive mathe- 
matics are clearly defined in a list at the beginning of the book. 

The first chapter deals, very rightly, with the Stokes—Navier equations of 
hydrodynamics (the reader is left to infer which these are) and with classical 
absorption theory. ‘The next chapter introduces the reader kindly and lengthily 
to the relaxation process. A short discussion of scattering and high intensity 
effects complete the first one-third of the book. 

The remaining two-thirds discuss the application of the theory to gases and 
to liquids, introducing additional theory where necessary. Experimental 
methods are mentioned only briefly, but experimental results are fully presented 
and discussed. 

In the preface, the authors describe the book as half-way between a textbook 
and a handbook. ‘This is a very fair description. Even although it is not 
comprehensive in its coverage and its arguments in places bear the authors’ 
personal stamp, it fills most usefully a gap in the present literature and should 
be of value to all physicists and physical chemists interested in this field. 

L. MACKINNON. 


La Spectrographie Infrarouge et les Grandeurs Moleculaires, by Louis DE BROGLIE. 
Pp. 128. (Paris: Revue d’Optique Théorique et Instrumentale, 1958.) 
1200 fr. 

This little monograph contains a dozen brief articles by different authors. 
Their main concern is to outline theoretical methods which underlie the inter- 
pretation of infra-red spectra in terms of molecular structure and properties. 
The articles range from the Born-Oppenheimer approximation (Daudel and 
Bratoz) through force constants (Barchewitz and Lefebvre), absolute intensity 
of bands (Legay and Laforgue), chemical reactivity (Josien) to the intricacies of 
vibration rotation interaction in degenerate vibrations (Amat). 

There are also two articles on far infra-red spectra (Lecomte and Hadni). 
As a thumb-nail sketch of some important aspects of infra-red spectroscopy 
this is a useful addition to the literature. G. B. B. M. SUTHERLAND. 
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La Théorie Physique au Sens de Boltzmann et ses Prolongements Modernes, by 
René Ducas. Pp. 308. (Paris : Dunod, 1959.) 3700 fr. 
Rene Dugas is already well known as a general historian of mechanics as well 

as a writer on philosophical problems arising out of the work of the great 17th 
century scientists. ‘The present book, completed just before his death in 1957 
confirms the width of his scholarship and the depth of his understanding when 
handling the borderline problems of the history and philosophy of science. In 
it he breaks new ground; for curious though it may seem, the problems of 19th 
century science have received relatively scant attention on the part of historians, 
perhaps because of the closeness of that age to our own. Yet because of this it 
contains material which—as de Broglie points out in a specially written preface— 
has a moral to point for our own generation of physicists. ‘Throughout his long 
life Boltzmann’s atomistic viewpoint found itself assailed from the side of the 
school of energetics and other more phenomenologically orientated physicists, 
such as Mach, Ostwald, Duhem, Hertz. ‘The author traces with fine insight 
both the physical and the philosophical components of this story which was to 
end, at a time when Boltzmann’s faith was finally to be vindicated, in the latter’s 
suicide in 1906. In our own day, as de Broglie writes, the struggle between the 
positivist and phenomenological orthodoxy of quantum mechanics and the more 
charitable proponents of a structural view-point are finding themselves in a 
similar situation. Boltzmann’s researches into classical statistical mechanics, his 
attempts to reconcile the irreversibility involved in the Second Law with the 
reversible laws of classical mechanics; his influence on the earliest theories of 
Planck; and his impact on contemporary theory: all this is traced in meticulous 
detail without deteriorating into a merely chronological descriptive approach. It 
constantly retains a sense of direction: that of illuminating Boltzmann’s funda- 
mental ideas, and with them, the major tendencies in 19th century physics. ‘This 
volume fills an important gap in the literature and should be read by all who have 
even the most marginal interest in the subject. GERD BUCHDAHL. 


An Approach to Modern Physics, by E. N. pa C. ANDRADE. Pp. x +254. 
(London: G. Bell and Sons, 1959.) 27s. 6d. 


In these days when all newspapers have Science Correspondents, and the 
layman reads of the construction of large and extremely costly machines for 
studying particles which will never be seen by the human eye, it is fitting that a 
non-scientist should ask what the results mean, and should wish to follow the 
developments in theory and experiment which have led to current research. 
The rapidity of these developments is demonstrated by the necessity after only 
three years for a revised and expanded edition of this book, itself very different 
from Professor Andrade’s original book The Mechanism of Nature, published in 
1930. Professor Andrade has succeeded admirably in giving, without using a 
single mathematical symbol, a very readable and understandable account of the 
progress of physics from its classical origins to the present day. Chapter ML 
about solids and liquids, is a particularly good introduction to this field; as 
Professor Andrade says, fashions change, and the solid state is now an expanding 
and fascinating study of great technological importance. — The last chapter is a 
thought-provoking discussion of the possibilities and limitations of physical 
measurement and theory, and their bearing on causality and determinism. It is 
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perhaps arguable that some of the elegant results of modern physics, such as the 
Compton effect, the photoelectric effect and the Einstein relation between energy 
and mass are so simple to write down in the form of an equation that it is a pity 
to miss the opportunity of their dramatic effect. This loss is however balanced 
by the simple and elegant language and the wealth of analogies and illustrations 
which make Professor Andrade’s book a pleasure to read. C. M. P. JOHNSON. 


Introductory Nuclear Theory, by L. R. B. Erton. Pp. ix+286. (London : 
Pitman, 1939.) 40s: 


One of the most popular introductory texts on nuclear physics is Elementary 
Nuclear Theory by Bethe and Morrison, and it is unavoidable that one makes a 
comparison between that well-known book and the new one by Dr. Elton. 
To start with they are very similar in scope although the material is handled in a 
somewhat different manner. Both start with the general properties of nuclei 
like radii and binding energies, and go on to discuss nuclear forces, the two-body 
problem, nuclear reactions, disintegration, and nuclear structure. ‘The main 
difference is that Bethe and Morrison assume the reader tu be familiar with the 
essentials of quantum mechanics, such as the elements of scattering theory and 
the usual results of first-order perturbation theory in the time-dependent 
formalism, whereas Elton does not and he therefore develops these points 
ab initio. 

Both books concentrate on the physics of the problems posed; but Dr. Elton 
believes, and states in his preface, that the reader who does not work through the 
mathematics does not understand the physics; and no doubt that is true of many 
readers. Nevertheless, one wonders whether the reader who has to be shown 
explicitly how to remove the centre-of-mass motion in the two-body problem 
would make very much at this stage of his education of the sections on multipole 
radiative transitions and on the invariants of B-decay : perhaps there is some lack 
of balance here. Dr. Elton is probably the first textbook writer to have treated 
f-decay in terms of the newly established parity violation, and he is to be con- 
gratulated on having made a consistent job of it. However, it is alarming to see, 
in two quite distinct diagrams, the shape of the allowed f-spectrum drawn 
incorrectly at low energies. In his chapter on nuclear structure Dr. Elton does 
more justice to the shell model than Bethe and Morrison, and as much justice to 
the alpha-particle model as it deserves; but neither gives due weight to the 
collective model, Elton not even mentioning the rotational spectra, a surprising 
omission in a book that is, on the whole, so up-to-date. Both books end with a 
table of isotopes and their properties, but Elton’s is much more useful, including 
the magnetic dipole and electric quadrupole moments in addition to the spins. 
His book also has instructive examples for the more earnest of his readers at the 
end of each chapter. ‘The third year undergraduate and the first year post- 
graduate will find it very useful to have one or other of these two books, but 
perhaps not both. Of the two, Bethe and Morrison’s is the more consistently 
elementary and physical, Elton’s the more explicitly mathematical and difficult. 


B. H. FLOWERS. 
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Figure 1. Diffraction pattern from phase Figure 2. Calculated average grid profile. 
grating. 
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Figure 3. Fourier image J (— 4). Figure 4. Calculated Fourier image 
I(- +) with o= 7. 
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Figure 5. Calculated value of V7. Figure 6. Pattern obtained 100 uw from 
a Fourier-image plane. 
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Singly Scattered Delayed Electrons in 
Extensive Cosmic Ray Air Showers 


By P. J. ECCLES+ 


Department of Physics, University of Melbourne 
MS. received 2nd March 1960, in final form 5th April 1960 


Abstract. On the basis of population density and delay distribution the majority 
of the delayed particles detected by Jelley and Whitehouse associated with 
extensive air showers are shown not to be singly scattered shower electrons. 
‘The mean delay of such electrons is 2 x 10-Ssec contrasting with the previously 
measured value of 14x 10-*sec. The detected delayed particles are probably 
je-mesons. 


§ 1. INTRODUCTION 


showers by several workers, e.g. Jelley and Whitehouse working at 

Harwell with a cylindrical liquid scintillator (1953) and Officer and 
Eccles with a tray of fast Geiger counters (1954). Using a hodoscope tracking 
device Officer and Eccles measured nine events in which the delay could have 
been caused by path differences when the delayed particle would have travelled 
at an angle to the shower axis, or by velocity differences when the timing equipment 
would have been set off by a photon, possibly from a burnt-out cascade, caused 
by the delayed particle in the 15cm of lead absorber above the counters. Ina 
later experiment (unpublished) in which the equipment of Officer and Eccles 
was adapted to operate under zero absorber, the fraction of shower particles 
found to be delayed was low compared with that found by Jelley and Whitehouse. 
This led to the numerical investigation of singly scattered shower electrons as 
the possible cause of this low rate, because, if the delayed particles arrive prefer- 
entially from a large zenith angle where the solid angle subtended by the Geiger 
counter tray has decreased, the rate may well be lower than that recorded by a 
vertical cylindrical detector whose solid angle has initially increased with zenith 
angle. 

For this straightforward calculation the atmosphere up to 1km above the 
detector is divided up into a graded series of levels (1,...t,...19) and a graded 
series of concentric cylinders, whose common axis is the path of the shower core, 
divides these layers into annuli. Further, because the detector is not necessarily 
at the core of a detected shower, a further set of concentric cylinders of radii 
71) +++Ty +++, identical to those about the core, is erected about the detector 
with its axis parallel to the first. Finally a set of core to detector distances 
1,=0,...1,,-..+l is chosen and from the knowledge of the lateral distribution 
of shower particles (Cocconi 1958) and a numerical calculation involving inter- 
secting annuli, the fraction of sea-level shower particles f(n,y) in any annulus 
about the detector is found for any distance of it from the shower axis. Applica- 
tion of the Mott scattering cross section and the probability of survival of each 
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electron or one of its secondaries to the detector, of 1 m? area, leads to the contri- 
bution in number from the general annulus to the delayed particles detected, 
and the geometrical position of the annulus gives the delay. 


§ 2. ASSUMPTIONS AND PREMISES 


The following assumptions and premises are made and are fully analysed 
in an unpublished thesis (Eccles 1959). (a) The lateral structure function is 
assumed cylindrically symmetric (Cocconi 1954), independent of shower size 
(Abrosimoy et al. 1956, Cranshaw, Galbraith and Porter 1957, Clark et al. 1957a 
and all shower groups reporting at the Varenna Conference 1958), and independent 
of altitude up to 1km since the above experiments were performed at a variety 
of low altitudes. (b) The altitude dependence of the number of particles in a 
shower is taken from Clark et al. (1957b). (c) The lateral distribution of 
shower particles at sea level is taken from Cocconi (1958) and is the same for all 
energies up to 300 Mev (Porter et al. 1958). (d) The integral energy spectrum 
is taken (Mitra and Rosser 1949) to be N(E)= K(E+ E-) ‘4 taking the shower 
age parameter s= 1-4 (Cocconi 1958). (e) All particles in the annulus (, ¢) are 
assumed to be at the centre of gravity of its cross section. (f/f) All electrons are 
assumed to travel parallel to the shower axis prior to scattering. ‘his approxi- 
mation will be re-examined in the discussion. (g) The probability of arrival of 
the scattered electron or its secondaries is calculated from the results of Laughlin 
and Beattie (measured in water, 1951) for low energy electrons and cascade 
theory is included for the higher energy electrons. (fh) Multiple scattering of 
the deflected electron is assumed to be negligible. It is expected that as many 
electrons from one annulus will be scattered away from the detector as are 
scattered towards it—to a first approximation at least. (7) The Mott formula 
is used for the scattering cross section. ‘This is correct for 0-5 < E < 300 mMev— 
the entire energy range of interest. The radiative correction to the scattering 
formula is neglected as it is small at the angles contributing most heavily to the 
delayed particles, and for the same reason the ratio of the scattering cross section 
in air to that given by the approximate Mott formula is taken as unity (McKinley 


and Feshbach 1948). ‘The formula applies equally to electrons and positrons 
(Elton and Parker 1953). 


§ 3. THE FRACTION OF SHOWER PARTICLES THAT ARE DELAYED ELECTRONS 


Excluding secondaries to other delayed particles, electrons can only be delayed 
by path differences. ‘Their small rest mass ensures that their velocity is very 
nearly equal to that of light. As soon as it drops below this electrons begin to slow 
up rapidly and soon stop. Furthermore, after penetrating the material above 
the Harwell scintillator a 10 Mev electron produces a barely detectable pulse 
thus eliminating any possible recorded delay due to velocity differences. 

The fraction of the sea level shower particles which are single scattered 
electrons, of energy FE at scattering, from the general annulus (n, ¢) that will 
reach the detector at distance /, from the core is given by 

U={(1—sin® 36)(sin 40) ~ta(n, t)(X,—Xj_1) exp [(X,+X,_4)/2A]} 
* [Pp (n, t)f(n, y)\(1/E) P(E) (NZ? /44)(€/mgc®)?(mgc?)?}, 
where (N2?/4.4)(e/mgc?)*(mgc?|E)?(1 — sin? 28)(sin 36) is the Mott scattering 
cross section, w(n, t) is the solid angle subtended by a detector similar to the 
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Harwell one but 1 m? horizontal cross section, X,—X;_, is the thickness of the 
annulus in kgm~, exp [(X,+ X;_4)/2A] is the correction for the increase in the 
number of particles with height (A=1750kgm~), P, (n, t) is the probability of 
detecting the scattered electron and F(E) is the fraction of the shower electrons 
within the energy band of mean energy E Mev. 

U is the product of three functions. The first is independent of E and y, 
the second depends on the four variables E, n, t and y, and the last is a constant. 
The annuli contributing to delays less than 3 x 10-Ssec or greater than 1 psec 
are neglected as these are outside the delay distribution measured by the Harwell 
team. 

The first function is multiplied by P, (m, t) and then by f(n, y) and an array 
for each y is produced for each energy considered. Summing each array over 
n and ¢ and multiplying by 1/E? gives the function designated g(E, y). This is 
calculated only for three energy bands of mean energy 16, 40 and 85 Mev but, 
because of the similarity of the delay distributions from each of these energies 
(which will be obtained later and is displayed in the figure) and the monotonic 
variation with E of g(E, y), values for other energies are found by interpolation 
and limited extrapolation with constant y. 

For each detector position about the core, therefore, the density of shower 
particles that are delayed in the range 0-03 to 1-0 sec is found by 


> 2(E, y) F(E){(NZ?/4A)(e2/moc?)?(mc?)*}. 
E 
Therefore 
> [S g(B,y)F(EX(NZ?/4A) (e2/moc?)? (myc?)*}r(7,2 —7, -)] = 2 9(y) say. 
y 


y E 
This is equal to 2° and is the fraction of shower particles that are actually delayed 


singly scattered electrons in the above range. 


Table 1. Comparison of Populations of Delayed Electrons and Shower Particles 
as a Function of Distance from the Core 


Distance of annulus to core (m) 0) 15 30 50 70 
qv) 0:00007. +=0-00032 0:0015 00-0022 0-0018 
f(n, 1) 0-123 0-112 0-172 0-116 0-083 

Distance of annulus to core (m) 90 125 175 250 400 . 
q(y) 0-0019 0-0036 0:0040 0-0024 0-0014 
fin, 1) 0-061 0-098 0-060 0-062 0-050 


g(y) and f(n, 1) are compared in table 1 which shows that if, on the average, 
the delayed electrons are 2°, of shower particles, this is not true at every position 
in the shower. For instance at the outskirts of the shower they are 5% while 
out to 20 metres from the core they are only 0-16°% of shower particles. ‘This 
confirms the observation of theoretical workers (see §6) that singly scattered 
electrons do not become a significant fraction of shower particles except at the 
outskirts of a shower. 


§ 4. THE APPARENT FRACTION OF SHOWER PARTICLES THAT ARE DETECTABLE 
DELAYED ELECTRONS 


Because the actual fraction of shower particles that are delayed electrons at 
any point is not constant, the apparent average fraction that are delayed particles, 
detected using a normal shower set, will be less than the 2°% calculated above. 
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It can be proved (Eccles 1959) that the total number of showers whose cores 
hit an annulus of width 5, distant r from a set of detectors at which detectable 
densities are produced is given by 


T(r)5(r) = | [e770 exp (— Se)FE -exp(- Syp)\dp|2nKrp(r)'or 


where y is the exponent of the integral shower density spectrum and is a slowly 
varying function of p. If assumed constant over the densities most frequently 
recorded by the Harwell shower set, its best value is 1:37 using Murdoch’s (1958) 
expression for the shower density spectrum. .S, and S, are the area of the delayed 
particle detector and the Geiger counter trays respectively. A is the constant 
in the differential shower number spectrum S(N)SN=KN~*16Nm “sec, 
and p(r)=.N¢(r) is Cocconi’s expression for the shower density at a point distant 
r from a shower of total number WN particles. 

If each shower is assumed to have constant density over the detector set— 
a fair assumption for the Harwell 5 metre spaced set—it can be shown that y=e« 
which is the exponent of the integral shower number spectrum. 


Hence T(r) =O [ rd(rye dr collecting the terms independent of r. Therefore 
0 


tacoriftes {roo dr/ f° pepe ar b= Rm 
7-1 0 

is the fraction of shower particles in the th (=yth) annulus about the core that 
would be detected as delayed by a normal shower set, since g(y)/f(n, 1) is the 
fraction of shower particles in the mth annulus that are delayed, and the quotient 
of the integrals is the fraction of occasions on which a shower is detected with its 
core distant 7,, from the detectors. 

Application of this formula to the experimental arrangement of Jelley and 
Whitehouse (1953) gives ©, R(n)=1°% as the apparent fraction of shower 
particles that would be detected by the Harwell 5 metre spaced set if there was 
no energy limitation. 

Finally, a minimum electron energy is required to enter the scintillator and 
give a detectable pulse so the apparent fraction that is detectable as delayed is 
even less than 1%. 

This is given by =,,R (7) W(n)=0-38°% where W(n) is the fraction of delayed 
electrons that is detectable in the mth annulus about the core. 

We conclude that the Harwell group could have detected 0-38°% of shower 
particles as delayed electrons. 


§5. THe Detay DistriBuTion 


As mentioned earlier ($3) the delay distribution is obtained separately 


for each energy. A separate delay distribution for each y is obtained from the 
set of arrays whose terms are 


{(1—sin? 40)(sin $8)~4ao(n, t)(X,—Xy_1) exp [(X,+ X)1)/2A]} Pp t)f(149) 


by selecting a set of delay intervals and adding up the contribution to each. For 
each y in each energy the distributions are normalized to the same total number 
of particles and each adjusted term in the delay intervals is multiplied by 


Delayed Shower Electrons 453, 


R(n)W(n) where y=n. This weights the delays recorded by the detector depend- 
ing on its distance from the core. For each energy the sum over y of the weighted 
terms in delay interval is shown as a point in the figure. ; 

Also shown in the figure and normalized to the same value at 3 x 10-8sec 
are the delay distribution if W(n) = 1, and the delay distributions actually measured 
by Jelley and Whitehouse (1953) and Eccles (to be published). It can be seen 
that the inclusion of the insensitivity of the Harwell scintillator changes the slope 
little but represses the long delays. 

The mean delay of the electrons in showers is measured as 2-0 x 10~*sec 
from the slope of the delay distribution near zero delay, whereas that of Eccles 
for the delayed shower particles is 12-4 x 10-8 sec ‘and that of Jelley and 
Whitehouse is approximately ~ 14 x 10~-Ssec. 
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Delay distribution of singly scattered shower electrons detectable with the equipment of 
Jelley and Whitehouse (1953). Also shown for comparison are the same delay 
distribution with no energy limitation, and the measured delay distributions of 
Jelley and Whitehouse (1953) and Eccles to be published). 


Jelley and Whitehouse detected delayed particles associated with 0-85°% of 
extensive air showers and claimed that 0-85°%, of shower particles were delayed. 
The reason for the identity of these two percentages is not immediately obvious 
and was investigated by Eccles (1954) who showed after a detailed numerical 
investigation that the latter fraction was nearer 0-79, and that 0-53°%, had delays 
greater than 3 x 10-*sec. ‘l’his was only the apparent fraction of shower particles 
calculated by assuming that the lateral distribution of shower particles was the 
same as that of the delayed particles at every point in the shower. The actual 
fraction can only be calculated if the lateral distribution of the delayed particles 
in showers is known. 
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0-53°% of shower particles which the Harwell team detected as delayed gave 
them 315 delayed events, therefore the 0-38% of shower particles which are 
calculated as detectable delayed electrons should have given them 228 events 
out of the 55500 examined. Using the calculated delay distribution (see figure) 
and the experimentally deduced exponential delay distribution (Jelley and 
Whitehouse 1953) the expected number of delayed electrons and the experi- 
mentally deduced number of delayed particles in each interval is shown 1n table 2. 
A composite distribution extracted from these is also shown. 


Table 2. Comparison of Calculated and Observed Events per Delay Interval 


Centre of delay interval (usec) 0-050 0-083 0-117 0-150 0-183 0:217 0:25 0-283 
Calculated number of delayed 
electrons 174 37 iil 4 1 1 0 0 
Experimentally deduced number 
of delayed particles in each 
delay intervalt 66 Sil 40 ou 24 19 15) 12 
Total 240 88 51 35 DS 20 ‘ES 12 


+ The actual observed numbers were respectively 66, 52, 41, 33, 35, 17, 10, 4, 


Eccles (to be published) will show that the delayed particles, detected 
by himself and the Harwell group (1953) which have a mean delay of approxi- 
mately 13 x 10-%sec, are u-mesons. Consequently no delayed singly scattered 
electrons were recorded as being separated from the delayed p-mesons recorded 
by the Harwell group, since no sign of the steeply falling delay distribution 
appeared. 

The Harwell group reported that their pulses were 10 x 10-*sec wide at the 
base ‘giving a limiting resolution of 3 x 10-*sec’. On the occasions where the 
delayed pulse and the prompt shower pulse were not the same height the 
resolution would be poorer than the limiting value. Since the above calculation 
includes all electrons that can produce a barely detectable pulse, it is likely 
that most of the expected 174 occasions out of 55500 in which the generally 
small scattered electron pulse should sit on top of the larger shower pulse were 
not observed. Very likely some delayed j.-meson events were also missed. In 
the same way, with pulses 10 x 10-*sec long the small delayed electron pulse 
would still sit on the tail of the shower pulse for events in the second delay 
interval, and out of 90 possible delays perhaps 40 could be overlooked. 

In the next delay interval beyond 10 x 10-8 sec, where the scintillator-scanner 
combination should have a high efficiency, the difference between 51 expected 
and 41 observed could be statistical. 

It is deduced, therefore, that the bulk of the delayed particles detected by 
the Harwell group are not electrons and an experiment was designed (Eccles 
to be published) to detect -mesons and measure their energy spectrum. 
That the particles were protons was considered unlikely by Officer and Eccles 


(1954). 
$6. THE LaTERAL DISTRIBUTION OF SINGLY SCATTERED ELECTRONS IN SHOWERS 


Table 1 shows q(y), the fraction of total shower particles which are delayed 
electrons in the yth annulus about the shower core. From this it can be shown 
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that the function rA(r) behaves as r~” where m has the values shown in 
table 3, and A(r) is related to the density D(r) of singly scattered electrons by 


the relation NA(r)=D(r) where N is the number of particles in the shower at 
sea level. 


Table 3. The Behaviour of the Lateral Distribution Function of 
Delayed Electrons as r~" 
Metres from core at 


sea level 10 20 25 40 60 80 100 150 200 
Value of n —1:05 —1:05 -—1:0 —0-61 —0-14 0:2 0:5 1:4 1:9 


300 500 
21 2-4 

The values stated in table 3 for all delayed singly scattered electrons compare 
well with the results of previous theoretical workers (Moliére 1946, Eyges1948, 
Poiani and Villi 1952) who agree that rf(r) behaves as r~? at large distances from 
the core. rf(r), the lateral distribution of singly scattered electrons, is related to 
their density S(r) by 

f(r) =r28(r)/N 

where 7, is measured in shower units. One shower unit= 76 metres at sea level, 
and the values of m from table 3 for r>76 metres tend to 3. These values could 
be closer to 3 if the considerable proportion of u-mesons and their associated 
decay electrons at the outskirts of the shower were eliminated from the lateral 
distribution chosen as a basis for the calculation. These particles have a very 
flat lateral distribution with 0<n<0-5 (Porter, Cranshaw and Galbraith 1957) 
and are claimed to be about 50°, of shower particles at 800 metres from the core 
(Antonoy et al. 1957, Cranshaw et al. 1958). Hence the shower electron lateral 
distribution will have a larger value of m in this region than that given by Cocconi’s 
expression for all shower particles and this will affect the singly scattered electron 
lateral distribution by increasing its value of m above that stated in table 3 at 
large distances from the core. 

The value of n= —1-05 at the core shows that the density of the delayed 
singly scattered particles increases up to 20 metres from the core simply because 
their most prolific source, the shower core, must be a given distance from the 
detector before measurable delays are recorded. 


§ 7. DISCUSSION 


The upper and lower extrapolations of the functions g(F, y) beyond the three 
energy values chosen can now be examined. Firstly the lower extrapolation is 
ignored in the calculated delay distribution because of the energy limitation 
discussed above and will only be of minor importance for the general case of a 
super-sensitive detector. Secondly the number of delayed particles and their 
delay distribution are insensitive to g(F, y) for large E as the contribution from 
these only becomes important at distances greater than 90 metres from which 
only 40% of the delayed particles arrive and of which approximately 14°, come 
from the doubtful region of g(E, y). Hence only approximately 5°% of shower 
particles are in this doubtful region and quite large changes in g(F, y) will have 
little effect on the result. An even smaller fraction of the electrons have energies 
greater than 400 ev and as the Mott formula is not valid here it is justifiable to 
neglect these completely. 
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Inclusion of the fact that electrons are not all travelling parallel to the shower 
(the inclusion of multiple scattering before single scattering) would increase 
the number of singly scattered electrons simply by reducing the angle @ they have 
to be scattered through in some cases, and a small reduction in 6 means a large 
increase in cosec! }9—the dominant term in the scattering formula. However, 
an examination of the arrays in the early part of the calculation shows that at 
every level the annulus with the smallest #, and thus the one most affected by the 
multiple scattering, will contribute only to the first delay interval. ‘The net 
result will be to steepen up the delay distribution which is already steep enough to 
prove that the particles Jelley and Whitehouse detected are not singly scattered 
electrons. 


§ 8. CONCLUSIONS 


We conclude on the basis of a numerical calculation that 2% of shower 
particles are delayed electrons with delays longer than 3 x 10~Ssec. Because of 
their lateral distribution and energy spectrum the apparatus of a previous experi- 
ment at Harwell could indicate that about 0-4% are delayed, if the results are 
analysed on the basis that the delayed particle density is proportional to the 
shower density at all points. Further, it has been shown that few of the delayed 
particles recorded by the Harwell team are in fact singly scattered delayed 
electrons. This is not inconsistent with possible inefhiciencies in the method of 
detection used, since the very sharply exponential fall of the delay distribution 
(mean delay =2 x 10-*sec) encloses almost all of the events in the first two delay 
classes of the apparatus, where the generally small delayed pulse is actually on 
top of the prompt pulse. 

The behaviour of the lateral distribution of these particles at large distances 
from the shower core is not inconsistent with previous calculations if allowance 
is made for the high proportion of j.-mesons and their decay electrons in the 
same region. 
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Abstract. We give a theoretical treatment, based on the variational principal, 
for the thermal conductivity tensor of dielectrics at low temperatures, where 
N-processes predominate. The general expression is developed in the case 
where U-processes are the only ones not conserving wave number, and the ratio 
of components of the conductivity tensor at very low temperatures is here shown 
to depend only on the geometry of the lattice unit cell. The results are applied 
to different crystal structures, and a satisfactory comparison is made with the 
somewhat meagre available experimental data on quartz and sapphire. 


$1. INTRODUCTION 


s the proportion of N-processes increases, corresponding to a decrease in 
temperature 7, the solution of the Boltzmann equation tends towards a 
linear combination of the three independent resolutes of wave number, 

and in the limit as 7-0 this becomes the exact solution. The undetermined 
coefhicients in this combination may be obtained via the relevant variational 
principle, and this approach has been employed in detail for isotropic media by 
Ziman (1956) for impurity scatter, and by Leibfried and Schlomann (1954) and 
Simons (1957) for Umklapp resistance. In the latter case the result depends 
on an integral which cannot be accurately evaluated analytically. 

In § 2 of this paper we extend the formal development of the theory to anisotropic 
dielectrics and obtain the thermal conductivity tensor o,; in terms of a tensor 
S,; independent of the particle interactions and a tensor R,,; depending on the 
interaction mechanism. ‘The tensor S;; is investigated further in § 3, where it is 
shown that at low temperatures it becomes diagonal. In $4 the tensor R;; is 
considered for the case of U-processes, and it is shown that at very low temperatures 
R;;=«C;; where « involves the intractable integral referred to above and C,; 1s a 
tensor depending only on the geometry of the unit cell of the lattice. Thus the 
ratio of the components of the conductivity tensor may be easily obtained from 
the crystal structure. In §5 this ratio is considered for various lattices, and the 
results are compared with experiment for quartz and sapphire. 


§ 2. ‘THE Conpuctivity TENSOR WHEN N-PROCESSES PREDOMINATE 


For simplicity of exposition we shall suppose that we are concerned only with 
thermal conduction due to phonons; the extension to electrons and electrical 
conduction is trivial. ‘The heat current vector J; is given by 


f= ns (1/873) > UME (OF /GE ™) dk be (1) 
m 
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where v7”, E(™ and F™ are respectively the group velocity, energy, and Bose- 
Einstein equilibrium distribution function for a phonon of wave number k, 
and polarization m; the sum is over all polarizations. ¢( measures the deviation 
from equilibrium, being defined by f= F™— (dF ™/dE™)¢™, where f™ is 
the existing non-equilibrium distribution function 

It may be readily shown (Ziman 1956, Simons 1957) that the solutions of the 
various Boltzmann equations for the 4‘””’s are such as to minimize the expression 


c— dL, [d]? Be 2; Fo T/dx;)> E™(GF™/dE™)o, (md, mak, 
t 


m 


where [4], is the linear combination of ¢’s relevant to the tth type of collision 
process and L, is the corresponding collision operator, which first multiplies by 
factors depending on the phonons taking part in the collision process, before 
integrating over all the wave numbers of these phonons; the ¢ sum is over all types 
of collision process. @7'/dx; is the temperature gradient in the x; direction and 
the summation convention is employed for subscripts. 

Now, as the temperature decreases and N-processes predominate, the 
solution 6“ tends towards 

d (m) — a,Rp Aran Outi (3) 

where k,, is the resolute of k in the x, direction and a, is an undetermined constant, 
since this solution gives no contribution to the collision terms in (2) arising from 
N-processes. Substituting therefore the solution (3) into (2) gives 


ZE= Ry qAp%q— 2(0T|/0x;)T S34 


pq p pip 
where 
Ryq= DolRollRole 8 8 82 tee (4a) 
t 
Sy= > | EM (AFMSEM)ofMR dk. seve (4b) 


Minimizing Z with respect to a, now yields 
Seg he erie) 6 © Pareie, (5) 
Further, substituting for ¢“” from equations (3), (4 b) and (5), into equation (1), 
we obtain 
J ;=0,,(0T/0x;), 
where the conductivity tensor o;; is given by 
Bt lo (Rogl Spo (6) 


§ 3. DEVELOPMENT OF S;; 
To simplify further the second-order tensor S,; defined in equation (46), we 
introduce the third-order tensor 
Gone = 63k: D(E™) 


where 
Em) 


D(E™)= | e(OF[de)de. = vets (7) 
0 
Then 
dG pi; /Okp = O54 [5;,D m4 k(aD™/dE (m™) (dE ™/0R,) | 
= §,,D™ +hkw; mEm(aF™/dE a); 


460 S. Simons 


Thus 
5, [ Dimak +h | Bm(aRm/aE™)kejmdk= | @G,n/0h, 


= | Gd, = | FOIA ee alee eet oe (8) 


where dA is an element of the surface area of the volume of integration—the first 
Brillouin zone, and where the second step in equation (8) is the tensor generalization 
of the vector divergence theorem. Thus from equations (45) and (8) we have 


S,= -I 4, | D(B)| Swe) |ae- | | SDE) ]aay} reer (9) 


m m 
where W(E)dE is the volume of k space in the range dE for polarization m. 
Now, at the low temperatures necessary for N-processes to predominate, the 
second integral in equation (9) may be neglected, since at the surface of the 
Brillouin zone the Bose-Einstein distribution will be negligibly small as compared 
with its average value throughout the zone.t ‘Thus, at low temperatures the 
tensor S,, will become diagonal, being given by S,;=g6,;, where 


g=—h | D(B)| Sw) Jae. 
Hence in this region, we see from equation (6) that 
Op (Psa D)LRyl 9 eae (10) 


§ 4. DEVELOPMENT OF R;,, 


For the majority of collision processes much too little is known of the anisotropy 
of the scattering for the tensor R;; to be evaluated at all accurately; however, for 
U-processes we shall now show that considerable progress can be made. Let us 
suppose that there exist N sets of reciprocal lattice vectors K”, where u denotes 
the set (1<u< JN), and v (1<v<n,) gives the , vectors required by symmetry 
(all of length A“), within the set. ‘Then the corresponding collision operators 
will be given by 


Ly= Le = Oe)9([K—KO) aa (11) 


where « specifies the number} and polarization of phonons taking part in the 
collision process, and equation (11) defines the operator Q,,), which is independent 
of wu and v. From equation (4a), we then have 

Ry DADO (UK le Ree) ee ee (12) 
making use of the substitution property of a 5-function. From the assumed 


symmetry it follows that the expression in braces in equation (12) is independent 
of v, and thus 


be 3 HOLK MK), oN (13) 


+ The same will be true of electrons if the Fermi surface does not cut the zone boundary. 

} The results obtained will thus be correct for interactions involving an arbitrary number 
of phonons, corresponding to any order of perturbation theory. Hence our conclusions do 
not depend on the validity of first-order perturbation theory in this context. 
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where 
H= SOS KO). naa (14) 
Hence, from equation (10) it follows that 
Vig = 0,371 = (82° Tee) S( Mersnertse) Seed ld) 


where MM = K@?H™ and [“” is a unit vector in the direction of K™”, 

Now, as mentioned in § 1, it is impracticable to evaluate at all accurately the 
collision integrals H, and therefore for the present purposes we shall suppose 
them to be unknown parameters. Equation (15) then gives relations between 
otherwise independent components of the conductivity tensor, as long as the 
number of such independent components is greater than N, the number of H™ 
included in the usummation. Now, it may be shown (Leibfried and Schlomann 
1954, Simons 1957) that at low temperatures 


HM oT” exp (—5/T) sae tenn) 
where m is constant and 4 depends on u, being smaller for shorter K”. Thus, 
as the temperature decreases, fewer H\) need be considered in order to attain the 


same degree of accuracy in evaluating 1, from equation (15). Hence in the 
limit as T>0 we need retain only the shortest KJ, to yield 


rig = (87 TM |g?) SOL, reel) 


where the u subscript has now been suppressed, corresponding to our considering 
only the predominant term in the wu summation. We see from this result that 
rjCD JL in the low temperature limit, and thus that we may obtain the ratio 
of components of the conductivity tensor from a knowledge of the geometry of 
the lattice unit cell alone; this limiting ratio is independent of temperature. 
At somewhat higher temperatures it will be necessary to take into account more 
than one H™ in equation (15) in accordance with the above remarks, and if we 
consider those temperatures where two H™ are sufficient, then it may be shown 
from equations (15) and (16) that the limiting ratio of components as given by 
equation (17) must be multiplied by a factor [1+«exp(—f/T)], where « and p 
are constants, provided that &,K/{“"K,“” is non-zero for the shorter K™. 


§ 5. APPLICATION TO CRYSTAL SysTEMS AND COMPARISON WITH EXPERIMENT 


We now consider the form taken by our previous results for the various 
primitive Bravais lattices. It is clear from equation (17) that if symmetry 
requires the existence of only two reciprocal lattice vectors (+ K) for the shortest 
K, then in the low temperature limit 1; will be proportional to 


ee ae 
0. \) 
G0.) 


+ By shortest K™), we mean in this paper those wid vectors which are such that the 
minimum frequency of a phonon undergoing a transition into two other phonons in a 
U-process, is less than the corresponding frequency for other K'. Neglecting dispersion 
effects, it may be readily shown that this corresponds to vjo,K Ie +u,) being a minimum, 
where 2 and 2 are the longitudinal and transverse sound velocities respectively along the 


direction of K™. 
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where the axis is taken parallel to K; that is, parallel to the direction of maximum 
interplanar spacing. This result, plausible on physical grounds, is relevant to 
triclinic, monoclinic and orthorhombic lattices. It also applies to tetragonal 
and hexagonal lattices if the direction of maximum interplanar spacing is parallel 
to the caxis. If, however, this direction is perpendicular to the c axis, then 7,; 
will be proportional to the tensor 


107 0 
OM On is 
Ory OaO 


where the z axis is retained parallel to the c axis. 

At higher temperatures, it is necessary to consider more sets of reciprocal 
lattice vectors for substitution into equation (15), and it is readily shown that for 
the orthorhombic, tetragonal and hexagonal lattices it is impossible to introduce 
sets of K vectors, fewer than the number of independent non-zero components 
of 7,;. Thus for these lattices our approach yields no new results. For the 
monoclinic Bravais lattice, the reciprocal lattice is also monoclinic, and we may 
choose the z direction along the diad axis of this lattice (K). The x direction 
can then be chosen parallel to the shortest reciprocal lattice vector in the xy plane 
(K®), while the next shortest reciprocal lattice vector in this plane is taken as 
K®. It is known from symmetry considerations that for this lattice, 


log Voy 0) 
rie Diet eg o\) ; 
0 Ou ¢ 


and it is clear from equation (15) that using the above three vectors, r,, will 
involve M®, while r,,, will involve M® and M®. However, 7,, and r,, both 
involve only M®), and it is thus readily seen that (r,,,/r,,,)=tan@, where 6 is the 
angle between K® and the y axis. 

For the triclinic Bravais lattice, the reciprocal lattice is also triclinic, and we 
take the three shortest non-coplanar reciprocal lattice vectors as K®, K®), K®), 
(with KYX<K@<K®), The z direction can then be chosen parallel to K®, 
while K® is taken in the xz plane. For this lattice, all components of 7;; are in 
general non-zero, and it is clear from equation (15) that Tay Tyys Tye Will involve 
only M® while r,,, r,,, will involve M® and M®), and r,, will involve M®, M® 
and M®. Following this up in detail yields the following three relations between 
De 

Yay = yy > ey = COS (3%) > cos (34): cos(3z) 
and 


cos*(3y) [cos(2x) r,,, — cos(23)r,,,] = cos(3«)r,,,, [cos(3z)cos (2x) — cos(2z)cos(3x)], 
where (ab) is the angle between K™ and the 6 axis. 

Finally, we consider the case of a trigonal Bravais lattice, and suppose the 
rhombohedral unit cell to possess axes a, b, ¢ each of length a, making an 
angle « with one another. Then the reciprocal lattice will also be trigonal, and 
its rhombohedral unit cell will have axes a’, b’, ¢’ each being of length a’ 
[=a~' cot $a/(4cos* $x—1)'?], making an angle «’ [ =cos—!(Zsec?da —1)] with 
one another. Now, if we choose the z direction symmetrically with respect to 
a, b and ¢, it is known from symmetry considerations that the only non-zero i; 
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arer,, andr,,=r,,. ‘Thus in order to obtain any useful results, it is necessary 
to restrict ourselves to the low-temperature limit, employing only the single set 
of shortest reciprocal lattice vectors. Which set will be the shortest depends on « 


and the elastic constants; there are three possibilities: (i) the set of six 
vectors of the form a’—b’, with 


K®=2a' sin $a’ =a cosec $a; 
(11) the set of six vectors of the form a’, with 
K®=a'=a-~' cot 4a/(4cos? 4a—1)!?; 
(111) the set of two vectors of the form a’ +b’+c¢’ with 
K® = [3(1+2cosa’)]!2a’ = 312a—-1/(4 cos? 4a — 1)". 


For given « and elastic constants, it is therefore necessary to calculate y\K™ 
for n=1, 2, 3, where yp =v,2,/(v,+,), (See footnote just before equation (17)) 
and thus to decide which is the set of shortest reciprocal lattice vectors. If y 
is independent of n, then the shortest for «<60° is K®, for 60° <a < 109°28’ 
is K®, and for 109°28’<«a<120° is AK. We see immediately from equation 
(17) that if A is the shortest, then r,,= 0 and if Kis the shortest, 7,,=7,,,=0. 
With the aid of a little geometry, it is readily shown that if K® is the shortest, 
TnelVez= (1 —cosa’)/(1+2cos«’)=(1+2cos«)/(1—cos«). 

Let us now apply these results to quartz, which possesses a trigonal unit cell 
with «=93°56’. From the formulae given above, we obtain K=1-37a-, 
K®=1-0la—!, K®=1-87a~—!. Via the known elastic constants of quartz, we 
find y” from the relevant secular equation for the sound velocities, and thus 


obtain 


yay, y%=1-05y, y%=1-24y. 


This yields 
yYK® =1-37ya7, y2K®%=1-06ya4, yOK®=2-3lyat. 


Hence, at sufficiently low temperatures, only K® will be operative, giving 
Tepllez= 0°81. Since ~YK differs from y2K® by about 30%, we may expect 
this limiting ratio to be attained to within a few per cent for 6)/T greater than about 
20: that is, for T less than about 15°x. As the temperature rises above this 
value, r,,/r., should increase, corresponding to the effect of K® becoming 
apparent. ; 

Now, as far as experimental results are concerned, it would seem that the best 
measurements are those of Berman (1953 and private communication), which 
give r,,/1,,= 1°23 at 14°k, increasing to £58-at 23°K. ~The result at 14°K is 
certainly at variance with our theoretical value and the reason for this is not hard 
to find. It is due to the fact that the silicon in natural quartz possesses about 
10%, of isotope ‘impurity’, and the oxygen about 0:2°%. Berman, Foster and 
Ziman (1956) have considered measurements of the absolute conductivity of 
quartz, and have shown that at 6,/20, they deviate substantially from the 
values expected for pure Umklapp scatter, due to phonon scatter by these isotopes. 
Thus, the discrepancy between theory and experiment at 14°K 1s readily under- 
standable. As the temperature increases, the relative effect of isotope scatter 
decreases, and hence the theoretical increase Ml I, 2h, ioe temperatures greater 
than 6)/20 is borne out by the experimental result at 28 K. It is clear that in 
order to effect a detailed comparison with theory, it 1s necessary to have 
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experimental results on quartz containing a single isotope of each element. 
Alternatively we might try to calculate the resistance anisotropy due to impurity 
scatter, but this will involve a detailed knowledge of the anisotropy of phonon 
velocity. ; 

Finally, we consider the case of sapphire (Al,O;) which possesses a trigonal 
unit cell with «=55°6’. Owing to the lack of data on the elastic constants, 
we are unable to determine the values of y”, and must therefore content ourselves 
with calculating K®, when using the formulae given previously, we obtain 
K®=2-16a, K®=1-31a, K® =1-18a—._ Now, since K® is about 10° less 
than K®, while K is more than 60% greater than K®, we would expect that when 
taking the y factor into consideration, either K® or K® could turn out to be the 
shortest reciprocal lattice vector. From the previous results we then see that 
these correspond respectively to r,,/r,,=5-01 or zero in the low-temperature 
limit. Now, the very small difference between K® and K®) means that the 
maximum temperature at which this limiting ratio will become apparent is almost 
certainly somewhat less than 6p/30, that is, less than about 30°K. However, 
the only low temperature measurements on the resistance anisotropy of sapphire 
are those of Berman (private communication) which give r,,/r,,~ 1-22 in the 
range 65° to 90°K, the ratio being constant to within a few per cent. Since 
there is only a single isotope of aluminium, the effect of isotope ‘impurity’ will 
be much smaller for sapphire than for quartz. ‘The experimental results, as 
considered by Berman, Foster and Ziman (1956), show that the relative isotope 
effect is probably less than about 10% for @)/T less than about 14; that is for 
T greater than about 70°K. In view of the remarks at the end of § 4, we can then 
understand the observed temperature independent anisotropy as being due to 
both K® and K®) contributing to the resistance, since the temperature is still 
too high for the relative exponential decrease of the contribution of one of them to 
become apparent. On the other hand there is no contribution from K™ since 
the temperature is low enough for this to have been ‘frozen out’. Accepting 
the results of the previous theory, together with the experimental result, we can 
then calculate the ratio of M® to M® from equation (15). This yields 


Te 1—cos a M®) 1+ cos « 


SSS eee —’ 


Ter 1lt+2cosa M®@1+2 cosa’ 


whence we obtain M®/M®=1-18, and H®/H®=0-96. This result is plausible, 
since we would have expected H® and H® to be approximately equal. That they 
are equal to within 5% is presumably fortuitous, especially in view of our neglect 
of anisotropy due to isotope scatter. 

It is clear that in order to obtain a detailed comparison with theory, it would 
be necessary to work at low temperatures with a substance containing only one 
isotope of each element, and with a crystal structure which yields a large relative 
difference between the two shortest reciprocal lattice vectors. 
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Abstract. he difference in the behaviour of electrons and holes in germanium 
in the degree of departure from linearity of their drift velocity—electric field 
relationships is shown theoretically and experimentally to influence substantially 
the motion of a density distribution in near intrinsic material at high fields. In 
n-type germanium the normal motion can be reversed. A consequence is that 
injection or extraction, depending on the nature of the contact, can occur from 
the negative end of an n-type specimen. Cross section variations can also act 
as sources of injection or extraction. An apparent negative resistance has been 
observed, and a tentative explanation is given. Changes in mobility ratio due 
to mechanical stress can have an appreciable effect at high fields, and it is shown 
that even at low fields interpretation of piezoresistance measurements could be 
influenced by these considerations. 


§ 1. INTRODUCTION 


HE variation with electric field of the drift velocity of electrons in n-type 

(Ryder 1953, Gunn 1956), and of holes in p-type (Ryder 1953, Prior 1960) 

germanium has been published by severalauthors. These results show that 
while the mobility of both electrons and holes falls substantially with increasing 
field above about 1000 vcm~, the fall is greater for the electrons , that is, the 
ratio of the mobility of electrons to that of holes decreases as the field increases. 
The object of this paper is to point out several consequences of this mobility ratio 
variation with field on the motion of a carrier density distribution at high fields. 
In particular, under suitable conditions in n-type germanium, the velocity of this 
density distribution is reversed, leading to an effect which can be described as a 
stationary or backward travelling carrier density shock wave. Under such 
conditions both injection and extraction can occur from the negative end of an 
n-type germanium specimen, depending on the nature of the contacts. A further 
consequence is that, even in a specimen with uniform carrier and impurity con- 
centration, the passage of a current through the specimen can cause changes of 
carrier density if the cross section varies. These effects have been demonstrated 


experimentally. 


§ 2. THEORY 


2.1. Injected Distribution 


The effects to be discussed concern the motion of a carrier density distribution 
in a semiconductor of uniform impurity concentration under the action of an 
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applied potential difference. This motion is determined by the detailed field 
configuration produced by a space charge distribution, which is itself determined 
by the carrier distribution, and which changes continuously with the latter. 
The movement of these space charges constitutes flow of current, but a simple 
calculation shows that, for the situations considered in this treatment, the currents 
are always small compared with the total current, which, for germanium at room 
temperature, exceeds the former by at least two orders of magnitude under the 
least favourable conditions of low impurity concentration and very high field. 
Thus, instead of detailed consideration of the space charge it is legitimate to 
substitute the assumption of current continuity, or, since the initial space charge 
will not be of concern, the slightly wider and more usual assumption of space 
charge neutrality. 

As a further simplification, generation, recombination and diffusion of carriers 
are neglected, since inclusion of these phenomena would considerably complicate 
the treatment and add little to its illustrative value, while the qualitative effects of 
their inclusion are almost self-evident for the simple arrangement discussed. 

With these assumptions, consider now a germanium bar of uniform cross 
section and impurity concentration. At a point x along the bar the number of 
electrons and holes per unit length are p+ N and p respectively, N being the 
excess of ionized donor over acceptor impurities. The current through the 
specimen is jX (electronic charge), and at the point x the drift velocity of the 
electrons is — bv and that of the holes is v(1 +e); bis the normal low field mobility 
ratio, and the quantity <, which is a function of the electric field, represents the 
fact that the relation between the drift velocity and field is not the same for the 
electrons as for the holes. The effects being discussed are due to the non-zero 
value of e, which is positive for germanium. ‘This is illustrated in figure 1, which 
shows the previously published (Gunn 1956, Prior 1960) drift velocity—field 
relationship for n- and p-types of germanium and the corresponding values of «. 
In applying these results to the electrons and holes simultaneously present in a 
single specimen it is assumed that electron hole scattering is negligible; this is 
supported by the experimental and theoretical results on germanium of Paige 
and McLean (1960). 

The motion of a carrier density distribution may be determined by considering 
the time rate of change of carrier density in a region where the density is varying 
with position. From the space charge neutrality assumption consideration of 
the density changes of one type of carrier only is necessary, holes being chosen. 
The net rate of entry of holes at x per unit length of crystal is 


(4) age (=) {red ey Sys aCe eee (1) 


7=po(lere) 2p 1aN oom a eee (2) 


Using 


to eliminate v, and differentiating, we may write (1) 


The position of a given hole density p is thus seen from (3) and (2) to move along 
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the specimen with a density distribution velocity 


(ee Lee ues {1 fguasiat SEAN aa 
l+e dE dp/p 


(op/dx), (p/N)1+b+e)+5 
dE he a a dlvp| N d|vy| —l 
(Fs) -~ dealt bea {e+ (14S). (5) 
Uy and vy being the electron and hole drift velocities at electric field E. 

Using the experimental data of figure 1, V has been calculated as a function 
of field for various values of V/p, and the results are shown in figure 2, on which 
are indicated the conductivity o corresponding to the values of N/p in terms of 
the intrinsic conductivity gj. 

The most striking feature of these results is the reversal of the density dis- 
tribution velocity from its normal direction over a range of values of field in 
n-type germanium, and the substantial velocity, except at low fields, in intrinsic 
germanium. For germanium de/dp is always negative, and for n-type germanium 


N is positive, so that the right-hand term in the final bracket of (4) is negative. 
Reversal thus occurs when 


where 


l+p/N de dE 
l+e dE dp/p 


For p-type material N is negative and the effect is simply to increase the velocity. 
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Figure 1. Drift velocities of electrons and holes, and the value of ¢€, as a function of electric 
field, in germanium at 300°K. 


The general effect is not dependent on the detailed shape of the drift velocity— 
field relationship for holes or electrons separately, but principally on the variation 
of the drift velocity ratio with field. However, the close approach of the density 
distribution velocity to the electron drift velocity at a field of 6000 vcm~, over 
a range of impurity concentrations, is due to a particular feature of the electron 
drift velocity curve. For n-type germanium Gunn (1956) found that at around 
6000vcm-! the drift velocity was, within the limits of experimental error, 
independent of the field. If this is taken as accurately true and (5) is substituted 
in (4) with d|vn|/dE =0, the result reduces to V = —bv, the electron drift velocity, 
independent of the number of impurities NV. . 

The motion of an injected distribution is determined by the resultant changes 
in field necessary to maintain current continuity. If the electron drift velocity 
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cannot be varied the field changes must be determined entirely by the properties 
of the holes, and the material behaves differentially as though the electrons were 
replaced by fixed negative ions. The effect is therefore as though the material 
were perfectly p-type, from which the result just obtained from the equations is 
an obvious conclusion. 

In figure 2 it will be noted that the peak reverse velocity does fall somewhat as 
N increases. This is because in the calculation the minimum value of the slope 
mobility d|vn|/dE at 6000 vcm—! was not taken as exactly zero, but arbitrarily, 
for the purpose of illustration as (1/40)(d|vp|/dZ), since this is within the range 
of experimental error of the drift velocity data for electrons. For sufficiently 
large values of N/p, the density distribution velocity is thus a very sensitive 
measure of the slope mobility in this region. 
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Figure 2. Velocity of carrier distribution for low level injection calculated from electron 
and hole drift velocities. 


Some caution is necessary in interpreting these conclusions, particularly for 
the more strongly n-type material. The algebraic treatment uses the derivative 
de/(dp/p), and it is not valid to apply the results to finite values of dp unless 5p/p 
is small. ‘The criterion for validity is roughly that the number of injected holes 
must not exceed 10-20% of the number present in the material before injection. 
For a large injected signal the condition for current continuity will cause the field 
to move outside the range in which the differential electron mobility is very small 
and if the electron concentration sufficiently exceeds the hole concentration the 
behaviour will revert to that normal for n-type material, and the distribution will 
move in the direction of the holes. It is clear that, in the limiting condition of 
negligible hole concentration outside the injected region, the distribution must 
move with the hole velocity, since holes are present only in the injected region. 
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For large injected signals in germanium of any impurity concentration, both 
the field and the value of N/p will vary throughout the distribution, and analysis 
of the detailed behaviour to be expected under particular circumstances would in 
general be complex. However, some fairly general conclusions can be drawn. 
Consider a bar of near intrinsic n-type germanium with the central region strongly 
injected by illumination. Ifthe current density is such that the field is everywhere 
below about 1000-2000 vcem~! (depending on the impurity concentration) the 
behaviour will be approximately normal, with the distribution moving in the hole 
direction, the leading edge being somewhat spread out and the trailing edge 
steepened by the conductivity modulation mechanism discussed by Herring 
(1.949). 

If the current is increased such that the field approaches 6000 vcm~! in the 
region which has not been injected, the whole distribution will move in the 
reverse direction: near the base of the distribution the field, and consequently 
the reverse velocity, will be high, while at the top the field will be lower and the 
velocity will either tend to be in the normal direction, or reversed but small. 
This will result in a spreading out of the new leading edge, anda marked steepening 
of the new trailing edge. For some intermediate current density the velocity of 
the latter edge will be zero though the edge will still be steepened, producing the 
effect of a stationary shock wave. 

These considerations suggest that when a large field is applied the reverse 
travelling trailing edge is first steepened, but then retains its shape while 
subsequently travelling along the specimen. If no changes of shape occur the 
velocity of this shock wave can be found by a very simple treatment. If the 
specimen is imagined as divided into a low carrier density region (suffix 1), a 
transition region where all the concentration changes occur and a high density 
region (suffix 2), then equating the net flow of holes into the transition region 
to the change in numbers due to the velocity V of the density step, this is found to 
be, in obvious notation, 


V= Up, — Up, Po/P1 Mea. (6) 
(P2/P1)— 1 
where current continuity considerations give 
Pi Uponaens 


The approach represented by equations (6) and (7) is essentially independent 
of the differential approach of equations (1)-(5). The latter can be applied 
directly only over regions where the relative changes in carrier density and field 
aresmall. For situations where large changes occur integration of these equations 
would be required, probably by numerical methods. Equations (6) and (7) are 
equivalent to an approximate integrated solution of (1)—(5) throughout a transition 
region between two regions of different but uniform carrier concentrations. The 
experimental verification of the theory described later makes use of equations 


(6) and (7). 


2.2. Cross Section Variation 


The effect of variation of cross section can be seen by a simple extension of the 
above treatment. p and N are numbers per unit length, and cross section does 
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not enter explicitly into the calculation. Provided therefore that variations in 
cross section are sufficiently gradual that current density and carrier concentration 
can be taken as uniform over the cross section, such variations can be taken into 
account by making the appropriate variations in p and N. (Variations in N due 
to impurity volume concentration changes cannot be taken into account in this 
simple way, because the latter involve built-in electric fields.) For a specimen 
having initially uniform volume concentrations of carriers and impurities, p and NV 
can be expressed as 


P=Pof(x) and N=Nog(x) 


where g(x) expresses the variation of cross section, and f(«) is initially equal to 
2(x) before a high field is applied. 
If these substitutions are made in (1) and (2) the expression for V is found to be 


sng l+e 1+p/N de dE _ f(x)g'(x) 
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where for example g’(x) =dg(x)/dx. 


fo) 
For intrinsic material N=0 and (8) reduces to 


yes ai Ee aie ton” 1A ee (9) 
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This is identical with (4) when N =0, and is the intrinsic curve plotted in figure 2. 
This is physically obvious since, with the neglect of recombination and in the 
absence of impurities and with only slow cross section changes, there is no essential 
physical difference between an injected carrier distribution, (4), and a thermally 
generated distribution, (9). ‘Thus in intrinsic material, the distribution originally 
determined by the cross section moves freely along the specimen in the electron 
flow direction, though with considerable distortion for large variation in cross 
section. 

In the presence of impurities the situation is more complicated, the impurities 
acting as an anchor tending to impede the free movement of the distribution. 
Initially f(«)= g(x) and (8) becomes 


oe sD heey PL He 
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corresponding to a rate of injection of carriers — V(dp/dx). This injection will 
build up a distribution which will then travel along the specimen with velocity 
given by (4). Equation (8) can thus be interpreted as the combined effect of an 
injection or extraction at a region of varying cross section, together with the 
motion of the injected distribution. The net effect to be expected is an increase 
in the carrier density where the cross section is decreasing in the direction of 
electron flow, and a decrease where the cross section is increasing, together with 
a continuous movement of the modified part of the distribution. Ifthe conditions 
are such that (4) gives normal or zero velocity, then the continuous movement will 
not occur but only, if the field is sufficient, changes in the carrier concentration 
where the cross section is varying. 

An important practical implication of these theoretical results is that in 
general, at high fields, either injection or extraction will occur from the negative 
as well as from the positive terminal of a not too strongly n-type germanium 
specimen, and that the use of enlarged ends does not remove the difficulty. No 


V =bv 
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Rae theoretical study has yet been made of the properties of the various types 
of contacts that could be used for the negative end, but some experimental results 
obtained with different contacts are mentioned in a later section. 


§ 3. EXPERIMENTAL 


3.1. Distribution Movement 
To test some of the main features of the theory large current pulses were 
passed through a bar of near intrinsic n-type germanium at room temperature 
(extrinsic electron concentration ~ 1 x 10!%cm~%), and the movement of a carrier 
distribution produced by the strong illumination of a part of the specimen was 
examined. Specimens were typically about 1 cm long by 1 mm’. 
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Figure 3. Experimental arrangement. 


The arrangement is indicated in figure 3. The filament of a 24 watt bulb was 
focused to illuminate the top face of the specimen approximately uniformly, and 
a shield could be adjusted to blank off any length from the negative end. ‘The 
specimen was gripped in between two wedge shaped spring loaded probes 
extending across the specimen and about 0:5mm wide. ‘The probes with mica 
insulation could be released and moved to any position along the specimen. 
Scales were fitted to indicate the positions of shield and probes. The 1000 Mc/s 
signal picked up through the probes was a measure of the conductance between 
them; for calibration, the conductivity was varied by illumination of the whole 
specimen, and the probe signal compared with the low field d.c. conductance 
along the specimen. 

Contacts to both ends of the specimen were made by soldering. The first 
specimen used was a plain bar with equal area contacts at both ends, but this 
showed large injection effects from the negative end. The second specimen 
had an enlarged negative end so proportioned that, with the largest current used, 
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the field in the germanium at the soldered contact was less than 1000 v cm", sO 
that injection could not occur at the metal to germanium contact, and any injection 
from the negative end could only be due to a cross section effect. After preparation 
the specimens were etched in hydrogen peroxide. 
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Figure 4. "l'ypical pulse shapes with light shield covering probes and extending approxi- 
mately 1:-5mm beyond probe centres. ‘The upper curve in each set shows the 


pulse applied and the lower curve the corresponding r.f. signal. The scales shown 
on (a) apply to all diagrams. 


(d) 


(f) 


In figure 4 are shown typical oscilloscope traces. The pulse generator 
was arranged to give either a 30sec 170 v constant amplitude pulse, or a larger 
variable amplitude 44sec pulse, or a combination of both. Figure 4 (a) shows 
the effect produced by the small pulse ; the r.f. signal increases as the carriers from 
the highly injected region are swept in between the probes in the normal hole 
direction. (b) shows a similar result with a short pulse; the subsequent decay 
with a time constant of the order of 20sec is presumably due mainly to 
recombination. ‘The expected result of the combination of both pulses is seen 
in (c). In (d) the pulse is large enough to cause reversal of the density distribution 
velocity, and the carrier density decreases in between the probes; the decrease 
in the probe signal is due both to the decrease in the number of carriers, and also 
to the decrease in conductivity beyond the linear region of the (drift velocity, 
field) curves. The step at the end of the pulse is due to the disappearance of the 
latter effect, leaving only the effect due to a reduction in carrier numbers. This 
interpretation is confirmed by (e) in which the subsequent small long pulse causes 
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the distribution, which has been moving away from the probes, to return after 
about 2 psec. In (f) the situation is similar except that immediately after the 
light injected distribution has moved beyond the probes, the distribution injected 
from the cross section discontinuity at the negative end begins to move in, and by 
the end of the pulse has substantially raised the carrier density above its original 
value. 1n (g) the light injected and the end injected distributions have merged, 
and no abrupt changes are seen as the distribution is moved back by the small 
long pulse. 

In (6), (d) and (f) changes after the pulse indicate a carrier lifetime of the 
order of 20usec. Other measurements indicate that the small signal life time 
to be expected from an etched specimen of the dimensions used would be about 
200 usec. The much smaller value of about 20 usec observed is presumably due 
to the high injection level of about 4 x 10'*cm * used. 
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Figure 5. Reverse motion of injected carrier density distribution (run 2). 


If the probes are moved towards the positive end, keeping the light shield in 
the same position, results similar to (d) and (f) are obtained, but the sharp drop 
in the probe trace occurs only some time after the beginning of the pulse. ‘This is 
to be expected, as the drop occurs when the steep carrier density edge passes the 
probes. By observing the time interval between the start of the pulse and the 
sharp drop in the r-f. signal, as a function of probe position, a measure of the 
velocity of the edge can be obtained. ‘To obtain further detail the signal amplitude 
at } usec intervals during the pulse was measured for various probe positions, and 
using the calibration of pulse amplitude against conductivity, an indication of 
the motion of the whole distribution was obtained. Results of measurements of 
this kind are shown in figure 5. The sensitivity of the r.f. probe measurements 
fell rapidly at the high conductance end of the range, so that in this figure the 
limiting high density value was assumed to be constant and equal to the value 
obtained from low field d.c. measurements with the specimen completely 
illuminated. These curves show the initial steepening of the front after 
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the pulse is first applied, and the subsequent motion without much change 
of shape. Since the resolution of the probes cannot be much better than 1 mm, 
the actual front may be substantially steeper than that indicated. If no injection 
were taking place from the negative end, the density should remain at a constant 
low level to the left of the front. That a rise occurs, moving in from the left, is a 
clear indication of injection from the enlarged negative end. 

As a check on the theory, a comparison has been made, for two runs, between 
the observed velocities of the front as deduced directly from plots such as figure 5, 
and that deduced from the theory for the same observed density distributions. 
For the calculation, the data of figure 5 were plotted reciprocally to give relative 
resistance, and hence relative field, as a function of position. ‘The absolute scale 
of field was found for each curve by comparing the area under the curve, with an 
allowance for end effects, with the voltage applied between the ends of the speci- 
men. ‘The simplified theory of equations (6) and (7) was applied, with the 
constant high density region defining one side, and the density minimum, field 
maximum point defining the other side. N was obtained from Hall coefficient 
measurements by Dr. E. H. Putley on an adjacent sample from the same crystal ; 
this showed the material to have a net donor impurity density of 1-16 x 10> cm~*. 
This, together with the measurement of the current pulse through the specimen, 
enabled N/p, to be deduced. The field in the high density region was deduced 
from the current pulse, on the assumption that the density was the same as that 


obtained from the low field measurements with the whole length of the specimen 
illuminated. 
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Figure 6. Reverse velocity of carrier density step as a function of the electric field 

in the extracted region, 

The observed and calculated velocities are plotted in figure 6 (run 2). Also 
shown are the results of a slightly simplified calculation of another rather less 
detailed set of measurements of run 1, taken with a smaller pulse and a shorter 
length of specimen illuminated. The choice of field in the extracted region 
against which to plot the velocities is somewhat arbitrary, since the velocity 
depends on the densities and fields in both regions. The analysis indicates that, 
presumably due to injection from the enlarged end, the low density region was 
never completely extracted to the normal equilibrium level of the material. 
During run 1 the minimum density varied from 2-24 times the normal value, 
while for run 2 it varied from 3-4 times the normal value. The lower level in 
run 1 is accounted for both by the lower field and the greater initial distance of the 
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injected region from the negative end. The difference in step velocity between 
run 1 and run 2 at the same maximum field is due mainly to this difference of level 
in the high field region. Run 1 demonstrates the stationary shock wave pheno- 
menon, in that the final velocity of the step at the end of the pulse was almost zero. 
The distribution curves similar to figure 5 showed successively less change of 
either shape or position of the edge towards the end of the pulse. Because of the 
injection from the enlarged end, this condition would not be expected to persist 
indefinitely, but the pulse was not long enough to show the subsequent change. 

In general, the agreement between the observed and calculated velocities is at 
least as good as could be expected from the nature of the measurements and the 
treatment used. This does not apply, however, to the two highest field points of 
run 1. ‘he reason for the discrepancy here was apparent from an inspection of 
the experimental density distribution curves. The final stationary distribution 
was in approximately the same position relative to the initial distribution as that 
of the 1psec to the Opsec curves of figure 5, and the two earliest distributions 
corresponding to the two highest field points of figure 6 were changing in shape 
substantially ; the assumptions of equations (6) and (7) are thus not valid. These 
equations will still give a crude estimate if suitably reduced carrier densities are 
taken for the high density region. Good agreement can be obtained with rea- 
sonable values for these densities. This argument might also apply to a smaller 
extent to the highest field point of run 2, and would put the theoretical above the 
experimental point. The difference between the observed and theoretical 
values for the three highest field points of run 2 may then be due to another 
partially invalid assumption of the experimental procedure. In determining the 
longitudinal d.c. field use was made of the transverse differential conductance 
between the r.f. probes; the transverse differential conductance is equal to the 
total longitudinal conductance (7/V, not dijdV) and is therefore the quantity 
required. However, due to the spreading of the current between the probes the 
quantity actually measured is not purely transverse, the spreading being less at 
the high than at the low d.c. fields. This effect would increase with field, and 
would tend to make the calculated maximum field, and hence the calculated 
velocity, too high. 


3.2. Current Voltage Characteristics 


In the experiment so far described the importance of injection from the 
enlarged negative end is emphasized by an examination of the shapes of the 
voltage and current pulses in figure 5. In the absence of injection, the current 
would steadily fall as the length of the extracted region increases, whereas initially 
the reverse happens, and the current maximum occurs later than the voltage 
maximum. The effect of the movement of the step during the first 1-5 psec is 
more than compensated by the injection. 

Some interesting current-voltage characteristics have been obtained with 
other specimens having different end contacts. The first specimen tried had 
soldered end contacts and this showed strong injection from the negative end as 
indicated both by the shape of the current pulses and the r.f. probe observations. 
Another specimen however, also with soldered end contacts, behaved quite 
differently and showed that while the positive contact was injecting, the negative 
contact extracted above a certain critical pulse size; both processes could occur 
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simultaneously, with a density step appearing at a position in the specimen depend- 
ing on the pulse size. Qualitatively the same result was obtained whether the 
specimen was illuminated or not, but tended to be most striking without 
illumination. Generally similar results were obtained with a specimen having 
p-type alloyed contacts at both ends. Pulse shapes, and the current-voltage 
characteristics are shown in figure 7. 
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Figure 7. Current, voltage characteristics (no illumination). 


If uniform extraction from the negative end is assumed the approximately 
constant current at the end of the pulse, independent of the size of the applied 
voltage pulse, is a straightforward consequence of the preceding theory of the 
motion of a density step. However, it seems reasonable to suppose that the 
efficiency of extraction will increase with field and further enhance the current 
limitation. ‘These two factors, taken together with the tendency towards satura- 
tion of the hole and especially of the electron drift velocities, seems to offer a 
plausible explanation for the observed negative resistance characteristics shown 
infigure7. Onthis argument, apart from any change in the length of the extracted 
region, an increase in the applied voltage would result in an increase in the field 
in the extracted region; this in turn would increase the extraction efficiency, and 
because of the relative insensitivity of the drift velocity to field changes the 
reduction in carrier density would more than compensate for the increase in field, 
and an actual reduction in current would occur. For the specimen with p-type 
contacts, rough calculation for the point at the bottom of the negative resistance 
slope indicates that the extraction here must be substantially complete; that is, 
the extrinsic electrons carry the greater part of the current. 


3.3. A Piexoresistance Effect 


For taking the r.f. measurements of the density distributions the specimens 
were gripped in between the spring loaded probes. It was noticed that removal 
of the probes sometimes produced changes both of shape and of amplitude, up to 
about 20%, in the d.c. current pulse, when this was large enough for velocity 


reversal to occur. Forsmall pulses, for which the shapes of the current and voltage 
pulses were similar, the probes had no observable effect. 
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In addition to the thin mica insulation between the probes and the crystal, 
the probes were connected through high voltage blocking filters; no failures in 
this insulation were evident, and increasing the thickness of the mica insulation 
ten times did not alter the effect. The capacitance to the probes was several 
orders too small to have any significant effect on the d.c. current pulse. ‘The 
probes had some thermal effect by helping to cool the specimen, but this could be 
clearly distinguished by its time constant from the main effect of pressing the 
probes into position. ‘The effect therefore seems to be due directly to the pressure 
exerted by the probes; this could not be measured readily, but seems likely to 
have been of the order of kgmm~*. From the measurement of Smith (1954), 
mechanical stress of this magnitude could, for a suitably oriented specimen, 
produce changes in mobility of both electrons and holes of the order of a few 
per cent. For a specimen oriented to give the maximum effect, transverse 
compression should increase the electron mobility and decrease the hole mobility. 
Paige (1958) has shown that the effect of stress decreases with field, and this is 
taken into account in figure 8 which shows qualitatively the way in which the 
electron mobility jzn and hole mobility zp would be expected to vary in the region 
of the probes, when the specimen had been extracted to the position indicated. 
The reverse step velocity, as shown by the preceding high field theory, arises 
when the effect of the increase of jn/j4p with increased density is sufficient to 
counteract the normal motion in the n-type material. As drawn on figure 8, to 
the right of the line YY the effect of the stress gradient is to oppose this tendency 
for jin/jp to increase with density. Since the balance between the opposing 
factors is fairly sensitive, a relatively small stress effect will be sufficient to prevent 
the reverse velocity. It seems probable therefore that the observed effect of the 
stress was due to the freezing of the distribution in the region indicated in figure 8. 
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Figure 8. Qualitative variation of mobilities in a region of stress 
and carrier density gradients. 


This suggestion agrees well with the detailed observations. With the probes 
about half way along the specimen their effect was to increase the current pulse 
towards the end, as would be expected if the extracted region were prevented 
from extending. Further, the r-f. signal showed some unusual features. During 
the pulse extraction was clearly indicated, but immediately after the end of the 
pulse the signal increased above its original value, corresponding to a carrier 
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density increase ; this would be expected only if the density step were very close 
to the probes. The probes could be moved over a range of about 2mm without 
much altering this signal, showing that the final position of the density step must 
have been moving with the probes. When the probe pressure was released 
sufficiently for the d.c. current to be changed substantially, but without much 
changing the amplitude of the r.f. signal, the latter still showed extraction during 
the pulse, but did not show the subsequent rise, indicating that the step was now 
no longer locked to the probes. With the specimen illuminated the effect of 
applying the probes was scarcely detectable. ‘This also would be expected since 
with large injection the change in field at the step, and hence the gradient of the 
mobility ratio, is large, and the relatively small change due to the stress is 
insignificant. 

Since the change of mobility ratio with stress is not confined to high fields, it 
is of interest to investigate whether any significant effects should result at low 
fields. The following much simplified treatment shows this to be so. 

With the same notation as before, and neglecting both diffusion and 
recombination 

jZpE ip (DEN) Ea wie aera (11) 


(2) ie (=), phe | ae Sa ee (12) 


Taking the mobilities as functions of stress, and hence of position in an 
inhomogeneously stressed material, but not of E, we find 


op = op ae 5 1 dun — 1 dpp 
we Vo4(Z) £ (p+N)(— 3 a) b.ctesshte (13) 


=i 
Vo= Big] 145 (14 22) | 


is the normal density distribution velocity for constant mobilities. 
Equation (13) can be simplified slightly to 


(2) a ¥o4(2) 2 Ki (o+N) = = ee (14) 


where « is a little less than 2, since the change in pp is of opposite sign and rather 
smaller than that in pun. 
A steady state solution is obtained by equating the right-hand side to zero. 


This gives 
Pf Pa? Po at \e kee 
Les pho (ee 
Po a | 4 o a a tiie cy 


where the subscripts zero refer to the unstrained region. 

(un/n,)* could approach 1-1 at the breaking strain in tension along the line 
of the current, and could probably be even greater for transverse compression. 
For this value 


and 


where 


jee dest 
Ajo T= Oulbs tN, an ee 
According to this p will tend to infinity as p)/N tends to 10. In fact diffusion 
and recombination will determine the final value, which will thus depend on the 
current. Apart from the neglect of diffusion and recombination, for very near 
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intrinsic material (p /|N| large) this expression has little physical meaning since, 
in this region, distribution velocities tend to zero and are likely to be modified by 
the mobility ratio changes, so that the hypothetical stationary state would never 
be attained. Nevertheless quite substantial changes in concentration seem 
possible. The magnitude of the effect falls rapidly as the impurity concentration 
increases, but might, under some conditions, be significant in the interpretation 
of piezoresistance measurements on germanium above perhaps 10-20 ohm cm 
resistivity. 
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Figure 9. Expected result of current flow through inhomogeneously strained 
n-type germanium at low fields. 


For small changes of p the approximate solution of (14) indicates the way in 
which the stationary state is approached. Consider an n-type germanium bar 
with a central region under transverse compression, and with uniform carrier 
concentrations everywhere before the current flows (energy band changes are 
neglected). Figure 9 shows the expected result. An extracted pulse moves out 
from the compressed region, leaving this with an increased concentration. ‘The 
magnitude of the current effects only the rate of this process, and not the final 
concentration, except in so far as this is modified by diffusion and recombination. 


§ 4, Discussion AND CONCLUSION 


In this paper it has been shown that the variation of the mobility ratio with 
electric field in germanium can cause the motion of a carrier density distribution, 
at high fields, to be completely different from the normal low field behaviour, and 
that an actual reversal of the direction of motion can occur. For this field depen- 
dent phenomenon the mobility ratio variation, being due to the field and hence 
the distribution carrying the current, is spatially tied to the distribution, but the 
effect of mechanical stress has shown that a variation fixed relative to the crystal 
can also be significant. In general, new effects of this kind may result from any 
phenomenon, such as for example magnetoresistance, which can influence electron 
and hole mobilities unequally. 

The detailed high field behaviour is known for relatively few semiconductors. 
From measurements on silicon (Prior 1960) the difference between the drift 
velocity—field relationship for holes and electrons appears sufficient to cause a 
reverse carrier transport effect in near intrinsic material, if this were available, or 
in suitably injected material. For indium antimonide Prior (1958) found no 
variation of electron mobility with field up to 800 v cm-! at 300°K, but Glicksman 
and Steele (1958, 1959) have shown that at 77°K the electron drift velocity is not 
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linear with field, and in the presence of a transverse magnetic field the velocity 
exhibits saturation. Data for holes are not available but seem likely to be quite 
different, so that with this material at 77°K the necessary conditions for the 
reverse transport effect appear to exist, particularly in the presence of a suitable 
magnetic field. 

The main practical implication of the results obtained for germanium 1s 
that, where high fields are involved, particularly in near intrinsic material, 
anomalous velocities of a density distribution are likely, and the possibility of 
injection or extraction from the negative contacts of n-type specimens should 
be considered. 

The apparent negative resistance shown in figure 7 appears to warrant further 
study. The experiment does not prove conclusively that a true negative resistance 
was in fact obtained since each point on the curve is associated with a different 
past history, and it is not necessarily possible to traverse directly from one point 
to another on the drawn curve. The associated time constant of the effect was 
a few microseconds, but if the same phenomenon occurred with a shorter specimen 
this would presumably be reduced, as would also the voltage scale. It is hoped 
to investigate these points more fully. Further work on the injection and extrac- 
tion properties of different contacts and the effects of cross section variations 1s 
also proposed. 
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Abstract. The characteristic energy loss levels are derived phenomenologically 
for a target metal having an optical absorption band of similar energy to the free 
electron plasma frequency. The various relative positions of the band and 
plasma frequency are considered and it is shown that the presence of an optical 
band introduces further particle absorption levels and may shift in either direction 
or completely screen out the plasma line. The theory agrees with the general 
experimental picture, and predicts certain results which had hitherto been 
unsatisfactorily accounted for, but the lack of information concerning optical 
absorption bands in the relevant energy region precludes any detailed comparison 
for a particular metal. 


§ 1. INTRODUCTION 


HE work of Bohm, Pines et al.t on the collective behaviour of electrons in 

solids has awakened a renewed interest in the characteristic energy losses 

observed when a fast electron passes through a thin target. Although 
the losses in certain metals (e.g. Al) seem to be well explained in terms of plasma 
excitation, the loss spectra in many cases have not yet been accounted for in a 
satisfactory way. 

Since in most metals optical absorption levels occur at similar energies to the 
plasma frequency, it seems likely that along with plasmon excitation there is 
the possibility that the fast electron may excite an optical transition. Ina recent 
paper Frohlich (1958 a) has given in a general way a phenomenological dielectric 
approach whereby the particle energy losses may be related to the transition 
frequencies available in the target. . 

It is the purpose of the present paper to show on the basis of a simple model 
that the combination of losses to the excitation of plasmons and of optical transitions 
leads to a prediction of many of the features of the general experimental picture. 

The model which we choose for the target is that of a solid containing two 
sets of oscillators. One set represents free electrons, the other represents bound 
electrons which can undergo transitions giving rise to an optical absorption 
band. We consider two cases: that of a very narrow band (§3) and that of a 
broad band (§ 4). 

We find: (a) The presence of an optical band may shift the free electron 
plasma frequency upwards or downwards in energy depending upon the relative 
positions of the band and the plasma frequency. (b) Due to the band there 
appears a particle absorption line which corresponds to the set of bound electrons 
in a similar way to that in which the free electron plasma line corresponds to the 


+ For detailed references and a review of relevant material see Pines (1956). 
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free electrons. (c) In the case of a broad optical band there is present one 
or more (relatively) narrow particle absorption bands lying inside the optical band. 

Since the paper by Fréhlich, referred to above, may not be readily available 
we give in the next paragraph a brief account of his assumptions and results 
relevant to the present work. 


§ 2. THE PROBABILITY OF ENERGY Loss 


Let P(w) dw be the probability per second that the incoming electron loses 
an energy quantum hw in the range dw to the target, then the rate of energy transfer 
is given by 


If we assume that the incoming electron is non-relativistic, that the energy 
transfer is so small that its velocity may be considered constant, and that the 
magnetic susceptibility of the solid is zero so that magnetic interactions maybe 
ignored, an expression for dW/dt can be derived from electromagnetic field 
theory which, on comparison with (2.1), gives 


Pe a = cn kk 
Pw)= aoe D [ biden Mol hes erste 
The wave vector k has been expressed in cylindrical coordinates k,, k,, and ¢ 
and we have introduced an upper limit k,, because there exists a maximum k, 
to the magnitude of the momentum transfer. 
€,g(K, w) is the tensorial complex dielectric constant and 


(er ae = (ee ana tee eyes 9 een eee (2.3) 
If we suppose the target to be isotropic so that the dielectric constant depends 


only on k (the magnitude of k) and then assume that « is independent of 
k for k< ko, (2.2) reduces to 


2 eZ* €9(w) Rov 
Sipe atte) Sater  enaeeaes (2.4) 
Since the logarithmic term is slowly varying it is essentially the expression 


€9(w)/[e1?(w) + €2"(w)] which gives information about the particle absorption 
levels. 


(2.2) 


P(w)= 


§ 3. A Narrow OpticaL ABSORPTION BAND 


‘The complex dielectric constant of n electrons (in unit volume) all of which 
may undergo a transition of frequency w, with oscillator strength f, and relaxation 
time 7, may be represented by (Kramers and Heisenberg 1925) 


A wet tgee eels (3.1) 


aye oy we ae, lw/T, = 16 felie 6 


where, as usual 
a,” = 4arne?/m. 
Splitting this into real and imaginary parts 
e,(w;w,)=14 SUC, ==aN") 
(o2—o Paar EERE en 
(o/T orf 
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The optical absorption is proportional to «,, which, as we see from (3.3), 
becomes a 5-function as the relaxation time becomes large such that 
Gemeinee .  O  ehayens (3.4) 
If we suppose the optical absorption band in the target to be so narrow that it 
may be well approximated by a line, equations (3.2) and (3.3) represent that part 
of the dielectric constant due to the bound electrons. Adding to this the 
contribution from the free electrons 


2F wy? 2 Qe 
er a Soe age ee ea) 
wt + w?/ 7,2 (wP— a)? + 02/7? 
E(w R 0, w,) = (/t0)@n'fo + (w/7 oh (3 6) 
: wt + w? T) (w,? = a + w2/7? a ae 


where the suffix 0 refers to the free electrons and 1 to the bound electrons. 
For large ty) and 74, €:(w; 0, w,) approaches a sum of two 5-functions and the 
expression ¢€,/(€,;7 +") is zero except at the solutions of €,(w;0,w,)=0 where 
it is a 5-function; that is, at the solutions of 
evar sate 
eee i a (3.7) 


5 
Ww Wy —W 


We find it most profitable to study the solutions of (3.7) graphically. In 
figure 1 we have drawn 1—w,?fy/w® and — 0 fi/(w? —”) for V/fow, below ). 
The two particle absorption lines are indicated. It is easy to see how the positions 
of the lines vary with f, by altering the vertical scale of the —wfi/ (or —o") 
curve. In figure 2, \/fow, is greater than «). 

The intensity of a line is given by 


l= JG ives 3.8 
i (w) (3.8) 


where R is an energy region containing only the line in question (P(w) is given 
by (2.4)). 

The two lines are then specified by: lowe: line, position w,, intensity J; ; 
upper line, position ~,, intensity I. 

By considering the behaviour of the lines as f;>0 we can see which line 
corresponds to the plasma line. We see that in the first case the plasma line is 
shifted downwards in energy by the presence of an optical band, and in the other 


it is shifted upwards. 


§ 4. A Broap OpTicAL ABSORPTION BAND 
If the optical absorption band is broad we may represent it by a continuous 
set of oscillators of frequency © in the range {2,< Q<Q,. We may suppose 
that there is a total of nf, oscillators (electrons) comprising the band and define 
nf(Q) dQ as the number oscillators with proper frequency {2 in the range dQ, 
where 


Oat | eet (4.1) 
Q 


Then, if f(Q) is zero for Q< Q,, Q> Q, we may write, from (3.3) 
@ ad wyf(Q)w/t(Q) seen (4.2) 
ales dy= [Palos d0= |) dE Frat) 


where 6 implies the band [&, Ol. 
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Figure 1. Unshifted plasma frequency Figure 2. Unshifted plasma frequency 
below optical absorption line. As f,;>0: above optical absorption line. As f,>0: 
L-Ip, ©,,> Vfowpil, 0, w),> 0. i,>0, W113 I,>TIp, w),—> Vfowp. 


Notes on the figures: 
The following notes apply to all of the figures. 
The unshifted plasma line is shown broken. It has position 1/fywp and intensity Ip. 
Absorption bands are indicated by a rectangle; the width drawn has no significance. 
The intensity (/) associated with each band 1s the total intensity of the band. 
The heights of lines and bands are not drawn to scale. A band or line drawn higher 
than the rest is the one which remains when f/f, -+ 0 or f(2) -. 0. 
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For large relaxation times €,(w ; (2) becomes a 5-function, and we can perform 
the integration to give 


egw b)= rw "f(w)lo eae (4.3) 
By a similar generalization of (3-2) to a continuous band, we find 
foe) 2 
Le ae =P 19 er t(2) a Ohio: (4.4) 
= Otay? 


The consistency of (4.3) and (4.4) is assured by showing that they satisfy the 
dispersion relation (Frohlich 1958b) 


® (ee) 
Sey tts nd 
¢(0)-1==P | » eee 
Adding the contributions from the free electrons we have 
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Hence Pet pagal wy fw) 4 “ell 
eet e A os cm 7218 Eee (4.7) 
egw 0,5) > for) Opa QO, 
€,?(w; 0, b) + €57(w; 0, d) - a B 
wide, a 
for ~w<Q,,@2Q; 
where 3 
A= {1 af op Jot” _+9 is dQ wp f(Q) |? aft (@/7))op fo ad 7 Wp f(w) z 
aT O/T” ARS) 0? — ew? w*+wir,? 2 w 
Sete 4.9 
and Ge) 
2F oy? Q, 2 2 
PAK fy we pm Tow } ; wp f (Q)|? (w/T)@y fo |? 
peters + ae ee ee cme 5 ee oe (4.10) 


The expression (4.8) approaches a 5-function as 700 and gives two absorption 
lines at the two solutions of 


2 Q: »..2#(C 
je + } dQ — Pee Oe (4.11) 
These two lines occur one on either side of the optical absorption band and 
correspond to the two lines obtained in the previous section. However, (aap) 
does not approach a 6-function for large relaxation times; it gives a particle 
absorption band situated inside the optical absorption band. We can see 
immediately that if e,(w;0,b), ic. 7w,°f(w)/2w does not vary considerably over 
the region where ¢,(w;0,5) is small, the maximum of the particle absorption 
probability occurs at w, and is given by 


2u/, 
702f (wi, ) Buns) nee. (4.12) 
where w, is the solution of 
2 Q. 2F/(( 
1 2h 4p [ pe) Cie oe ON © et (4.13) 
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Let us distinguish three cases: 


(i) Vfyty <Qy 
(ii) Oy < V/foe, < Qe 
(iii) V/fow, > Qe, 
and characterize the absorption levels by: lower line, position ,, intensity J,; 
upper line, position w,, intensity J, ; band, maximum at w,, total intensity /;, 
where 
Qs 
ae | P(QWQdQ. ae (4.14) 
Q, 
As in the last section, by considering f({2) > 0, we can see which of the absorption 
levels corresponds to the shifted plasma line. Figures 3, 4(a), 4(b), 5 (a), 5 (0) 
and 6 are based upon calculations which assume the optical absorption band to 
be flat. 
It will be seen that cases (i) and (iii), figures 3 and 6, lead to a similar picture 
to that given by a narrow optical band, but with the addition of a particle absorption 
band inside the optical band. As f(Q2)—0 this particle band approaches a 
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limiting position at one end of the optical band. 


From (3.12) the absorption 


probability increases in height, but in the limit f(Q) =0 there can be no particle 
absorption level in this position, so we conclude that its width must deciease 


rapidly with f(Q) to make J, 0. 


Figure 3. Unshifted plasma frequency below optical absorption band. 
As f(Q)>0: > Ip, > Vfowp; 1279, w1,> Os; Is 0, w= Qs. 


Figure 4(a). Unshifted plasma frequency 
towards bottom of strong optical 
absorption band. As f(Q)+0 the 
situation tends to that shown in figure 


4(d). 


Figure 5(a). Unshifted plasma frequency 
towards top of strong optical absorp- 
tion band. As f(Q)—0 the situation 
tends to that shown in figure 5(5). 


Figure 4(4). Unshifted plasma frequency 
towards bottom of weak optical 
absorption band. As f(Q)—0: J,—0, 
w@,>0,; 1-0, @>O3; I;>0 

I,>0, w,->Q4; 

OR Vfowp. 


> 


I= Tp 
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Figure 5(4). Unshifted plasma frequency 
towards top of weak optical absorp- 
tion band. As f(Q)>0: 1,>0, a, -Q,; 
Ti=sX0). W170;  I,>0, W1,> Q); 
L,>0, > 09; I;>Ip, o,> Vfowp. 
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Figure 6. Unshifted plasma frequency above optical absorption band. As f(Q)+0: 
Vite 0, ot ere Q,; I,> Tn, el eee ‘fowp; is - 0, yee Or. 


The situation in case (ii) is more complicated. We must distinguish between 
(a) V fow, < 2’ (figure 4(a)) and (4) vfow, > Q’ (figure 4(b)), where 9 is the 
solution of 

re 2 ((2) 
ge [~ ag eed 
Ah ‘ C2 — w? 


for Q,<w<Q,. 


= 0 


Consider case (a): as f({2)-+0 the particle absorption band moves towards the 
top of the optical absorption band, away from the natural plasma frequency. 
The two external lines also approach limiting positions at their respective ends 
of the optical band. ‘Thus all three particle absorption levels shown in figure 4 (a) 
disappear with f(Q). | However, as f({2) becomes small, two more levels appear 
(figure 5(a)) (giving a total of five particle absorption levels). One of these 
disappears with f() and the other becomes the plasma line. A similar situation 
prevails in case (b) (figure 5 (D)). 

In the cases of figures 4+ (a) and + (4) one can hardly say that the plasma line 
is shifted by the presence of the optical band; it is, in fact, completely screened 
out and another particle absorption level appears inside the optical band well 
removed from the plasma frequency. 


§ 5. CONCLUSION 

The presence of an optical absorption band in the target of similar energy to 
the plasma frequency will give rise to another particle absorption line lying outside 
the optical band. If the optical band is broad there will be a narrow particle 
absorption band inside the range of the optical band. The plasma line will be 
shifted downwards if it lies below the optical band and upwards if it lies above. 
If it lies inside the optical band, the situation is more complicated, the various 
possibilities being contained in figures 4 and 5. ‘To distinguish between these 
cases requires more detailed information about f({) in the relevant energy range 
(~ 3000 Ato ~ 500A) thanis at present available. In fact, had we this information, 
we would be ina position to calculate the particle absorption levels. On the other 
hand, if we had reliable experimental results for the particle absorption levels, 
we should be able to say something about the expected optical absorption in this 
energy region. Unfortunately, the experimental results differ very much in 
detail from one experimenter to another.t We would, however, suggest that 


+ For a comprehensive review of the available experimental data see Marton, Leder and 


Mendlowitz (1955). 
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figure 4(a) corresponds well (within our simple model) to the general experi- 
mental picture for several metals (e.g. Cuand Zn), in which the calculated plasma 
frequency is well below the most frequently observed absorption level, the level 
appearing as a band. In copper, for instance, the calculated plasma frequency 
is about 11ev, whereas the only absorption level which most investigators agree 
upon is a band at around 20ev. This suggests that there is, in copper, an optical 
absorption band stretching from below 11 ev to at least above 20 ev. 
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Abstract. Formulae are obtained for the differential cross sections of the (#He, p), 
(t, p) and (d, «) reactions in which the structure of the projectile and captured 
nucleons is taken into account. The relationship of these formulae to the results 
of earlier theories in which the structure is neglected is considered. The appli- 
cation of the theory to the interpretation of experimental results is discussed. 


§ 1. INTRODUCTION 


OLLOWING the success of the (d, p) and (d, n) reactions, a considerable 
amount of experimental work has been directed to the study of more 
complicated reactions, many of which show features which suggest that 
they proceed, at least in part, by a direct process. In particular, considerable 
interest has centred recently on reactions which involve the transfer of two 
nucleons such as the (#He, p), (t, p) and (d, «) reactions. If these are regarded 
as proceeding by a direct process, one can picture the reaction as being similar 
toa (d, p) reaction but with the difference that the stripping involves two nucleons. 

The theoretical study of reactions which involve the stripping of more than 
one nucleon has been very limited. Soon after stripping was established, R. G. 
Thomas proposed a general type of stripping reaction in which several nucleons 
could be transferred from the projectile to the target nucleus. This work was 
never published but Tobocman (1956) and Butler (1957) have given very similar 
treatments. They all treat the stripped particles as having no structure. ‘The 
projectile has a structure only in that it is treated as two ‘lumps’ of nuclear 
matter bound together, one of which is stripped off and captured by the target 
nucleus and the other emerges. These treatments yield an angular distribution 
of the form g(8)[j,(Aro)]?, where L is the orbital angular momentum carried into 
the nucleus by the captured nucleons, k is the momentum transfer corresponding 
to scattering angle 4, and ry is a length of the order of magnitude of the nuclear 
radiust. The factor g(#) comes from the internal wave function for the projectile 
representing the relative motion of its two constituents, and corresponds to the 
‘deuteron factor’ of the ordinary stripping reaction. 

It is of interest to investigate whether taking into account the structure of the 
projectile and stripped nucleons affects the cross section to any great extent. 
Indeed it is necessary to do this if one wishes to interpret the experiments with 
reference to the structure of the nuclei involved. 


+ One can use instead of the single spherical Bessel function the usual Butler 
Wronskian. 


490) H. C. Newns 


The only treatment which attempts to do this for the CHe; p) and (d, x) 
reactions was given by el Nadi (1957). Unfortunately his results are invalidated 
by a serious error in summing and averaging over the magnetic quantum numbers 
of the initial and final states.} ; 

In §§ 2 and 3 of this paper we obtain formulae for the differential cross sections 
of the (?He, p), (t, p) and (d, «) reactions using a method which is similar to that 
used by el Nadi (1957). However, the results are presented in a form which 
affords easy comparison with the result of the simple theory and illustrates the 
difference produced in the cross section by taking into account the structure of 
the particles. Limiting cases of this result which produce a specially simple 
form for the angular distribution are discussed in §4. Finally, in §5 we discuss 
the applications of the theory and the interpretation of experimental results for 
the (*He, p) reaction. 


§ 2, EVALUATION OF THE MatTrIX ELEMENT FOR THE (*He, p) and (t, p) REACTIONS 


There are two approaches to stripping theory which in Born’s approximation 
are equivalent. These differ in that one uses as perturbation the interaction in 
the initial channel, and the other the interaction in the final channel. ‘The 
second method was originally used by Bhatia and Huang. For convenience we 
term the first the Butler approach since it yields the same result as his original 
method. The results obtained from these theories differ because of the extra 
approximations which are made in both theories in the evaluation of the matrix 
element. It has become customary to use the Butler approach in the treatment 
of these reactions. However, in the present case this leads to radial integrals 
which cannot be evaluated in simple terms and so in order to obtain an explicit 
expression for the differential cross section we use the Bhatia—Huang treatment. 

We imagine a *He nucleus or triton which we label ‘3’ incident upon an 
initial nucleus I. ‘Two nucleons 1 and 2 are stripped from the projectile and 
captured by the initial nucleus to form the final nucleus F. A proton p emerges. 
Using the Bhatia-Huang approach we need to evaluate the matrix element 

L=(JyMp, p|Vig(t1) + Vay(r2) Mp 3). se (1) 
The V’s should contain the coordinates of the nucleons in the initial nucleus. 
However, we shall treat the final nucleus from the point of view of the shell 
model and so it is not inconsistent to assume the V’’s to be functions of r, and 7, 
only. This will yield the result that stripping will only lead to states of the final 
nucleus which contain the initial nucleus in its ground state—a result which 
arises in Butler’s approach. 

We now expand the final state into a sum of products of the states of the 
initial nucleus and of the two particles. We do this in stages. We decompose 
the final nucleus with spin J, into states of the initial nucleus with spin J,’ and 
of the two particles having total angular momentum J. This latter we express 
in terms of the total orbital and spin angular momenta L and S. Finally we 


write L in terms of the individual orbital angular momenta of the two nucleons 
1, and /,. We can then write 


(J M| = > A(JLSILI WO es Ge Cle 
evo 1°2 JpMy. My'M ~JM; M;M IMy.m 4m 
ILSFy ly TES Ls 1 ALY) 
MM, MgMymymo 


(Sy My | Chm | (lem, | (SM. iss tius (2) 
+ This error has been carried over into the paper of el Nadi and el Khishin (1959). 
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The coetiicient A(JLSI,/,) takes into account such things as fractional parentage 
coefficients, configuration mixing etc. If we have two nucleons in a pure (LS) 
state outside a closed shell the coefficient A would be unity. If the two particles 
were in a mixture of (LS) configurations (and any wave function can be so 
expressed) then the A’s would be relative amplitudes of these configurations, 

We insert (2) into the matrix element (1). Integrating over the nuclear co- 
ordinates yields a factor 5; 5. Say, any a8 pointed out previously. We also 
make the usual assumption of the Bhatia-Huang theory that the main contribution 
to the matrix element comes from r,=1r.=1r) where ry is a length of the order of 
magnitude of the nuclear radius. We shall retain the notation r, and r, for the 
position vectors of the two captured particles for convenience, but it is to be 
understood that eventually the magnitudes will be replaced by 79. The 
expression for J is now 


ERS LRA ce eS ore ihe es Ree (3) 


Cee JM; Mp Mg “LM; mymg 
MM 7Mgmm2 
x <p, 4m,, lms, SM,|3), 
where 
<p, lm, lym,, SM,|3) = (space )<3u,, SMg|du3), +++ (4) 
py and pz being the spin components of the emerging proton and projectile 
respectively, and the space matrix element is given by 


(space ) = | exp (—ik,. fi, (Ma Mfig(72)¥1,™* Ors $1) %1."2* (Pos 2) 
x xzexp (ikz.13)drdwydw,, esses (5) 


where x; is the internal wave function of the projectile. 
The differential cross section is obtained from (cf. Huby 1953) 


3k 1 , 
Odd ils || oe Pe (6) 
Wo) = Farah, DOI 4 hea eee I 
The summations over a number of the magnetic quantum numbers can be carried 
out immediately to yield the result 
mpm; Rp (2J p+ 1) 1 
477°h4 ks (2J_+ 1) JLSM 1, (2S + DZL+ 1) 
eA Les i Lire (space) |?,  waeeee (7) 


LM 7 my\mg 
le 


myms2 


a(8)= 


It remains to evaluate the space matrix element. ‘To do this we must 
introduce an explicit expression for x,. For ease of calculation we choose a 
Gaussian wave function Be 

Xa = (2y?/7"”)? exp 1 — Y([ry— ral? + |r2— rel? + Ire — r|’)}- 
The evaluation of the space matrix element now follows the method of el Nadi 
(1957) and we need only quote the result which is 
(space) = F(y,r9) exp (— K*/8y”) Sia tte(21, + 1)¥@(2l, + 1)?(2n+ 1) 
In, Lg,n,m 
5 hn dyn 
X fig ToMfig(*0)i 14 FT ol2)i ng ¥012)En +s2(3y*r0")(— J" C7Z,0; 00 C140; my—m 


lon lon 
a Ci0; o0 © 1in0; mgm? 007" (8) 
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where F (7,179) = 644/27°y? exp (— 3y792)/9r9, k= kz —Kp, K= 3k —kp. 
The quantities L,, L, and n correspond to the L, L’ and n of el Nadi (1957)5 sy, 
inserting (8) in (7) we obtain a result for the differential cross section. 

This form of the result is extremely inconvenient for calculation. ‘The sum- 
mations over the magnetic quantum numbers can be expressed as a Racah co- 
efficient yielding for the differential cross section 


MpMs Rp (2) 5 =i 1) F2 . pe K2 2 ie Eee 
tht h, (2h 1) 0) ee 2 (2L+1)(2S+1) 


x Y  A(ILShyly)i21 + 42 (2h, + 1)!2(2ly + 1)U2(2m + 1)(2L, + 1)!2(2L, + 1)!” 


lol, Lon 
x (— 2-2 fi, To)fig(%0)i 24 (Ar 0/2 Vi z9(R70/2)Inv12(37"70") 
* Oye 00 Cee 00 Cus W(L,L,/,1,; Ln) | Baga ate (9) 


o(@)= 


A further rearrangement can be made which shows the relation to the simple 
theories more clearly. We write 1,44(3%797)=lpGby77"7) — (heGy7%") 
—1,,44(3y?r,?)). ‘The expression in the modulus then consists of two terms, 
one depending on 1,/.(3y2797) and the other on 1,/(3y779?) — L,, 41/2(3y?79?). The 
first of these is 

> AVTLSKI, ji * 42121, + 1)¥2(21,4 1)¥4(2n + 1)(2L, + 1)¥#(2L, + 1)4? 


lylonL, Log 
(— Yo fi, (odfig odin (AYa!2)i ng(AYo/2 Evel 3y*r0%) Co, 00 Cig: 00 Cx 0 
OV a dectlo lott) eee eee (10) 
The summation over n can be carried out immediately using the properties of 


Racah coefficients. Further, the summations over L, and L, can be accom- 
plished using the relation 


(20, +1)(2L,+1) op. ee . 
2. “GL +1) aE (Coe 314 (R012 )i (AF o/2) =I, (ro) 


Thus (10) becomes quite simply 
2 AIL Sh le)fi, To )fig(")Liio(3y7r0?) (2h + 1)¥?(2le + 1 N21” CH oy 1, (kro) 
12 


LO; 00 
ae (11) 


Using this result, the differential cross section becomes with a little further re- 
arrangement 
ky (2J p+ 1) 1 
A) eee F Fel aa) esata kde 
a(@) 4Pht ky (20,41) (7,70) exp (— K?/4y ge (251) ihe 


21,+1)(2l, +1) V2 al oy 
Oe [ae {CHE ofl) De a 


>: A(JLSI,1,) 
1/2 


IyLgn 
27 2 
 (2m+1)(2L, +1)¥2(2L5 + 1)12(— yo te (1 Ks “ee i ny(PTol2)izo(rol2) 
v2(3y2ro") 
hn n ‘ 
Cr; 00 ae 00 Cree W(LLoljls ; in) | 
This is our final result for the differential cross section. In deriving this 


expression we have assumed, to avoid further complication, that the initial 
nucleus had infinite mass. To correct for this we simply alter the definition of 


2 
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k to k =k; —(M,/M,,)kp and use the appropriate reduced masses for the various 
particles. 


Selection rules. These depend upon the particular reaction. 

The (?He, p) reaction. The selection rules are J,=45,+J where J=L+S, 
L=1,+1, and S=0 or 1. There is a change or not in parity between the initial 
and final states according as L is odd or even. 

The (t, p) reaction. The selection rules are the same as for the (He p) reaction 
except that S=0 only. 


§ 3. THE (d, «) REACTION 


The treatment of the (d,x) reaction is very similar to that already given for the 
(?He, p) and (t, p) reactions. There is a slight extra complication in that one 
has to introduce internal wave functions for both the deuteron and the «-particle. 
We again, for simplicity, choose a Gaussian wave function for the «-particle and 
it can then be shown that the shape of the angular distribution is independent of 
the form of the deuteron spatial wave function, provided only that it is an s-state. 
The matrix element separates into a product of two factors, one of which yields 
the analogous expression to that inside the square modulus in (12). The other 
contains the deuteron internal wave function and by a suitable change of variable 
the dependence on angle of scattering can be removed into a multiplying factor 
exp (— K?/16y?) leaving the integral as a multiplier to the cross section. 

The result is similar to (12) as far as the angular distribution is concerned, 
except that the factor exp (— K?/4y*) should be replaced by exp (— K?/8y?) and the 
argument 3y2r,2 of the imaginary Bessel function replaced by 4,779”. Also we 
have the revised definitions k=k,—(M,,/M,)ka and K=}k,—kg. The selection 
rules are exactly as for the (#He, p) reaction except that S=1 only. 


§ 4. RELATION TO THE SIMPLE ‘THEORY 


The first term inside the modulus in (12) has just the form of angular distri- 
bution as is obtained from the simple theory. ‘The infinite series (together with 
the term exp (— K2/4y?)) is the alteration produced by taking into account the 
structure of the particles. We discuss several limiting approximations. 


(i) We may assume that the *He nucleus (or triton) is very small. This 
means we take the limit yoo. For large y, 1, +1/0(3y*70")/Ive(3y"70") > 1. 
Consequently (1 —I,,1/0(3y?%7)/Tie(3y7r0")) +9 and the series vanishes. This 
yields an angular distribution proportional to 


21,+1)(2/,+1)]? ee) : 
SACL She) | SP | filroMll roti ilbro)| - (13) 
v2 

This has the same form as the simple theory. However the structure of the 
captured particles still shows in that the coefficients involve /, and /,. 


(ii) A slightly less stringent approximation is to neglect the infinite series 
inside the square modulus in (12). This means that the result for the angular 
distribution is the same as (13) except that it is multiplied by the factor 
exp (— K?/4y?). This approximation implies that the nucleons 1 and 2 are moving 
as a ‘lump’ in the projectile, i.e. they are always at the same place and moving 
together. They are of course allowed to move independently in the final nucleus. 
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(iii) The complementary approximation to this is to retain the structure of 
the projectile but assume the nucleons move as a lump in the final nucleus. In 
this case the angular distribution is proportional to 


exp (—K2/4,*)|A(ILS)j,(Rro)P— cea (14) 
(iv) The form of angular distribution often used by experimentalists is 
(AWLS (kro) eee (15) 


This implies both that the projectile is small and that the captured nucleons are 
moving together in the nucleus. + 

The approximations (iii) and (iv) are the ones usually used. Approximations 
(i) and (ii) are not generally quoted. (i) has the advantage of using a condition 
(y large) which may be thought more justifiable than assuming the particles are 
captured as a ‘lump’, and is easier to assess physically. More important, both 
(i) and (ii) retain something of the structure of the captured particles and so 
permit a more detailed interpretation of results. An example is given in §5. 

Finally, it remains to be asked what effect the infinite series in (12) has on the 
angular distribution. A detailed investigation has not so far been attempted. 
However, calculations using (12) for the excitation of certain states in the 
®Be(*He, p)!!B reaction have been carried out by Dr. S. Hinds (see figure 6 and 
the discussion above it in the paper of Hinds and Middleton 1959a). These 
show the angular distribution to be little affected. Although this is not evidence 
that the series always has a negligible effect, it seems a justifiable approximation 
to neglect it, especially when discussing results at low bombarding energies where 
the distortions by the coulomb and nuclear forces, and also possibly from com- 
pound nuclear processes, are large. 


§ 5, APPLICATION OF THE THEORY TO (*He, p) REACTIONS 


Application of the selection rules for the reaction yields information about the 
spins and parities of nuclear levelsin the usual way. Weare particularly interested 
in attempting to correlate the results with the structure of the nuclear levels. 
The particular feature of the (#He, p) reaction which, in principle at least, makes 
it very useful in this respect is that it is often possible to have transitions with two 
different values of L leading to the state under investigation. This can happen 
even when the initial nucleus has zero spin. Since the state formed is often 
simply due to recoupling of particles in a given shell (for example the Ip shell for 
the low lying states of nuclei below !°O) the ratio of intensities of the two transitions 
depends only on the nuclear configurations and is independent of the amplitudes 
of the wave functions of the captured particles at the nuclear surface. It is 
therefore possible in principle to test the supposed configurations of such 
nuclei using this reaction. ‘The difficulty is that the transitions for the higher 
values of L are naturally less intense than for the lower values. Consequently 
the method is sensitive only if the lower values of L are inhibited by the nuclear 
configurations. Since it is the re/ative intensities of the transitions which is sig- 
nificant one might hope that these are not as sensitive to the distortions produced 


t+ When the nucleons are assumed captured as a ‘ lump’ the matrix element can be 
evaluated by transforming away the nuclear interaction and one then obtains expressions 
for (14) and (15) in which the single Bessel function is replaced by the Butler Wronskian. 
However, it is difficult to see how to introduce the Wronskian into (13). 
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by the coulomb and nuclear forces as is the absolute cross section. However, 
so far this hope seems not to be borne out by the experiment. We will 
consider a particular reaction as an illustration both of the method of using the 
known nuclear configurations and of the difficulties introduced by the distortions. 

The reaction we consider is the *O(#He, p)!8F ground state reaction. The 
wave function of the SF ground state has been given in terms of (LS) con- 
figurations by Elliott and Flowers (1955). Due to mixing of the 2s and 1d shells 
in this region, the ground state is a mixture of the (s?)8S, (d2)8S, (d2)°D, (d?)!P 
and (sd)*D configurations. The configuration (d?)!P cannot be reached by 
the (*He, p) reaction because of the parity selection rule. We take the ampli- 
tudes of these various configurations as given by Elliott and Flowers (1955) as 


the values of the A’s in equation (13). We can then express the result in the 
form 


GolRro))?+a(jelkro))> na wee (16) 


However, there is a further complication in that we do not know the amplitudes 
of the wave functions for the s and d shells at the nuclear surface. We therefore 
use this ratio as an adjustable parameter and maximize the value of « The 
result is «~ 1/300. In effect, this means a pure 1 =0 transition should be seen. 
The results of Hinds and Middleton (1959b) using a bombarding energy of 
9-16 Mev bear this out. However, at the lower bombarding energy of 5-9 Mev a 
large secondary maximum is found. ‘The angular distribution can be fitted by 
a formula of the type (16) with a value «~3. This secondary peak although it 
looks like a direct reaction peak corresponding to 1 =2 must then be completely 
spurious and due to the distortions. It is very disturbing that the effect of the 
distortions should act so selectively especially since the transitions to the excited 
states seem relatively unaffected by the change in bombarding energy. 

Another example occurs in the #C (*He, p)"*N ground state reaction. ‘This 
is not as clear cut as the previous case since N is not so well understood. How- 
ever, if we accept Elliott’s (1956) work on the subject the ground state of 14N 
should be mainly a#D state. Assuming !*C to be mainly a!5 state the transition 
should be predominately L=2. The experimental results (Hinds and 
Middleton, 1960) carried out at a number of bombarding energies reveal a 
large peak in the forward direction which decreases with increasing bombarding 
energy and has disappeared at 10-14mey. ‘This forward peak could well have 
been mistaken for an L=O transition (and, as in the '%O case, this would fit 
with the known spins and parities !) but again it would seem to be spurious. It 
is obvious that great care must be taken in the interpretation of results at such 
low energies since the fitting of a peak with a spherical Bessel function is no 
guarantee that it is genuine. 

In conclusion we might suggest that, while the results so far have been difficult 
to interpret, it is possible that for higher bombarding energies and selected states 
the (2He, p) reaction could still be a useful tool in nuclear spectroscopy. 


+I have received 2 preprint by Priest, Tendam and Bleuler who have investigated this 
reaction at 13-9 Mev. The transition to the ground state of ‘4N is clearly an c=? 
transition in agreement with the theoretical expectation. 
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Abstract. In order to explain the observed non-ohmic conductivity in barium 
titanate and cadmium sulphide, it is necessary to assume that the current is 
space charge limited. Previous work on space charge limited currents has failed 
to predict the correct thickness dependence. In this paper a model is proposed 
wherein there are thin layers of uncharged traps at the surface of the dielectric 
uniformly distributed in space and of one energy depth; the bulk of the material 
contains no traps. Using this model the observed experimental results can be 
explained. 


$1. INTRODUCTION 


apparent electrical conductivity. ‘The former material has been studied 

by Branwood and Tredgold (1960) who find that for field strengths 
in the range 0 to 10kvcm7, the current varies approximately as the square of 
the applied voltage over a wide range of temperature. Furthermore, the current 
is independent of the work function of the electrode material. 

Results for cadmium sulphide have been reported by Smith and Rose (1955) 
and by Wright (1958) who find that the current increases as a power of the applied 
potential, varying between the second and the fourth depending on the particular 
specimen. 

In the case of barium titanate a study was also made of the variation of current 
with thickness. It will be shown that these latter results are very pertinent to a 
theoretical explanation of the non-ohmic behaviour of the material. 

Before proceeding to discuss what we believe to be the correct interpretation 
of the behaviour of barium titanate (and possibly of cadmium sulphide) we indicate 
why other possible interpretations are unsatisfactory. 

If we assume that barium titanate is a conventional semiconductor, (the 
(temperature, conductivity) graph would support this view (Branwood and 
Tredgold 1960), then it would be necessary to assume a field-dependent 
mobility to explain the experimental results. This field-dependent mobility 
could result from either a field-dependent effective mass or a field-dependent 
mean free path. A simple order of magnitude calculation shows that the former 
supposition is untenable and the latter supposition is ruled out by the results of 
Barnes and Tredgold (to be published), who show that a field of greater than 
10° volts cm—! would be necessary to influence the mean free path, and even then 
the conductivity should decrease rather than increase with field. 

Field emission and analogous surface effects can be shown to be unimportant 
until fields of the order 10° voltscm™ are achieved. 


B= titanate and cadmium sulphide both show a striking non-ohmic 


K 
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§ 2. SpacE CHARGE MODELS 

A discussion of space charge limited currents in solids was first given by Mott 
and Gurney (1940) who showed that under appropriate circumstances the electric 
current entering a dielectric at the cathode and passing through the material 
would vary as the square of the applied voltage. Suits (1957) has considered the 
same problem without neglecting the diffusion term, and with trapped electrons, 
but his results do not concern us here as the diffusion is only important for very 
small applied fields. In other respects he shows that trapping leads to results 
formally similar to those obtained by Mott and Gurney (1940), but with the 
dielectric constant effectively reduced by the influence of the trapping. He 
assumes throughout that there are many more traps than electrons. 

Rose (1955) has discussed the case in which the traps are distributed in 
energy and the number of electrons is comparable with, though less than, the 
number of traps. He does not explicitly discuss the influence of thickness. 

Lampert (1956) discussed the case of a single energy (in the forbidden zone) 
pertaining to all the traps and a number of electrons of the same order as the 
number of traps. In particular, he considered the breakdown effect resulting 
from the filling up of the traps. 

Now all these treatments of the problem either fail to provide a result indicating 
the influence of the thickness of the specimen, or they show that, in the region in 
which the current varies as the square of the voltage, the current also varies as the 
inverse cube of the thickness. (This result will be obtained in a special case 
below. ) 

Now Branwood and Tredgold showed that the current passing through a 
single crystal of barium titanate is given approximately by 


i BA VAT dew Ol) i Rete aas (1) 


where 4 is a function of temperature and is independent of electrode material. 
Results were obtained over a sufficient range of thickness to determine the power 
of L beyond reasonable doubt. In the following sections we discuss a model 
which leads to a result of this form. 


§ 3. TRAPPING IN ONE LAYER 


In this section we give a simple quantitative treatment of a model in which the 
traps all have the same energy and are uniformly distributed in space. In the 
following section we generalize this model to a case in which the spatial distribution 
is not uniform. 

We suppose an excess density of electrons n at any point in the material such 
that there is an excess charge having a local density of —ne. We further suppose 
that my of these electrons are in the conduction band and n; in the traps. There 
are N, traps per cm® having a depth — £,. We measure energy from the bottom 
of the conduction band and write for the density of states 


2m 3/2 
G(E)=40|) 55 | EM. ee 
Then E | 
s [° G(E)dE 
o expl((E—)/RT} +1 ade ats (3) 
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where 7 is the Fermi parameter 
Ne 
exp Br iRT} +1 


n= 


If we assume that the Fermi surface is several RT’ below the bottom of the 
conduction band we can neglect the 1 in the denominator of (3) and obtain 


ae Ma eemkT = = Ep : 
“2 (Ny—m)=2| he | XP ar oN a de eee (5) 
where the parameter © is defined by (5). 
Now ee Ae, Cr (6) 
and for the case in which we are interested > my so that 
nl 
ny = Nyon nn ereirexerere (7) 
For a large slab-like specimen, Poisson’s equation yields 
dF 47en 
Spo ee 2 (8) 


where F is the electric field normal to the surface, x is the distance from the 
surface and xis the dielectric constant of the material. If. is the electron mobility 
and the diffusion constant is given by the Einstein relationship 


p=" ee) 


then the current normal to the surface per cm? is 


Following Mott and Gurney (1940) we ignore the diffusion term, and using 
(7), (8) and (10), and the condition 
Lg adil ne er (11) 


dx K 


we obtain 

ee —jL uMk ; 1/2 82 Neb Nx*j 3/2 7 Ny?) a 2 
hsp PIT ans uMk i N,2p2e7M? Nore iM" euethe) 
Here L is the thickness of the specimen, Nj is the density of electrons originating 
from the electrode material and having energy sufficient to enter the traps at the 
boundary between the metal and the dielectric. Ng is given by 


2nmkT |?” E 
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e Fermi surface in the electrode and 


where é is the energy difference between th 


the traps. 
If 
KV 
I Fees 14 
Noe l67eL? ae 
then 
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which in the case «= M=N,=1 reduces to the result obtained by Mott and 
Gurney (1940). 

If one assumes that equation (15) describes the experimental results, and if 
one puts realistic values of the parameters into (14) one obtains N, > 10", which 
means that € must be about 0-1 ev forj to be proportional to V*. Now the different 
electrode materials employed (Ag, Au, Al, Cr, Zn), have work functions which 
differ by much more than 0-1 ev and thus one can only assume that the electrode 
material Fermi surface lies above the trap level in all cases, and that the traps in 
a small surface layer are all full. For a difference between electrode Fermi 
surface and trap level of the order lev it is easy to show that this ‘flooded’ 
surface layer is only going to be a few atomic layers thick. In this case, as No 
does not appear in (15), under the conditions discussed, the conduction current 
will be independent of the work function of the electrode material, as was found 
experimentally in the case of barium titanate. 


§ 4. MopEL WITH SURFACE ‘TRAPPING LAYER 


Evidence discussed below suggests that it is possible that there may bea surface 
layer in barium titanate which has different properties from the bulk material. 
We suggest that the surface layer is not stoichiometric and has a high trap density, 
and that the main body of the material has a low trap density. 

A simple model based on this idea is now discussed. We suppose a surface 
layer of thickness /, having trap density N,, a middle layer of thickness /, and free 
from traps and a further trapping layer of thickness /, on the other side. We also 
assume that the charge density in the middle layer is so small that dF/dx=0 in 
this region to a good approximation. We ‘join’ the layers by ensuring that F is 
continuous across the boundaries. Then with the approximations already 
employed in the last section, we find 


“2 Mpukv? (2nmkT)?? uk a Ey V2 
I~ SaNel le | 4nh®Nolh, xp ( et) Te Mewes, 


which is of the required form for barium titanate. (This material appears to 
have two activation energies associated with conduction but a modification of the 
theory to give this result is trivial.) Itis worth noting that N,, and J, occur together 
and thus all one could measure would be the traps per cm in the surface layer. 
Also, the electrode work function does not appear, if we make assumptions as in 
the preceding section. 


§ 5. EXTERNAL EVIDENCE FOR SURFACE LAYER 


Several pieces of experimental evidence exist which lend support to the view 
that single crystals of barium titanate may have a surface layer of the order of 
100A thick which differs in its properties from the bulk material. 

Kanzig (1955) using electron diffraction techniques has shown that there is a 
layer about 100A thick on the surface of the crystals which has a tetragonal 
symmetry even above the Curie temperature, though in this temperature region 
the bulk material has cubic symmetry. 

Anderson, Brady, Herz and Remeika (1955) have shown that the shape of 
the hysteresis loop obtained with a single crystal of barium titanate is altered if 
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the crystal is placed in a vacuum of 10-*'mm Hg but is restored to its original 
form if the crystal is placed in oxygen. This experiment indicates that the 
surface layer is probably easily reduced by treatment in vacuum. Now the 
electrodes used in the experiments described by Branwood and 'T'redgold were 
all evaporated on in vacuum and thus they could possibly serve to seal in an 
oxygen-deficient layer. 

It is also possible that water vapour or molecules of diffusion pump oil existing 
in the vacuum (of the order 10-+mm Hg) could be swept up and trapped by the 
electrode material and could contribute to the formation of a surface layer. 

It should be pointed out that a Frenkel (1947) ionic exhaustion layer would 
not lead to the correct result as the traps in such a layer would each have a charge 
of at least e. Now since >t the field would be dominated by the presence 
of the charged traps. In these circumstances it can be shown that the apparent 
conductivity would be ohmic. 

It would be inappropriate to speculate further on the nature of this postulated 
surface layer without the help of additional experimental evidence. However, 
the difficulty of proposing any other model which will explain the observed results 
is itself powerful evidence for the existence of such a layer. 
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Abstract. The spontaneous magnetostriction of cubic crystals can be expressed 
in the form 
A= Cot Cy (01°81? + %2?Bo? + o13”B3”) + Co(%1%284 Bo + %2%3 8083 + X30 838; ) 

where the «, and f; are, respectively, the direction cosines of the magnetization 
vector and the measuring direction, with respect to the crystal axes. The 
coefficients C, and C, have been determined for nickel within the temperature 
range —196°c to the Curie point (365°C) using calibrated strain gauges. At 
—196°c, C,=—85:0x10-* and C,=—85-4x10-%. Both constants increase 
monotonically to zero at 365°c. The room temperature (20°C) values are 
C,= —77-2 x 10-§ and C,= —70-0x 10-®. For a polycrystal the spontaneous 
magnetostriction may be expressed in the form 

A= C+ $A, cos? 
where x is the angle between « and 6. Measurements of A, have been made in 


the same way and they are in good agreement with the values calculated assuming 
uniform stress, namely A,=4C,+ $C. 


§ 1. INTRODUCTION 


HE experimental work of Bozorth and Hamming (1953) has shown that 
the spontaneous magnetostriction of nickel single crystals may be accurately 
represented by the expression ; 


A= Co + Cy (%1?By? + 19? Bo” + %3"B3”) + Co(x1%281 Bo + ot9%3 8285 + 0301858; ) 


eer (1) 


where the «, and ; are the direction cosines of the spontaneous magnetization and 
the direction of measurement, with respect to the crystal axes. The present nota- 
tion has been used instead of the more familiar expression in terms of \,,, and A 

SO as to avoid confusion with the saturation magnetostriction ie aero aN 
ideal demagnetized state, in the [100] and [111] directions respectively. The 
magnetostriction constants C, and C, were evaluated at room temperature 
using a single crystal disc with its surface cut to a definite crystal plane and by 
measuring the strain in a given crystallographic direction as the direction of the 
saturation magnetization was varied in that crystal plane. In this way the f; 
were kept constant and the coefficients C, and C, were determined by measurin 
A as a function of «; using the strain gauge technique (Goldman 1947). : 
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The measurements of Bozorth and Hamming were carried out at room 
temperature only and subsequently two attempts have been made to supplement 
these with further measurements over a wider temperature range. Corner and 
Hunt (1955) and Corner and Hutchinson (1958) determined Ayo and Ay, (as 
defined above) on two separate prolate spheroids with their long axes coincident 
with the [100] and [111] directions respectively. They then made the assumption 
that the demagnetized state of their crystals was one in which the domain magne- 
tization vectors were equally distributed between the eight easy directions. 
Under these conditions Aygo =3C, and Ay,y=}C2. Whilst this assumption may 
be true for the crystals used, it nevertheless remains an assumption. The lack 
of confidence which many workers have had in the correctness of this assumption 
is testified by the attempts which have been made to avoid it. Thus Takaki 
(1937) measured the magnetostriction of iron crystals between the remanent 
state and saturation, believing the remanent state to be less ambiguous than the 
demagnetized one. ‘Tatsumoto and Okamoto (1959) passed a current down their 
crystals so that the accompanying magnetic field aligned the magnetic moment 
vectors perpendicular to the current, which was also the direction of measurement. 
It is quite clear that these methods, although alleviating the uncertainty of the 
initial state, do not eliminate it altogether. This can be done, however, by 
measuring the strain between two saturated states each making a definite angle 
with the crystal axes. This is the procedure now commonly employed and one 
to which the strain gauge method is specially suited. 

The strain gauge technique has hitherto been confined almost exclusively 
to measurements at roomtemperature. This is because the gauge factor is usually 
known only at that temperature and because the problem of drift at any other 
temperature has always been regarded as so serious as to prevent the measurement 
of the small static magnetostrictive strains. Recently we have shown (Birss 
and Lee 1960) how these difficulties may be overcome so that it is now possible, 
using strain gauges, to make accurate measurements of magnetostriction constants 
over a wide range of temperatures in a manner which eliminates completely the 
uncertainties connected with the use of the demagnetized state. This paper 
reports some measurements on nickel carried out in this way. 


§ 2. APPARATUS AND MATERIALS 


Full details of the apparatus together with the technique employed to obtain 
the constants C, and C, have been given elsewhere (Birss and Lee 1960). 

Two thin disc shaped (110) crystals were employed. For one of these crystals 
the angles made by the [001] and [110] axes within the plane of the disc were 
1° and 14° respectively. This crystal was annealed for three hours at 1050°c 
and was then furnace-cooled. In the other crystal, which was not annealed, the 
[001] direction made an angle less than 1° with the plane of the disc, whilst the 
[110] axis appeared to lie exactly in this plane. Above the point of technical 
saturation and within the temperature range —196° to 365°c no significant 
difference was observed between the magnetostrictive behaviour of the annealed 
and unannealed crystals. 

The constant C, was determined by measuring the difference in strain when 
the crystal was magnetized to saturation in the [001] direction and then in the 
perpendicular [110] direction. ‘To the degree of approximation implicit in the 
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use of equation (1) this difference is C,. The coefficient C, was evaluated by a 
similar procedure involving two directions in the plane of the disc, one parallel 
and the other perpendicular to the [111] axis, the strain measured in this case 
being $C,. At room temperature these measurements were repeated for different 
values of the saturating applied magnetic field and an estimate was made of the 
forced magnetostriction. The values of C, and C, appropriate to zero applied 
field were deduced to be C,= —77:2 x 10-® and C,= —70-0x 10-®. At other 
temperatures the applied field was kept constant at 5000 Oe—a field that was 
found experimentally to be large enough to produce technical saturation at the 
lower temperatures. The correction for the forced magnetostriction was 
assumed to be the same as at room temperature. Figure 1 shows the observed 
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Figure 1. The magnetostriction constants of nickel. Additional points due to Corner 
and Hunt (1955) and Corner and Hutchinson (1958). 


variation of C, and C, with temperature. For convenience in drawing, 
approximately four out of every five points have been omitted. Each point 
represents the mean of thirty-six measurements of the appropriate strain 
difference. For purposes of comparison some experimental points due to Corner 
and Hunt (1955) and Corner and Hutchinson (1958) have been added. It is 
estimated that the accuracy of the present determination is +3%, the limiting 
factor being the uncertainty in the constancy of the gauge factor and its temperature 
variation, from one gauge to another. 

In addition to the single crystals, three polycrystalline discs were investigated 
in the same way. For a polycrystal the variation of magnetostriction with the 
angle x between the saturation magnetization and the direction of measurement 
may be expressed in the form (Birss 1959) 


A= C+ 3A, cos? x 


where A, is the polycrystalline magnetostriction constant. The most satisfactory 
method of evaluating A, is to measure the difference in strain when the specimen 
is magnetized first perpendicular, and then parallel, to the direction of measure- 
ment, this difference being 3A, for any initial domain orientation. This was 
the procedure adopted in the present investigation. 
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The specimens used were in the form of thin discs, one annealed as before, 
the other unannealed. Once again no significant differences in magnetostriction 
constants were detected. A third disc, cut from a sheet of cold-rolled nickel, 
was found to give values of \, approximately 5° smaller than those obtained with 
the other two. This was ascribed to preferential crystal orientation and the disc 


was rejected. A graph showing the results obtained with the annealed disc is 
shown in figure 2. 
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Figure 2. Polycrystalline magnetostriction constant \, of nickel. The broken line is the 
value of A; calculated from equation (2) and the data of figure 1. 


§ 3. DiscussION OF RESULTS 


The single-crystal measurements reported here were undertaken primarily 
to check the results of Corner and Hunt, which were puzzling in two respects. 
First, the room temperature value of |C,| was considerably lower than that reported 
by Bozorth and Hamming, and secondly, |C,| apparently went through a maximum 
value at about 125°. Since then Corner and Hutchinson have shown that the 
anomalous value of |C,| was a spurious one due to the effect of applied stress on 
the crystal. Their corrected results are now in good agreement with the present 
results. ‘The same authors showed that the maximum observed at 125°xK is also 
spurious, arising from the inability of Corner and Hunt to achieve saturation 
below that temperature. Bearing this in mind we are inclined to discount the 
apparent decrease in the magnitude of our own value of C, indicated by the liquid 
nitrogen temperature point on the graph. There is, however, no reason to believe 
that a minimum in either of the constants C, and C; is impossible or even unlikely. 
Magnetostriction is measured as a strain due to the orientation of the magnetization 
vector, and the magnetostriction constants can always be expressed as the sum of 
a number of terms each of which is a numerical factor times a product of the form 
BS, where B is the stress due to magnetization (the magnetoelastic coupling 
constant of Kittel 1949) and S is the appropriate elastic compliance modulus. 
Recent measurements by Alers, Neighbours and Sato (1958) show that all three 
elastic moduli of nickel decrease by about 6% in going from room temperature to 
liquid nitrogen temperature. If this decrease in the elastic moduli is accompanied 
only by a partially compensating change in the magnetoelastic coupling constants, 
then the magnitude of the magnetostriction constants will decrease. Since the 
fundamental interaction is given by the B’s rather than by C, and C,, it is clear 
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that simultaneous measurements of magnetostriction and elastic constants would 
be of considerable value. 

The temperature variation of the polycrystalline magnetostriction constant 
\, has been investigated by a number of workers using mechanical methods and 
it has been pointed out elsewhere (Lee 1955) that there is considerable disagree- 
ment amongst the various sets of results. This may almost certainly be ascribed 
to the effect of preferred domain orientation, which, since the results cannot be 
brought into agreement by a single normalizing factor, must be presumed to be 
temperature dependent. The present results, being free from such uncertainties, 
are expected to be much more reliable. If it is assumed that a polycrystalline 
material is in a state of uniform stress, then A, may be related to the single crystal 
constants by averaging the equation (1) over all possible directions, the resulting 
expression being (Birss 1959) 

AHS the nee ee (2) 

The broken curve of figure 2 shows the temperature variation of £C,+3C, 
as derived from the present measurements on single crystals. It may be seen 
that this curve is in reasonable agreement with the values of A, obtained experi- 
mentally and it may be concluded that the assumption on which the derivation 
of equation (2) is based—that of uniform stress throughout the material—is a 
good one. ‘The room temperature values are 


A,= —35:5x10-*, 4C,+4$C,= —346x 10. 
The difference between these two values is within the estimated error of +3%%, 


and the value of A, agrees closely with that recently obtained by Stauss (1959), 
namely —35-1+1x10-*. 
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Abstract. Experiments are described on the polymorphism of thallium halides 
formed as thin oriented layers by deposition im vacuo on to a variety of bases, 
in particular on to cleavage faces of crystals. The effect of varying the temperature 
of the base has been studied in some detail. Measurements have been made 
of the lattice constant of the abnormal rocksalt type form, using both the reflection 
and the transmission techniques. In the latter, which gives more accurate 
results, thallium halides were deposited on to a thin polycrystalline layer of alkali 
halide previously formed on an amorphous base. 


§ 1. INTRODUCTION 


7 was first shown by Schulz in 1950, and confirmed in later work (Schulz 

1951) that thin films of caesium and thallium halides possessed a rocksalt 

structure when deposited on to the cleavage faces of alkali halides, mica, and 
certain other crystals. A few exceptions to the general rule were found, e.g. 
thallium chloride had its normal form on rocksalt, and thallium bromide and 
iodide an unknown structure when deposited on mica. Pashley (1952) confirmed 
some of the earlier work and more recently Lidemann (1957) carried out a 
series of experiments at room temperature and at higher temperatures, depositing 
thallium chloride and caesium chloride on a number of bases. In all cases the 
rocksalt form was found in the thinnest layers provided the rate of deposition was 
sufficiently low. In the work described below, which was started before Liide- 
mann’s results were known, deposits of thallium halides were studied on a 
variety of bases at a series of temperatures between 20°c and 400°C. 


§ 2. EXPERIMENTAL PROCEDURE 


The experiments were carried out in situ in an electron diffraction camera 
operating at 47 kv. The diffraction patterns were usually recorded on film which 
allowed a large number of photographs to be taken during a single experiment. 
Plates were used where some accuracy was desired in spacing measurements. 
Usually a single evaporator was employed, but in some cases two similar evapora- 
tors were used, their axes being nearly at right angles; this allowed deposition 
on to a layer previously formed in the camera without disturbing the existing 
conditions. The specimens to be heated were mounted on a small flat furnace, 
the maximum temperature obtainable being 450°c. 
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Four different types of substrate were employed; (a) cleavage faces of single 
crystals, (b) crystal surfaces prepared by grinding, polishing and subsequent 
etching, (c) monocrystalline films of silver and of gold formed on rocksalt and 
on mica and (d) thin polycrystalline films of alkali halides formed by deposition 
in vacuo on to amorphous bases. 


§ 3. EXPERIMENTAL RESULTS 
3.1. Thallium Chloride and Thallium Bromide 


TICI and T1Br were observed to possess the abnormal, i.e. rocksalt, structure 
when deposited on to cleavage faces, of a series of crystals of the rocksalt structure 
(see table 1) at room temperature and at higher temperatures—the observations 
ranging up to 400°c. Initially the diffraction pattern from the deposit consisted 
of streaks and these became more intense as the evaporation proceeded. ‘The 
pattern (and the spacing) was consistent with the rocksalt form in a parallel 
orientation. Above a certain thickness a spot pattern due to the normal CsCl 
structure appeared. This thickness varied from substrate to substrate under 
similar conditions of evaporation. In the case of TICl on LiF it was about twenty- 
five angstroms, whereas on KBr and on KI the critical thickness was several 
hundred angstréms. For TIBr on KCl a similar large value of the thickness 
was also found. The rate of deposition and the temperature of the base also 
influenced the thickness of the layer with the rocksalt structure. With a low 
rate of evaporation (~1A per minute) the abnormal layer was usually observed, 
with high rates (~30A per minute) both structures were usually obtained and 
in some cases only the normal structure. This is particuarly the case where 
there is a large misfit between deposit and substrate. Increasing the temperature 
of the base, increased markedly the thickness of the layer with the rocksalt 
structure. While this was always found in an orientation strictly parallel to 
that of the base, the CsCl structure which appeared at greater thicknesses usually 
had the orientation, (110) depatt | (100): wbsrmte 20G, [OOL), or (110), Il (Omny 


Occasionally the (100), [111] orientation was present, but gave a weak diffraction 
pattern. 

Experiments were also carried out using (110) etched surfaces of alkali halides 
(see table 1). At room temperature the deposit was normal in structure and, in 
the main, randomly orientated. As the specimen (base and deposit) was heated 
the deposit changed into an oriented layer having the rocksalt structure, with the 
(110) planes parallel. ‘The temperatures at which this occurred ranged from about 
150°c to 320°c. A particular example is shown in figure 1 (Plate). 

The normal form was observed in other cases (see table 1) even with the 
slowest rates of evaporation and at elevated temperatures. Substrates of gold 
and silver come into this category, also mica and zinc blende. 

In order to obtain more accurate values of the lattice constants of the rocksalt 
form than can be obtained from the reflection patterns, a number of polycrystalline 
films of the alkali halides (KI, KCl and NaCl) were used as bases. Here the 
transmission technique could be employed. Using two evaporators, the base 
was first deposited on formvar in the camera; the thallium halide was then 
evaporated with the base either at room temperature or at higher temperatures. 
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3.2. Thallium Iodide 


Thallium iodide was always found to possess the CsCl structure when deposited 
on to cleavage faces of alkali halides (see table 1) though it is normally ortho- 
rhombic at room temperature (Helmholz 1936), transforming to the CsCl form 
above 175°c. When the deposit was heated slowly the diffraction pattern changed 
to that of the rocksalt form at 175°c and above. The same result was obtained 
when the deposition was carried out above 175°c. The results differ from those 
reported by Schulz (1951) who found the rocksalt form at room temperature. 


§ 4. MEASUREMENT OF LATTICE CONSTANTS 
4.1. Reflection Patterns 


The lattice constant of the rocksalt forms was measured at room temperature 
(i) by using the base as a standard when the deposit was thin and (11) by comparison 
with the normal structure when the deposit was thick. The agreement (see 
table 2), using a variety of substrates, is well inside the experimental error except 
in one case—TICl on PbS. Here the initial stages were unusual in that broad 
bands were found instead of the usual streaks—the streaks appeared at a later 
stage. The value given in table 2 is based on the streaks; it seems possible that 
some reaction takes place at the initial stage and that the streak pattern is not 
due to thallium chloride. 


Table 2. Lattice Constants of the Abnormal Structures of Thallium Halides 
(from Reflection Patterns) 


Type of ao (A) 
Substrate substrate ADC TI1Br DIT 
surface NaCl type NaCl type CsCltype NaCl type 
( (100) cleavage 6:35+0-02 6:°59+0:05 4-20+0-02 
NaCl (110) etched 6-32 +0-02 6:60 +0-05 
(111) etched 4-20 + 0-02 
NaF (100) cleavage 6:33+0-05 O75 9-2 002 
LiF (100) cleavage 6:33 10:05 6239/0305 
KC] JS (100) cleavage 6-32+0-05 6634005 4214005 6:97+0-02 
(110) etched 6-32 +0-02 6:60+0:05 4:21+0:05 6-96+0-02 
(100) cleavage 6-32 +0-02 6:58 +0 02 6:98 + 0-05 
KBr (110) etched 6:33 + 0-02 
(111) etched 4:19+0:05 6-98+0-02 
KI (100) cleavage 6:35+0-05 6:61+0-05 4204002 6:99+002 
(110) etched 6:34+0-02 
RbBr (100) cleavage 6:37+0-05 6:59 + 0-05 
RbI (100) cleavage 6:34 + 0-02 6:60 + 0-02 
PbS (100) cleavage 6:62+0-02t 6:59+0:02 


t This unusually large value is discussed in § 4. 


There is also a discrepancy between the results for TIC] on NaCl (table 2) 
and that given by Liidemann (1957) which was 6-09 + 0-06 or about 4% higher. 
A large number of experiments were carried out to check the value given in 
table 2 and in no case was a value found which differed from the value quoted 
by more than the experimental error. 


On the Polymorphism of the Thallium Halides Stig 


4.2. Transmission Patterns 


The polycrystalline alkali halide films referred to in §3 were used as standards, 
and also the normal form of the thallium halide (see figure 2 (Plate)). This 
method was more accurate than that of §4.1 in that sharp ring patterns were 
used. The results are given in table 3. 


Table 3. Lattice Constants of Thallium Chloride (Rocksalt Type) 


Experiment Qo (A) Standard 
6-360 + 0-010 KI 
TICI/KI 6-246 + 0-010 TIC] (normal) 
TICE 6:344+ 0-010 KCl (normal) 
6°337 +0:010 TIC] (normal) 
TICI/NaCl 6-355 +0-010 NaCl 
6°339+0-010 TICI (normal) 
In the table the reference spacings used are cp =7:066 A, 6-292 A and 5-640 4 for KI, 


KCl and NaCl and 3-842 A for TICI in its normal form. 


$5. GENERAL COMMENTS 


The results reported above confirm in the main those of previous investi- 
gators, and can be used to emphasize the remarkable influence of the cleavage 
face of the alkali halides in helping to produce structures which are unstable from 
the point of view of thermodynamics. The layers produced are in some cases 
remarkably thick—a hundred angstroms or more. The main aim of the present 
work was a more detailed investigation of the effect of the base temperature 
than had hitherto been available and it is by using heated substrates that it is 
possible to increase appreciably the thickness of layers with the abnormal structure. 

In addition measurements were made of the lattice spacing of the rocksalt 
form. This is of interest in connection with any calculation of the free energy 
of the rocksalt form—though the relative free energy of the two forms will be 
very sensitive to the assumptions made ina calculation. If one uses, however, 
the simplest possible model of ionic forces and an nth power repulsion potential 
one can calculate the anion—cation distance for the two forms and obtain 

(11/12) = 0A," /%A,", 
where r, and r, are these distances for the CsCl and NaCl forms respectively, «, and 
a, are the corresponding Madelung constants and A, and A, the lattice sums 
arising in the calculation of the repulsive part of the potential energy. From 
this one finds that (r,;—72)/r, is 4.2% for n=8, 47% for n=9, and_5-3% for 
n=10. This is very much what is found in experiment (cf. table 4, [see also 
Schulz 1951). 


ee 


Table 4. Interionic Distances 7, and ry 


Substance 7r, (A) T. (A) 11 —T1o (7;—72)/"1 
AMKGH 5-32 Zell 7) 0-15 0-047 
AMDR 3-44 3-30 0-14 0-043 


anal 3-63 3-49 0-14 0-040 


a, I, H. Khan 


While it is true that the calculation of the internal energy and the free energy 
with this model gives the incorrect relative thermodynamic stability, the calcula- 
tion of spacings is insensitive to the type of forces introduced and depends essen- 
tially on a repulsive potential changing very rapidly with distance. 
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Abstract. Surface structure, friction and wear are investigated and correlated 
in the case of abrasion of graphite by emery papers of particle diameter D=5 
to 150 microns. For graphite and also for metals, the coefficient of friction p 
of specimens approximately 1 cm long or more is low on the fine grades of emery, 
but rises rapidly with increasing D and then is practically constant at 
D>50 microns. The ploughing component pp is concluded to be larger 
than the adhesion component ja when D is of the order of 30 microns or more. 
Earlier views that yp increases linearly with D and is always small are evidently 
incorrect. 

Electron diffraction shows that the abrasion causes a re-orientation of the 
graphite at and near the surface by plastic flow by slip on (0001). A [001] ‘fibre 
orientation’ is developed (the usual compression texture) with its mean axis 
along the resultant of the normal load and the tangential frictional force, at tan u 
(whatever the value of ;.) to the specimen normal, towards the direction from 
which the abrasive particles came. 

The wear per unit distance M also rises rapidly with D and then shows a 
much slower rate of increase at D>80 microns. The plot of M against p is a 
strongly curved locus at 200g load, and is still curved even at 25g load, for 
graphite; while for metals it is linear at least up to 2kg load (Goddard, Harker 
and Wilman 1959). The difference in nature of the abrasion is also seen micro- 
scopically; cracking and some breakaway of graphite fragments occurs near the 
individual grooves, and is associated with a volume-wear rate about four times 
that of metals, at D>50 microns. 

A method of comparing the hardnesses of the work-hardened surface regions 
of abraded materials in terms of abrasion-groove widths is described. For the 
graphite specimen used this is of the order of one-fifth that of silver; the effective 
Vickers hardness is thus of the order of 20, and this agrees with estimates made 
using a diamond indenter. 


—_—_— 


§ 1. INTRODUCTION 


ECENT experiments (Barwell 1956, Piggott and Wilman 1957, Duckworth 
R and Forrester 1957, Burwell 1958) have indicated that wear in metallic 
bearings or gears is often more of an abrasive character than had been 
realized previously. Serious abrasive wear can arise not only from adventitious 
grit, but as a result of oxides, carbides or other similar hard materials being 
present at the bearing surfaces either as part of the bearing material or as a surface 
layer which becomes fragmented under pressure. Abrasive processes such as 
grinding and honing are also much used in industry, but are not well understood 
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in detail. Studies of the abrasion process have therefore been made recently 
in this laboratory to elucidate the relation between the friction, wear and surface 
re-orientation occurring during uni-directional abrasion. 

Although the surface structure of polished metallic and other solid surfaces 
has been studied extensively in this laboratory (see for example Finch 1937a, b, 
1950) and elsewhere, there have been very few studies of the surface structure of 
abraded surfaces. Courtel and Léger (1948) Courtel (1949, 1950a, b) and 
Takahashi (1951) used electron diffraction to investigate the surface nature of 
various uni-directionally abraded metals, but their work led to no clear and valid 
conclusions as to the origin of the observed surface deformation textures, and 
indeed their interpretation of the rather complex electron diffraction patterns 
was evidently in some cases incorrect. Scott and Wilman (1958) showed, however, 
in the simpler case of the hexagonal metals beryllium and magnesium, that 
uni-directional abrasion (on emery papers) results characteristically in an 
oblique one degree orientation (‘fibre orientation’) whose axis [001] is inclined 
at an angle 5 away from the normal to the specimen surface, towards the direction 
from which the abrasive particles came. ‘The inclination 6 was approximately 
equal to tan-!, where was the observed coefficient of friction. They showed 
that this orientation corresponds to the usual [001] compression texture, arising 
from the obliquely directed compressive force which is the resultant of the normal 
load and the tangential force overcoming friction, exerted on the individual 
abrasive particles and thereby on the material in contact with them. 

As part of a series of studies of the abrasion process in this laboratory, the 
following experiments were aimed particularly to show the relation between the 
surface re-orientation, the friction and the wear during abrasion of graphite, 
which is an important solid lubricant. Several new results of fundamental impor- 
tance have been brought to light, in particular the general nature of the dependence 
of the coefficient of friction y of solids on the mean emery-particle diameter D 
was shown for the first time. On 0000 emery paper, , was 0-13, nearly equal 
to that (0-12) of graphite sliding on graphite (evidently due to clogging of the 
emery paper by the worn-off graphite); but with increasing emery particle 
diameter, rose to a practically constant value of 0:46 at D greater than about 
50 microns.t Metals showed a similar variation of » with D, but » rose to much 
higher values of the order of 0-8 (cf. also Goddard, Harker and Wilman 1959): 
Previous results on metals had suggested only a very small linear rise of with 
D (Spurr and Newcomb 1957). 

Secondly, our electron diffraction results showed that the [001] fibre orienta- 
tion produced on the graphite surface by the abrasion varies correspondingly in 
its inclination, 5 being of the order of 7° when pw was 0-13 (on 0000 emery) 
and for example of the order of 22° when p was 0-42 (on grade 1 emery).+ 
Previous electron diffraction work on polished graphite (for example Jenkins 
1934, Finch, Quarrell and Wilman 1935) had only shown a surface orientation 
with the [001] axis normal to the specimen surface, due apparently to irregular 
polishing direction. 


+ These results were described in a lecture given by one of us (H. W.) at Tube Invest- 
ments Ltd. Research Laboratories, Hinxton Hall, near Cambridge, in September 1958 
and at a colloquium (by P. V. K. P.) at Imperial College, in January 1959. ‘ 
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Thirdly, our results on wear of the graphite specimens on various grades of 
emery paper show that at a constant load of 25¢ or 200g, the wear per unit 
distance M is related to the friction coefficient ,z in a definite way, but this is not 
of the linear form M=(u— 9) which other experiments in this laboratory have 
shown to be characteristic of the abrasive wear of most metals at loads up to a 
few kilogrammes (Goddard, Harker and Wilman 1959). The plot of M against 
uw for the graphite gives a curved locus, indicating a form of wear differing largely 
from that of metals. 


§ 2. EXPERIMENTAL 


Graphite specimens, upon which the experiments were performed, were cut 
from a large polycrystalline block of 2 in. square cross section, to a size 1-4cm x 
10cemx0-5cem. This graphite, of density 1:77 gcm~*, was kindly supplied to 
this Department by the Atomic Energy Research Establishment, Harwell. 
The grain diameter was estimated from micrographs to be of the order of 0-5 mm. 
As abrasives, emery papers from Messrs. Oakey and Sons Ltd. were mainly 
used. The grades used and the mean particle diameters for these were: 0000 (5 1), 
000 (10 1), 00 (15 pz), 0 (35 z), 1 (452), 1F (40), 1M (50,2), 1G (70), 2 (100 p) 
and 3 (150). Emery paper of mean particle diameter about 25-30 microns 
was not available from Messrs. Oakey but was obtained from Messrs. Hubert, 
(grade 00). Oakey’s carborundum papers of meshes 600 (20,4), 400 (36), 280 
(60), 150 (994) and 120 (166) were also used. The effect of sliding the 
graphite under load on filter paper (Whatman No. 1) was also investigated. 

For the electron diffraction investigations, the working surface (1-4cm x 1:0cm) 
was abraded uni-directionally in air, under the desired load (between 
0-2 and 10kg), on emery paper of a particular grade over a track length of at 
least 20cm until the surface showed no further change in form. The surface 
structure of the specimen was then determined from electron diffraction photo- 
graphs obtained from a Finch electron diffraction camera (Finch and Wilman 
1937) with a camera length of approximately 47cm and accelerating voltage in 
the region of 50-60 ky. 

The surface layers were burned away in air, in 15sec stages at red heat in a 
porcelain crucible, to expose sub-surface regions and allow their investigation by 
electron diffraction. This short heating at this temperature was insufficient to 
cause appreciable change in the structure by recrystallization, although the 
surface gradually became pitted and eventually crumbled. This process was 
repeated until the initial strongly [001]-orientated graphite at the abraded surface 
had been removed and the original texture of the specimen was observed, i.e. 
randomly oriented crystals. Assuming the graphite is removed evenly by burning, 
the weight loss (~2mg per 15sec) is an indication of the depth of graphite 
removed. This was estimated to be about 1-09 microns per milligramme for the 
specimen used. Ds ~f 

The coefficient of friction was determined under a range of conditions similar 
to those used for the surface-deformation investigations. This was measured 
in terms of a horizontal force necessary to cause motion of the loaded specimen 
over the abrasive. The force was applied by means of a thread which was attached 
to the graphite and passed over a low-friction pulley to ascale pan. Measurements 
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of friction were made for graphite moving over graphite, No. 1 filter paper, 
emery paper of grades 3, 2, 1G, 1, 1F, 0, 00, 000 and 0000, and carborundum 
paper of abrasive sizes 600, 400, 380, 150 and 120 mesh. 

To obtain information about the initial part of the sliding process, a continuous 
trace of the amount of the frictional force was recorded (figure 5 (Plate)). A 
suitable spring was attached at one end to the loaded specimen, and the other 
end was moved parallel to the sliding surface, at constant speed, by a geared 
electric motor. A needle, soldered to the specimen end of the spring, recorded 
the motion of this end on a smoked glass plate which was mounted on a base 
rigidly connected to the other end of the spring and was made to move on this 
base at a roughly constant speed perpendicular to the sliding direction of the 
specimen. 

Wear measurements were made for graphite sliding on emery and carbor- 
undum papers. The graphite specimen was abraded at about 10 cmsec~ under 
loads between 25 and 500g in a series of 20cm strokes. The wear loss for each 
successive stroke was estimated on a semi-micro balance to 0-01mg. With the 
fine emery grades, especially 0000 emery paper, producing low wear rates, the 
weight of the specimen was found to increase with time, e.g. ~ 0-05 mg in 15sec, 
due to adsorption of air on the fresh surface exposed by the abrasion. Repro- 
ducible results were only obtained if the specimens were weighed within 5 seconds 
after the abrasion. On the coarser grades, from 00 upwards, the weight increase 
with time was, however, very small in comparison with the wear. Since the 
friction and the wear on emery paper of any particular grade varied sightly 
from one sheet to another (i.e. the abrasive particle size, shape, etc. varied slightly), 
the friction and wear were normally both measured on the same sheet of emery. 
In this case the points in figure 7 varied slightly in position for different sheets 
of the emery paper, but they remained always close to the single locus shown. 

A Vickers projection microscope was used to obtain optical photomicrographs 
of the specimen surface at suitable stages of the abrasion. 


§ 3. RESULTS 


Electron diffraction photographs from the abraded graphite surfaces were 
recorded at various azimuths relative to the abrasion direction. The graphite 
abraded on various grades of emery paper showed oblique [001] orientation in 
all cases, the 00/ arcs being centred on a radius which was tilted at an angle § 
away from the normal of the specimen surface towards the direction from which 
the abrasive particles came, i.e. the reversed abrasion direction. 


3.1. Electron Diffraction Observations of the Surface Structure of 
Uni-directionally Abraded Graphite 


After abrasion, the immediate surface region was found to be the most 
strongly oriented layer. ‘The degree of orientation of the graphite at the surface 
however, decreased with increasing coarseness of the abrasive. For example, 
abrasion on 0000 emery paper (cf. figure 1(b) (Plate I)) gave a higher degree ef: 
orientation than abrasion on grade 1 emery paper (cf. figure 1(e)). 
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The degree of orientation also appears to increase with increase in applied 
load and total length of the abrasion stroke. For example, starting with a relatively 
rough burnt-off surface, the degree of orientation was found to be higher for 500 g 
load and on No. 1 filter paper, than for 200g load and the same abrasive and 
stroke length, and it was higher after a 600cm stroke than after a 25cm one. 
It seems possible, however, that these observations may be explained as largely 
due to disoriented graphite fragments worn off the projecting parts of the surface 
being deposited in the neighbouring depressions, so as to lead to rings in the 
diffraction pattern, until sufficient material is worn away to leave the surface 
smoothed off to its maximum extent. 


The Coethcient of Friction and the Inclination 8 of the Mean [001] ‘Fibre 
Orientation’ Axis, away from the Specimen Normal, for Graphite 
Abraded Uni-directionally on various Grades of Emery Papers 


Grade of emery 0000 000 00 0 1 1G 2 3 
be 0-13 0-19 0-25 0-40 0-42 0-45 0:46 0:46 

tan— yu (deg) 7 11 14 22 23 24 24 24 

5 observed (deg) 7 10 ~14t 22 I) - - - 


+ The 002 arc appears to be strongest at about 7° from the vertical in figure 1 (c), but 
this arc extends with high intensity to about 6 ~ 22°. 


we ee EE SS SS SS eee 


The table shows the angles of inclination 5 and the observed yu for the graphite 
sliding on a range of emery papers. It is seen that at the surface 6 agrees closely 
with tant. It is to be noted, however, that the patterns from the graphite 
abraded on 00 emery paper (cf. figures 1(c) and 1(d)) show 002 arcs which are 
strongest at about 6~ 7°, though the arc extends with high intensity up to 6 ~ 24”. 
Figure 1(d) shows the clearer, more strongly arced pattern from graphite abraded 
on 00 emery paper followed by sliding (approximately 100 cm at about 0-5kg load) 
on filter paper to remove randomly disposed graphite fragments from the surface, 
and finally burning away the surface region sufficiently to remove the thin 
surface layer which had been re-oriented by the abrasive action of the filter paper. 
For graphite sliding on filter paper, cf. figure 1(a), 8 was 7°-8°, and pz was 0-13, 
thus tan—=8°, again agreeing well with the observed 6. 

Variation of load between 0-2 and 1 kg had no effect on either 5 or p for a given 
grade of abrasive, within the accuracy of the measurements. 

It was of particular interest to determine whether or not higher loads cause 
development of some perpendicular [001] orientation similar to that which occurs 
together with the oblique [001] orientation in beryllium abraded uni-directionally 
at loads greater than about 1kg (Scott and Wilman 1958). The specimen was 
therefore slid under loads of up to 10kg on emery papers of grades 1 and 000 
respectively. In neither case did the electron diffraction patterns from the 
abraded surface (cf. figure 2 (Plate II)) show clear presence of any perpendicular 
[001] orientation. 
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3.2. The Variation of the Angle of Tilt 8 with Depth for Abraded Graphite 

A graphite surface which had been burnt off until it showed random crystal 
orientation was slid under 500g load on No. 1 filter paper, and after a single 
continuous 600cm abrasion stroke the surface showed [001] fibre orientation 
with its axis inclined at 6°-7° from the specimen normal, this angle remaining 
constant and equal to tan-y at all depths at which the fibre orientation was 
detected, ie. to 23 microns below the surface. For a 200g load and a 20cm 
stroke on No. 1 emery paper the depth was about 40 microns, and after burning 
off the graphite to this depth the surface exposed then yielded ring patterns with 
OO/ arcs visible. 

When the graphite had been abraded on coarser grades of emery and not, 
or insufficiently burnt-off, however, before abrasion on a finer grade, the variation 
of tilt 6 with depth was found to depend on the previous abrasion history. For 
example, with successive abrasion on 3, 1, and 000 emery papers followed by a 
series of strokes on filter paper, the initial tilt was 8°, i.e. that typically due to 
the filter paper, and increased to 24°, which is the tilt obtained using the coarser 
grades of emery paper. The final abrasion on 000 emery paper had clearly 
not removed all the surface region of the graphite which had been re-oriented to 
greater depths by the prior abrasion on the coarser 3 and 1 emery paper. 

The degree of orientation was found to decrease with depth. This was 
shown by the increasing length of the 00/ and other arcs and the appearance of 
rings indicating much randomly oriented graphite. 


3.3. The Variation of the Coefficient of Friction x. of Graphite and Lead, with 
Diameter D of the Abrasive Particles 
Figure 4 shows the variation of u for the graphite on emery papers and 
carborundum papers, at 0:2 to 1kg load. For comparison, figure 4 also shows 
the variation of y for lead, i.e. a similarly easily deformable metal, sliding on 
emery papers at 0-2kg load and similar speed. The lead block was rectangular, 
the abraded face being 1-4cm x 1-0cm and the height 0:5 cm. 


0:2 
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Figure 4. Variation of 4 with the mean diameter D of the abrasive particles, at 200 g load, 


for (a) graphite on emery papers, (b) graphite on carborundum papers, (c) lead on 
emery papers. 
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The lead and the graphite show similar friction curves, and the curve for the 
graphite is similar in form for both emery and carborundum papers. ‘The curves 
are characterized by a steep rise of « with increasing D, up to a value which is 
practically constant at D more than about 45 to 50 microns. This variation 
of 4. with D appears not to have been shown previously. 

On 0000 emery paper, « of both the graphite and the lead was nearly the 
same as that of graphite on graphite (0-12) and lead on lead (0-33) respectively. 
These observations indicate that when graphite or a metal slides on the finer 
grades of emery papers, the worn-off graphite or metal clogs the depressions 
between the emery particles so that a part of the load is borne on graphite-graphite 
or metal (+oxide?)-metal (+oxide?)t contacts and hence the friction 1s 
decreased. 


3.4. The Variation of of Graphite on Emery Papers at the 
Commencement of Sliding 


As a check on the relative values of during the initial acceleration at the 
commencement of sliding and during sliding at about 10cmsec™, a record of 
was made as described in §2, for graphite sliding on No. 1 emery paper at ikg 
load. This is shown in figure 5 (Plate III), where the vertical scale indicates the 
frictional force corresponding to the deflection of the pointer at the end of the 
spring. The horizontal axis corresponds to an approximate time scale. It is 
seen that the tangential force rose at practically constant rate until sliding motion 
occurred, after which any decrease in ,. was evidently small and p was constant 
to within about 6%. The slight initial rise above the mean p level during sliding 
was probably due to the initial oscillation of the spring while the tension was being 
applied. There was thus little difference between the static and kinetic coefficients 


of friction. 


3.5. The Variation of 1 and M of Graphite with Load W 


Although p of graphite on emery paper of a given grade was constant, within 
the experimental error, at loads of 0:2 to 10kg, some preliminary tests at 25g 
load indicated a considerable increase in » on 0000 emery, to 0-24 as compared 
with 0-13 at 0-2kg or more load, this being apparently due to the lower wear 
causing less clogging of the emery and hence less load on graphite-graphite 
contacts. On 00 and 1 emery paper, p at 25 g load was ()-31 and 0-48 respectively 
as compared with 0-26 and 0-46 at 0-2kg or more. 

The variation of M with load W over the range 0 to 500 g was checked in the 
case of graphite sliding on No. 1 emery paper, over a distance of the order of 
200 cm in each case. M was found to be closely proportional to W, for example 
(020M was 0. 5-7. 112, 23-7. and li5mgem— for W=0, 22:8, 52:8, 102°8 
and 502-8 g respectively. 


3.6. The Wear of Graphite on Emery and Carborundum Papers 


Figure 6 shows the wear per unit length of abrasion of the graphite M on 


emery and carborundum papers, as a function of the mean diameter D of the 


+ The low p~ 0-3 for metal sliding on metal in air, shows that the metal surfaces are 
covered with a thin layer of oxide (presumably) at least a few atoms thick; similarly the 
graphite is presumably covered with an adsorbed layer of oxygen and nitrogen and other 


gaseous molecules from the air. 
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Gismncien DD. emery as abrasive ; 5, 200g load with 
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abrasive particles, at 200g load. This variation is similar in form to that of yp, 
rising rapidly with increase in D, then flattening off more and more as D increased 
to the order of 150 microns, but still increasing with D even at this large value. 

Figure 7 shows the relation between M and p of the graphite specimen on the 
various grades of emery paper, for the 200g and 25g loads, and includes the 
point for graphite sliding on graphite, for which measurement showed that 
M~0 and »=0-12. The points in figure 7 lie on or near a curved locus which 
deviates considerably from the practically linear form of variation of M with u 
found for most metals (Goddard, Harker and Wilman 1959). 

For comparison the results are shown also in figure 7 for wear and friction of 
the graphite on several carborundum papers. 


3.7. Optical Examination of Graphite Surfaces Abraded on Emery Papers 


Figure 3 (Plate) illustrates typical micrographs from the graphite abraded 
about 3mm path length (so as to show individual grooves clearly) under 200g 
load on various grades of abrasive. Figure 3(a) shows the grooves produced 
by 0000 emery on graphite initially surfaced on 0000 emery paper followed by 
filter paper. In figure 3(b) the vertical fine grooves correspond to the initial 
surfacing on 0000 emery paper, and the horizontal wide groove was caused by 
one of the particles of the 0 emery paper. In both cases the grooves ploughed 
out by the emery particles show much irregularity of outline at their edges, 
apparently owing to break-away of pieces of graphite; and there are many irregular 
cracks in the regions adjacent to the grooves, as can be seen in figure 3(b). The 
mean widths of the grooves caused at this load of 200 ¢ varied from about 0-5 
D on 0000 emery to about 0-25 D on grade 2 emery. 
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At least some of the graphite from the groove space is evidently displaced 
by plastic flow to become piled up at the sides of the groove, though again rather 
irregularly, as is seen in figure 3(b). Some of the graphite from the groove space 
1s, however, worn away as loose particles, and in particular no coherent graphite 
strips in process of formation could be seen, such as have been observed still 
present at the front end of the grooves on metals, in this laboratory (Avient, 
Goddard and Wilman 1960). 

Figure 3(c) shows a typical groove of more rounded form, caused by sliding 
the graphite under 200g load on Scotchlite reflective sheeting, 1.e. a two- 
dimensional array of glass spheres about 125 microns in mean diameter, stuck on 
to a thick backing layer. There is a slight pile-up at the sides of the grooves, 
but no clear evidence of any appreciable forward flow of material at the bottom 
region of the groove, such as is seen from the curving of the initial surfacing 
lines across the groove in figure 3(d), which was recorded by Dr. J. Goddard in 
this laboratory from a silver surface slid on Scotchlite at 1kg load. It is noted 
that the groove widths in figures 3(c) and 3(d) are approximately equal 
(~30 microns, i.e. 0-25 D). 


§ 4. DiIscussION 
4.1. The Variation of the Friction of Graphite and Lead with Particle 
Diameter D of the Emery 


Since, after sliding uni-directionally under load on the emery paper, the 
graphite or metal surfaces show parallel grooves which correspond at least in 
part to removal of material, i.e. wear, it is clear that the friction coefficient 
consists partly of a ploughing component pp (cf. Bowden and Tabor 1954). ‘The 
results of Spurr and Newcomb (1957) had suggested that for metals sliding on 
emery papers p rises gradually and linearly with increase in diameter D of the 
emery particles. They concluded that if this linear locus is extrapolated back 
to D=0, the value of » then corresponded to the adhesion component pa, the 
excess slight linear rise being pp which was small, up to about 0-1 for Cu and 
0-3 for Pb. 

Our results in figure 4 show the variation of p at both lower and higher D 
values than Spurr and Newcomb used, and allow recognition of the true non- 
linear form of variation of » with D, in particular the virtually constant p, at D 
above about 50 microns and the rapid decrease in p at D less than 50 microns (due 
to part of the load then being supported on the worn-off material which partially 
clogs the emery paper). Goddard, Harker and Wilman (1959) have now also 
found this for abrasion of many other metals, using specimens of the order of 
1-5 to 2cm long; and verified further in the case of Cu that use of specimens 
which are much shorter (< 2mm) in the sliding direction, causes the locus of pu 
to show much less variation with D, rising from about 0:6 on 0000 emery but 
flattening off as before at about 0-8 on grades 1 to 3 emery. This indicates that 
Spurr and Newcomb’s specimens, though of 3/16in. diameter rods, must have 
had effective bearing lengths of only about 0-1 cm, and that their interpretation of 
their results as suggesting an inclined linear locus (as the mean over a narrower 
range of D than that used in the present work) is incorrect and corresponds only 
to a lowering of » at low D due to clogging having been still appreciable on the 
finer grades of emery. 
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At the lowest D (5 microns) ,. approximates closely to the value for graphite 
on graphite (0-12) or metal-oxide on metal-oxide respectively, and this with 
other observations such as the almost continuous layer of worn-off material on 
the emery paper, shows that when D is less than 50 microns, 1 1s reduced as a result 
of part of the load being carried on graphite-graphite or metal-oxide—metal-oxide 
contacts, due to partial clogging of the emery by the worn-off material. 

Recent experimental and theoretical results of Avient, Goddard and Wilman 
(1960) have shown that the high and practically constant friction of most metals 
onthe coarser emery papers (D > 70 microns) corresponds to absence of appreciable 
clogging of the emery during the single passage of the specimen over these rougher 
surfaces, and to the abrasive particles having angular form, this leading to pp 
being a large part of the total friction. fp and pa are functions of the properties 
of the graphite or the metal, and of the semi-apical angle 6 of the pyramidal or 
conical shape of the indenting tips of the particles. Goddard, Harker and 
Wilman (1959) derived expressions for » in terms of @ for pyramidal or conical 
particles. For example for cones 


2 (pm' S 
= ty ta = = {Pm cot + cosecd | ee ties (1) 
7 pm m 

where pm is the flow pressure of the material, pm’ is the rather larger effective 
flow pressure owing to the pile-up of material ahead of the ploughing particle, 
and s is the shear force per unit area to shear the adhering surfaces which slide 
against each other. If the emery particles have substantially the same shape on 
emery papers of different grades, , would thus indeed be expected to be constant 
at constant load, independent of the mean particle diameter. 

The results for metals (Goddard, Harker and Wilman 1959, Avient, Goddard 
and Wilman 1960) show that the practically constant » at D greater than 
70 microns is lower (at constant load of 0-2 to 2kg) the harder the metal, e.g. it 
is about 0-8 for Cu and Ag, but 0-53 for W. It was concluded that to account for 
the « ~0-80 for Cu on emery (D>70 microns), (Avient, Goddard and Wilman 
1960) the effective 6 was about 62°, if pm’/pm~1-5, and in this case zp would be 
about 0:5 and ya about 0-3 and thus nearly the same as the p (=s/pm) of Cu 
(+ oxide ?) on Cu (+ oxide?). For graphite on graphite u (=s/pm) is only 0-12, 
thus (2/7)(s/p,,)cosec@ would be 0-09, hence pp would be the total of 0-46 
minus 0-09, i.e. 0:37. If this is to equal (2/77)(pm'/pm) cot 6, then (pm'/pm) must 
be 1-1 for graphite. ‘This lower value of (pm‘/Pm) as compared with that of 1-5 
assumed for the Cu could be due to a much lower degree of pile-up of displaced 
material round the indenting particles, or a similar degree of pile-up but with 
some other contrary effect such as the cracking and weakening of this piled-up 
material (see $3.7). 


4.2. The Relation between p. and the Inclination 8 of the Orientation 
Axis for Graphite 
The above experimental results show that in the surface regions of the graphite 
an oblique [001] ‘fibre’ orientation is developed by the uni-directional abrasion. 
From its nature and axial direction it is clear that this orientation originates 
from the compression exerted by the abrasive particles on the graphite, and 
corresponds to the known [001] compression texture, this being developed as a 
result of plastic deformation by slip on the usual (0001) slip planes. This is 
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closely analogous to the oblique [001] ‘fibre’ orientation found on uni-direc- 
tionally abraded Be and Mg (Scott and Wilman 1958). For the graphite, 
similarly, the outwardly directed orientation axis is inclined away from the 
specimen normal, back towards the direction from which the abrasive particles 
came, at an angle 8 which approximates closely to tan-'y. The additional new 
results now show however (see table), that « varies from 0-13 on 0000 emery 
paper to 0-46 on grade 3 emery, and that on any grade of emery paper in this 
range, the weighted mean 6 observed is approximately equal to tan! [L. 

The interpretation of these observations is thus quite clear in the two extreme 
cases when the load and shear during sliding are practically all on graphite-graphite 
contacts (u=0-12) as in abrasion on 0000 emery; or when they are practically 
entirely on emery—graphite contacts (4~0-46) as on grade 1 emery paper and 
coarser grades. 

On the intermediate grades of emery (000 to 0) the friction conditions are 
inhomogeneous in nature, the load W being partly (fW) supported on emery— 
graphite contacts having coefficient of friction peg made up of ploughing and 
adhesion contributions, jp and jg respectively, and partly ((1—f)W) on graphite— 
graphite contacts of coefficient of friction pgg (adhesion). In such a case the 
total frictional force .W can be expressed as 


uW=pec(i—-f)W+peslW. wees (2) 
Therefore w=(1—-f)eeetfee ttt (3) 
=(1—f)ueetf(mptpa) tees (4) 


On the horizontal graphite-graphite shear surface the resultant force must be 
inclined at tantpg¢g to the normal, because the vertical load is (1—f)W and 
the horizontal frictional force is pge(1—f)W, and on the emery—graphite 
contact areas the resultant force will be at tan! peg, the vertical load being 
fW and the horizontal frictional force egf W. From the data in figure 4, 
uge=0-12 and peg=0-46 (» when f~1, above D~50 microns), hence for the 
graphite-graphite contact areas we should expect the orientation axis to be 
inclined at 8 =tan— (0-12) =7°, and for the emery—graphite contact areas = tan“! 
(0-46) =24°, in the absence of any further modification being caused by the act 
of sliding. 

In comparison with these expectations our electron diffraction patterns from 
graphite abraded on 000, 00 or 0 emery from Messrs. Oakey & Son Ltd., and on 
00 emery from Messrs. Hubert, do not show two separate groups of diffraction 
arcs, apparently because the arcs are long enough to overlap the positions of 
these two 5 values. However, it is clearly seen (cf. figure 1(c) and 1(@)) that, for 
example, the 002 and 004 diffraction arcs (centred ona radius at about the 1 o’clock 
position, at distances of 0:75 cm and 1:5cm from the central spot) are not sym- 
metrical in intensity distribution along their length, relative to their centre. 
These arcs appear to correspond, at least approximately, to the coalescence of 
two arcs centred on radial directions at 7° and 24° from the vertical, having 
intensities roughly corresponding to the ratio (1—f):f, i.e. the relative areas of 
contact surface of the two types. In general the circumferential position of 
maximum intensity of the composite arc tends thus to be on a radius inclined 


at S~ tan, even in this region. 
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4.3. The Abrasive Wear of Graphite and its Relation to the Friction 


Figure 7 shows that the mass of wear M per unit length is not related to 
the friction coefficient p by the linear expression M =k(u—jo) which was found 
(Goddard, Harker and Wilman 1959) to hold for the abrasion of metals on emery 
papers, 9 being often nearly the same as p of the metal (oxide) on the metal 
(oxide). As stated above (§3.7), the mean groove width caused on the graphite 
at 200g load on a given grade of emery paper (or on Scotchlite) was approxt- 
mately the same as was observed on silver at 1 kg load on emery paper of the same 
grade (or on Scotchlite). We can thus compare the volume wear (M/p where 
p is the density) of the two materials at about the same degree of indentation, 
and we find that on the emery of grades 1 to 3, M/p is 3-7 x 10->cm? for 
the graphite (at W=200g), as compared with 0-9x10-°cm? for silver 
according to the data published by Goddard, Harker and Wilman (1959). ‘The 
volume per cm worn off the graphite (at 200 g load) is thus estimated to be about 
four times as much as that worn off the silver (at 1 kg load). 

We would expect that the number of contacting emery particles (neglecting 
the small proportion that are only slightly indenting and thus not supporting 
much load) will be substantially constant for different materials when the mean 
groove width is the same. We have in fact checked that this is about the same 
number for graphite at 200 g as for silver at 1kg load, being about 50. The fact 
that the volume wear of the graphite is four times that of silver thus shows that 
either the fraction of the groove volume removed as wear is four times that for 
the silver, or else some or all of the extra wear volume is removed from the regions 
at the sides of the grooves. Photomicrographs such as figure 3(4) confirm that a 
considerable amount of graphite is fragmented and removed from the regions at 
the sides of the grooves. Such a cracking and fragmentation must also occur in 
the region immediately ahead of the abrasive particle as it ploughs along, thus the 
proportion of groove volume removed as wear is also likely to be larger than in the 
abrasion of metals, for which this was estimated to be about 10% (Goddard, 
Harker and Wilman 1959). 

Mis still increasing at D values larger than that at which , has become nearly 
constant. ‘This may be associated with the fact that D then is approaching the 
same order of magnitude as the mean grain diameter of the graphite specimen, 
so that the wear may then involve loosening and removal of grains as a whole 
without much further increase in friction as D increases. 

The relative importance of the lateral fragmentation compared with the 
wear volume removed from the grooves thus seems likely to be greater the 
coarser the abrasive, corresponding to the observed upward curve of the M/u 
locus (cf. figure 7). The fact that the locus of M plotted against was still not 
linear even at a load as low as 25 g, for which the M/p was only about one-third 
that of silver at 1kg load, emphasises still further the different nature of the 
wear compared with that of metals. The different wear properties of different 
graphite or graphitized carbon specimens may be due to the various degrees of 
prominence of this contribution to the wear, associated with different amounts 
and nature of the intercrystalline carbon, dependent on the nature of the forma- 
tion of the material. 

Our data above can be used to estimate the effective ‘flow pressure’ pm or 
the Vickers diamond indentation hardness number Hy, of the work-hardened 
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surface regions of the graphite specimen. "The load W on the graphite is balanced 
by the flow pressure pm acting on the total horizontal projected area na,, where 
@, is the horizontal projected area of the indentation contact area of one emery 
particle and m is the number of indenting particles, assumed to share the load 
W approximately equally. We have thus 


nay = W/pm. are sats (5) 
Similarly for a load W’ on another material, e.g. silver, of which the flow pressure 
is Pm’ 
an SV ee 0  Brcasinss (6) 
From (5) and (6) we obtain 
Pm/Pm' =(n'/n)(an'/an)(W/W"), we ee (7) 
If Wand W’ are chosen so that the groove widths are the same in the abrasion 
of the two materials on the same abrasive emery paper, then ay)=4ay’, and also 
it follows that » =n’ or practically so (we have checked this in the case of graphite 
and silver). Under these conditions, 
PmlPm’=WIW ww ws (8) 
On the graphite at 0-2kg the grooves were about the same width as on silver at 
1kg load, using the same grade of emery paper, hence pm for the work-hardened 
surface region of the abraded graphite used was evidently about one-fifth 
that of the abraded silver surface regions, which we had found corresponded to 
Hy =102 when estimated at 100g load. For the graphite, this gives Hp ~ 20. 
We also obtained a value of the order of 20 when Hy was measured in the usual 
way by diamond indentation (at 100g load), although the indentation was not 
well-defined, apparently due to surface fragmentation here also. 
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Abstract. The coupling of the quadrupole moment of the solvent nuclei to the 
screening charge round an impurity is investigated by the partial wave treatment 
of conduction electron scattering. The magnitude of the interaction with the 
copper nuclei in the system Cu Zn is found to be an appreciable fraction of the 
experimental value obtained from nuclear resonance measurements. 


§ 1. INTRODUCTION 


the magnetic resonance of solvent nuclei possessing appreciable quadrupole 

moments exhibits a rapid decrease in intensity with increasing solute concen- 
tration (Bloembergen and Rowland 1953, Rowland 1955, Chapman and Seymour 
1958). This effect has been attributed to the disturbance from cubic symmetry 
of the surroundings of a solvent nucleus situated near an impurity atom, due 
partly to the distortion of the lattice by the size difference, and partly to electro- 
static effects caused by the valency difference, between solute and solvent atoms. 
It is evident, however, that any excess charge must be screened by a local variation 
in electron density; using the ‘Thomas—Fermi approximation, both the screening 
charge density and the potential round the impurity may be shown to take the 
formr—! exp (— Kr) where, for copper, K~1-8 A-1. This is in rather poor agree- 
ment with the value K~3A~! necessary to explain the measured electrical 
resistivities of dilute copper alloys (Mott and Jones 1936). With this model, 
using either value of K, it is readily shown that the electric field gradients produced 
by the valence effect are insufficient to explain the quadrupolar interactions, which 
have therefore been interpreted as due predominantly to the size effect. This 
conclusion has been strengthened by the observation that silver produces as 
large a quadrupole effect in copper as does zinc. 

More recently, the electrical resistivities of some dilute solid solutions have 
been recalculated by Friedel using a partial wave analysis in which the impurity 
centre was represented by a potential well of the above form with K 
adjusted to satisfy the Friedel sum rule (Friedel 1954). The improved agreement 
with experiment resulting from this treatment has been enhanced by Blatt (1957), 
who included in the specification of the potential well the modified ion density 
resulting from the distortion of the lattice by the size effect. 

In this latter form, the partial wave method has been applied also to the 
theory of the Knight shift in alloys (Daniel 1959). It was found that there are 
oscillations of electron density up to quite large distances from an impurity 
atom. From consideration of the electron density at different nuclear sites 
around an impurity, it was possible to predict with some success the Knight 


I: alloy systems forming solid solutions with cubic crystallographic symmetry, 
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shifts and nuclear resonance line width variations of a series of silver alloys. It is 
therefore of interest to investigate the implications of the partial wave treatment 
in analogous alloy systems where the solvent nucleus possesses a quadrupole 
moment. ‘The magnitude of the valence effect will be examined. ‘The size 
effect will not be considered except in so far as it modifies the size of the potential 
well representing the impurity. 


§ 2. GENERAL EXPRESSIONS FOR THE FIELD GRADIENTS 


We shall consider only small solute concentrations so that any solvent nucleus 
is appreciably affected by only one solute atom. Following both Blatt and Daniel, 
we represent the scattering centre in approximate fashion by an isotropic square 
potential well. The effect of this disturbing potential on a system of nearly free 
electrons may be expressed in terms of the wave functions of the various angular 
momentum states of the electrons near the well. Using approximate conduction 
electron wave functions w;,(R)=u(R)exp (ik. R) where w,(R) is normalized in 
unit volume and u(R) is assumed to be independent of the wave vector k, the 
disturbance Ap(R) of the electron density at a distance R from the centre of a 
square well of radius a may be written 


Ap(R)=eu*(R)u(R)f(R?), R>a, sated cL) 
where 
f(R)= x (21+ 1){[n?(AR) —j7 (AR) sin® n,(ka) 
a — n(AR)j(RR) sin 2n(ka)}, 
and 
Ap(R)=eu*(R)u(R)g(R?), R<a, 
where 


o(R2)= 5 (21+1)AP(RayjP(R'R). ee . (2) 


In equations (1) and (2), j(AR) and n/(kR) are spherical Bessel and Neumann 
functions of order J, ,(ka) is the phase shift introduced by the scattering centre 
into the /th partial wave, and the A/(ka) are functions chosen to satisfy the con- 
tinuity conditions imposed on each partial wave at the well boundary. Explicit 


Impurity 
Atom 


qth Solvent 
Nucleus 


th Solvent 
li Nucleus 


expressions for the 7,(ka) are given by Daniel. The parameter k’ is given by 
k'2=k,2 + k?, where k, is a measure of the depth of the well. 

It is convenient for our purpose to expand the function {(R*) corres- 
ponding to any point X in spherical harmonics about the nucleus p for which the 
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quadrupolar coupling is to be considered. ‘The desired expansion is 
PRD => bat PP (cos 8), = 0,1) 2 en pear (3) 
a=0 


where r,,, is a vector from the pth nucleus to an impurity, r is a radius vector 
to the point X from the pth nucleus, and 6 is the angle between r and r,,,, as Shown 
in the figure. It is known from the axial symmetry of f(R”) round r,,, that ¢, 


may be written 
ea Gers r) = > Panna hs rs) oe ene meee (4) 
p=0 


The coefficients ¢,, may be identified by comparison with the Taylor expansion of 
f(R*) =f (ps So 27 ys cos 6) 
round the point 7,,.”: 
r cos @)” 


A(R) => aaa uC) |p ee te (5) 


where the superscripts on f(R?) indicate repeated differentiation with respect to R®. 
If we assume that inside the pth atomic sphere the undisturbed wave functions 

possess spherical symmetry about the nucleus, then it is evident from equation (1) 
that Ap(R) inside the cell has axial symmetry roundr,,,. The nuclear quadrupole 
interaction in an electric field of axial symmetry may be expressed in terms of the 
field gradient along the symmetry axis (Pound 1950) 

as =eq=2| alr Or’ P, (cos 0) de, 2) Ae (6) 

One 
where the integration extends over all charges p external to the nucleus. Since 
the cubic symmetry of the alloys considered precludes any contribution to the 
interaction from the undisturbed lattice, the contribution egq,,, from the pth 
cell to eg at the pth nucleus may be obtained by inserting the expansion (eqn (3)) 
of f(R’) round this nucleus into equation (6). On integrating over the atomic 
sphere the only non-zero term is that arising from the term in P,(cos@) in 
equation (3). After integrating over all values of k up to the Fermi limit k,, 
we find 


k 
np = = er is| U, | " RM(r,2) dk 
0 
kp Vi 
e Us| Rd FM ry?) = BE f(ry2) hah Day ] 
where « is the radius of the atomic sphere, and U, is defined by 


Ce | u*(r)u(r)r{1 —y(r)}ar. 


A factor 4703/3 enters on the right-hand side of equation (7) since u(r) is now 
taken to be normalized within an atomic cell. The factor 1—y(r) is included 
following Sternheimer (1950) in order to allow for the polarization of the solvent 
ion core by the disturbed conduction electron density. 

In a similar manner the excess charge contained in the gth atomic sphere 
may be written in terms of the expansion of f(R®) around the gth nucleus, and 
the only non-vanishing term arises from that in P,(cos @) in equation (3). The 
contribution eq,,, to eq at the pth nucleus due to the excess charges located in all 
other cells containing solvent ions may then be found approximately from 


Nuclear Quadrupole Coupling with Electrons in Alloys eye) 


equation (6) by taking the whole charge in the qth cell as located at the centre 
of the cell. It is not necessarily true that the field produced by these charges 
possesses axial symmetry about r,, though it is for all nuclei p for which r 
coincides with a three-fold or four-fold symmetry axis of the lattice. ass 
however, it will be shown that eq,,, is small compared with eq,,,, deviations from 
axial symmetry in this term will be ignored. We obtain in this way 


eg? > P,(cos TD a tag! = Geo 
qd 


et ke 
x E . Rfirz. jak 


as V, 


edng— 


a 


kp 2 
el eine ak eT on , 
Rs f 4 (1957) + Sf (1 qs") pdR +.2- | veeeee (3) 
NS sae 3 

where the summation extends over all cells containing solvent nuclei other than 
the pth, r,,, is the distance between nuclei p and q, 4, 1s the angle between r,,, 
and r,., and V, is defined by 


y =.= | ; u*(r)u(r)r dr. 


J 0 


ps? 


The remaining contribution eq,,, to the interaction at p arises from the imper- 
fect screening of the impurity within its own cell. Representing by o the number 
of electrons the well must bind in order to be electrically neutral, we find from 
equations (2) and (6) 


ok a 
iy a) oo v2 te | “ut (Ryu(R)e(R) REAR an. 


§ 3. THE QuADRUPOLAR COUPLING IN CuZN 


As an example of the application of equations (7), (8) and (9), we have con- 
sidered the quadrupolar interaction with copper nuclei in the alloy Cu Zn for which 
experimental estimates of eq are available. 

The values of o, « and k, used in our calculations are those determined by 
Blatt. The anti-shielding factor 1—y(«) was taken to be 16 (Sternheimer 
and Foley 1956), and its variation with r was estimated from the values of Foley, 
Sternheimer and Tycko (1954) in conjunction with the above value of 1—y(). 
It was found that the computed field gradients were relatively insensitive to the 
radial variation of y(r), since the important contributions to U, occur at radii 
such that y(r) approaches y(%). We have also used the copper conduction 
electron wave functions u(r) of Fuchs (1935). The integration over k extends 
to ka = 1-929. 

With this data we find the contributions to eq at first and second neighbouring 
sites to a zinc impurity in copper, to be those listed in the table. The values of 
€qy» include first- and second-order integrals, the latter contributing about 10% 
of the whole. The summation in eq,, includes the twelve cells nearest the subject 
nucleus, the first-order integral only being included. ‘The distorted impurity 
cell was found to have an unscreened positive charge of only 4x 10~|e|; the 


proportions of s, p, d and f wave components in the screen were 51-5, 41, 7 and 
0-5% respectively. 
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1st Neighbour 2nd Neighbour 
CUpp(€-8-U.) +18 x 1018 +1:8x 1018 
Cpg(€-8-U.) +0-03 x 1018 +0°5 x 1018 
€dps(€-8-U.) +3:9x 101" +1-3 x 107° 
Total eq (e.s.u.) SED Se Oye” + 3:6 x 101% 


It is interesting to note that the principal contribution to the field gradient 
at both first and second neighbouring sites arises from the disturbance in the 
immediate vicinity of the nucleus. Thus in spite of the high degree of screening 
of the impurity, the fluctuations in electron density caused by the scattered 
waves are sufficient to produce a considerable coupling of the nuclear quadrupole 
moments to the lattice. The total calculated eq should be compared with the 
experimental minimum value of 24 x 10" e.s.u. at the nearest site to a zinc impurity 
(Bloembergen and Rowland 1953). Further, an estimate from these experimental 


results of eg at the second nearest neighbour position gives approximately 
105210" es. 


§ 4. CONCLUSION 


Using a partial wave analysis of the scattering of conduction electrons by an 
impurity atom, expressions have been derived for the field gradient associated 
with the screening charge. ‘These equations have been applied to the alloy 
system Cu Zn where we find: 

(a) Although the impurity is almost totally screened, oscillations in the electron 
density in the immediate neighbourhood of a solvent nucleus close to an impurity 
centre, produce a considerable coupling with the nuclear quadrupole moment. 
This coupling is greatly enhanced by the Sternheimer anti-shielding effect. 

(b) While the magnitude of the interaction is insufficient to explain fully the 
observed decrease in intensity of the solvent nuclear magnetic resonance in the 
alloy, the coupling remains an appreciable proportion of that observed experi- 
mentally, and is not negligible as has previously been supposed. 

Computations of the field gradients have not been carried out for other alloy 
systems, but it may be noted that even in the case of silver dissolved in copper, 
where there is no valency difference, there will be a considerable field gradient 
produced by the mechanism we have considered. This is because the magnitude 
of the gradient due to the screening electrons is governed by the excess charge 
which, in the absence of the screen, would be associated with the solute ion: 
this excess includes a contribution from the size difference between the solute 
and solvent cells. ‘hus the excess charge computed by Blatt (1957) for silver 
in copper is — 0-322 times the electronic charge. This value is to be compared 
with the value +0-8858 used above for zinc in copper. Further the contribution 
to the field gradient which is produced directly by the displacement of solvent 
lons near an impurity, and which is not included in the above discussion, may 
in some cases add to, and in other cases subtract from, that produced by the 
screening electrons. It is suggested, therefore, that the near equality of the 


gradients produced by silver and zinc in copper is not in itself evidence that the 
valence effect is negligible. 
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The Numerical Solution of the Exchange Equations for Slow Electron 
Collisions with Hydrogen Atoms 


By T. L. JOHN 
Department of Physics, University College, London 


Communicated by M. #. Seaton; MS. received 11th April 1960 


Abstract. Numerical methods are used to calculate phases in the exchange 
approximation for the s-, p- and d-wave scattering of electrons by hydrogen 
atoms, using small energy intervals. There is a discussion of experimental 
results. 


§ 1. INTRODUCTION 

HE availability of high speed automatic digital computers makes it possible 
to get exact solutions of certain differential equations occurring in theoretical 
physics for many different values of the parameters. One such equation 
is the integro-differential equation arising from the quantal treatment of the 
elastic scattering of electrons by hydrogen atoms in the exchange approximation. 
The wave functions obtained from this equation are of interest for another 
physical problem, the calculation of the bound-free and free—free transitions 
for the continuous absorption of the H~ ion. This is of importance in determining 

the opacity in stellar atmospheres. 


§ 2. THE EXCHANGE EQUATION 
Applying the Hartree-Fock method to the scattering of an electron by hydrogen 
atoms we obtain the exchange equation 
LFjt= + KF 
(in atomic units e=m=h=1 and k? in units of 13-60ev). A full account of this 


approximation is to be found in an earlier paper by Bransden et al. (1958). The 
differential operator L, is defined by 


ad? I(l+1) 1 
iB ae © +2] 2 — yolPPIP) | 4+ Rp enishs eae (2) 
and the exchange operator K, by 
© + 2 
KORA= | — C+ PEP I, + 4 WEEPP) | PO) 8) 
where 
A(AB)= | A(x)B(x)dx (4) 
and ; 
ys(4B)) =r | A(s)BCa wd | Al (ao) eon ee (5) 
0 Tr 
P(r) is the normalized ground state wave function of the hydrogen atom, 
Pir) =2réxp (=7)) ee ee 
thus ey 


~~ yo(PPlr) = (1 f =) exp (22) (7) 
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The function F,*(r) has the asymptotic form 
F+(r),Soi(kr) + (—1)itanytn(kr) ss ee (8) 
j,(Ar) and n,(kr) being the regular and irregular spherical Bessel functions, 1c. 
j(x)= (47x), +4 (*) 
and mx) =(ame gee) wns (2) 


The phase 7,+ determines the scattering; the differential and total exchange 
cross sections /(6#) and O being 


T)=3UFOP+UP OP vee (10) 

the amplitudes f+(@) being defined by 

dine 
fr(§)= uh 2 (21+ 1) [exp (2in,+)—1]P,(cos@), ....-- (11) 
“ =0 
and Oe ee eae (12) 
1=0 

where O,=(7/R?2)(21+1)[3 sin? n+sin’y tT}. eee (13) 


Numerical solutions of the central field equations, i.e. (1) with K(r)=0, 
have been calculated by McDougall (1932) for /=0 and more extensively by 
Chandrasekhar and Breen (1946) for /=0, 1 and 0<k? <1-75. Seaton (1957) 
has pointed out that incorrect equations were used in the / = 0 exchange calculations 
of Morse and Allis (1933). Other numerical solutions of exchange equations 
(1) have been obtained by Seaton (1957) and Bransden et al. (1958) for the 
particular cases of /=0, k=0 and /= 1, k=O respectively. 


§ 3. SOLUTION OF THE EXCHANGE EQUATIONS 
A particularly successful method of solving (1) is the iterative method. It 
has been applied by Seaton (1953, 1957) and Bransden et al. (1958) in similar 
calculations. Using it we are able to solve the integro-differential equation (1) 
by the set of inhomogeneous differential equations 
LG” — 8) seeeee (14) 
L,G/Y= EGY 


with the boundary conditions 
G(0)=0, (Gyr) ),-0= Fon tt (15) 


a being an arbitrary constant. Iterations are performed until the functions 
G(r) are small, comparable with the error expected from the particular numerical 
integration method used for all values of r. 
G, is the central field function and the exchange functions F,*+ and fF, are 
given by 
Ft =GO+GO+...4+G 
Fe =G—-GM +... +(—1)PGM™, arenes (16) 


This method is particularly convenient in hand computations because of the 
small magnitude of the functions G;{™ for large n. 
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Burke, Burke, McCarroll and Percival (to be published) have prepared a 
programme to solve coupled integro-differential equations on the English Electric 
computer DEUCE by the iterative method just described. This programme has 
been adapted to solve the particular integro-differential equation (1): ; 

It was found more convenient in machine computations to solve the equations 


LFO=0 
DAO = + Ry weal (17) 
with the boundary conditions 
F2(0)=0, (FEM rr )sp=E we nes (18) 


for all , iterating until convergence has been attained, i.e. the difference between 
the functions of two consecutive iterations is smaller than the error expected from 
the numerical method. 


Here 
Ft=F | 
Ca a (19) 
and 
G~ = F+ ) a Fe —1) 
therefore 
FA) = 2FO—2FAO4 ... +2(—1)" Fe) (-1)"F@. 8... (20) 


Obviously (20) saves a considerable amount of computation. 

The programme uses the René de Vogelaere (1955) method to integrate the 
differential equations (17). ‘To compute the inhomogeneous term K,F=—Y 
the A term is evaluated by Simpson’s rule and the y, term by a method due to 
Hartree (1957) involving the solution of two first-order differential equations by 
the Fox—Goodwin method. 

The wave functions F+(r) were integrated from r = 0 to r= 12 where they take 
on their asymptotic form (8). An interval of 7; was used in the integration, 
but because the René de Vogelaere method involves a two-step integration formula 
similar to the Runge-Kutta method, the effective interval was }. The calculations 
are most probably reliable to four figures, although nine figures were used in the 
arithmetic performed. 


§ 4. COMPUTATIONAL PROBLEMS 


The particular cases of the exchange equation covered were /=0, 1 and 2 in 
the range 0<k?<1 for symmetric and antisymmetric cases. As mentioned 
earlier, in the zeroth iteration central field functions were calculated. A large 
number of solutions for different energies at a small interval in k2 were calculated 
because of their application in determining the continuous absorption of the 
E> i0n, 

At first, the term yo(PP|r) in L, was evaluated numerically by the general 
programme just described. ‘This gave 


1 5 
== VPP) = 
r Yo( aes r 
with 6 #0, i.e. a Coulomb term was introduced into the potential and so the phase 


as defined by (8) does not exist. This difficulty was eliminated by using the 
exact analytic expression (7). 
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anus iteration procedure does not always converge. For the s-wave 
calculations, symmetric case at small energies, it was found that F)t@”=f, and 

+2n-+1) — Paneti a 
Fy*@"s) =f, for n large and these functions satisfied 


Dip icine Llosa = eee (21) 
In this case the required solution is 


Fyt= (fi +fz). 
The conditions 

Lol ot =KoF yt 

POO (Pepa 0 meskes, (22) 
Fot(r) > sin (kr +7") 
detine Fy" uniquely, Similar conditions do not define F)~ uniquely, for if Fo7 
is a solution of L,F, = — KjFy~ then so is F)~(r)+«P(r), where « is an arbitrary 
number. It was found that at certain energies «P(r) dominated the function 
F,~ and so for values r>6, Fy~ tended to a small quantity. This quantity was 
less than the error in the numerical method and so the wave function was unreliable. 
This difficulty was eliminated by a method used by Seaton (1953). He 

imposed the orthogonality condition 


A(PF,-)=90 
by solving the equations 
Lok @=0, Lw=yP(r), .  wecers (23) 
y an arbitrary number, and L)F)” = —K,W™-» with the conditions | 
Fy (0)=0, (oO) typo =F wee (24) 


u(0)=0, (u(r)/r)--0=9. 
The function WW is defined by 


WO — FM + wit = wt we es (2) 
where ,, is chosen so that, at each stage of the iteration, A(WP)=0, 
iC. pm= —A(Fo-MP)[A(uP). ween (26) 


Again iterations are performed until convergence is reached and y,,>0. 
The appropriate programmes to calculate .,, and K,W were made and fitted 
into the main programme. 

To get convergence for the s-waves, symmetric case, eight iterations were 
necessary at the lower energies and six at the higher. For the antisymmetric 
case five or six iterations were necessary (imposing the orthogonality condition). 

For the p-waves, symmetric case, convergence was still quite slow varying 
from five to eight iterations, the largest number of iterations again being at the 
lower energies. Equation (20) was used to get the antisymmetric solutions. 

For the d-waves calculations only three or four iterations were necessary and 
the functions were not too different from spherical Bessel functions due to the 
dominance of theterm/(/+1)/r?inL, Again antisymmetric cases were calculated 
from (20). 

Tables 1 and 2 give the phases and these check quite well with central field 
calculations of Chandrasekhar and Breen (1946) and those of Seaton (1957) 
for 1=0, k=0. Very recently similar calculations for certain values of the 
parameters have been obtained by Trefftz, quoted by Malik (1959), and Omidvar 
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(1959), and these again check quite well with present results. Comparison of 
tables 1 and 2 shows that exchange in general tends to increase the phase for 
I>1. 


Table 1. Central-field Phases (For k=0, }™ (n,/(2/+ 1)k?!+1) is tabulated. ) 


>» k>0 
1=0 [=1 2 ENV) l=] l=2 
k? No or He R° "o m1 72 
1-0 0-9055 OPUS) 0-0178 0-06 1-017 0-0037 = 
0:8 0:9356 0-0924 = 0-05 0-9991 0:0029 = 
0-5 0-9909 0:0584 0:0056 0:04 0-9726 0-0021 = 
0-4 1-012 0:0457 = 0-03 0-9317 0:0014 = 
0:3 1-034 0:0326 = 0-02 0-8626 0-0008 = 
0-25 1-045 0-0260 0-0014 0-015 0-8070 0-0005 = 
0-20 1-053 0:0196 = 0-010 0-7223 0-0003 + 0:0000 
0-15 1:058 0-0134 = 0-00 Sma O5727, 0-0001 = 
0:10 1-050 00077. —-0-0002 0 (9-45) (0:2696) aes 
0-08 1-039 0-0056 — 
Table 2. Exchange Phases (For k=0, }™ (m,+/(21+ 1)k*+1) is tabulated.) 
l=0 fa=Al LD 

R? Hot Ho M1" 1 Qo" Qo 
iO 0:5429 (legen —0:1058 0.3579 a) ONS 0:0555 
0:8 0:5888 1-501 —0:1148 0:3433 = == 
0-5 0-7370 1739 —0:1084 0-2866 —0-0108 0:0230 
0-4 0-8248 1-849 —0-0978 0:2500 — — 
0-3 0-9488 1-987 —0-0811 0-2000 — — 
0-25 1-031 2:070 —0-0702 0:1692 —0-:0039 0-0070 
O02 1et35 2:167 (0575) 0-1348 = = 
0-15 1-270 2:282 — 0:0430 0:0971 = — 
0-10 1-460 2-427 a 0273 0:0586 — 0:0006 0-0010 
0:08 1:563 2-498 — 0-0207 0-0436 = = 
0-05 1-693 2°580 —0:0144 0-0294 — — 
0-05 1-774 262 —0-0113 0-0228 = = 
0-04 sy 2:679 — 0:0084 0:0166 — — 
0-03 1 tQeyy 2°739 —0-0056 0-0110 — — 
0-02 Dail DIM 2 —0-0032 0-0061 — — 
0-015 2:259 2°856 —0-0021 0-0040 — — 
0-010 2°396 2:908 —0-0012 0-0022 —0-0000 + 0-0000 
0-005 2°594 2:976 — 0:0004 0:0008 = — 
0 (—8-095)  (—2-350) (= 12-2018), _(2-2015) = — 


The results for /=1, k=0 do not agree exactly with a previous calculation of 
A,+=—1-16, Ay =2:43 (4,+=lim (7,*/3k°)). ‘This is due to the fact that in 
k>0 


the previous calculation it was assumed from the behaviour of the iterations that 
only three were necessary; however, to get the required accuracy eight iterations 
were needed, the rate of convergence being slow. The third iteration of the 
present calculations checked with previous results. 


$5. Discussion 


Table 3 gives the total exchange elastic scattering cross section, from which 
it can be seen that the main contribution comes from Qo. The higher partial 
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waves are not expected to contribute significantly, as the contribution of Q 
to Ois less than 1%. : 


Table 3. ‘Total Exchange Cross Section (given in units of 7a,”) 


R? Qo Q; Qs QO 
1-0 3-170 1:138 0:0476 4-356 
0-8 4-118 1:324 — 5-442 
0-5 6°736 1-509 0-0171 8-262 
0-4 8:281 1-449 — 9-730 
0-3 10-57 1-250 — 11-82 
0-25 12-19 1-080 0-0032 13:27 
0-2 14-38 0-8618 — 15-24 
0-15 17°55 0-6008 -- 18:15 
0-1 22-76 0-3314 0-0002 23-09 
0-08 26-02 0-2296 — 26:25 
0-06 30-62 0-1400 — 30:76 
0-05 33-74 0-1015 — 33°84 
0-04 37-75 0-0674 — 37°82 
0-03 43-08 0-0395 — 43-12 
0-02 50-62 0-0182 — 50-64 
0-015 55-70 0-0104 — 55:71 
0-010 62-14 0-0047 0-0000 62:15 
0-005 70-56 0-0012 -= 70:56 
0) 82-10 0 — 82:10 


Ne eee 


In previous calculations by Bransden et al. (1958) variational methods were 
used to determine s- and p-phases. In the exchange approximation the phases 
are in very good agreement with the present results, indicating the reliability of 
the variational method. The present calculations, whilst they allow fully for the 
possibility of electron exchange, otherwise neglect the effect of the distortion of 
the atom by the scattered electron. In the variational s-wave calculations of 
Bransden et al. some allowance for distortion was made in the exchange-correlation 
approximation, and these phases are likely to give a truer physical picture than 
the present ones. 

Recently atomic beam techniques have been used by Brackmann, Fite and 
Neynaber (1958) to measure the elastic scattering of electrons by hydrogen 
atoms. The cross section Q, they measure, is that for scattering into a cone 
with a 90° apex angle. Brackmann et al. compared their measurements with a 
theoretical O, calculated from the variational phases mentioned above, and 
there was favourable agreement. Cross sections have also been measured by 
Bederson, Hammer and Malamud (1958), but their results are not in agreement 
with either the measurements of Brackmann et al. or theoretical calculations. 
In order to account for their cross section the contribution from the partial waves 
1>0 must be three or four times that for /=0. 

Recent calculations on the bound-free transitions of the H~ ion by the author, 
an account of which will be given elsewhere (John 1960), and their favourable 
agreement with the measurements of Smith and Burch (1959), give an indication 
of the reliability of the exchange p-wave functions and so confirm that no large 
contribution from Q, is to be expected even when polarization is taken into 


account. 
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The Spin-Orbit Potential in Proton—Proton Scattering 


By D. W. L. SPRUNG} anp J. B. WILLIS{ 


+ Department of Mathematical Physics, University of Birmingham 
¢ Department of Computation, University of Southampton 


Communicated by R. E. Peierls; MS. received 14th April 1960, 
in final form 5th May 1960 


Abstract. An extension of the potential model for proton-proton scattering to 
relativistic energies is proposed. The treatment is based on a truncated two- 
particle Dirac equation, from which an approximate, semi-relativistic wave 
equation is derived by reduction to large components. Using a potential related 
to that of Gammel and Thaler, numerical calculations of p-p scattering at 635 
and 1000 Mey have been carried out. Reasonable total and differential cross 
sections were obtained, but the polarization disagrees qualitatively with experi- 
ment. Agreement of the polarization can be obtained by reducing the spin-orbit 
splitting of the F phases. It appears possible to fit the experimental data up to 
1000 Mev by choosing a spin-orbit potential which is attractive (in J=L+1 
states) at short distances, but has a repulsive tail. 


HILLIPsS (1959) and Gammel and ‘Thaler (1959) have recently reviewed 

work on the fitting of phenomenological nucleon-nucleon potentials. At 

large distances (r>2 fermis) the interaction can be chosen to consist of 
central and tensor potentials, in agreement with the one pion exchange potential. 
It has proved possible to fit the proton—proton scattering data up to 300 Mev by 
choosing the interaction at short distances to be a hard core, a strong spin-orbit 
potential, and a weak tensor potential (Gammel and Thaler 1957). In singlet 
states, where the spin dependent forces do not act, a hard core and attractive 
central potential is used. 

We have been interested in extending this potential model of the proton— 
proton interaction to higher energies. Experiments at 635 and 1000 Mey provide 
data for comparison. At these higher energies more angular momentum states 
contribute to the scattering, so the calculations are much more sensitive to the 
details of the potential. Asa first step we would like to see whether the potentials 
fitted at lower energies are consistent with the higher energy data, or whether new 
qualitative features must be used. At these energies it would not be sensible to 
use the non-relativistic wave equation, or kinematics. Following a suggestion by 
Brown (1959, private communication) we have begun with a truncated Dirac 
equation for two particles in the centre-of-mass system: 

{E+ (a) —a®) p+ (BO + B®) m—Ay* Ag* Vyrt=O ....5: (1a) 
where 
heir aN eee, 46 Fil eget (1b) 
and in our units A=c=1. Here A,t is the positive energy projection operator 
for particle one, and ¢?* is a wave function projected on to positive energy states 
for each particle. £E is the total energy of the system in the centre-of-mass frame 
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of reference. Since we intend to discuss this equation more completely in a 
future paper, we will be brief. ee 

A similar equation has been derived by Brown and Ravenhall (1951) in dis- 
cussing the interaction of two electrons in helium. It would not be correct to 
write down a two-particle Dirac equation containing an ordinary potential V 
because in general this potential will couple positive and negative energy states of 
each particle. This difficulty does not arise in one-particle problems because the 
positive and negative energy states can be considered separately. In the two- 
particle case, one particle can fall to a negative energy state while the other particle 
takes up the energy. These transitions in fact dominate the process, and diverge, 
so such an equation has no solution. In equation (1a) we have removed the 
elements of VY, such as A,+A,+V A,~A,* which couple positive and negative 
energy states. We are then able to look at positive energy wave functions alone, 
which is condition (10). 

One could also describe equation (1a@) as a one-time, truncated Bethe— 
Salpeter equation. It would be wrong to neglect completely the coupling to 
virtual pairs, however, and we propose that this be introduced phenomenologic- 
ally. We regard the potential V as containing a strong repulsive core, which is as 
usual introduced as a phenomenological way to take account of the complicated 
nucleon-nucleon interaction at short distances, virtual processes of many meson 
production, virtual pair production, etc. ‘hat the nucleon—nucleon interaction 
can in fact be approximately described by some static potential is a major assump- 
tion of this work, which we do not attempt to justify. By using a relativistic 
equation we ensure that relativistic kinematics are included at all stages. 

An approximate semi-relativistic equation can be derived from (1) by reduc- 
tion to ‘large’ components and expansion in successive derivatives of the potential, 
plus one term in V?. Including the first correction to V this gives 


p°d = {Pot (V+ 5 eres Skt.) be cso (2) 


2 m(m+my)r dr 
where 
My =+/ (po? +m) =4E 

is the relativistic mass of a proton in the centre-of-momentum system, py being the 
incoming momentum. At low energies p,? is negligible in comparison with m2, 
and (2) is then the usual Pauli approximation. The inclusion of m;, in place of m 
may be regarded as a relativistic correction of order (w/c)? which at 635 Mev is 
about 0-3. ‘The neglect of higher derivatives of V in (2) is not strictly valid in the 
region where V is very strong, but in such a region ¢ is already small which im- 
proves the approximation. 

Compared with the Schrodinger equation, the static potential V will appear 
stronger as the energy is increased, while it will be accompanied by a spin-orbit 
force which is energy dependent, decreasing as 1/[my(m-+my)]. A strong, short 
range repulsive region in V’ would lead to a strong short-range spin-orbit force, 
attractive in-J = +1 states, such as is found in the phenomenological potentials. 

In the calculations reported here we have regarded the sum of the terms multi- 
plying my, in (2) as an effective potential U to be determined phenomenologically 
but with the requirement that the spin-orbit part of this potential has the indicated 
energy dependence. We then solve the equation 


Pp’ = (po? — mr U)¢. 
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Initially we chose U so that at 310 Mev (m;°!/m)U was exactly the Gammel-— 
Thaler potential. At higher energies the spin-orbit potential was reduced in 
magnitude as 1/[mr(m+my)]. ‘This choice relates our calculation to the lower 
energy work, and in addition it has the qualitative features of fitting a potential V 
to equation (2). 

To account for inelastic processes we have introduced a complex central 
potential. For convenience this was chosen to be a Gaussian, of the range found 
by Brown (1958). At 1000 Mev we adjusted the depth so as to reproduce the 
observed total inelastic cross section. At 635 Mev however, we know that pion 
production still goes mainly through the 'D, state. From an analysis of the 
partial inelastic cross sections Soroko (1958) has deduced the imaginary part of the 
11D), phase shift. We have used this value, and adjusted the depth of the absorptive 
potential so as to obtain the remaining inelastic cross section from the other states. 
In fact, the results do not differ greatly if the same procedure is followed as at 
1000 Mev. 

Gammel and Thaler (1957) found that a Yukawa shape tensor potential gave 
too much scattering at higher energies and obtained a better fit with a potential 
going to zero at the core radius. We have not yet investigated the effects of 
taking different shapes for the tensor potential, but have carried out our calcu- 
lations with the Gammel-Thaler (Yukawa shape) one, and again with no tensor 
potential. The scattering is dominated by the spin-orbit force, and inclusion of 
the tensor potential does not alter the cross section or polarization results qualita- 
tively. This will remain true unless the tensor potential shows very singular 
behaviour right at the edge of the hard core. 


Table 1 
1000 Mev Exptl (970 Mev) 635 Mev 
(1) (2) (3) (3a) (4) (5) (6) (6a) 
d,, (mbn) 34-7 24:0 26:1 25-8409 23-4 25:3) 2072) 20:3eR IS 
Aine) (bn) PI 24-2 26-7 20-9+1:3 14-0 11:9 14:6 144+41-4 
Stor (mbn) 58-4 48-2 52:8 46:7+0°5 37-4 37:2 40:8 40:6 
da (90°) (mbn) Thy 1:30+0-2 1-35 1235 MDF 


(1) Without velocity dependence in spin-orbit potential; (2), (3) including velocity 
dependence; singlet interaction as hard core, (3) as (2) with addition of attractive central 
potential in singlet states; tensor force is not incuded in these calculations; (3a) Batson 
et al. (1959); (4) absorptive potential same in all states; (5) D wave absorption handled 
correctly; (6) same as (4) but including tensor force; (6a) Batson and Riddiford (1956). 


The energy dependent spin-orbit potential leads to reasonable values of the 
total elastic cross section, as can be seen at 1000 Mev by comparing columns (1), (2) 
and (3) of table 1. The Gammel-Thaler spin-orbit potential gave too high a 
value because of the large *F, phase shift. Since the inelastic cross section 1s a 
parameter, the total cross section can of course be fitted although we have not 
always taken the trouble to make thisadjustment. The angular distribution agrees 
well with experiment, in particular at 90° where previous fits (e.g. Brown 1958) 
were definitely low. 
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At 635 Mev the angular distribution agrees qualitatively with experiment, 
although here it is low at 90°. Columns (4) and (5) of table 1 show the effect of 
handling the D state absorption in a realistic manner, while column (6) illustrates 
the small effects of including tensor force. 

The polarization at 635 Mev, however, is in strong disagreement with that 
measured by Meshcheryakov, Nureshev and Stoletoy (1957), as shown in the 
figure. The dip at large angles occurs in our calculations from strong P and F 
wave interference. 


8 (c.m.system) (deg) 


Polarization in proton—proton scattering at 653 Mev. The experimental points are from 
Meshcheryakov ef al. (1957). The solid curve was calculated using a spin-orbit 
potential of Gammel—Thaler shape, the broken curve using a short range (f,/mc) 
spin-orbit potential. 


We can see this by considering the expansion for the polarized cross section, 


sin@cos@ £ 


O.,P.;(cos 0 
4p," 2¢ 1 Pa ( ) 


where L+1~/max, the maximum angular momentum state important in the 
scattering. From their experimental results at 635 mev Meshcheryakov et al. 
(1957) have deduced value of the coefficients Q,, as in table 2, column (1). Also 
given in the table are values obtained in some of our calculations; we only include 
P and F wave contributions for convenience; but as indicated by the ‘experi- 
mental’ values, higher waves do not make large contributions. It is clear that 
our values of Qy are small, and it is the large (positive) ratio of O,/O, which leads 
to negative polarization between 60° and 90°. iy, 


o(8) P(8) = 


Table 2 
(1) (2) (3) (4 
Oo 9-79+0:2 6:90 4-18 ses 
O35 9-58+0-9 32°65 22:87 26:32 
OF 3°67 + 1:3 9-32 3-03 3:50 


O; —0-4 +155 
(1) Meshcheryakov et al . (1957) from analysis of experimental data (the units have been 
changed); (2) calculated spin-orbit potential of Gammel—Thaler shape; (3), (4) short range 


(f/mc) spin-orbit potential; (4) as (3), but including tens tential : 
include P and F contributions only). : ee ae tas aac 
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The coefficients O, may, of course, be expressed in terms of the phase shifts, 
but the formulae become complicated when several partial waves are taken into 
account. ‘To see the qualitative features of our calculation it should be sufficient 
to consider P and F waves, and neglect Coulomb effects which are only important 
at angles up to 10°. ‘The main results of such a consideration are that, assuming 
the phase shifts are due to a potential of the type considered, Oy is practically 
independent of the F wave phase shifts, while Q, is extremely sensitive to the F 
wave spin-orbit splitting. In order to fit Q) ~ 10, QO, = 10 requires a slight increase 
in the spin-orbit effects in the P states, while the spin-orbit splitting in F states 
must be decreased by a factor of five. On arriving at these values we have allowed 
for the small effects of the Gammel—Thaler tensor force. 

We have attempted to fit the polarization at 635 Mev using a shorter range spin— 
orbit force, with a range of one nucleon Compton wavelength. There was only a 
very slight improvement in the fit; the relevant coefficients are given in columns 
(2) and (3) of table 2. The F wave splitting is still too large by a factor of three. 
It would not be reasonable to attempt a fit with a shorter range spin-orbit potential, 
both because it would have to be extremely deep and because the nucleon cannot 
be pictured as being localized within a shorter distance. We believe, therefore, 
that the 635 Mev data cannot be fitted using a spin-orbit potential which is 
attractive (in. J = +1) states at all radi. 

It should be possible to fit the data, however, using a potential which is attrac- 
tive at short distances, and repulsive at larger distances. We are now trying to do 
this. Such a potential has previously been suggested by Swart et al. (1957), 
but for T=0 states only, because of difficulties in fitting the deuteron magnetic 
moment. With a potential of this type the F wave spin-orbit splitting can be 
made very small or even negative, without upsetting the need for a strong attractive 
spin-orbit force in P states. ‘This is because the P waves are never well localized 
around their semi-classical impact parameter as the F waves are, but always 
penetrate well into the potential and so feel an average effect of the whole potential. 
At very low energies, the repulsive tail of the spin-orbit potential will tend to mask 
its effect in P states; this may be a reasonable picture in view of the success 
of Hamada et al. (1959) in fitting all the p-p data up to 150 Mev using only static 
central and tensor potentials. 

It is also interesting to note that a recent measurement of the polarization in 
proton—proton scattering at 970 Mev (Homer et al. 1960) isin qualitative agreement 
with that at 635 Mev. ‘This indicates that there is still no strong interference 
between P and F waves at large angles, and is consistent with our picture of a 
spin-orbit potential which changes sign. 

ACKNOWLEDGMENTS 

Weare grateful to Professor G. E. Brown for many helpful discussions through- 
out the course of this work, and to Professor R. E. Peierls for suggestions regarding 
the manuscript. One of us (D. 5.) is supported by a scholarship from the National 
Research Council of Canada. We are also grateful to Dr. Hutchinson for 
communicating the results of his experiment. 


REFERENCES 


Batson, A. P., Cutwick, B. B., Hitt, J. G., and RippirorD, L., 1959, Proc. Roy. Soc. A, 


opi; 218; 
Batson, A. P., and RIDDIFORD, L., 1956, Proc. Roy. Soc. A, PES Sy 


544 D. W. L. Sprung and 7. B. Willis 


Brown, G. E., 1958, Phys. Rev., 111, 1178. 

Brown, G. E., and RAavENHALL, D. G., 1951, Proc. Roy. Soc. A, 208, 552. 

GAMMEL, J. L., and THaALER, R. M., 1957, Phys. Rev., 107, 291. 

1959, Progress in Elementary Particle and Cosmic Ray Physics (Amsterdam: 

North Hollan@). 

Hamapa, T., Iwapare, J., OTSuKI, S., TAMAGAKI, R., and WarTari, W., 1959, Progr. 
INEOR, LIS 2, DIC. 

Homer, R. J., HuTCHINSON. G. W., McFar.Lane, W. K., O’DELL, A. W., RUBINSTEIN, R.., 
and SacHarIpis, E. J., 1960, Nuovo Cim., 16, 1132. 

MESHCHERYAKOV, M.G., NurusHEv, S. B., and SToLETov, G. D., 1957, Z. Eksper. Teor. 
[i BB, ST. 

PuHILuies, R. J. N., 1959, Rep. Progr. Phys., 22, 562 (London : Physical Society). 

SoROKO, L. M., 1958, Z. Eksper. Teor. Fiz., 35, 276. 

Swart, J. J., Marsuak, R. E., SIGNELL, P. S., 1957, Nuovo Cim., 6, 1189. 


545 


A Study of the ?7Al(*He, d)?®Si Reaction 


By S. HINDS anp R. MIDDLETON 
Atomic Weapons Research Establishment, Aldermaston, Berks. 
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Abstract. ‘The energy levels of 8Si have been determined below an excitation 
energy of 10-37 Mey by magnetic analysis of the deuterons from the *’Al(*He, d)”*Si 
reaction. Angular distributions of several deuteron groups have been measured 
at incident energies of 5-7 and 9-16Mev and from a comparison with stripping 
theory, certain /-value assignments have been made. Evidence is presented 
favouring the 9-314 and 9-379 Mev levels being respectively the first and second 
T=T states of 51. 


$ 1. INTRODUCTION 


t the present time several laboratories are studying the 27Al(p, y)?8S1 
reaction. The analysis of the y-ray spectra, however, has been comphi- 
cated by a lack of precise information about the energy states Oly oiye Lt 

was primarily with the intention of providing such information that a magnetic 
analysis study of the ?*Al(#He, d)*Si reaction was undertaken at Aldermaston. 

Prior to this work, only the first and second excited states had been precisely 
determined by magnetic analysis, but several other states had been observed 
below an excitation energy of 10-3 Mev from studies of the ?’Al(d, n)?*Si reaction 
(see Endt and Braams 1957). Browne, Zimmerman and Buechner (1954) 
reported the first excited state to be at 1:777 + 0-010 Mev from measurements made 
on inelastically scattered protons. More recently, Endt and Paris (1957) 
determined the first and second excited states to be respectively at 1-771 + 0-008 
and 4-617 + 0-008 Mev from an investigation of the **P(p, o)°8Si reaction. 


§ 2, EXPERIMENTAL PROCEDURE 


Thin aluminium targets have been bombarded with 5:7 and 9:16 Mev *He 
particles from the Aldermaston Van de Graaff generator and the emitted deuterons 
analysed with the broad-range magnetic spectrograph. The lower energy 
results were obtained with the singly charged *He beam but to obtain 9-16 Mev, it 
was necessary to accelerate doubly charged particles using the method referred to 
in previous communications (Hinds and Middleton 1960). The targets were 
prepared by evaporating spectroscopically pure aluminium and consisted of self- 
supporting films ranging in thickness from 30 to 100ugcem~*. Adequate yields 
were obtained at the lower energy with the thin targets and exposures of about 
2000 uc. At 9-16Mev less intense beams were available and exposures were 
reduced to about 800 pc using the thicker targets. 

In the broad-range magnetic spectrograph, particles differing in energy by a 
factor of 2:5 can simultaneously be recorded on the 30in. long nuclear plate and 
because of this it was not possible to record the entire deuteron spectrum during a 
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single exposure. Since the first and second excited states had previously been 
precisely determined the spectrograph field was chosen, at the higher bombarding 
energy, to just include the second excited state and as many higher states as possible. 
At the lower bombarding energy even fewer states could be simultaneously 
recorded and a compromise was effected by choosing the field to record the fourth 
and as many higher excited states as possible. 'T'wo sets of overlapping exposures 
could have been made at both energies so as to include the ground and first 
excited states but this was not undertaken because of the extreme length of the 
exposure times. 


§ 3. RESULTS 
3.1. Energy Levels 


Deuteron energy spectra have been measured at six angles of observation at 
the lower bombarding energy and at seven angles at 9-16 Mev. In figures 1 and 2 
respectively are shown typical energy spectra measured at each energy. ‘The 
groups were identified by their characteristic variation of energy with angle and 
those assigned to states in 78Si are labelled numerically. Impurity groups are 
labelled with the chemical symbol for the residual nucleus with a subscript 
referring to the appropriate excited state. It may be noted that many of the 
impurity groups arising from !*C and !8C appear as doublets. This is due to 
carbon depositions forming on both sides of the aluminium target film. 


Deuteron Energy (Mev) 
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Figure 1. An energy spectrum of the deuterons from the ?’Al(*He, d)?8Si reaction obtained 
at an incident energy of 5:7 Mev and an angle of observation of 15°. 


At the lower bombarding energy resolution was better due to the use of thinner 
targets and a narrower beam defining slit. ‘Thus, groups 5 and 6, which are 
separated by only 9 kev were clearly resolved while at 9-16 Mev they appeared as a 
single group. It is of interest to note that the group appearing at a radius of 
curvature of 42:3cm in figure 1 arises from the elastic scattering of deuterons. 
These are accelerated in the form HD* and are not completely resolved from the 
*He* by the 90° analyser magnet. 

At 9:16Mev considerably more deuteron groups were observed and it was 
possible to make measurements, at seven angles of observation, on groups 2 to 29 
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inclusive. ‘The weak group, occurring at a radius of curvature of about 49cm in 
figure 2, was established as due to a target impurity but it was not possible to 
identify the impurity. 

At both bombarding energies the energy of the incident beam was determined 
from measurements made on the elastically scattered *He particle. From these 
the Q-values of the various groups were calculated but since the ground and first 
excited states were not observed, it was possible to determine the energies of the 
excited states only with respect to that of the second excited state. However, the 
energy of the latter has been precisely determined to be 4:617 + 0-008 Mev by 
Endt and Paris (1957) and the levels listed in the table have been normalized to this 
value. For the levels up to 8-6Mev the values presented are the means of 13 
determinations and the experimental erroris +8kev. The higher levels up to and 
including the 9-762 Mev state are in most cases the means of seven determinations 
and have an error of + 10 kev except for the 9-41 Mev state for which + 14kev is 


AIC re, a)28S1 av Al(d, n)?8Si (Calvert et al.) 


(1) (2) (3) (4a) (5) (2) (3) (4b) (5) 
0 = 0 2 71:3 0-027 
1 = 1-78 0 0-7 0006 
3 4-617t 2 1-2 0-015 4-47 
3 4-975 — 4.917 Weak 
4 6-276 0 1:7 0-021 6-11 
5 6-880 (2or3 0 20 0-021 
6 6-889 Nccrsay 6-65 
7 <a 710° Weak 
8 FAIS = 
9 7-798 0 2-0 0-026 7-55 0 2:0  0:030 
10 7-932 0 1-6 0-024 
11 8-260 (2or3) 

12 9-328 = 
re 8-411 (3) (1-1) (0-014) 

14 8-543 Weak 
15 8-587 0 11-1 0-14 8-18 0 5:0 0-075 
16 8-902 — 

17 8-941 — 

18 9-167 Weak 
19 9-314 0 15-3 0-22 
20 9-379 0 6-4 0-091 9-16 0 14-0 0:27 
21 e4h. = 
22 9-491 (2or3) 

23 9-700 (3) (2:0) (0-022) 

24 9-762 (2) (1:1) (0-013) 

25 9-932 
26 10-180 
27 10-273 
28 10-308 
29 10-375 


(1) Group number; (2) energy level (Mev); (3) Los (4) (2J,+1)Q (4a) in relative units, 
(4b) in 10-°° c.g.s. units; (5) (2J,+1)#t. 


+ The reduced widths have been extracted without the use of the isotopic spin formalism 


(see Macfarlane and French 1959). ’ 
t Normalized to the value reported by Endt and Paris (1957) obtained from the 


31P(p, «)?8Si reaction. 
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possible. An error of + 20kev may be ascribed to the higher levels since in many 
cases they were not observed at all angles. The error of +8kev assigned by 
Endt and Paris to their determination of the second excited state has not been 
included in the above errors. 
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Figure 2. A deuteron energy spectrum obtained from the *’Al(*He, d)**Si reaction at an 
incident energy of 9:16 Mev and at an angle of 15°. 


It should be noted that it is considered possible that some weak groups 
may have escaped detection. ‘This possibility arises because as in most stripping 
reactions the individual groups vary strongly in intensity and it is exceedingly 
difficult to detect with certainty a weak group neighbouring a very intense group. 


3.2. Angular Distributions 


The angular distributions of groups 2 to 24 inclusive, excepting groups 14 and 
18 which were extremely weak, have been measured at 9-16 Mev and are shown in 
figure 3. Groups 25 to 29 were not measured since they were observed only over 
limited angular ranges. ‘The thickness of the target used for the 9-16 Mev angular 
distributions was determined by weighing to be about 70u#gcm~®. From this 
value the arbitrary unit of cross section was calculated to be equivalent to 
0-1 mbn sterad~! with a possible error of +30%. At the lower bombarding 
energy the angular distributions of groups 4 to 15 were measured, excepting 
group 14 which was again very weak. ‘These are shown in figure 4 where the 
arbitrary unit of cross section is different from that used in figure 3. At both 
energies the angular distributions of groups 5 and 6 are combined. 

The 9-16 Mev angular distributions shown in figure 3 have been fitted with 
Born approximation stripping curves calculated from the theory of Newns 
(1952) using in all cases a radius of interaction equal to the Gamow radius plus 
one fermi, i.e. 6-4fermi. In several cases the agreement between the theoretical 
curves and the experimental points is good, particularly when it is considered 
that Coulomb effects are neglected in the theory, and it has been possible to make 
certain /-value assignments. These are listed in the third column of the table 
when the tentative assignments are in parenthesis. Also listed are the products 
of the relative proton capture probabilities ©, and the spin factor 2.J ft a 
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Tt was not possible to fit all the distributions exhibiting characteristic /=0 
stripping patterns with curves calculated from simple Butler theory using the 
Gamow radius. ‘This was because the theory predicts pronounced secondary 
maxima for all /=0 groups above and including group 9. By applying a simple 
Coulomb correction, which has previously been used for (d, n) reactions (Butler 
1957, Macfarlane and French 1959) better agreement was obtained. ‘This was 
further improved by reducing the radii of interaction from 5-4 to 4-5 fermi for 
groups 19 and 20 and to 4-9 fermi for the remaining groups. 

Absolute reduced level widths y? were determined by fitting the Coulomb 
corrected Butler curves to the 9-16 Mev data which were measured in absolute units 
of cross section. For this purpose it was necessary to assume a value for the 
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Figure 3. Angular distributions of nineteen deuteron groups from the *’Al(*He, d)**Si 
reaction measured at an incident energy of 9:16 Mev. The curves shown were 
calculated from Born approximation stripping theory using in all cases a radius of 
interaction equal to 6-4 fermi. 
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constant A which occurs in the expression for the cross section of a (He, d) 
reaction. The value chosen was that quoted by Macfarlane and French which 
they determined from an analysis of several (d, 7He) and (d, t) reactions. In the 
table are listed the values of (2.J + 1) 6? where 


Pay [5— 


The 5-7 Mey angular distributions do not exhibit such characteristic stripping 
patterns as those observed at 9-16Mev. This is not surprising since the incident 
energy is almost 3 Mey less than the Coulomb barrier. However, Born approxi- 
mation curves have been calculated using the same radius of interaction and /-values 
as were used at 9-16 Mev and these are shown in figure 4. It is noteworthy that 
the /=0 theoretical curves, which normally are least affected by Coulomb effects 
fit progressively worse for the higher excited state. 
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Figure 4. Angular distributions of ten deuteron groups from the ?7Al(#He, d)?8Si reaction 
measured at an incident energy of 5-7 Mev. ‘The curves shown were calculated from 


Born approximation stripping theory using the same radius and /-values as were 
required for the measurements made at 9:16 Mev. 


§ 4. Discussion 

The *Al(*He, d)’*Si reaction is closely analogous to the 27Al(d, n)?8Si reaction 
which has been studied by Calvert et al. (1955). These authors measured the 
angular distributions of several neutron groups at an incident energy of 9 Mev and 
their /-value assignments are listed in the table for comparison with those of the 
present investigation. Apart from resolving several of the (d, n) groups into 
multiplets, the present /-value assignments are consistent with those of the 
(d,n) study. The capture probabilities also agree within about a factor of two. 

Values of (2. ,+ 1) 6? have also been calculated for some states of 28Si from the 


(d,n) data of Calvert et al. and these are shown in the, table. They agree 
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surprisingly well with the present values particularly in view of the approximations 
occurring in the (d, n) and (*He, d) stripping theories and the large experimental 
errors involved in the absolute cross section measurements. 

Calvert et al. identified the level they observed at 9-16 Mev with the first 
T'=1 state of 785i. This level, which occurs at about the expected excitation 
energy, has been resolved into two states at 9-314 and 9-379 Mev both of which are 
formed by strong /=0 transitions. The separation of 65 kev may be compared 
with the spacing of 31 kev separating the ground and first excited states of the 
T’;= 1 analogue, Al. Enge ef al. (1956) has measured the angular distributions of 
the two proton groups from the ?’Al(d, p)?sAl reaction leading to the ground and 
first excited states and finds both to be intense and have /=0. He also reports 
the ratio of the reduced widths, multiplied by 2./;+ 1, to be 1:94 which compares 
favourably with the observed ratio of 2-4 for the 9-314 and 9-379 Mev states of ?*Si. 
In view of this evidence it is very likely that the 9-314 and the 9-379 Mev 
states are respectively the first and second T'=1 states of ?Si, and have spins 
of 3+ and 2* respectively. 
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Figure 5. The energy levels of **Si. 


The third and fourth 7'=1 states would be expected, from a comparison with 
the 28Al level scheme, to occur respectively at about 0-97 and 1:02 Mev above the 
9-314 Mev state, ie. at 10-28 and 10-33 Mev. States were observed at 10-18, 
10-27, 10-31 and 10-37 Mev but since angular distributions were not measured it 
was not possible to determine which have se S i, 

An energy level diagram of **Si is shown in figure 5. 
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Abstract. The energy levels of *Mg and #*S have been determined from studies 
of the 2Na(?He, d)24Mg and the *!P(®He, d)*S reactions. In both cases *He 
particles of up to 10-2Mev were used and the deuteron energy spectra were 
measured with a broad-range magnetic spectrograph. ‘Thirty-nine states were 
observed in 24Mg below an excitation energy of 11-861 Mev and twenty-four in 
32S below 8-496 Mev. 


§ 1. INTRODUCTION 


HE (p, y) reaction provides a powerful method of determining nuclear 

properties, such as spins and parities. Frequently, the analysis of the 

complicated y-ray spectrum is impeded by a lack of knowledge of the 
excitation energies of the levels of the final nucleus. These can, in principle, be 
better determined from the (d, n) reaction proceeding from the same target 
nucleus but in practice it is extremely difficult to measure neutron energies 
with sufficient precision. A more satisfactory process is the (?He, d) reaction, since 
the emitted charged particles can be studied by magnetic analysis. In the present 
communication the energy levels of *Mg and #S, measured respectively from the 
23Na(*He, d)*Mg and the 31P(3He, d)?*S reactions, are reported. 

Prior to this work, only the first, second and third excited states of "4*Mg 
had been precisely determined although several higher states had been reported 
from studies of the 2*Na(d, n)24Mg reaction and the inelastic scattering of high 
energy protons and deuterons (Endt and Braams 1957). Extremely accurate 
determinations have been made of the first and second excited states by Hedgran 
and Lind (1952) from precision measurements of the y-rays accompanying the 
*4Na B--decay. 

Endt et al. (1956) have precisely measured the states of 22S below an excitation 
energy of about 4-7 Mev from a magnetic analysis study of the BCID, i) 
reaction. Several higher excited states have also been reported by Calvert 
et al. (1955) from an investigation of the 31P(d, n)*?5 reaction. 


§ 2, EXPERIMENTAL PROCEDURE 


Doubly charged *He particles were accelerated in the Aldermaston Van de 
Graaff generators and used to bombard thin targets containing sodium and 
phosphorus. The sodium targets were prepared by evaporating either pure 
sodium metal or sodium bromide on to a thin carbon backing. ‘These were then 
transferred directly into an evacuated gate-valve assembly and transported under 
vacuum to the target chamber. The metal targets were troublesome because of 
their low melting point. Exposures had to be carried out slowly with a beam 
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current not exceeding 0-05 a and even then a target rarely lasted long enough 
to permit a second exposure to be made. An attempt was made to prepare 
phosphorus targets by directly evaporating red phosphorus but this was not 
successful. ‘Targets were eventually prepared from zinc phosphide (Zn3P,) 
which was deposited by evaporation on to a thin carbon backing. 

The energies of the emitted deuterons were measured with the broad-range 
magnetic spectrograph. Six exposures were made with sodium targets at an 
incident energy of 10-19 Mey and two at an energy of 8-47 Mev. ‘The former were 
made at angles of 15°, 20°, 35° and 45° and also with a lower spectrograph field 
at 45° and 60°. At 8-47 Mev exposures were made at 15° and 45° only. With 
the phosphorus target, exposures were made at 15°, 20°, 30°, 45° and 60° at an 
incident energy of 10-19 Mev and a single exposure was made at 20° at an energy 
of 9-82 Mev. 


§ 3. RESULTS 


3.1. %Na(?He, d)**Mg Reaction 


A deuteron energy spectrum from the **Na(?He, d)**Mg reaction obtained 
at an incident energy of 10-19 Mev and an angle of 15° is shown in figure 1. ‘This 
spectrum was measured from a sodium bromide target. Following our usual 
notation, groups ascribed to states in *4Mg are labelled numerically and impurity 
groups by the chemical symbol for the residual nucleus with a subscript referring 
to the appropriate excited state. Identification was made from a detailed analysis 
of the relative positions of the groups in the spectra measured at different angles 
of observation. Strong impurity groups were observed arising from !2C and 10, 
also a number of weaker impurity groups were identified as arising from #C 
which is normally present in natural carbon. It will be noticed from figure 1 
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Figure 1. A deuteron energy spectrum from the ?*Na(?He, d)?4Mg reaction obtained at an 
incident energy of 10-19 mev, an angle of 15° and witha spectrograph field of 12918 c. 
The target was a layer of sodium bromide supported on a thin carbon backing. 
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that the ground and first excited states were not observed. ‘l'his was because the 
spectrograph magnetic field was set to record as many excited states as possible 
on one photographic plate. At the particular angle of observation shown in 
figure 1, the very intense impurity group from !°C, corresponding to the formation 
of 15N in its ground state, obscures groups 22 and 23. 
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Figure 2. A deuteron energy spectrum from the 2°Na(*He, d)?4Mg reaction obtained at an 
incident energy of 8-465 Mev, an angle of 45° and witha spectrograph field of 10 099 c. 
The target consisted of a layer of sodium metal supported on a thin carbon backing. 


In figure 2 is shown a second spectrum obtained at an incident energy of 
8-47 Mev and an angle of observation of 45°. The exposure was made with a 
sodium metal target and a substantially reduced spectrograph field. The 
latter, although preventing the observation of the ground and first five excited 
states resulted in improved energy resolution. 

Since the ground and first excited states were not observed at any angles, it 
was possible only to calculate excitation energies with respect to that of the 
second excited state. The energy of this state however, has been very accurately 
determined to be 4:1215+0-0014mev by Hedgran and Lind (1952) and our 
excitation energies listed in table 1 have been normalized to this value. Also 
included in the table are some of the lower resonance levels which overlap our 
highest excited states. “These were obtained by resonance scattering of -particles 
from 2°Ne by Goldberg et al. (1954). Agreement is exceptionally good except 
for the state reported by these authors at 11-726 Mev which we did not observe. It 
will be noticed that the 9-282 Mev state is indicated in table 1 as a possible doublet. 
This was thought possible because the corresponding group, 18, was consistently 
observed to be broader than neighbouring groups at all angles of observation. 
The assignment of group 26 to a state at 10-3 Mev in 24Mg is possibly doubtful. 
The group was very weak at all angles of observation and generally ill-defined. 

A summary of the energy levels of 24Mg is presented in figure 3. 
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Table 1. Energy Levels of 74*Mg 


Energy 
level (Mev) 


4-122 Datum 
4-232 + 0-008 
5-224 + 0-008 
6:005 + 0-008 
7:350 + 0-008 
TNO se OOO) 
7-620 + 0-010 
7-746 + 0-010 
7-808 + 0-010 
8120+ 0-010 
8:357+0-010 
8-439 + 0-010 
8-654 + 0-010 
8:864 + 0-010 
9-004 + 0:012 
9-148 +0-012 
9-282 + 0-012* 
9-456 +0-012 
Ces 7/ se OO 


Energy 
level (mev)f 


0-000 
1-368 
4-122 


Group 
number 


Energy 
level (Mev) 
9-826 + 0-012 
9-960 + 0-015 

10-025 +0-015 
10-055 +0-015 
10-161 +0-015 


(10:30 +0-050) 


10-353 + 0-020 
10-577 + 0-020 
10-661 +0-020 
10-723 + 0-020 
10-822 + 0-020 
10-916 + 0-020 
11-010 + 0-020 
11-188 + 0-025 
IES 1302025 
11-380 + 0-025 
11-446 + 0:025 
115i tse 0:025 


11-861 +0-025 


Energy 
level (mev)f 


11-380 
11-451 
1S 7, 
11-726 
11-858 


t+ Determined from precision measurements on the y-rays accompanying the 24Na 


B--decay (Hedgran and Lind 1952). 


a-particles from ?°Ne (Goldberg et al. 1954). 
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* This level is possibly a doublet. 


aoe] 


Ss es fee 


24Mip 


1-446 
11-380 
10-66! 
—|0:055 
10:025 
5514 | 
/*Na | 
Ve 
p 


Energy level diagram of *4Mg. 


3-370 | 


*'p+*He-d 


Figure 5. 


{ Determined from the resonance scattering of 


325 
Energy level 


7-0 


1-857 
5C|+p-ar 


diagram of °2S. 


The Energy Levels of *4Mg and 2S Ss)// 


Deuteron Energy (MeV) 
5 6 i, 8 3 10 i) 


350 
: 12 i sar T T T 
: 9 
= 300F No 4 
bac] 
oOo 
: [ 
8 
= 250} inp i3] =| 
= 2 16 5 
= 200 + j 
2 ‘al 
= } x/4 
— 
‘= | 4 
~ (90 ; a - 
s 2 
=) 
=) 7 
A 17 1" | 
50 koa || 22 fii} al \ AN, 
io 
0 - 5 Bei! beds A AL bt) LL AL! et M\ feng A P 
36 38 * 40 42 44 46 48 50 52 5455 
Radius of Curvature (cm) 
Figure 4. A deuteron energy spectrum from the *'P(*He, d)**S reaction obtained at an 


incident energy of 10-19 Mev, an angle of 15° and witha spectrograph field of 12 448 c. 
The target was prepared from zinc phosphide. 


3.2. *PCHe,.dP"S Reaction 


A typical deuteron energy spectrum obtained from the *'P(?He, d)**5 reaction 
at an angle of 15° and an incident energy of 10-19 Mev is shown in figure 4. The 
groups corresponding to states in **S were identified by their characteristic variation 
of energy with angle and are labelled numerically. The usual impurity groups 
due to !2C, 3C and 160 were again observed and are labelled by the symbols of 
the residual nuclei. Several weak impurity groups were left unlabelled and 
examples of these can be seen at radii of curvature of 51-7, 51:3, 50-0, 49-4, 
48-1 and 47-9cm. These were established to be due to zinc but it was not possible 
to determine to which of the three principal zinc isotopes they corresponded. 

As in the case of the sodium reaction the spectrograph field was set so that 
the ground state deuteron group was not observed and excitation energies were 
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Table 2. Energy Levels of #5 


Group Energy level Energy level Group Energy level 
number (Mev) (mev)* number (Mev) 
0) 0-000 0-000 
1 2-255, 2:237 + 0-008 13 7-114 +0-008 
2 3-780F 3-780 + 0-008 14 7:194+0-010 
3 4:289+ 4-287 + 0-008 lis; (7-371 + 0-020) 
4 4-465+ 4-465 + 0-010 16 7-429 +0-010 
5 4-701F 4-698 + 0-010 17 (7-479 + 0-020) 
6 5-012 + 0-008 18 7 3e2e 0-012 
7 5-553 + 0-008 19 7707 280:012 
8 5-799 + 0-008 20 7:881 +0:012 
9 6-226 + 0-008 21 7-95n 020027, 
10 6:621 + 0-008 22 8-125 +0-015 
11 6-671 + 0-008 23 8-298 + 0-015 
2 7-002 + 0-008 24 8:496+0-015 


* Determined from magnetic analysis of the *°Cl(p, «)**S reaction (Endt et al. 1956). 


+ Mean datum. 
+ This level may possibly be a doublet. 
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calculated with respect to that of the first excited state. The excitation energies 
of the first five excited states however, have been precisely determined by Endt 
et al. (1956) from a magnetic analysis study of the *°Cl(p, «)??S reaction. The 
excitation energies listed in table 2 were obtained by normalizing our values to 
those of Endt et al. such that the average deviation over the first five excited 
states was reduced to a minimum. The errors listed in table 2 are the estimated 
experimental errors and do not take into account the errors reported by Endt 
et al. Groups 15 and 17 were observed to be weak at most angles of observation 
and were frequently obscured by the strong impurity group arising from C. 
Their assignment to states at 7-371 and 7-479 Mev respectively in *?S must be 
regarded as doubtful. It may also be noted that group 21 was very broad at 
several angles and may be a doublet. 
A summary of the energy levels of **S is shown in figure 5. 
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Abstract. Total elastic and inelastic cross sections, for the scattering of electrons 
(without exchange) and positrons (neglecting the formation of positronium) 
from the 1s, 2s and 3s states of atomic hydrogen, have been calculated in three 
approximations using the method of partial waves. All significant partial wave 
contributions to the cross sections have been included. The results indicate that 
‘s-state ’ distortion effects are negligible at incident energies greater than 30 ev. 


§ 1. INTRODUCTION 


HE experiments of Bederson, Malamud and Hammer (1957) and of 

Brackman, Fite and Neynaber (1958) have given a new impetus to wave 

mechanical investigations on the scattering of electrons by hydrogen atoms. 
Furthermore, as noted by Massey and Moussa (1958), the advances in experimental 
techniques used to observe the collisions of positrons with gas atoms now justify 
a theoretical consideration of the simplest of such problems, the scattering of 
positrons by atomic hydrogen. 

The purpose of the present paper is to examine the contributions to various 
cross sections from higher partial waves and the effect of s-state distortion. 

The effect of exchange has been neglected in the electron scattering problem. 
However, calculations including exchange are being carried out and will be reported 
later. Notwithstanding the limitation of the approximations assumed in this 
report, excitation cross sections for 1s-2s are in much better agreement with the 
experiments of Lichten and Schultz (1959), than those calculations which neglect 
the />0 contributions. 

The effect of positronium formation has been neglected in the positron 
scattering problem presented here. However, the formalism for including real 
positronium formation has been developed, Cody and Smith (1960), and it is 
intended that the numerical calculations will be carried out as soon as the electron 
exchange problem is concluded. 

A brief description of the theory employed is given in §2. ‘The electron 
scattering results are presented in $3, where they are compared with other cal- 


culations and experiments, and the positron scattering resuits are given in § 4. 


§ 2. THEORY EMPLOYED 


The usual procedure in wave mechanical scattering problems is to separate 
out the motion of the projectile and target by expanding the overall wave function 


+ Work performed under the auspices of the United States Atomic Energy Commission. 
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for the system in terms of the complete set of eigenfunctions of the target Hamil- 
tonian. ‘The number of terms taken in this expansion determines the approxi- 
mation one is working in. The resulting systems of second-order differential 
equations for the expansion coefficients must be solved for the asymptotic para- 
meters (phase-shifts and amplitudes) required to calculate the cross sections. 

The differential equations appropriate to the electron-hydrogen-atom problem 
are well known, see Massey (1956). In addition, the connection between the 
asymptotic parameters and the cross sections is also well known, see, for example, 
Smith (1960) or Percival and Seaton (1957) for the general expressions when all 
states of the hydrogen atom are included in the eigenfunction expansion. 

In the present report, the cross sections are calculated in three approximations 
corresponding to taking one, two, or three s-state terms in the eigenfunction 
expansion of the overall wave function of the projectile plus target system. 

All cross sections presented herein are given in units of 7a,°. 


§ 3. SCATTERING OF ELECTRONS 


The elastic scattering cross sections are presented in table 1. 


Table 1. Elastic Scattering Cross sections for Electrons 


koa 1s—ls 2s—2s 3s—3s 
a 2A) (SNS L2G. (©) SCE (SR yes) {(fs)) 208:7(3); 3369(7) 
Joy DEil(D)s Hes (S)) 55°03) 
1-0 Cc 2°6 (3) 204-0(3) 
d 1728 (3) 157-2(3) 
e 2°-13(0); 2-32(5) ee 2-15(O)ee oo" on) aes occ OW) 149-4(3); 272-6(5) 
f 3-19(0) 1-56(0) 
a 1:76(3); 1:76(5) 32-3) (4)= 333 (10) 50-6(3); 168-8(8) 
b 1-430); 1-61); 1-61) Slee) (Gaje syroil WG) 
Soke 1-7 (3) 50-4(3) 
d 14-1 (4) 43-3(3); 80-4(4) 
en LOG) ai oll(G)ie Ss: 02 (OR 27:3 (4); 28-4 (6) 47-9(3); 139-2(6) 
f 1-96(0) 3-03(0) 
a 1-09(5) 18-6" (i) 29-7 (10) 52-7(5); 89-0(9) 
0830) EOS) Isl (NR wkse7/ (() 
1-5 Cc 1:07(5) 51-8(5) 
d 8-7 (5) 49-3(5) 
e 0-83(0); 1-:03(5) BLP Oe 16:75(5) 49-1(5) 
f 1-06(0) 2:39(0) 
a 0-60(7) 8-6 (5); 10-6 (14) 20:6(5): 44-0(11 
b 0:39(0); 0-58(7) 8-4 (5); 96 (7) oS oe 
2-0 c 0:59(7) IMetl(S)\e BUA 
‘ 0-39(0); 0:58(6) 1:12(0) vee ree 
s 3 WUE : 5 ere Ge BOG 19-8(5); 24-8 
f 0-47(0) 1:18(0) e ©) 


The number in parenthesis, in each case, is the number of partial waves taken into 
account. Row a corresponds to taking only one term in the eigenfunction expansion; 
rows b, c and d correspond to taking two terms; row e to three terms. In particular, b ic 
for the results of 1s—2s coupling, c for 1s—3s coupling, and d for 2s—3s coupling. f: Mattod 
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If the number of terms needed in the expansion of the total wave function can 
be considered to be a measure of the deformation caused by the incident electron, 
then table 1 shows that s-state distortion is negligible when calculating elastic 
scattering cross sections at energies greater than 13-6ev. It would be interesting 
to extend the work of Khashaba and Massey (1958) and include P-states and 
(D-states, etc.) in order to examine quantitatively P-state distortion effects. 

A second feature to emerge from table 1, is that contributions to Oe rom 
/> 0 partial waves are quite small, whereas they are the dominant contributions to 


Q,. 9s and QO: 


eee 


Table 2. /=0 Contributions to O 


~1s-1s 
Rody _Bransden et al. Marriott Geltman NESBA ge ee 
and Fraser authors 
0-9 Fas 4-11 4-0 4-02 2:66 
1-0 6-0 3°19 Be 3-14 ANS) 


The first notable feature of table 2 is the good agreement between the one- 
body exchange approximation of McEachran and Fraser (1960) and the strong 
coupling approximation of Marriottt, which supports the conclusion that s-state 
distortion is negligible when calculating elastic scattering cross sections above 
llev. Comparison of Marriott’s results with the corresponding no-exchange 
cross sections (present authors) shows the effect of including exchange. 

The second feature brought out by table 2 is the good agreement between the 
s-state distortion calculation of Geltman (1960, to be published) and the results of 
Marriott and of McEachran and Fraser (1960). | From the conclusions reached 
earlier, it would seem that Geltman’s results are good as a consequence of including 
exchange rather than including the 2s and 3s states. 

Finally, table 2 supports Martin, Seaton and Wallace (1958) in their assertion 
that the approximation of adiabatic distortion, as used by Bransden et al. (1958), 
is of questionable validity. 

In table 3 we present the inelastic scattering cross sections as calculated in the 
three approximations. 

In table 3, it is seen that including the 3s,-state only affects the 1s—2s excitation 
cross section by a few per cent—supporting the statements made earlier that s-state 
distortion is unimportant in electron—hydrogen-atom collisions. 

Furthermore, exchange effects become increasingly important as the incident 
electron energy decreases, and the need for strong coupling exchange calculations 
for 1>0 is apparent. If the pattern established by the agreement between the 
results of McEachran and Fraser (1960) and those of Marriott for Q,,,, is 
continued here, we would expect that O,, ,, would be affected only slightly by 
including the 3s,-state. 


+ We thank Dr. Marriott for sending to us his unpublished data on phase-shifts and 
amplitudes. 
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Table 3. Excitation Cross Sections for Electrons 


Rao 1s—2s 1s—3s 2s—3s 

b -0:200(0); ~—«0-517(3) 

: 0-11 (3) 

d 1-62(0); 15-58(3) 
10 (1740); -—«0:435(6) 0-09 (3) 1-660); -22:07(5) 

f _0:074(0) 

z _0198(0) 

b - 010200);  ~0:344(5) 

0-07 (3) 

d 0-334(0); 5-19 (4) 
2 6 10.695(0)) 10-2206) 0-03 (3) 0-332(0): 8-03 (6) 

f  0:061(0) 

@  0-127(0); 0-22 

b 0450); -—«0-215(6) 

c 0-04 (5) 

d 0-092(0): 2-02 (5) 
Me 043) 020615) 0-01 (5) 0-091(0); 2-10 (5) 

f _ 0034(0) 

z  0:058(0): 0-165 

b -0-015(0);_——«0-117(7) 

Cc 0-02 (6) 
eee 0-024(0); 0-526(5) 

e 0-015(0); —:0-114(6) 0-002(6) 0-023(0);  0-725(6) 

f _0-012(0) 

z 0:019(0); «0-104 


‘The values in row g are those of the (/=0) and the total Born approximations, Massey 
(1956, pp. 293 and 354). Rows b-f have the same meaning as in table 1. 


Finally it is noted that, although the zero-order Born partial wave cross section 
is greater than the corresponding cross section being reported here, the total Born 
cross section is Jess than the total cross section as calculated here. (In this 
connection, we might point out that Swan’s (1954) O,..,. are about 12° smaller 
than those presented in table 1.) It is interesting to compare the cross sections 
calculated here using three terms with the recent measurements of Lichten and 


Schultz (1959), see table 4. 


—.| <q ja SSSSSSSSSSSsSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSsSSSSSSe 


Table 4. Q,,,: Total Excitation Cross Section 
13:6 ev 19-6 ev 30-6 ev 40 ev 
Present authors 0-435(5) 0-32(6) 0-206(5) 0-15(4) 
Lichten and Schultz 0:31 0:21 0717 Osis5 


SSSSSSSSSSSSSSSSSSeSeeeeSeSeSSE 


Lichten and Schultz remarked that their results were larger than Marriott’s 
results by a factor of seven. Table 4 suggests that this disagreement is probably 
due to the fact that Marriott only calculated the /=0 contribution. One would 
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therefore expect that if Marriott’s calculations were extended to include />0 
contributions the close coupling exchange approximation would be in even closer 
agreement with experiment than the present calculation. Indeed, preliminary 
calculations indicate this to be the case. 


§ 4. SCATTERING OF POSITRONS 


Since the positron and the atomic electron are distinguishable, then the 
problem of using correctly symmetrized wave functions does not arise. However, 
the possibility of the formation of positronium in these collisions does introduce 
into the problem an added complication somewhat like exchange effects in the 
electron scattering problem. That is, including real or virtual positronium 
formation transforms the problem from solving ordinary differential equations to 
solving integro-ditferential equations. The effect of positronium formation has 
been neglected in this work. 

In table 5, we present the elastic scattering cross sections as calculated in the 
three approximations. 


Table 5. Elastic Cross Sections for Positrons 
RoGo 1s—1s 2s—2s 3s—3s 
rs! 0-759(3, 4) 31-45(3); 31-94(6) 196-96(3); 232-81(7) 
b 0-689(3, 4) 31-42(3); 31-87(4) 
1:0 ee 0-750(3) 196-87(3) 
d 27:-43(3) 194-08(3) 
e 0-689(3) 27:12(3) 194-01(3) 
a 21-72(4); 22°5 (10) 85-64(4); 139-16(8) 
b 0:586(4, 5) 21-65(4); 22°54(5) 
Po2 ace 0-640(4) 85:78(4) 
d 18-58(4) 81-80(4) 
e 0:586(6) 18-48(4) ; 19-07(6) 82-04(4); 121:03(6) 
A 13-12(4); 15:13(12) 36-14(4); 78:53(9) 
b 0-475(5, 6) 13-06(4); 14-75(6) 
1:5 ce 0-513(5) 36-05(4); 47:-77(5) 
d 11°85(4) 34-71(4) 
e 0-473(5) 11-77(4); 12-78(5) 34-75(4); 46-70(5) 
a 7:36(5); 8-96(13) 19-38(5); 40-39(11) 
b 0-349(7) 7:33(5); §-45(7) 18°13(5); 26:0 (7) 
2-0; ce 0-366(7) 
d 7:29(5) 19-15(5) 
e 0-345(6) 6°94(5); 7°58(6) 18:99(5); 23-61(6) 


Once again it is noted that including more s-states does not affect the cross 


sections, which supports the conclusions of Massey and Moussa (1958) that 
distortive effects are unimportant but conflicts sharply with Spruch and Rosenberg 
(1960) and Moussa (1959). Because of this disagreement, numerical solutions 
of the positron’s integro-differential equations are needed. 
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Table 6. Excitation Cross Sections for Positrons 


Roa 1s—2s 1s—3s 2s—3s 
b 0-019 (4) 
c 0-003(3) 
wo d 0-97(3) 
e 0-021 (3) 0-004(3) 0-98(3) 
b 0-049 (5) 
é 0-003(4) 
We d 2-27(4) 
e 0-048 (5) 0-002(4) 2:19(4); 2-86(6) 
b 0-072 (6) 
c 0-009(5) 
We d 1-07(4) 
e 0-0703(5) 0-002(5) 1-05(4) ; 1-43(5) 
b 0-067 (7) 
é 0-01 (6) 
af d 0-49(5) 
e 0-066 (6) 0-001 (6) 0-47(5) ; 0-62(6) 


In table 6 additional support is given to the assertion that s-state distortion is 
negligible. As in the electron case, the />0 contributions to the excitation 
cross sections are very important. On comparing these results with the corres- 
ponding electron cross sections in table 3, it is seen that the positron cross sections 
are appreciably smaller at kya) = 1, but the cross sections are almost the same even 
at the quite modest energy of 54 ev. 
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Interband Photoconductivity in Germanium 


By T..S. MOSS: ann T. D. BH. HAWKINS 


Royal Aircraft Establishment, Farnborough, Hants. 


MS. received 29th April 1960, in final form 27th Mav 1960 


T is known that in germanium there are three distinct valence bands, and 
absorption corresponding to transitions between these bands has been 
observed experimentally by Briggs and Fletcher (1952, see Moss 1959, 

figure 10.6, for later work). We have now succeeded in observing photoconductive 
effects which result from these transitions because of the different masses and 
mobilities in the various bands. 

The effects are very weak, and the method finally adopted to confirm their 
existence was to record spectral sensitivity curves for specimens at two tempera- 
tures (room temperature and cooled with liquid nitrogen) with all other experi- 
mental conditions kept unchanged. At liquid air temperatures most of the 
transitions are from the V, heavy hole band to the split-off V, band, giving a 
relatively intense and narrow absorption band in the 3-5 region. At room 
temperature this absorption band is weaker and much broader. ‘Thus it would 
be expected that the low temperature photoconductive signal would exceed that 
at room temperature for wavelength between 3-2 » and 4-1 py, with a flat maximum 
near 3-84, while at wavelengths just outside this range the room temperature 
signal should be the larger. 

Direct comparison of the spectral records obtained showed that the predicted 
behaviour occurred consistently, with the cold specimen giving a significantly 
higher signal in the 3-8 w region. 

It was necessary to use high intensity radiation (with consequent poor 
resolution), high gain amplifiers, and long integration times to keep the noise 
to a minimum. Spectral purity was ensured by use of a double prism mono- 
chromator, and most of the short wavelength radiation was rendered ineffective 
by use of a Perspex chopper. 

The specimen thickness was approximately the reciprocal of the peak absorp- 
tion constant, and its length and width matched the smallest image of the spectro- 
meter exit slit (10mm 3mm) which could be obtained. Best results were 
obtained with single crystal material of hole concentration p=4-5 x 10!°cm and 
mobility 0-12m2v—!sec~, giving a specimen resistance R=6Q. The polarizing 
current used was i=0-2a. The doping impurity was Ga, which has such a low 
activation energy (0-0lev) that it would show no effect in this waveband and 
would be highly ionized at the relatively high temperatures used. 

From the average of many spectral curves the peak excess signal from the 
cooled specimen compared with the warm specimen (when the curves were 
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adjusted to be as nearly equal as possible at long wavelengths, i.e. 4-5-5 region) 
was found to be 2 x 10-®v r.m.s. across the specimen for an irradiation Q = 9 x 10% 
quantasec-!. From known absorption data and specimen thickness, the ratio 
of this difference signal to the total signal if the material were fully absorbing 
should be 7 ~ 0-25, so that the corresponding total signal is AV =8 x LO=?y.r mes. 
An alternative estimate derived from the differences between signals at 3-8 » and 
at short wavelengths (2-7), for which case 7 =~ 0-33, gave AV=12 x 10 vr.m.s. 
This latter figure was influenced somewhat by ‘breakthrough’ from the main 
band-to-band photoconductivity, so it can be taken only as an upper limit. 
From simple photoconductivity theory 


AV= = (FS) (44) (ills ieee eee (1) 
TT JP By 


where the numerical factor converts from a steady signal level to the root mean 
square of the fundamental when square wave chopping is used, P is the total 
number of holes in the specimen, 4, and yx; the mobilities in bands V, and V3 
and 7+ the time spent in V, before returning to Vj. 

The main aim of the experiment is to obtain an estimate of r. 

Hence 


te= ia iep=o 3 10 aces sens (2) 


To evaluate 7 it is thus necessary to estimate the mobility in the V, band. The 
lattice scattering contribution can be found from deformation potential theory 
(see Brooks 1955, equation 6.11) which gives 

(Ha), = 2-2 (e/ Be)" @a)/m,)? mks. units at 90°K 2. (3) 
where m,/m=0-077 and Es, the shift in the V, band per unit dilation, should be 
similar to that for V,, namely about 12ev. Hence p3=20m?v—tsec-t. 

The contribution of ionized impurity scattering may be estimated from the 
formula given by Brooks (1955, equation 6.40) giving 

(iis); = ome Wa secs a0 Kk Meee cre (4) 
The latter term is thus all important, the combination of (3) and (4) resulting in 
fa=l-3m7¥ 4sec and hencew=9' = 10- sec, 

Considering the inaccuracies in the measurements, the difficulties of inter- 
pretation and uncertainties in j3, the limits on 7 are fairly wide but should not 
exceed the range 

7=4to 14x 1024 sec, 


For comparison, the scattering time corresponding to the mobility pg is 
T3= 0-55 x 10 sec, so that a carrier excited to V3 survives some 10 or 20 collisions 
before dropping back to V,. 


We wish to thank Dr. Rouse of the Associated Electrical Industries for kindly 
providing the germanium used in this work. 
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Measurements of Optimum Domain Widths in Silicon-Iron 


By R. CAREY 


Department of Physics, University of Nottingham 


Communicated by L. F. Bates; MS. received 6th May 1960 


$1. INTRODUCTION 


HE optimum domain size in a demagnetized crystal is that which leads to a 

minimum value for the sum of the free energies associated with the surface 

structures and with the walls separating the main domains (Kittel 1949). 
In a study of the domain structures in the surface layers of crystals of iron and 
silicon—iron having specific faces, Martin (1957) made calculations of the optimum 
domain size and showed it to depend on both the crystallographic orientation of the 
boundary face of the crystal and the crystal size. Crystals with main (100) 
surfaces and bounded at the ends by (111) faces (see figure 1 (a)) were considered, 
and the approximate relation between the length L of the crystal in the [100] 
direction and the domain width D was estimated to be 


14 
p=132(2) L3/, 
K 


where y is the 180° wall energy per cm? and K is the first anisotropy constant- 
The length L is taken to be the mean length of the grain in the [100] direction and 
D is the average spacing between the 180° walls which separate the main domains 
-in the grain. 


| @ Cube textured silicon-iron 


o Martin and Bloor (1959) 


r (Bh) e e 


0-1 
L, (cm) 
1 faces. (b) Variation of 
Figure 1 (a) Crystal bounded by four (100) faces and four (111) 5 
Ps mean domain width D with mean grain length WB, sta [100] direction. ‘The line 
shows the theoretical relation for a crystal of the type shown 1n (a). 


Measurements of the optimum domain width of crystals of this type referred 
only to: (a) single crystals with L=1-0 cm or greater (Martin 1957), and 
(b) crystals in a randomly oriented polycrystalline specimen of silicon—iron which 
were found to have the required orientation; in this case the crystallite length L 
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was ():09 cm or less (Martin and Bloor 1959). Although the measurements made 
on the polycrystalline specimen agreed approximately with the calculated relation 
it was not possible, at the time, to make measurements in the intermediate range. 
Specimens, single crystal or otherwise, with a crystal length greater than 0-1cm 
were not available. 

Recent investigation of a new cube-textured polycrystalline silicon—iron sheet 
showed it to have an overall (100) [100] orientation (Bates and Carey 1960) with 
an average grain diameter of 0-1cm. In the demagnetized strain-free state many 
grains showed a domain structure similar to that depicted in figure 1 (a) and were 
of approximately the required shape, thus making the following measurements of 
optimum domain widths possible. 


§ 2. EXPERIMENTAL RESULTS 


The specimens used for these experiments were in the form of discs 2-4cm in 
diameter and 0-3cm thick. The average grain diameter was 0-1cm. Most of 
the grain boundaries penetrated the sheet almost perpendicularly, and thus the 
grain shape from face to face was almost unchanged. A strain-free surface was 
obtained by electrolytic polishing, and the specimens were thermally demagnetized 
before domain width measurements were made. 

The domains were observed by the usual colloid technique, and the measure- 
ments were made direct with a calibrated microscope eyepiece. The grains 
selected were as near as possible to the shape shown in figure 1 (a), and L varied 
from 9-04cm to 0-3 cm. 

The results are shown graphically in figure 1 (6) where the domain spacing D 
is plotted against the mean length L of the grain in the [100] direction. The 
measurements of Martin and Bloor for their randomly oriented material are also 
shown. ‘The line shows the theoretical relation for a crystal of 3° silicon—-iron 
of the type shown in figure 1 (a). 


§ 3. Discussion 


It is immediately obvious that the measured optimum domain widths agree 
satisfactorily in magnitude with the theoretical relation. In the polycrystalline 
specimens the grains were bounded by end faces of different orientations, whereas 
the theoretical relation applies strictly to crystals bounded by (111) faces. How- 
ever, the measured domain widths would not be expected to differ greatly from 
the theoretical value as the surface energies at the crystal face would not be greatly 
different. It can be seen that some grains whose lengths varied over a small 
range had the same domain spacing, thus causing an apparent spread in the results. 
For example, nine grains with lengths varying in the range 0-06cm to 0-16cm 
had the same domain spacing, namely 0-01 cm. This effect is attributed to domain 
interaction between neighbouring grains. In the cube-textured material where 
the majority of the grains were of (100) [100] type orientation there is a marked 
tendency for a 180° wall to cross several grains without interruption. ‘Thus, the 
optimum domain width in this material is not only dependent on the size and 
shape of the grain, but is affected also by the domain structure of the surrounding 
grains. ‘The relation between the crystal size and the measured domain spacing 
can therefore be written as D = AL where A isa constant. 


Research Notes 569 


ACKNOWLEDGMENTS 
I wish to thank Professor L. F. Bates for his kind interest in this work, 


Dr. Weston Morrill for the gift of specimens of cube-textured silicon—ron, and 
the Department of Scientific and Industrial Research for a maintenance grant. 


REFERENCES 


Bates, L. F., and Carey, R., 1960, Proc. Phys. Soc., in the press. 
KitTeEL, C., 1949, Rev. Mod. Phys., 21, 541. 

Martin, D. H., 1957, Proc. Phys. Soc. B, 70, 77. 

MartIn, D. H., and Bioor, D., 1959, Proc. Phys. Soc., 73, 695. 


The Hyperfine Structure of some Uranium and Americium lines in 
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Abstract. A combination of intense microwave-excited sources, a grating 
spectrometer and a high pressure scanning Fabry-Perot interferometer has 
allowed a study (at a resolution of approximately 250 000) for about twelve lines. 
Isotope shifts for 7°U, °U, and **U, and magnetic hyperfine structures for 
241m are reported together with some less definite results for plutonium. 


§ 1. INTRODUCTION 


N the visible region, the advantages of a Fabry—Perot interferometer as a 
scanning spectrometer were pointed out by Jacquinot (1954) who showed 
that it could have more than 200 times the luminosity of the equivalent 
grating instrument. When multilayer dielectric coatings have been used, both 
high resolution and luminosity have been obtained. Recent papers by Gersten- 
korn (1960) and Diringer (1960) have shown the satisfactory application of the 
technique to the study of hyperfine structure in plutonium and uranium respec- 
tively. Similar work in the near infra-red such as that reported here has not 
been possible previously both because of lack of suitable coatings with pressure 
scanning systems, and weakness of the emission lines in this region. From 
several considerations, such as increased relative flatness of plates at longer 
wavelengths, work at 2 microns should give advantages in resolving power over 
that in the visible. However, this advantage may be at least partially offset by 
the fact that detectors in this region are less sensitive than those in the visible. 
Relatively strong lines such as the mercury line 152954 (Blaise, Chabbal 
and Jacquinot 1954) and some emission lines of rare gases (Humphreys and 
Paul 1958) have been studied. Most high resolution work, however, in the 
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1-3. region has been carried out in absorption studies with a grating used in a 
multi-pass system and a figure of some 200000 has been claimed for one such 
spectrometer (Rank, Wiggins and Shearer 1956). With a combination of a 
high resolution grating (used for the primary dispersion), microwave-excited 
sources and multilayer dielectric coatings, the 1-6-2-1 region of the spectrum 
has been examined for four elements (U, Np, Pu and Am) and the preliminary 
results given. It is hoped to give a more systematic study later and extend the 
range covered. 


§ 2. APPARATUS 


2.1. The Grating Spectrometer 


A 1m, nominal F/7, Czerny—Turner type instrument, constructed at Harwell 
(Bovey and Steers 1959) gave the primary dispersion. The first-order blaze 
with maximum at 2 » from a 300 lines/mm Bausch and Lomb grating (33.53.17.77) 
(masked to give a useful area of 3 in. high x 3$in. wide) was used. 
Curved Hilger slits of effective length 6mm and width 2mm were used. ‘The 
detector was a Kodak PbS ‘Ektron’ detector cooled to dry ice temperatures 
and the 800 c/s modulated signal was amplified by a tuned amplifier and displayed 
on a Leeds Northrup recorder with a 1 sec response time. Ge and Si filters 
were used to eliminate second and higher order radiation. 


2.2. Sources 


The americium and neptunium tubes were supplied by Dr. Frank Tomkins 
of the Argonne Laboratories, U.S.A. The uranium and plutonium tubes were 
made by the method previously described (Bovey and Wise 1959). All tubes 
contained the iodide of the element together with neon at 2mm pressure. 
When inserted in a tuned cavity and excited by microwave radiation (2425 Mc/s) 
from a nominal 200w Deutsche Elektronik medical therapy set, atomic lines 
were strongly emitted. ‘The microwave power (and hence the emission lines) 


was pulsed at 800 c/s to eliminate the thermal background radiation emitted by 
the tube and cavity walls. 


2.3. The Interferometer 


The fused silica optical flats were 3 in. in diameter but only the central area of 
about lin. diameter was used. This portion was flat to about A/20 at 54614 
giving a theoretical limiting interferometer finesse of about 37 at 2u. This 
figure can be compared with the peak finesse of 35 obtained with a 50°, trans- 
mission. ‘The dielectric coatings were seven alternate A/4 layers of zinc sulphide 
and cryolite with a peak reflectivity of 0-91 at 1-9 falling to 0-87 at 1-7 and 2-15 a 
4mm and 8mm invar spacers were used. he etalon mount was brass and was 
mounted inside a steel pressure vessel containing calcium fluoride collimating 
and condensing lenses, and pressure windows. The pressure in the chamber 
could be controlled by a supersonic leak (Rank and Shearer 1956) to give a linear 
pressure rise of up to 40 atmospheres of nitrogen. The resulting maximum scan 
range was 1% of the wavelength. A detailed account of the design, construction 
and performance of the instrument is given elsewhere (Beer and Ring 1960), 
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The general procedure followed was to run first a grating spectrum which 
was identified from the existing wavelength lists (see individual references). 
With the Fabry—Perot interferometer in position, the grating was turned to an 
angle corresponding to lines thought sufficiently strong and isolated to be 
recorded. ‘The grating was slightly rotated about this angle to a final fixed 
position to give maximum response during the pressure scan. 


§ 3. RESULTS 
Uranium 
Tubes containing mixtures of ?°U and 788U, and mixtures of °U, 8U 
and 7°5U, in approximately equal proportions, were studied. ‘lhe results are 
given in table 1. Other lines 5366-46(250), 5730-23(160), 5738-49(80), 
5742-15(20), were examined but the isotope shift could not be unambiguously 
derived for them. 


Table 1 
Wave no. Width (cm) Isotope shift (cm™)f 
in air Intensity} 
fema er 238,256 J 235, J 238[ J —2357 J 236[ J —235[ J 


Fabry—Perot Grating} Fabry—Perot  Gratingt 
5255-04 (130) 0-05 0-248 1-040+0-01 1-05 + 0-06 0:-44+0:01 0:-45+0-06 
5303-46 (160) 0-05 0-08  0-374+0-008 0:39+0-06 0:153+0-008 0-15 +0-06 
5566-47 (20) 0-05 — none observed 
5570-76 (100) 0-05 0-05 0-213+0-:005 0:24+0:06 0-085 +0-005 — 
5641-18 (130) 0-05 0-14 0:348+0-006 0-40+0-12|| 0-144+0-006 = 


+ Considered positive if wave number for heavier isotope greater than that of the lighter one. 

{ Data from Atherton and Bovey (1960). 

§ Strongly asymmetrical. Height of maximum peak to minimum peak 1 : 0-33. This line is 
shown in figure 1. 

| Overlap of order has increased experimental error. 


Re ee = ae 


URANIUM 4mm) 
AaiR (238) =1:9029 MICRONS 
yvac (238,= 5253-6 cm-! 


10 40(mk) > 


€ 


4 40mK) 


Figure 1. The 1-9u line of three isotopes of uranium, taken with a 4mm spacer in the 
Fabry-Perot interferometer. The large isotope shift and increased width of the 
235 [J line are clearly shown. (1000 mK=1 cm7?.) 
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Neptunium 
No sufficiently strong Np line in this region was available. 
Plutonium 


A 2°Pu tube and another containing a small proportion (~10%) of ™°Pu 
were used. 

The lines 4964-98 (80), 5025-12 (80), 5250-88 (70), 5918-10 (400), and 
6085-2 (100) (data from Atherton, Bovey and Steers 1959) were examined but 
no magnetic hyperfine structure (expected from lines in the visible region to give 
two lines with about 0-10 cm~! spacing) nor isotope shifts were observed. ‘The 
average line width was about 0-06cm~!. The line 5976-93 (130) showed an 
unresolved satellite with a shift of about 0-1cm~! from the main line. Both lines 
had a width of approximately 0-1cm™. 


Americium 


A tube containing 24'Am gave the following information (table 2); the first 
component had the highest frequency in each case, except where a negative 
sign appears. 


hable2 

Wave no. ; Hyperfine structure (relative intensities in brackets) 

in airp Intensity 

(cm) 8ratingt 4 i 3 4 5 6 7 
4597-6 960 = Ot 0-190 0-071 0-086 On 2 7 0-130 0-159 
5790-0 60 O(1) 0-091(0-82)  0-082(0-65)  0-081(0-57) 0-072(0-50) 0-060(0:43) — 
6051-7 30 = =0* —0-160 — 0-167 —0-110 _- -- — 
6105-4 60 §0(1) 0-091(0-63)  0-123(0-30)  0-124(0-26) 0-127(0-23) — — 


* Intensities of components are not given because lines are not completely resolved, but 
components | and 3 are most intense. 

+ Data from Bovey, Steers and Tomkins (1959). 

{ Intensities of components are not given because lines are not completely resolved, but 
components 2, 4 and 5 are most intense. 

§ Other components are probably lost in overlapping orders. 


It is estimated that the error in measurement of the spacing is + 0-005 cm—! 
and that the relative intensities of resolved lines have an error of about 5%. 
The 5226-4, 5516-2, 5590-6 and 6219-6 lines were also studied and although 


structure was seen, it was not possible either for reasons of insufficient resolution 
or low signal—noise ratio to measure it. 


§ 4. Discussion 


The agreement between the interferometric and grating results for uranium 
is very satisfactory and it is clear that the addition of the interferometer has 
resulted in greatly increased accuracy of measurement. None of the lines has 
so far been assigned to transitions between levels; no comparisons can therefore 
be made with the expected isotope shifts in the levels. Indeed it is hoped that 


an extension of this study can help identify the spectral terms and their electronic 
configurations. 
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The first three lines of americium given in table 2 have not so far been 
assigned to transitions between known levels. It is likely that the Am line at 
6105:4cm~ (6103-7 in vacuo) shown in figure 2, arises from a transition between 
the levels 21239-91 cm~! and 15135-94cm~—!. These are given as having widths 
of 0-432 and 1-062cm~ respectively (Fred and Tomkins 1957). 


AMERICIUM—24| (8mm) 
~\ AiR = |-6379 MICRONS 


yp vac=6103-7cm = 


Aol sees s— les S— 27 = (mK) 


Fie ee 
VS \ ae | Ves 


Figure 2. The 1-6 line of amercium taken with an 8 mm spacer in the Fabry—Perot inter- 


ferometer. Five components of *4!Am are clearly resolved. ‘The spacings between 
the components are given in mK units (1000 mK =1 cm™'). 


The line 21239-91cm-! from the transition 21239-91cm™ to 0-:00cm™ 
(the ground state) has three components with relative spacing 0-00, —0-177 and 
—(:129cm-! (with the Fred and Tomkins sign convention that a pattern is 
considered positive if the weaker components have larger wave numbers). Since 
the ground state width is of the order 0-001 cm~!, the components of the line 
must arise from the level 21239-91cm™. 

The structure of the level at 15135-94 cm~ cannot be obtained by examination 
of a line arising from the ground state since of course it has the same parity. 


However several sets of lines relate it to the ground state as can be seen in the 


summary in table 3. 


Table 3 
Wave no. Width Hyperfine structure intervals (cm 4 Classification 
of line (cm-) 
(cm™) 


12873-84 1-062 0-000 0-279 0-247 0:227 0-173 0-136 28009-78-15135-94 


28009:78 0-000 = 28009-78— 0-00 
13344:92 1-157 0-000 0-279 0-255 0-241 0-200 0-182 28480-85-15135-94 


28480-85 0-000 = 28480-85— 0-00 
i ar 
The level 15135-94cm— would therefore seem to have six components with 
relative spacing similar to that given by the hyperfine structure intervals of the 
two lines at 12873-84m—? and 13344-92cm—. The experimental data for the 
line 6105-4 cm—! seem in general agreement with the structure of its two associated 
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levels, but several more components of the 21239-91cm~ line with spacing of 
the order of 0:100cm~! would have been expected. Further discussion must 
await a more complete knowledge of the structure in both levels and lines but it 
can be seen that the extension of high resolution work to this wavelength region 
should help in generally elucidating the structure of levels. 
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Note on the Treatment of Impurity Scattering 
in Optical Absorption in Semiconductors 


By B. DONOVAN 
Department of Physics, Bedford College, London 


MS. received 6th May 1960 


ONSIDERABLE attention has been given to the problem of infra-red 

absorption by free carriers in semiconductors, and in particular to the 

case of n-type germanium. Experimental and theoretical results have been 
given by Fan, Spitzer and Collins (1956, to be referred to as FSC), and certain 
improvements resulting from a Drude—Zener treatment were pointed out by 
Donovan and March (1957). More recently, two papers have appeared, by 
Rosenberg and Lax (1958, to be referred to as RL) and by Meyer (1958, to 
be referred to as M), which contain more elaborate calculations of the absorption 
cross section, 1.¢. ratio of absorption coefficient to carrier density. In both cases 
the detailed structure of the conduction band was taken into account, as well as 
the effect of induced photon emission, which was not the case in previous work. 
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The general picture which emerges is that, whereas the agreement between 
theory and experiment is satisfactory for lattice scattering, there remain discrep- 
ancies at low temperatures where scattering due to ionized impurities is 
important. Specifically, the total cross sections derived by RL are considerably 
smaller than the experimental results of FSC at 293° and 78°x. The treatment 
of impurity scattering used by RL is based on the Born approximation and the 
potential is of the screened Coulomb form, containing a factor exp(—qr). In 
the work of M, impurity scattering is not discussed in detail but an expression 
for the relevant cross section is given, and evaluated only for the two limiting 
cases hv<2kT and hyS2kT. This expression is derived by a method which 
avoids the Born approximation but takes no account of screening; hence it might 
be expected that in this case (as in FSC) the cross section would in general be 
over-estimated (see RL, figure 3, also Wolfe 1954). 

A more satisfactory approach to impurity scattering would clearly be a 
generalization of the Meyer calculation to include non-zero values of the screening 
parameter g; however, such a calculation would appear to be prohibitively 
complicated. The purpose of the present note is to evaluate the Meyer impurity 
cross section in the frequency range covered by the experimental data of FSC, 
and hence to assess the extent to which the discrepancy discussed by RL is due to 
the use of the Born approximation. 

The impurity cross section oj is given in M, equation (6.1) (which does not, 
as stated, contain the induced emission factor, and also omits v* from the denomi- 
nator). The corrected form, in terms of the variable x=hy/2kT, and with 
the effective mass m* =0-096 m (as in RL), is 

oi(x) =7-098 x 10-2 ae (1) I(x), 
where JN; is the concentration of ionized impurities and 


ie k? k' +k 
= u 4 _— —— dk. 
I(x) i" k’ exp ( : ) In (F ) 


Here k and k’ are the magnitudes of the initial and final electron wave vectors. 
respectively, and s=2m*kT/h*, so that k’—k? =2xs. 
Introducing y=ks~!? we obtain 


2 . ; 24 Qy)V2 4 
I(x)=s | (v2 + 2x)? exp (—y?) In (J » | dy, 
Jo 


and for x>1 the integrand, excluding the exponential factor, may be expanded 


in the form ; 
y® ge Lea 
2y+ = —— + — 
se: oa alee? 105 2 
Hence, on integrating term by term, we have 


ay ee Qs ee 
at ye ee 
and for x=3 this number of terms gives a result accurate to about 0-1%. For 
x <3 the values of J have been found by direct numerical integration. 

The total cross section may be evaluated by combining oi(x) with the phonon 
contribution (RL, equations (3.5)-(3.8)) and the results are shown in figures 
1 and 2. The experimental points are taken from FSC and reveal at the high 


J (x)= 
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frequency end additional absorption, not covered by the present theories, due to 
transitions to [100] valleys. It will be seen that, whereas the RL curves lie 
considerably below the experimental points at both temperatures, the present treat- 
ment over-estimates the cross section at 293 °K but leads to a distinct improvement, 
though still too low, at 78°K. It should be emphasized that the difference between 
the solid and broken curves in figures 1 and 2 is much greater than that due to 
neglecting screening. If g were taken as zero in the RL treatment, the low- 
frequency end of each curve would be raised slightly but the effect on the high- 
frequency end would be negligible. ‘The quantitative significance of g may be 


O(a) (’) 


5 10 20 
x=hv/2kT x=hyv/2kT 
Figure 1. Absorption cross section for Figure 2. Absorption cross section 
n-type germanium at 293°K. for n-type germanium at 78°K. 


Broken curve, Rosenberg and Lax; full curve, present treatment; crosses, experimental 
points. 


judged from RL, figure 3 (q~ 1-6 x 10®cm~ for both RL curves considered here) ; 
with g=0 at 7 =293°K the RL impurity cross section at x=1 is still only about 
one-third of the value given by the present calculation. Conversely, if screening 
were included in the present treatment, the low-frequency end of each curve 
would probably be lowered slightly but the high-frequency end would remain 
unaffected; this would improve the agreement at 293°k but would make matters 
rather worse at 78°K. However, the conclusion which would appear from this 
note is that some improvement in the theory of impurity scattering may be 
obtained, even with an unscreened potential, if the Born approximation is avoided. 
The fact that a discrepancy is still evident at low temperatures suggests that a 
closer comparison with experimental data might well require a more detailed 
investigation of the approximations involved in the bremsstrahlung calculation 
from which the impurity cross section is derived. 

The writer wishes to thank Dr. N. H. March for many helpful discussions 


on the subject of this note and for assistance with some of the numerical 
computations. 
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Total and Absorption Cross Section for High Energy Pions 
Brot, Js BATIY;, 
Physics Department, University of Birmingham 


Communicated by R. E. Peierls; MS. received 21st April 1960 


HE optical model of the nucleus, extensively applied to a study of nucleon— 

nucleus scattering has also been used to a lesser extent to describe pion— 

nucleus interactions. ‘This latter case is in some ways more interesting 
since complications due to spin-dependent forces are absent. Also since the 
optical model potentials can be related to the real and imaginary forward scattering 
amplitudes for the pion—nucleon interaction which can be calculated using dis- 
persion relations, cross sections for pion—nucleus scattering can be calculated 
directly. Comparison of these values with experimental data then gives us a 
check of the relationship between the optical model potential and the pion—nucleon 
scattering amplitudes. 

In this paper we wish to discuss the experimental data of Cronin, Cool and 
Abashian (1957) who have measured the diffraction and absorption cross sections 
of various nuclei for negative pions at energies between (6 and 1-4cGev. Using 
pion—nucleon scattering amplitudes obtained by Cool, Piccioni and Clark (1956) 
they obtained reasonable agreement between experimental and theoretical values 
for the absorption cross section but for the diffraction cross section the experi- 
mental values were 20-30%, too high. The calculation of the optical model 
potential has been reformulated by Bég (to be published) who has included effects 
of nucleon correlation due to the Pauli principle (see also Watson 1958) and the 
direct absorption of pions by pairs of nucleons and as a result obtains effective 
pion—nucleon cross section in nuclei rather larger than the free values. Using 
these effective values we have calculated the resulting diffraction and absorption 
cross sections for pion—nucleus scattering and obtain much better agreement with 
the experimental values of Cronin et al. 

The optical model potential is written by Beg as 


V(r) = BE (+ dap) = Vie) +iV el") 


where & and E are the wave number and energy of the incident pion, o the average 
effective pion—nucleon total cross section, A the ratio of real to imaginary part of the 
potential and p(v) the nucleon density in the nucleus normalized to unit volume. 
Bég shows in his paper that & should be taken to be different from the observed 
two-body cross section. In particular, the effect of the Pauli principle at these 
energies is to increase the effective cross section, rather than to decrease it as it 

+ Now at National Institute for Research in Nuclear Science, Rutherford High Energy 
Laboratory, Harwell. 
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does at lower energies. Using the semi-classical approximation the total (o;) and 
absorption (ca) cross sections are then given by 


cere | exp =syaeus ies 
0 


Oa=2n i {1—exp (—2y2)}b db 


0 
a = ap V,(r)dz= — Ao |. p(r)dz 
is ANG 
Ni ANe. and 72 = 224 $2, 


For the nucleon density distribution the form 


; 1 1 47 7 
pW)= sauna \ * 3 ga) XP\— at 


was used. ‘This has been found by Fregeau (1956) to give a best fit to the electron 
scattering data using a=1:635 fermi. In order to take into account the finite 
range of the pion—nucleon interaction Cronin et al. used a value for the radius 6% 
larger than the electron scattering value. In order to compare our calculations 
directly with theirs we used a=1-732 fermi, but we have also done calculations 
using other values for a.and we shall later discuss these briefly. 

For given values of c, A and a the corresponding values of og and ca=ot— oa 
were calculated. ‘The computations were performed using a Ferranti Pegasus 
Digital Computer and a modified programme originally developed for proton 
scattering calculations. 

In table 1 we give the absorption cross sections for pions on carbon at various 
energies as calculated by Cronin, Cool and Abashian (1957) using ‘free’ scattering 
amplitudes and the present calculations using both ‘free’ and ‘effective’ ampli- 
tudes. Intable 2 the corresponding data are given for the diffraction cross section. 


‘Table 1. Absorption Cross Sections (in mbn) for Carbon 


Energy sel eas s Jork 
oe Cronin et al. pa tame oae Experiment 
600 216 198 P| 216+10 
800 240 228 253 23012 
970 244 232 256 DS) Se 13} 
1200 236 224 248 246+ 14 


It should be noted that the calculations of Cronin et al. were made using a 
tapered Fermi distribution for the nucleus. This is the reason for the apparent 
discrepancy between their computations and ours for the absorption cross section 
using ‘ free’ amplitudes, the modified-Gaussian density distribution giving lower 
values for og. ‘The ‘effective’ amplitudes however give larger values for oa 


hw eeeeSSSSSSSSSSSFSFSSSSSSSSe 


Table 2. Dittraction Scattering Cross Sections (in mbn) for Carbon 


Energy ‘ Present Work : 
ne Cronin et al. oe eae Experiment 
600 45 47 60 70+ 16 
800 60 64 81 WV aE ils, 
970 61 67 84 (S221 


1200 ey) 62 7S, 105.4, 22. 
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and these are in good agreement with the experimental data. Using effective 
amplitudes a marked improvement in the agreement between theoretical and 
experimental values for the diffraction cross section is obtained. Previously there 
was a marked discrepancy between the values calculated using the optical model 
and the experimental data. The difference is seen to be much reduced when the 
‘effective’ pion—nucleon amplitudes are used in calculating the optical model 
potential although the theoretical values are still slightly low. 

This remaining discrepancy may be due to systematic errors in the experi- 
mental data. Cronin et al. point out that almost all systematic errors are in a 
direction to make the measured diffraction scattering cross section appear larger 
than the true value. For example the value of og may be too high by 10% due to 
loss of the beam by multiple Coulomb scattering. The remaining difference 
therefore between experimental and theoretical results is probably not significant. 

As a further check we have calculated the absorption cross section for lead 
using a Fermi distribution for the nucleus. For 970 Mev pions the free cross 
sections give og =1619mbn and for the effective cross sections o, = 1666 mbn. 
The measured cg=1690+100mbn, in good agreement with the ‘effective’ 
value. Unfortunately there are no measurements of the diffraction scattering 
cross section. 

As would be expected from the above results the calculated values for og and 
oq are both sensitive to small variations in G, the average effective pion—nucleon 
total cross section. However cg is completely independent of the value chosen for 
X, the real part of the potential, whilst oq is relatively insensitive as the real part is 
small at these energies. 

The radius parameter is important in determining the absorption cross section 
but not the diffraction scattering cross section. At 970 Mev, changing a from 
1-635 fermi (the electron scattering value) to a=1-8 fermi increases co, from 
239-2 mbn to 263-1 mbn whilst og decreases from 84:3 mbn to 81:0mbn. Hence 
changing the radius parameter within reasonable limits will not give diffraction 
cross sections in better agreement with experimental values. Also taking the 
effective values of c given by Bég, the best agreement for og is obtained in each 
case with values of a slightly larger than the electron scattering value indicating 
that the factor 1:06 used by Cronin et al. to obtain the potential radius and allow 
for the finite range of the pion—nucleon interaction is reasonable. 

To summarize, we have shown that the optical model potential for high energy 
pions calculated using the pion—nucleon scattering amplitudes and including 
effects due to the Pauli principle gives values for the absorption and diffraction 
scattering cross sections in good agreement with experimental values. 
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LERTERS Os THE sbp EO 
The Equilibrium Distribution of N Atoms on N Sites (or in N Cells) 


Several papers (for detailed references see Prigogine 1957) have been pub- 
lished on the equilibrium properties of a system of N atoms distributed over N 
similar but distinct sites or cells with multiple occupation. This problem is 
greatly simplified by the use of the grand partition function as follows. 

Notation : 


X absolute activity 
partition function for internal degrees of freedom and translational 

kinetic energy multiplied by the volume per site (or cell) 

N-number of atoms and number of sites (or cells) 

= grand partition function of system 

», Boltzmann factor for 7 atoms on same site (or in same cell) averaged 
over all positions 

yr maximum number of atoms on one site (or in one cell) 

F free energy of system 

F® excess free energy relative to the state of one atom on each site (or in 


each cell). 
The grand partition function & is given by 
os el \Y 
= (mot nE+ 2 ane) fon eteneu (1) 
and the free energy F by 
F ipa 
=In¢d+In (3 +m,+ > ane) oie (2) 
g ao?! 


and the excess free energy (of disorder) F¥ relative to the state of one atom on each 
site (or in each cell) 


FE 2 Al Fae 
eee ee ee NS ive 
— n(eris Same ). tn ee (3) 


The value of the parameter € is determined by the condition that the average 
degree of occupation of each site is unity, namely 
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and formula (3) reduces to 


eS No 72\"” 
ae wep 7104) + (38) i eee eee (6) 


in agreement with Janssens and Prigogine (1950). The quantity 7) 75/7,?, unlike 
the individual 7’s, is clearly invariant with respect to the choice of energy zero. 
Department of Chemistry, E. A. GUGGENHEIM. 


University of Reading. 
25th May 1960. 


PRIGOGINE, I., 1957, The Molecular Theory of Solutions (Amsterdam: North Holland 
Publishing Company), p. 136. 
JANSSENS, P., and PRIGOGINE, I., 1950, Physica, 16, 895. 
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REVIEWS OF BOOKS 


Physik und Chemie der Grenzfldchen, 11: Die Phanomene in Besonderen, by K. L. 
Wotr. Pp. ii+360. (Berlin, Gottingen, Heidelberg : Springer, £959:) 
DM. 58. 


This volume is the second of a trilogy on The Physics and Chemistry of 
Interfaces. The first deals with general phenomena whilst the third will deal 
with practical and applied problems in this field. ‘The second volume here 
under review deals with a number of individual phenomena in detail. These 
fall into four main groups: I, The geometry of liquid surfaces and soap films; 
II, surface films on water; III, adsorption at interfaces including solid—h quid 
and solid—vapour interfaces; IV, mechanical phenomena such as ponderomotive 
effects, friction, sedimentation. 

Without having had the opportunity of studying the first volume it is not 
possible for the reviewer to assess how far there is duplication of material and 
how far omissions in this volume are covered in the first. However, regarding 
this volume in its own light there are certain conclusions and impressions. First 
the author is very conscious of the difficulty of preventing such a book 
from becoming merely a summary of individual items, and he has made a 
valiant effort to overcome this. If he has not entirely succeeded this is because 
the basic conception of the book makes such a task virtually impossible. 

The treatment tends to be formal and geometric rather than molecular. For 
example a great deal of detail is given to the geometry of soap bubbles and films, 
very little to a discussion of the underlying molecular mechanism. ‘To some 
extent the same applies to the sections on adsorption where the emphasis is 
rather on thermodynamics, equations of state and adsorption isotherms (inci- 
dentally equation (86) is wrong). It is not surprising that, for an English reader, 
these sections do not measure up to the elegance of Adam’s classical book. What 
is surprising is that the work in these sections is hardly more up-to-date than 
that described by Adam twenty years ago. Excepting those fields in which the 
author has himself been involved there does indeed seem to be a fairly large 
gap in the literature between 1940 and the Proceedings of the Second International 
Congress of Surface Activity in 1957. 

In spite of these criticisms it is clear that a great deal of effort has gone into 
this book. In addition it contains many themes of interest not usually dealt 
with in textbooks of surface science. These include the figures generated by 
soap films supported on wire frames, the surface tension-forces between floating 
bodies, and friction and lubrication. It is right that these should appear in a 
textbook dealing with surface phenomena, though the English reader interested 
in such subjects would probably turn to more specialized monographs. The 
author has indeed cast his net wide: this both adds to and detracts from its 
value as a textbook on the physics and chemistry of surtaces. Daas 


Advances in Electronics and Electron Physics, Volume 10, edited by L. Marron. 
Pp. x+320. (New York : Academic Press, 1958.) $10.00. 


The tenth volume comprises six reviews, the relevant author and subject 
indexes and in addition rather exiguous cumulative indexes for the first ten 
volumes. ‘The subjects and authors of the reviews are as follows, the numbers in 
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brackets indicating respectively the numbers of pages and of references to original 
literature: Non-uniform d.c. electron flow in magnetically focused cylindrical 
beams, by W. G. Dow (70,12); Defects in diamond type semiconductor crystals, 
by E. Billig and P. J. Holmes (36, 129); Microwave optics, by J. Brown (46, 82); 
Developments in computer logical organization, by W. L. Lawless, (32, 21); 
Some aspects of tube (=radio receiving valve) reliability, by E. G. Rowe (54, 88) 
and Recent developments in the cathode-ray oscilloscope, by J. E. Day (61, 70). 

Of these the articles by Dow and by Brown appealed to the reviewer as 
models of what reviews of this sort should be: clearly presented, understandable 
to the uninitiated and yet with enough detail to form an excellent introduction 
to the subject. The topics ot the logical organization of computers and the 
reliability of valves, especially the former, seem to the reviewer somewhat less 
appropriate to the Advances than do those of the other articles; and although 
neither article is without interest their quality falls short of the highest standard 
that has been reached in this series. The use of unexplained jargon is particu- 
larly prominent in Lawless’ article and one hopes that the Editor will be firmer 
in this respect. J. C. E. JENNINGS. 


Advances in Electronics and Electron Physics, Volume 11, edited by L. MARTON. 
Pp. xi+ 523. (New York: Academic Press, 1959.) $15.00. 

This volume contains the following articles: 1. Recent advances in photo- 
emission, by P. Gérlich [Jena], reviewing recent work in the light of semi- 
conductor physics; 2. Parity nonconservation in weak interactions, by 
R. M. Sternheimer [Brookhaven], reviewing the developments which have 
arisen out of Lee, Yang and Wu’s discovery; 3. Quantum efficiency of detectors 
for visible and infrared radiation, by R. Clark Jones [Cambridge, Mass. ], a 
discussion based on a subtle and important analysis of the concept of quantum 
efficiency ; 4. Automatic data processing in the physical sciences, by G. E. Barlow 
[Washington, D.C.], J. A. Ovenstone [Victoria, Australia], and F. F. Thonemann 
[Salisbury, S. Australia]; 5. Operational amplifiers, by R. L. Konigsberg [Silver 
Spring, Md.]; 6. Radio telemetering, by Henry B. Riblet [Silver Spring, Md.]; 
7. Electron diffraction structure analysis and the investigation of semiconducting 
materials, by Z. G. Pinsker [ Moscow ] (translated by Lewis B. Leder) ; 
8. Secondary electron emission of solids, by O. Hachenberg and W. Braure 
[Berlin]. 

It is seen that the Editors have spread their net wide. Not only is the range 
of subjects such as would be acceptable in any general series of reports on progress 
in physics, but also the authors are truly representative of international 
collaboration. All authors have apparently a bias towards referring to work 
published in their own or related countries: this proves the value of such 
spreading of contributors. 

The general tone of the essays is critical and analytical, they are certainly not 
mere collections of abstracts, and some of them appear to make original contri- 
butions. Hence a much wider range of scientists than are appealed to by the 
title of this series should acquaint themselves at least with the lists of contents 
of these volumes lest they miss an important contribution to their subject. 

The Editors should perhaps in future years keep a stricter linguistic watch on 
the articles submitted in English from abroad in order to prevent unnecessary 
obscurities from spoiling the text. W. EHRENBERG. 
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Project Sherwood: The U.S. Program in Controlled Fusion, by AMASA S. BIsHoP. 
Pp. x+216. (Reading, Mass.: Addison-Wesley Publishing Company, 
OS Se) oat Sees) 


In spite of the widespread interest in controlled thermonuclear fusion there 
are not at the moment many books available for those wishing to become more 
familiar with the subject. This is in part due to the fact that it began by being 
‘ classified ’ and also due to its very rapid growth during the last few years. 

This account by Dr. A. S. Bishop who was intimately concerned with the 
early work in the United States is written as an introduction for those who wish 
to take their knowledge beyond that contained in popular newspaper articles and 
to appreciate in detail what it is all about. He writes a very clear and readable 
book, requiring only that minimum of scientific background which most of us 
possess these days, and suitable either for the layman or for physicists or engineers 
in other fields. He begins his survey in 1951, when the Atomic Energy Com- 
mission first started to sponsor and co-ordinate activities, and finishes it in 1958 
when the work had multiplied and extended enormously, and when the basic 
ideas were established. 

The plan of the book is largely historical which is as good a way as any in this 
instance of organizing the material and adds to the interest of presentation. It 
starts with very clear, brief and well-written chapters on fundamental principles, 
and on the problems of containment of hot plasma. Following this are chapters 
on the three major experimental methods, the pinched discharge, the Stellarator, 
and the use of magnetic mirrors for containment. The initial work on the three 
methods is first described up to the time when the lack of stability of the plasma 
Was apparent as a major difficulty. This is followed by a discussion on stability 
and by later chapters first outlining its effects on each method and then bringing 
the story up to date. 

Most of the other lines of work, too numerous to mention here, which have 
been pursued significantly, find their place in the book. They illustrate the 
immense and varied activity in thermonuclear research in the United States. 
This was also very evident at the 1958 Geneva Conference. 

The last chapter which summarizes the present position, and views the future 
with rather restrained optimism, is also a well-balanced account of progress and 
prospects in this field. It is true, as Dr. Bishop suggests, that the progress has 
been substantial, and it is pleasing that no one has proved in these seven years 
that controlled fusion is impossible. Thermonuclear temperatures, however, 
are similar to the absolute zero of temperature in that progress becomes more 
difficult the nearer one gets. Undue optimism is therefore out of place, but we 
are entitled to hope for an element of luck in future experiments. 

A word should be said in conclusion about the extremely good coloured 
diagrams which are both helpful to the reader and a pleasure to look at. 


R. LATHAM. 


Handbuch der Physik, Vol. 111/2, Principles of Thermodynamics and Statistics, 


edited by S. Fiiccr. Pp. vii+678. (Berlin, Géttingen, Heidelberg: 
Springer, 1959.) DM. 160. 


Writers on statistical mechanics frequently concentrate on its applications 


and like to gloss over its fundamental principles. By studying the volume under 
review balance can be restored, at least partly. 
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In an article by A. Miinster (in German) the laws of thermodynamics are 
deduced from the mechanics (or quantum mechanics) of molecules as coherently 
as the present state of knowledge permits. The article starts with a survey of the 
ergodic theory which is presented as a branch of physics rather than of mathe- 
matics. It is followed up by a review of the modern theory of the irreversible 
approach of equilibrium. Only then does the author start on statistical mechanics 
in its usual sense. Even in this familiar field there is plenty of innovation, partly 
by clarifying points that were habitually left obscure, partly by including the 
lesser known work of contemporary authors. The article could be criticized on 
various counts, but it has to be regarded as an outstanding and competent 
account of statistical physics. 

In an article on stochastic processes by A. Ramakrishnan (in English) new 
ground is broken. The subject is of relatively recent origin and is here presented 
as a branch of physics. An article of this kind was due and the present attempt 
should be welcomed. However, its scope might have been better adjusted. 
On the one hand the generalized Fourier analysis of stochastic functions is 
omitted. On the other hand subjects are discussed of which adequate accounts 
are given in other articles. 

The remaining parts of the volume are written on somewhat conventional 
lines. A lucid article by E. A. Guggenheim (in English) deals with macroscopic 
thermodynamics and with the statistical theory of equilibrium. An account on 
irreversible thermodynamics and the semi-macroscopic theory of fluctuations 
(by J. Meixner and H. G. Reik, in German) has the merit of including plenty of 
recent work. 

It is unfortunate that the axiomatics of thermodynamics are presented by the 
way of an original paper (by G. Falk and H. Jung, in German) without any 
survey of the literature. A review article would have been preferable. 

The present volume can be recommended as a work of reference and, in 
parts, as a treatise, superior to much of existing publications. The reviewer 
would not, however, regard it as a modern successor to Gibbs or Tolman. A 
work of that calibre has yet to be written. R. EISENSCHITZ. 


Lectures on Nuclear Theory, by L. D. Lanpau and YA SMORODINSKY. 
Pp. vi+ 108. (New York : Plenum Press; London: Chapman and Hall, 
1958.) 45s. 

This little book is based upon ten lectures delivered by Academician Landau 
in Moscow in 1954. In the foreword the authors explain “ that the presentation 
makes no pretence at completeness and that the choice of subject matter is purely 
arbitrary’. ‘There are, in fact, three lectures on nuclear forces, three on nuclear 
structure, two on nuclear reactions, and two on 7-mesons and their interactions 
with nucleons. The treatment throughout emphasizes the qualitative aspects 
of the subjects treated. This being the case, a few more diagrams might have 
brought more life into the discussion. The treatment of stripping reactions, for 
example, seems singularly lifeless, which is a pity when their essential features can 
so readily be seen with the aid of a few diagrams. On the other hand, this is 
perhaps the only book of its kind which attempts to give proper place to the 
collective picture of nuclear structure. As an introduction to some topics of 
interest in nuclear physics in 1954 the book makes good reading; but it is now 
1960 and much of the interest has changed. B. H. FLOWERS. 
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Mécanique Quantique, Vol. II, by A. Messtan. Pp. xvii +541. (Paris: Dunod, 
1960.) 4.800 fr. 

I recall that my review of the first volume of Dr. Messiah’s exposition of 
quantum mechanics showed a mixture of admiration and doubt: admiration 
that he should have found a new and essentially modern way of presenting the 
subject, doubt as to whether it was not asking rather too much of the student, or at 
least of the British student who has received a less adequate mathematical training 
than his French counterpart. Having now studied the second volume, the doubt 
remains; but the admiration is increased to the point at which I feel that there must 
be something wrong with our system of teaching if we cannot teach quantum 
mechanics in this way to those of our students who are specializing in theoretical 
physics. 

The first volume dealt in the main with the formalism of quantum mechanics 
and rather little with applications except to the simplest of systems. It seemed 
rather a lot of formalism for the student to have to swallow before he had seen 
the need for much of it. The second volume is much more concerned with 
applications and to it, therefore, this criticism does not apply. It begins with 
some chapters on angular momentum, including one on the addition of angular 
momenta which gives a brief, but useful, introduction to the Racah coefficient 
and the properties of tensor operators as expressed by the Wigner—Eckart 
theorem. There follow some chapters on systems of identical particles and on the 
symmetry properties of the Hamiltonian treated from an elementary group 
theoretical standpoint. ‘This includes a very useful discussion of time reversal. 
Afterwards come perturbation theory, the variational method, and scattering 
theory. It was no surprise to find that Green’s function methods were used for 
much of this. ‘The final part of the volume deals with relativistic quantum 
theory, the Dirac equation and a first introduction to field quantization. Many 
applications are worked out fully in the course of the work, and many further 
ones, some of them perhaps unnecessarily formal, are given at the end of each 
chapter as exercise for the reader. 

There is no doubt that the contents of this great work ought to be mastered 
by every postgraduate research student in theoretical physics. I hope that it will 
very soon appear in English translation, for to my knowledge there is no other 
book like it. B. H. FLOWERS. 


Fluid Mechanics, by L. D. Lanpau and E. M. Lirsuitz. ‘Translated by J. B. 
Sykes and W. H. Rem. Pp. xii+536. (London, Oxford, New York, 
Paris, Los Angeles: Pergamon Press, 1959.) 105s. 

The remarkable nine-volume Course of Theoretical Physics by Professors 
Landau and Lifshitz includes as its sixth volume this treatise on Fluid Mechanics. 
The clearness and accuracy of the authors’ treatment of other parts of theoretical 
physics is well maintained in this account of the fluid-mechanical parts. ‘To be 
sure, the book is strictly theoretical; there are no references at all to experimental 
techniques (for example, to wind tunnels or Pitot tubes), and rather few to experl- 
mental results; the authors expound the subject in a deductive manner, showing 
their very substantial knowledge of the experimental background principally by 
selecting for exposition those theories which correspond well with it! Again 
the book is strictly physical, as opposed to technological; there is no account of 
fluid-flow machinery or of aeronautical applications of fluid mechanics. 
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However, to cover adequately what is left, the theory of the basic physical pheno- 
mena of fluid mechanics, in 530 pages, is a notable achievement. ‘This has been 
helped by a tight organization into chapters as follows: Ideal fluids (46 pp.), 
Viscous fluids (55 pp.), Turbulence (43 pp.), Boundary layers (38 pp.), Heat 
transfer (36 pp.), Diffusion (11 pp.), Surface phenomena (15 pp.), Sound (65 pp.), 
Shock waves (37 pp.), One-dimensional gas flow (52 pp.), Intersection of surfaces 
of discontinuity (23 pp.), Two-dimensional gas flow (35 pp.), Flow past finite 
bodies (17 pp.), Fluid dynamics of combustion (25 pp.), Relativistic fluid 
dynamics (8 pp.), Dynamics of superfluids (16 pp.), Fluctuations in fluid 
dynamics (7 pp.). The treatment is similar to that in good Western textbooks 
of a not intensively specialized kind, except for the inclusion of the last three 
topics, giving the relativistic corrections to the equations of motion, the * two- 
fluid’ theory of liquid helium IJ, and the application of thermodynamic fluc- 
tuation theory to the problem of determining what fluctuation of macroscopic 
quantities in given macroscopic fluid motions results from the discreteness of 
molecules. 

All the above topics are excellently treated, except possibly ‘ Surface pheno- 
mena’, where some treatment of cavitation, and probably also of the stability 
of jets or sheets of liquid, would have been desirable, even in a physical text. It 
is perhaps a pity, too, that rotating fluids, secondary flows and the like, with their 
wide meteorological and hydrographical applications, were not mentioned. 
But these are very minor criticisms of an outstanding expository work, one of 
whose most useful functions will be to introduce theoretical physicists to modern 
fluid mechanics. M. J. LIGHTHILL. 


Semiconductors, by R. A. SmitH. Pp. xvii+494. (Cambridge: University 
Press, 1959.) 65s. 

This book starts with a brief historical survey and an outline of the elementary 
theory of semiconductors. ‘The band theory of solids and the effective mass of 
charge carriers are then dealt with in a formal manner, followed by an account of 
crystal imperfections and excitons. ‘he next chapter discusses the Fermi 
distribution and the theory of the charge-carrier concentration as a function of 
temperature. The theories of electrical conductivity, scattering mechanisms, 
Hall effect and magnetoresistance are then dealt with in terms of the band theory 
at a fairly advanced level. ‘Ihe discussions of thermal conductivity, thermo- 
electric power and thermomagnetic effects, optical absorption and magneto- 
optical effects are at a similar level. 

The effects of inhomogeneities in carrier concentration are then discussed, 
leading to a consideration of carrier diffusion, injection and extraction, the 
properties of p—n junctions, contacts and surfaces, and carrier recombination 
processes. 

The theoretical sections outlined above comprise about three-fifths of the 
book. They are presented in a very clear and well integrated manner, and give a 
thorough and up-to-date account of all the important aspects of the fundamental 
physics of semiconductors. his . 

The remainder of the book deals with methods for determining the main 
parameters of a semiconductor, the properties of the semiconducting elements, 
and in less detail, of some of the compound semiconductors. ‘There is a final 


short chapter on the applications of semiconductors. 
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The book is well produced and indexed, and the important references to the 
literature are quoted. The book should prove of great value to undergraduates 
when solid state physics is included in a physics honours course, to postgraduate 
students taking a specialized course in this subject, and to research workers in all 
aspects of semiconductor and solid state physics. The electronic engineer who 
wishes to learn some of the fundamentals of semiconductors may however find 
the earlier part of the book rather heavy going. D. A. WRIGHT. 


Quecksilber-Niederdruck-Gasentladungen, by M. J. ScHONHUBER. Pp. viii + 111. 
(Miinchen: HochschuleBuchhandlung Lachner, 1958.) DM. 18. 


The greater part of this monograph is a dissertation on low pressure mercury 
arcs submitted by the author to the Technische Hochschule at Munich in 1956. 
Short accounts of the work have been published previously. The present volume 
contains a wealth of data obtained by use of Langmuir probes. A large number 
of semi-logarithm current-voltage plots are reproduced, which will enable the 
reader both to assess the validity of Dr Schonhuber’s deductions, and to carry out 
alternative analyses of the data if he wishes. The most interesting results ob- 
tained are perhaps the conditions for establishment of double space-charge 
sheaths normal to the axis of a tube, between plasmas, and the related conditions 
for occurrence of a uniform column. In both instances, the results appear very 
similar to those obtained by Dr. R. L. F. Boyd and his collaborators by another, 
probably more accurate, method of probe analysis in somewhat different dis- 
charges. It is clear from both groups of researches that there are many low- 
pressure plasmas in which the energy distribution of the electrons is markedly 
different from the Maxwellian. ‘The author has done a service to other workers 
in the field by making his results available in such detail. One wishes that it 
were possible to publish many other good dissertations in their entirety. 

K. G. EMELEUS. 


Eléments des Calculs d’Interpolation, by D. Cor. Pp. 140. (Paris: Publications 


Scientifiques et Techniques du Ministere de |’Air, Bulletins des Services 
Techniques, No. 123, 1959.) 


The book is an exposition of the more important ideas and uses of finite 
differences; most of it concerns interpolation in equal-interval tables but the 
general formulae of Newton and Lagrange are used as the basis from which to 
obtain the familiar formulae of Newton, Stirling, Gauss, Bessel and Everett for 
equal intervals. There are also a short chapter on numerical differentiation and 
two on integration, the formulae being obtained primarily from the interpolating 
polynomials, although some use is made of operator methods. Half the book is 
given to interpolation in double-entry tables, that is, functions of two variables; 
with a small amount on functions of three variables. 

The pace is leisurely and the text very clear; there are many algebraic 
formulae (some so complicated as to be virtually unusable) but no great number 
of numerical examples, and the mathematical level is quite elementary; the use 
of automatic computers is not even mentioned. In all, a collection of derivations 
of known results with nothing new, either in content or comment. 


J. HOWLETT. 
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The Electric Arc, by J. M. SOMERVILLE. Pp. ix+150. (London: Methuen; 
New York : John Wiley, 1959.) 12s. 6d. 

The electric arc was so called, in the early days of electrical science, because 
of the characteristic arched shape exhibited by the high current discharge be- 
tween electrodes in the air, a shape brought about by the intense heat developed 
and the resulting thermal convection. 

Today the term is extended to include all high current low voltage discharges 
between electrodes and the subject is of great technical importance. The arc is 
used in a wide variety of forms as a light source, for high intensity ‘ point ’ 
sources, for low intensity diffuse sources, as a source of characteristic line spectra 
and as a quasi-black-body radiator at stellar temperatures. It is used too, in 
current rectification, in switching, welding and in chemical synthesis. It 
occurs as a nuisance in contact switches and in dielectric breakdown and it plays 
an important part in nuclear fusion research. 

Of course the little monograph under review cannot even touch on all of 
these applications or discuss any of them in full. Instead it presents a very 
readable account of the processes occurring in the conducting column and at the 
electrodes of arcs, of the initiation and stages of growth from spark, glow or 
separating electrodes. It must be admitted that it sometimes reads more like 
natural history then physics (Poisson’s equation does not once occur explicitly), 
but this is partly a symptom of the uncertainties still common in the subject, and 
the fault, if fault it be, is amply redeemed by the extensive bibliography. 

The book is intended for the non-specialist. It will not be understood by 
those who are not at home with physics. On the other hand it may well make 
specialists of those who are, for it introduces the reader to many intriguing and 
challenging problems and gives a tantalizing glimpse of the extensive armoury 
of techniques, with which to attack them. Ry U. Fy BOYD. 


Principles of Electricity and Magnetism, by Y. Rocarp. Pp.x+779. (London: 
Sir Isaac Pitman, 1959.) 70s. 


767 pages of principles for 70s. seems to be a good bargain, and in many 
respects this book is a remarkably good bargain. A tremendous lot of work 
must have gone into the writing of it and the translator has accomplished his 
immense task very well. And yet there is something very unsatisfactory about 
the whole work. 

The title is misleading. Professor Rocard is not really interested in prin- 
ciples; he is interested in details and in apparatus. It is true that he writes 
on electrostatics for almost 100 pages, but the treatment is dull and heavy. 
Only one chapter compels attention and that is the one dealing with thunder- 
storms. Then follow 50 pages on magnetism. Once again the principles are stated 
in a rather pedestrian manner, and the professor seems to be more interested 
in the technical details of loudspeaker magnets and of high permeability alloys. 

The discussion of current flow is not profound except for an interesting 
speculation on the transference of energy by electric charges. It is clear, 
however, that the professor is much more intrigued by methods of prospecting 
for oil by electrical means and he gives a gruesome discussion of the ‘electric 
chair’. Faraday’s law of electromagnetic induction 18° derived rather 
unsatisfactorily from virtual work considerations, but motional e.m.f.’s are 
treated in great detail. 
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Then follows a breathless treatment of electrical machines. First there 
are d.c. motors and generators including the amplidyne. There is a note on 
Ward-Leonard equipment and remote position control. ‘Then follow trans- 
formers, synchronous machines, induction motors, hysteresis motors, repulsion 
motors and selsyns. Even in a book of this size there is no hope of explaining 
the operation of these devices. The treatment is terribly sketchy. 

But more is to follow. ‘Transmission lines, waveguides, radio aerials, 
electron optics, X-rays, travelling-wave tubes, magnetrons, transistors, plasma 
oscillations. Interspersed with all this there is a lot of mathematics and for 
good measure a chapter on systems of units. Surely this is no book of principles, 
but a one-volume encyclopaedia. The reader who buys it as such will get much 
pleasure from it. But if he wants a book on the principles of electricity and 
magnetism he would be well advised to look elsewhere. P. HAMMOND. 


Studies in Crystal Physics, by M. A. Jaswon. Pp. 46. (London: Butterworths 
Scientific Publications, 1959.) 10s. 6d. 


This little book is a reprint of five articles from Research. ‘The first four 
set out some of the consequences of the existence of crystal structure—the 
formal geometrical limitations and the physical principles controlling twinning 
and coherent phase changes, and the nature and diffraction properties of 
imperfections. The last is an elementary account of the thermodynamics of 
phase changes and transition rates. The book seems to the reviewer to fall 
between two stools—it is not a textbook or bibliography to any of the subjects, 
nor does it have a coherent thread of treatment which justifies binding them 
up as one book. The articles were far better suited to their original milieu, 
where they may well have caught the casual interest of some people unfamiliar 
with crystals. W. M. LOMER. 


Himmelsmechantk, Vol. 1, by K. Strumprr. Pp. 508. (Berlin: Deutscher Verlag 
der Wissenschaften, 1959.) DM. 56.80. 


The dramatic emergence of space rockets and artificial satellites around the 
earth in the past three years has once more focused attention on the celestial 
mechanics—a time-honoured branch of astronomy, which the cumulative 
efforts of theoretical astronomers in the past 250 years (from Newton, Euler, 
Lagrange, Gauss to Poincaré, to name only the greatest) have gradually developed 
to a degree of exactitude rendering it pre-eminent in the whole domain of exact 
sciences. It is true that, in our generation, celestial mechanics for a time 
rather ceased to be ‘a la mode’, and had to yield its traditional place in 
educational curricula of our universities to other branches of astronomical 
science, promising more immediate rewards. As a result, most standard texts 
and compendia on celestial mechanics (Tisserand, Charlier, Poincaré, Andoyer) 
were written and published more than fifty years ago; and although excellent 
and of lasting value, they are no longer readily accessible to readers without 
access to established professional libraries. 

The book under review attempts to make good—and successfully so—the 
gap thus arising in the German scientific literature, and its timely appearance 
should be welcomed by all students of the subject who possess a reading 
knowledge of German. It constitutes the first volume of a more extended work 
devoted to a thorough outline of the problem of two bodies, and of methods 
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for determination of planetary or cometary orbits based upon it. As such it 
encompasses fewer topics than the earlier and well-known treatises by Moulton 
or Smart; but it expounds them in more detail, and in a leisurely discursive 
style which should make the book particularly attractive to undergraduates. 
It can certainly hold its place side by side with Moulton’s text (whose German 
translation, made from an earlier edition, is much more sketchy in the topics 
treated presently by Stumpf), and is likely to become popular with those users 
who are interested in the theory of the two-body problem mainly as a basis for 
applications. ZDENEK KOPAL. 


Introduction to Matrix Analysis, by RicHARD BELLMAN. Pp. xx+328. (New 
York, Toronto, London: McGraw-Hill, 1960.) 77s. 6d. 


A thorough knowledge of matrix theory is now indispensible to research 
workers in many branches of applied mathematics, physics and engineering, but 
most relevant textbooks treat the subject from the stand-point of the algebraist. 
In this book the author has endeavoured to meet the requirements of those using 
matrix theory as a tool. 

The book is divided into three main sections which are concerned with sym- 
metric matrices and the related theory of quadratic forms, the theory of differ- 
ential equations and a study of positive matrices. In addition to a treatment of 
the standard canonical forms there are excellent chapters on the Courant—Fischer 
min.-max. theorem, matrix inequalities and Perron’s theorem on positive 
matrices. The proof of the Courant—Fischer theorem is unfortunately marred 
by several errors, the cumulative effect of which may be somewhat disconcerting. 
The canonical forms are introduced in a way which underlines their practical 
value; the Jordan form, for example, is related directly to the explicit solution 
of a system of ordinary differential equations with constant coefficients. 

For information on such a wide field one would normally need to consult 
several books, and even then would be unlikely to find presentations which 
catered so well for the needs of the practical man. Each chapter includes an 
excellent collection of exercises, many of which cover results of considerable 
importance. ‘There is an extensive bibliography which includes most of the 
relevant papers published in the last ten years. The author writes in a popular 
style which some may find a little irritating at times. For my part I found the 
book very stimulating and I am sure numerical analysts in particular will welcome 
this addition to the literature. J. H. WILKINSON. 


Plasma Physics and the Problem of Controlled Thermonuclear Reactions, Vol. III, 
edited by M. A. Leontovicu. Pp. 422. (London, New York, Paris, 
Los Angeles: Pergamon Press, 1959.) £8. 

This series of four volumes, of which Volumes II and III have now appeared, 
contains translations of papers on hitherto unpublished work done in the 
U.S.S.R. on the general problem of controlled thermonuclear fusion. ‘They 
cover the period from 1951 to 1958 and therefore torm part of the background 
to the material reported in 1958 as part of the Proceedings of the 3rd Geneva 
Conference. 

It is not possible in a short review to make many useful comments on the 
papers themselves. There are twenty-six of them in this volume dealing with 
a wide range of topics on fusion research. Some of the papers are accounts of 
experimental work, but most have a strong theoretical basis. 
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As a brief though inadequate guide to the contents the following may be 
chosen for mention: 

(a) Theoretical—work on the Boltzmann distribution function for low density 
plasma in a magnetic field, recombination radiation, heat transfer by radiation, 
cyclotron radiation, electromagnetic fields for heating and containing a plasma. 

(b) Theoretical but with practical bias—basic work on magnetic murrors 
relevant to machines, the problems of stability, the properties of various cusped 
fields for plasma containment, and detailed calculations on the linear pinched 
discharge (called rather strangely ‘the theory of rapid processes ’). 

(c) Experimental—pressure measurements in discharges by the piezo effect, 
and a study of the behaviour of a ring current in a betatron-like magnetic field. 

The papers are in general of a high level of sophistication being the equivalent 
of research reports. They were obviously written in the first place for the 
specialist in the thermonuclear and allied fields, though including many basic 
matters of interest to those working on plasmas in any context. ‘The present 
reviewer found the papers mathematically rather difficult. 

This volume contains no review or survey papers which might be used by 
the general reader for information on the state of the subject in the U.S.S.R. 

No one engaged in the work, however, can fail to be impressed by the high 
standard of the papers and by the extent and scope of the Russian effort on the 
thermonuclear problem. The four volumes together will form a scientific 
account of this work which will be of the utmost value in plasma physics. 

R. LATHAM, 


The Unity of the Universe, by D. W. Sctama. Pp. 186. (London: Faber 
and Faber, 1959.) 21s. 


After a concise account of the observed universe, Dr. Sciama presents an 
account of cosmological theory from the standpoint that the ‘unity of the 
universe ’ may require local phenomena as, for instance, the light of the night 
sky or the inertia of massive bodies to depend upon very large-scale features of 
the universe and, moreover, that features of the actual universe as, for instance, 
the masses of the galaxies or the abundances of the elements, should be uniquely 
predictable by the theory. He seeks, in fact, ‘‘a theory which describes all 
that actually happens, and nothing that does not, a theory in which everything 
that is not forbidden is compulsory ”’. 

About this general aim, there is probably less difference of opinion than Dr. 
Sciama implies. About the means of achieving it, he is himself well known 
for the suggestions he has made, but here there is probably more difference of 
opinion than he implies. ‘This difference is based partly on customary scientific 
grounds, particularly regarding the extent to which observers have discovered 
“at least the main outlines of the whole universe”. It is astonishing to read 
that ‘“ most astronomers believe . . . they have indeed done just this ” (Dako). 
When astronomers speak as though they do, it is because only by making some 
such hypothesis they can speak at all; it is naive to suppose they are committing 
themselves to a belief. ‘The difference depends also upon the fact that a ‘ theory ’ 
such as that considered in the above quotation is conceptually farther removed 
from anything that has hitherto been achieved in science than is evident from 
Dr. Sciama’s discussion. 

Those who are prepared to ponder on the problems concerned will find in 
this book much to stimulate their thoughts. W. H. MCCREA. 
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Figure 1. Reflection pattern obtained from a thin deposit of TIC] (NaCl type) on a (110) 
etched surface of KBr at 220c. The outer arced spots are due to the deposit, 


the inner spots to the KBr base. Parallel orientation [110] azimuth. 
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Figure 2. Transmission patterns obtained from TIC] deposited on to a polycrystalline film 
of KI at room temperature. (a) Ring pattern from the KI film. (6) Pattern from 
120A of TIC] (NaCl type) deposited on the base. The rings of TIC] are indexed. 
(c) Pattern from 200A of TICI deposited on the base; the rings of normal TIC] are 


indexed. 


OC. VOLE. Gh Pale (Pp. V. K. PORGESS AND H. WILMAN) 


PROC. PHYS 


—. = (a) 


(d) 


CS 


(d) 


(e) 


Figure |. Graphite abraded (right to left) at 200 g load on: (a) filter paper, (6) 0000 emery, 
(c) 00 emery, (d) as (c) but sub-surface region, (e) 1 emery. 
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Figure 2. Graphite abraded (left to right) at 10 kg load on OOO emery 


(a) 


rooves produced by (a) 0000 emery on graphite ( x 940) 


Figure 3. Micrographs of wear g 
“ Seotchlite’ on graphite ( x 310), (d) * Scotch- 


(b) 0 emery on graphite (x 940), (c) 
lite? on silver ( x 570). 
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Figure 5. Friction trace for graphite sliding on 1 emery paper. 
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The Origin of the Characteristic Electron Energy Losses in 
Ten Elements 


By CG. J. POWELL 


Department of Physics, University of Western Australia, 
Nedlands, Western Australia 


Communicated by C. F. B. Clews; MS. received 12th January 1960, 
in revised form 27th April 1960 


Abstract. Measurements have been made of the characteristic electron energy 
loss spectra of beryllium, antimony, bismuth, germanium, tin, cadmium, copper, 
platinum, lead and calcium using the reflection technique and with 750 ev and 
1500 ev primary electrons. ‘The spectra of each element were found to consist 
almost entirely of combinations of two fundamental energy losses which were 
identified as plasma and lowered plasma losses. A striking correlation between 
the lowered plasma losses and the corresponding calculated values of hwy/4/2 was 
observed (wy is the plasma frequency), and it is suggested that the magnitude of 
the lowered plasma loss may be useful as an indication of the effective free electron 
density. Ifthespecimen oxidized appreciably, the intensity of the lowered plasma 
loss decreased rapidly and a new modified lowered plasma loss appeared. It is 
considered that the present results are characteristic of clean metal surfaces and 
that many of the discrepancies in past work can be explained by the presence of 


surface contaminants. 


§ 1. INTRODUCTION 

N unsatisfactory feature of the many measurements of the characteristic 
electron energy losses in solids (Marton, Leder and Mendlowitz 1955) 
has been the wide disagreement in the results of different workers, and 
even of the same worker at different times. Possible reasons for such discrepancies 
have been discussed by Marton (1956) who has suggested that specimen impurities 
and certain instrumental effects may lead to erroneous or varying results. While 
all of the factors proposed by Marton are important, it would seem that the main 
reason for large differences in results has been the effect of (unknown) variations 
in specimen composition. 
It has been found from previous work in this laboratory that the loss spectra 
of aluminium (Powell and Swan 1959a), magnesium (Powell and Swan 1959 b) 
and aluminium-—magnesium alloys (Powell 1960 a) consisted entirely of combina- 
tions of two elementary energy losses, one of which was identified as the plasma 
loss (Pines and Bohm 1952, Pines 1956, Noziéres and Pines 1958, 1959) and the 
other as a lowered plasma loss (Ritchie 1957). These results were obtained using 
a reflection technique; that is, by the energy analysis of electrons scattered from 
the surfaces of evaporated specimens. The effects of surface oxidation and 
contamination by the specimen support, practically unavoidable when the losses 
+ Now at the Department of Electrical Engineering, Imperial College of Science and 
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of electrons transmitted through thin films are being measured, could be eliminated 
by frequent evaporations of asufficiently thick layer of specimen material. Further 
investigation (Powell and Swan 1960) has shown the considerable and significant 
effects of surface oxidation on the characteristic loss spectra of aluminium and 
magnesium. It was found that slight surface oxidation caused the rapid dis- 
appearance of the lowered plasma loss and the appearance of a new modified 
low-lying loss in each element. The latter loss eventually disappeared as oxida- 
tion proceeded, indicating that it was a metal loss which occurred only when a 
surface layer of oxide was present. It would seem likely that the presence of a 
substrate in transmission measurements of the energy losses would have a similar 
effect on the loss spectra. 

In view of the frequent disagreements in the measurements of the loss spectra 
of many materials, it was considered desirable to make new determinations of the 
characteristic losses with the reflection technique and with specimens of high 
purity. Two groups of elements have been studied: those elements where the 
previously measured energy losses could be identified as arising from plasma 
excitation and those where the energy losses could only be qualitatively associated 
with plasma excitation (Noziéres and Pines 1958, 1959). 


§ 2. ORIGIN OF THE CHARACTERISTIC LOssEs 


Pines and co-workers have suggested that the prominent energy loss in metals 
is due to the collective excitation of the conduction electrons in a conduction 
electron-ion core plasma. ‘The fundamental energy loss is given in terms of wp 
where wp, the free electron plasma frequency, is equal to (47me?/m)? and 7 is the 
free electron density. Ina given solid, the observed energy loss may differ from 
Rwy on account of interband electronic transitions and the polarizability of the 
ion core. If the binding energies of the valence electrons are small and the 
binding energies of the core electrons are large compared with hwy, the observed 
energy loss should be close to Rwy (where n is calculated from the number of 
valence electrons per atom) and the half-width of the loss peak should be small 
compared with wy. In other metals (such as the transition metals), there may be 
a considerable difference between the observed energy loss and hw», and the half- 
width of the loss peak may be of the same order as hwy. 

The close relationship between the characteristic losses in a solid and its 
optical properties has been pointed out by Marton, Leder and Mendlowitz 
(1955), Frohlich and Pelzer (1955), Hubbard (1955) and Noziéres and Pines 
(1959). ‘These authors have found that the characteristic losses can be interpreted 
in terms of the frequency dependence of the complex dielectric constant ¢(w) 
and that the electron energy absorption should be proportional to fe/|« 23 
Mendlowitz (1960 a, b) has recently been able to correlate the measurements of the 
characteristic losses and of the optical transmittivity in several elements with this 
model; it can be shown that a material should become transparent, with increasing 
frequency, at wp. Noziéres and Pines (1959) have further demonstrated that the 
characteristic loss spectrum can be compared with the optical absorption spectrum. 
Such a comparison should clearly indicate the origin of a particular energy loss, as 
a loss peak in the characteristic loss spectrum due to plasma excitation should not 
appear in the optical absorption spectrum at the corresponding absorption energy. 

Rudberg and Slater (1936), Watanabe (1954), Leder, Mendlowitz and Marton 
(1956), Gornyi (1958) and Viatskin (1958) have proposed that the characteristic 
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losses are predominantly due to individual interband electronic transitions. In 
support of this hypothesis, Leder et al. have found some degree of correlation 
between the characteristic losses of a number of elements and the corresponding 
displacements of the absorption maxima from the K edge in the x-ray absorption 
spectra, while Gornyi and Viatskin have found a correlation between the estimated 
and observed values of the characteristic losses in some elements and compounds. 
It should be noted, however, that Ferrell (1956), Pines (1956) and Noziéres and 
Pines (1959) have shown that an absorption peak at hwp on the high-energy side 
of the x-ray absorption edge would be expected to be observed in the x-ray absorp- 
tion spectra. Pines has also shown that energy loss by plasma excitation should 
predominate over energy loss due to interband transitions for small scattering 
angles. 

Ritchie (1957) and Stern and Ferrell (1960) have shown that the effect of the 
specimen boundary would be expected to cause a decrease in intensity of the plasma 
loss and the appearance of an additional lowered plasma loss either at hwp/+/2 or 
at fiwy//3, depending on whether the specimen is represented as a plane, parallel- 
sided film or as being made up of spherical grains. Ritchie has found that the 
ratio of the intensity of the plasma loss to that of the lowered plasma loss should 
decrease with decreasing values of the parameter f = dwp /v, where a is the average 
distance travelled by the electrons in the specimen and v is the primary electron 
velocity. Ifais assumed to vary with primary electron energy in the same manner 
as the electron range (Feldman 1960), the lowered plasma loss should become more 
prominent with respect to the plasma loss in a reflection-type experiment with 
decreasing primary energy. Sternand Ferrell (1960) have found that the lowered 
plasma loss should be extremely sensitive to the presence of surface films on the 
specimen (for example: oxide, carbonaceous contamination, or the specimen 
support). These authors have shown in particular that surface oxidation of an 
aluminium film should lead to the rapid disappearance of the fiwp/+/2 loss and to 
the appearance of a modified low-lying loss at about 6:5 ev. This prediction 
has been confirmed by experiment (Powell and Swan 1960). In general, the 
position of a low-lying loss would be expected to be modified by the presence of any 
surface contaminant. It can be concluded that identification of a lowered plasma 
loss by the experimental observation of its properties also indicates that the plasma- 
type loss does in fact arise from plasma excitation. 


§ 3. EXPERIMENTAL PROCEDURE 


All specimens were prepared by rapid evaporation from tungsten or tantalum 
heaters, as indicated in table 1, onto a substrate at room temperature. ‘The 
evaporation time was made short in order to reduce agglomeration; it was 
estimated that films of the order of 50 to 100A in thickness were deposited in a 
few seconds. With the more reactive metals it was necessary to ‘getter’ the 
chamber with a number of preliminary evaporations in order to obtain reproducible 
results. The pressure in the system was normally less than 5 x 10-°mm Hg 
except during evaporations when it was less than 5 x 10-° mm Hg. 

A characteristic loss spectrum could be recorded in a few minutes by analysing 
with a 127° electrostatic electron spectrometer the energy distribution of electrons 
scattered by the target through 90°. ‘The apparatus has been described in detail 
elsewhere (Powell, Robins and Swan 1958, Powell and Swan 1959a, Powell 
1960b). Measurements were generally made with primary electron energies of 
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Table 1. Details of the Minimum Purity, the Supplier, and the Method of 
Evaporation of each Element 


Element Purity (%) Supplier Method of Evaporation 
Be 99-97 JM Ta boat, W basket 
Sb 99-95 The Associated Lead Manufacturers 

Export Co. Ltd. W basket 
Bi 99-975 Mining and Chemical Products Ltd. W basket 
Ge 99-999 JM W basket 
Sn 99-998 JM Ta boat, W basket 
Cd 99-98 Imperial Smelting Corporation Ltd. Ta boat, W basket 


Cu 99-999 JM W basket 

Rt Commercial JM W filament 

Pb 99-998 JM Ta boat, W basket 
Ca unknown unknown W basket 

Li 98 (?) unknown W basket 


JM, Johnson, Matthey and Co. Ltd.; Ta boat, evaporation from a tantalum boat; 
W basket, evaporation from a conical basket of tungsten wire; W filament, evaporation from 
a helical tungsten filament. 


750 and 1500 ev in order to observe possible variations in the relative intensities 
of the energy losses. The probable error for each measured characteristic loss 
at each primary electron energy was obtained by adding an estimated probable 
error in the energy calibration procedure of 0-07 ev to 0-67450/M1, where a is the 
standard deviation of the single measurements about their mean and M is the 
number of measurements. The quoted errors in the final mean energy losses 
and in the quantum energy losses were calculated from the individual errors in the 
standard manner. 
§ 4. RESULTS 


4.1. Beryllium 


The normalized beryllium characteristic loss spectra are shown in figure 1 and 
the mean energy loss values are given in table 2 together with a summary of the 
measurements of other workers. It is seen that the loss spectra are comprised of a 
11-9 ev low-lying loss and multiples of a prominent 19-9 ev loss. The 19-9 ev loss 
agrees well with other results (considering that the mean energy losses in a reflec- 
tion experiment are higher than those measured in the forward direction on account 
of the dispersion of the energy losses with scattering angle (Watanabe 1956)), and 
is interpreted as arising from plasma excitation. The 11-9ev low-lying loss 
disappeared with surface oxidation and was replaced by a modified low-lying loss 
of 7:9+0-lev. Further oxidation resulted in the disappearance of both the 
7-9 and 19-9 ev losses and the appearance of a single broad loss of 23-8 + 0-2 ev. 
‘The 6:5 ev loss observed by Marton and Leder (1954) could probably be due to the 


presence of oxide as a similar loss in beryllium oxide has been observed by Watanabe 
(1956) and by Jull (1956). 


4.2. Antimony 


The normalized antimony loss spectra are shown in figure 2 and the loss values 
in table 3. ‘The intensity scales for the spectra in figures 2 to 6, 8 and for the 
spectrum of lead in figure 9, have been adjusted so that the peak of elastically 
scattered electrons has an intensity of 50 units in each case. The spectra show a 
prominent energy loss of 15-9 ev, a low-lying loss of 11-3 ev, a combination of the 
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two losses, and two multiples of the 15°9 ev loss. The 15-9 ev loss agrees with 
previous energy loss measurements, except for that of Watanabe (1954, 1956), 
and also with the onset of optical transmission at 15-0 ev measured by Rustgi, 
Walker and Weissler (1959). Surface oxidation led to the disappearance of the 
11-3 ev loss and to the appearance of a new loss of 7:(0+0-2ev. Itis possible that 
this latter loss corresponds with the loss of 6:5 ev observed by Watanabe (1954, 
1956), thus indicating that his 18ev loss may also be due to oxide, and with the 
6:8 ev loss observed by Leder (1956) in antimony trioxide. 
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Figure 1. Characteristic loss spectra Figure 2. Characteristic loss 
of beryllium for primary electron spectra of antimony for 
energies of 750 and 1500 ev. The primary electron energies of 
spectra have been normalized for 750 and 1500 ev. 
equal intensities of the 19-9 ev 
peak. 

4.3. Bismuth 


The bismuth spectra, shown in figure 3, consist of combinations and multiples 
of a plasma-type loss of 14-7 ev and a low-lying loss of 9-9ev. The mean energy 
losses are shown in table 4 and agree reasonably with the results of other workers. 
The onset of transmission in bismuth films, as measured by Walker, Rustgi and 
Weissler (1959), was found to occur at 18-0 ev, though more recent measurements 
(Rustgi 1959, private communication) show the onset of transmission at 14-5 ev in 
much better agreement with the observed value of the plasma loss. Surface 
oxidation caused the appearance of a modified low-lying loss of 6:0 + 0-2ev and 
the disappearance of the 9-9 ev loss. 

It was noticed that the intensity of the 24-8 ev loss seemed to be greater than 
would be expected if it were due solely to electrons which had lost 9-9ev and 
14-7 ev in separate events. It is therefore possible that the extra intensity might 
be due to the occurrence of an interband transition at the same energy. The 
existence of such a transition was in fact indicated by a large increase in optical 
absorption at 24 ev observed by Walker et al. (1959). 
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4.4. Germanium 


The germanium loss spectra, shown in figure 4, are seen to consist of combina- 
tions of a low-lying loss of 11-lev and a plasma-type loss of 16-4ev. The loss 
values are presented in table 5 and compared with the energy losses found by other 
workers. A surprising feature is that the observed value of the plasma loss in the 
present work is lower than most previous determinations. It is interesting to 
note that Sokolowski and Nordling (1959) have observed the characteristic loss in 
the photoelectron spectrum of germanium excited by Mo K,-radiation. 


Relative Intensity 
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Figure 3. Characteristic loss Figure 4. Characteristic loss 
spectra of bismuth for spectra of germanium for 
primary electron ener- primary electron energies of 
gies of 750 and 1500 ev. 750 and 1500 ev. 

4.5. Tin 


The tin loss spectra, shown in figure 5, exhibit two prominent energy losses of 
10-4 and 14-1 ev, together with combinations and multiples of these losses. ‘The 
14-1 ev loss was identified as the plasma loss, and agreed fairly well with previous 
measurements (table 6) as well as with the onset of transmission at 13-6ev 
measured by Walker et al. (1959). 

The latter authors also found a large increase in optical absorption at 24-3 ev; 
an electron energy loss corresponding to such an interband transition would be 
obscured in the present work by the observed loss of 24-7 ev which is probably due 
mainly to electrons that have lost 10-4 and 14-1 ev in separate events. Surface 
oxidation caused the replacement of the 10-4 ev low-lying loss by a modified low- 
lying loss of 8-3 + 0-2 ev. 


4.6. Cadmium 


A feature of the cadmium loss spectra, shown in figure 6, is the intense loss at 
7-Sevy. Though a loss in this vicinity has been observed by several workers 
(table 7) it was not found to be as intense as the loss observed in the present work. 
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The broad loss of 15-2 ev does not agree at all well with previous measurements, 
though it should be noted that the latter do not agree particularly well with 
each other. Walker et al. (1959) attempted to measure the onset of transmission 


in cadmium films but could not observe a transmittivity greater than 0-3%,. 
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Figure 5. Characteristic loss spectra Figure 6. Characteristic loss 
of tin for primary electron ener- spectra of cadmium for 
gies of 750 and 1500 ev. primary electron energies 


of 750 and 1500 ev. 


Table 7. Characteristic Energy Losses in Cadmium (ev) found in the Present 
Work and by other Authors 


Present Work 7-840-1 (50) 15:2+0-1 (36) 23-440-2 (9) 
Mollenstedt (1949) 9 21-5 

Marton and Leder (1954) 14:5 

Kleinn (1954) 3-9 20:7 

Marton et al. (1955) 4-4 8-1 19 

Leder et al. (1956) 4-4 8-1 18-7 

Gauthé (1959) 19-2 

4.7. Copper 


Four energy losses were found in the copper loss spectra, shown in figure 7, 
and the loss values are compared with results of other workers in table 8. It is 
seen that there are considerable differences among the previous values as well as 
between some of these and the present results. A reason for such disagreements 
could be the dependence of the loss spectra on the degree of crystalline orientation 
of the target found by Pradal and Saporte (1958). Further, it was found in the 
present work that slight surface oxidation caused the disappearance of the 7:2ev 
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loss and the appearance of a new modified low-lying loss of 3-7 + 0-4 ev. The 
4-4 ev loss is possibly due to an intraband transition, and the 27-1 ev loss peak could 
be due to electrons that have lost 7-2 ev and 19-9 ev in separate events. 
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Figure 7. Characteristic loss spectra Figure 8. Characteristic loss spectra 
of copper for primary electron of platinum for primary electron 
energies of 750 and 1500 ev. ‘The energies of 750 and 1500 ev. 


spectra have been normalized for 
equal intensities of the 19-9 ev 
peak. 


4.8. Platinum 


The platinum loss spectra, drawn in figure 8, show a prominent broad loss 
peak at 24-4 ev and less intense peaks at 6-2 and 14-3ev. The 24-4 ev loss agrees 
with most previous measurements (table 9) though only Mollenstedt (1949) has 
observed a low-lying loss near 14ev. The 6-2 ev loss corresponds to the losses of 
5:2 and 6:5 ev observed by Kleinn (1954) and Rudberg (1930) respectively, and is 
possibly due to an intraband transition. It might be noted that Albert (1956) 
has measured the isochromats at the short-wavelength limit of the continuous 


X-ray spectrum of platinum to be at 13, 21, 42, and 63 volts, in fair agreement with 
the characteristic loss measurements. 


4.9. Lead, Calcium and Lithium 


The loss spectra of these three elements were found to be very susceptible to 
surface oxidation and most measurements have been made only with a primary 
electron energy of 1500 ev. 

‘The lead spectrum (figure 9) has two prominent losses at 10-6 and 13-9 ev 
together with combinations and multiples of these losses. The plasma loss of 
13-9 ev agrees reasonably well with the previous measurements given in table 10. 
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The observed loss at 23-3 ev appears to be broader and more intense than would 
be likely if it were solely due to electrons that had lost 10-6 and 13-9 ev. Leder 
(1956) has observed a loss of 21-4 ev in lead and has attributed it to the excitation of 
an interband transition; it is possible that such a loss may be superposed on the 
present loss spectrum. A few measurements were made of the loss spectrum of 
lead with a primary electron energy of 750ev. ‘These measurements showed the 
10-6 ev loss more prominent than the 13-9 ev plasma loss, and also another loss of 
7:2 + 0:2 ev which could be a modified low-lying loss. 
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Figure 9. Characteristic loss spectra of lead and calcium for a primary energy of 1500 ev. 


Table 11. Characteristic Energy Losses in Calcium (ev) found in the Present 
Work and by other Authors 


Present Work Se7/aellP4 (ils) Cesare? (S)) aseseasdes}(G)) l@asice es (@)) 
Rudberg (1930) 4 8 12 


Leder (1956) ae, 8-9 13-2 17-9 22: (eS Ont 


The calcium spectrum (figure 9) shows two prominent losses of 3-7 and 9-8 ev. 
Both losses were present during continuous metal evaporations but disappeared 
rapidly with surface oxidation. No other low-lying loss was detected. In some 
spectra, a weak loss of 7-5 ev was observed on the high-energy side of the 9-8 ev 
loss; this loss probably corresponds to the second multiple of the 3-7 ev loss. 
The present results are compared with previous measurements in table 11. The 
3-7 ev loss is probably the same as the loss of 4:2 ev observed by Leder and the 
4 ev loss observed by Rudberg. ‘There was also some evidence of a fairly intense 


loss of about 37 ev, but this peak could not always be reproduced because of the 
rapid oxidation. 
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Due to the rapid surface oxidation, no reliable measurements of the lithium 
spectrum were obtained. ‘There was, however, evidence for a plasma-type loss 
at 8-2 ev and for what is possibly a modified low-lying loss at 4-7ev. The 8-2 ev 
loss is significantly lower than the value of 9-8 ev for the fundamental loss found by 
Marton, Leder and Mendlowitz (1955), but is in good agreement with the de- 
crease to zero of the reflectivity at 8-0 ev found by Wood and Lukens (1938). 

§ 5. Discussion 

The new measurements of the characteristic energy losses of a number of 
elements have been compared with previous determinations in the preceding 
section. ‘The present collation of the results of other authors in tables 2 to 11 
shows clearly the wide variation in the measured energy losses referred to in the 
Introduction. ‘The values in these tables have been arranged so as to compare 
losses of similar origin where this is possible. For example, the 25-2 ev loss found 
by Marton and Leder (1954) in bismuth would seem to be a second multiple of the 
loss of 13 ev found by the same authors and is therefore compared with the present 
loss of 29-0 ey rather than the loss of 24-8 ev which is numerically closer. 

In the present series of measurements it was found that the observed loss 
spectra of a number of elements consisted almost entirely of combinations of two 
fundamental losses which could be identified as plasma and lowered plasma losses. 
In most cases, such a lowered plasma loss has not been previously observed; the 
detection of this loss in the present work is believed to be a result of the high purity 
ofthe specimens. ‘The results are summarized in table 12 together with computed 
values of fiw, and fiwp/./2, where the free electron density has been estimated from 
the valency. ‘These values are compared with the measured quantum plasma 
loss AEp, the low-lying loss AF}, and the modified low-lying loss AE oa. 11 which 
have been calculated as the mean of all appropriate observed losses.| ‘The ratio 
AE)i/AEy is also tabulated to indicate the departures from the theoretical ratio of 
4/2. Previous results for aluminium and magnesium are included in table 12 for 
comparison purposes. 

It can be seen from the table that whereas the agreement between fw, and 
AE») is generally quite good, the agreement between hwp/1/2 and AFj is much 
better, especially in those cases where there are appreciable deviations of AF) from 
hwy. The displacement of Ap; from fiw, for copper, platinum, and cadmium is 
in agreement with the estimates of Pines (1956) and Nozieres and Pines (1958, 
1959). Further, the half-width of the plasma loss peak in these elements is also 
greater than in those elements where there is better agreement between AF) and 
hwy. The half-width of the low-lying loss is generally observed to be small 
compared with fiwp. There is also good agreement between the values of AE) 
and the onsets of transmission £, in aluminium, bismuth, antimony and tin as 
measured by Walker et al. (1959), Rustgi et al. (1959) and Rustgi (1959, private 
communication), and between AZ and the disappearance of reflectivity in 
lithium found by Wood and Lukens (1938). It will be interesting to see how 
the results of similar future optical experiments compare with the present work. 

From measurements of the magnitude of the AZy, loss and a comparison with 
hwp/1/2, the observed change in intensity of the loss relative to the plasma loss 

+ For example, if m1, 2, m3,.... measurements were made of the energy losses AF,, 


AE,, AE;, .... which appear to be successive multiples of the AZ, loss, then the mean 
quantum loss is calculated from (7,44; + dn, AE, + 4nzAE3+....)/(m+ngtngt--.-). 
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with different primary electron energies, and the sensitivity of the intensity of the 
loss to surface contamination of the specimens, it is considered that this loss is 
a lowered plasma loss. The observation of the modified low-lying loss in some 
elements confirms the identification of the lowered plasma loss and also the general 
predictions of Stern and Ferrell (1960). The identification of the lowered plasma 
loss in copper, platinum and cadmium was initially less certain than that for the 
other elements on account of the larger differences between AF); and hwy. Apart 
from the other methods of identifying the lowered plasma loss, identification of the 
origin of the losses in copper was assisted and confirmed by measurements of the 
loss spectra of aluminium—copper alloys (Powell 1960 a). 

It has been assumed in the preceding section that oxidation has caused the 
observed rapid decrease in intensity of the lowered plasma loss and the appearance 
of the modified low-lying loss. ‘Though no independent analysis of the surface 
layers was made, it is considered that oxidation is the most likely surface contamina- 
tion in the present work. It was observed that the rate at which the changes took 
place was affected greatly by ‘gettering’ evaporations of the target material. 
The presence of a liquid air trap surrounding the target ensured that the carbon- 
aceous contamination rate was negligibly small and that formation of the hydroxide 
was unlikely. Except with beryllium, measurements were not made of any 
subsequent changes in the intensity of the modified low-lying loss as oxidation 
proceeded. It was found that the modified low-lying loss in beryllium (and also 
previously in aluminium and magnesium (Powell and Swan 1960)) eventually 
disappeared as oxidation continued. This observation shows that the modified 
low-lying loss in these elements is a metal loss that occurs only when a surface 
layer of oxide is present. It would be reasonable to presume that the modified 
low-lying losses in antimony, bismuth, tin, copper and lead have a similar origin. 

The presence on the specimen of surface contaminants other than oxide would 
be expected to lead to the appearance of modified low-lying losses in different 
positions (Stern and Ferrell 1960). It is therefore suggested that the presence of 
contaminating surface films, such as the substrate in transmission experiments, 
layers of oxide or of carbonaceous contamination, could be the reason for the 
low-lying losses observed in varying positions by other workers. Several 
authors (Leder and Marton 1954, Leder 1956, Jull 1956, Gauthé 1959) have 
compared the characteristic loss spectra of a number of elements and their com- 
pounds. With some elements and compounds there appears to be some similarity 
in the loss spectra; with others there is not. While there is at present no reason 
to doubt the validity of these results in general, the present results emphasize 
the need for care in any future similar experiment. For example, it would be 
possible for the same modified lowered plasma loss to occur in a metal with a very 
thin surface layer of oxide and in the metal in an incompletely oxidized specimen. 

The observation and identification of the lowered plasma loss is a strong 
indication that the other fundamental loss observed is due to plasma excitation in 
the manner considered by Pines et al. Further, the observation of the lowered 
plasma loss close to the position predicted by theory and the subsequent dis- 
appearance of the loss in some elements with oxidation indicate that the specimens 
are of high surface purity. It is therefore believed that many of the discrepancies 
between the results of different workers are due to specimen impurities, as well as 
possibly to some of the effects discussed by Marton (1956). Itis significant that 
no unmodified lowered plasma loss has been generally observed by previous workers 
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(except perhaps in copper). Most previous measurements of the characteristic 
losses have been made by the energy analysis of electrons transmitted through thin 
specimen films and it has been shown that surface contamination of the foils in 
such work is generally unavoidable, particularly when the foils are prepared 
outside the analyser vacuum system. an 

The agreement between AEn and hwy/,/2 is particularly striking. It is 
believed that the correlation is sufficient to warrant an estimation of N, the effective 
number of free electrons per atom, from the values of AF). Values of N have been 
calculated assuming the effective mass of the electrons to be equal to the rest mass, 
and are listed in table 12. The values of the energy losses and of N have not been 
corrected for the dispersion of the energy loss with scattering angle. As measure- 
ments of the dispersion coefficients and the distribution of loss intensity with 
scattering angle have been made for only a few elements, it was not considered 
desirable to make either an empirical or a theoretical correction. ‘The energy 
losses in the present experiment will thus be of the order of 3° higher than those 
that would be measured in the forward direction, and the values of N will be 
approximately 6°, larger than those obtained from losses corrected for dispersion. 
No account has also been taken in the present work of any departures from the 
simple theory caused by the form of the target. That is, though there is good 
agreement between AEy and hiwp/ 4/2, it is possible that the comparison should be 
made between AF} and hw y/1/3 if the specimen was agglomerated to a large 
extent. It has been assumed that agglomeration is not appreciable with the 
present rapid rates of evaporation (Holland 1956). 

It would be of some interest to compare the present values of NV with other 
estimates such as those also obtained from measurements based on free electron 
considerations. For instance, it has been found that the optical properties of a 
number of metals can be interpreted in terms of the Drude free electron formulae 
over a wide wavelength range (Schulz 1957). Reliable measurements, consistent 
within themselves and with other workers, are unfortunately not available for 
many metals. Unpublished measurements of the optical constants of aluminium 
by Hass have indicated that there are 2-4 free electrons per atom in that element 
(Mendlowitz 1960a, Marton 1959, private communication) in good agreement 
with the value of N corrected for dispersion. Schulz (1957) has similarly found 
that there are effectively 0-69 free electrons per atom in copper, in fair agreement 
with the corrected value of N and with other determinations from electronic 
specific heat measurements. Free electron concentrations in tin have been 
estimated by Hodgson (1955) and by Chambers (1952) to be 1:33 and 1-1 electrons 
per atom, respectively; the measurements of these authors are much smaller 
than the present values of N for tin. It is to be hoped that measurements of the 
optical constant of the other metals can be performed in the near future. 


§ 6. CONCLUSION 


It has been found that the characteristic loss spectra of ten elements can be 
interpreted as arising almost entirely from combinations of two elementary 
energy losses, a plasma loss and a lowered plasma loss. There was evidence that 
one of the loss peaks in the spectra of bismuth, and possibly also of lead, might be 
partly due to individual interband electronic transitions while the peaks of lowest 
energy loss in the spectra of copper and platinum could be due to intraband 
transitions. 
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The identification of the plasma loss in antimony, bismuth and tin has been 
confirmed by measurements of optical transmittivity by Walker e¢ al. (1959) and 
by Rustgi (1959, private communication). The lowered plasma loss has not been 
previously identified in any of the ten elements. The presence of such a loss 
indicates that the specimens were free of surface contaminants and that the loss 
spectra are characteristic of a clean surface. After a number of preliminary 
evaporations, the oxidation rate for most elements was sufficiently small to permit 
the reliable measurement of the entire loss spectrum. _As oxidation proceeded, 
however, the lowered plasma loss was seen to decrease rapidly in intensity and to 
be replaced by a new modified lowered plasma loss; this observation again shows 
the necessity for uncontaminated specimen surfaces in the measurement of 
characteristic losses. 

A feature of the results has been the close agreement between the observed 
lowered plasma losses and the values computed from hwp/+/2 assuming the valence 
electrons to be completely free. This correlation indicates that the effective free 
electron concentrations calculated from the lowered plasma losses could be usefully 
compared with other measurements based on similar free electron considerations. 
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Abstract. The angular distribution and polarization of elastic and inelastic 
scattering of 12 Mev neutrons in carbon are investigated using the distorted wave 
approximation, assuming direct interaction in inelastic collisions. The intro- 
duction of a spin-orbit potential enables the same optical parameters to describe 
the elastic and inelastic scattering. Calculations are performed for spin- 
independent potentials and the results compared with those of Levinson and 
Banerjee. It is found that the neglect of a spin-orbit potential leads to incon- 
sistent optical model parameters and poor fits at intermediate angles. The 
inelastic polarization predicted is very similar to the elastic polarization in the 
outgoing channel, although it is slightly smaller. Even larger discrepancies are 
found in the two-body potential when a spin-orbit potential is included. 
Extension of the theory to include collective motion may be necessary. 


§ 1. INTRODUCTION 


HE differential cross sections and polarizations for the elastic scattering of 

medium energy nucleons in carbon have been measured by several workers 

(e.g. Peelle 1957). In this energy range, the inelastic scattering of nucleons 
from the 2+ level at 4-43 Mey in carbon has also been measured (Peelle 1957, 
Conzett 1957). The present work is an investigation of the effects of a spin— 
orbit potential added to the complex potential recently used (Levinson and 
Banerjee 1958) in the distorted wave treatment of direct interaction inelastic 
scattering for neutrons of 12mey. In this method the states of the target nucleus 
are described by shell model wave functions, the projectile wave functions are 
taken to be the free particle wave functions distorted by an optical potential and 
the inelastic scattering is described by a two-body direct interaction between the 
free and bound nucleons. 

Levinson and Banerjee (1958) studied in detail the case of a spin-independent 
optical potential and obtained fairly satisfactory agreement with the carbon data 
for incident proton energies of 14-185 mev. However, their results show 
several ‘anomalies’: (a) the strength of the two-body interaction required to fit 
the experimental data is about twice as strong as that obtained from free nucleon- 
nucleon scattering; (b) the real part of the optical well needed to fit the inelastic 
data is considerably shallower than that generally used to fit the elastic results ; 
(c) the calculated inelastic differential cross section curves are in poor agreement 
with experiment at backward angles for incident energies of about 14 Mev. 
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It will be shown that (b) and (c) are substantially removed by the introduction 
of a spin-orbit potential required to fit the elastic polarization data. Moreover, 
it will be seen that the factor of two required for the two-body interaction found 
by Levinson and Banerjee is an underestimate. 

The calculated inelastic polarization is large at backward angles reaching 
values comparable with the large elastic asymmetries (Levinson and Banerjee’s 
theory gives no polarization), and is similar to the elastic polarization in the out- 
going channel. Unfortunately no inelastic polarization data exist at present, 
with which to make a comparison. A theoretical derivation of the inelastic 
polarization of neutrons by a complex nucleus is given in § 2. 


§ 2. ‘THEORY 


The inelastic differential cross section is calculated in first-order perturbation 
theory, in which the two-body interaction is regarded as a perturbation on the 
nucleon—nucleus elastic interaction (Mott and Massey 1949), that is 


208 © (m/2nh®)?S, AAP, nee (2.1) 


where k’ and & are the final and initial wave numbers respectively for the in- 
elastically scattered particle of reduced mass m, and ##l is the matrix element for 
the transition due to the direct interaction between an extra-core nucleon and the 
incident nucleon. %,, indicates an average over initial spin states and a sum 
over final spin states. 

The projectile wave functions are taken to be the wave functions for a free 
particle moving in the field of a complex spin-dependent potential. This is the 
distorted wave treatment, where the free particle wave functions are distorted by 
the nucleus as a whole, and which attempts to take into account the effect of 
elastic scattering on the inelastic cross section. 

The distorting potential is assumed to be the usual Woods—Saxon optical 
potential plus a Thomas—Fermi type spin-orbit potential, 


. \2 
Var) = —(V 4iWyelr) +: Ve (—) rAd atl pete (2.2) 


in which o. L=L forJ=L+ 3 ando,L=—(L+1)forJ=L—4. The potential 
parameters V and W are positive real functions so that the central force is attractive 
and absorptive, and Vg is a positive real quantity corresponding to the sign of the 
spin-orbit force in the shell model. L and o represent the orbital and spin 
angular momenta of the nucleon and J is its total angular momentum. /i/mzc is 
the Compton pion wavelength and g(r) is the Woods-Saxon (1954) form factor 
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where a is the diffuseness parameter. A similar potential has been used to study 
elastic cross sections and polarizations in the medium energy range 5-50 Mev 
(Fernbach and Bjorklund 1958, Nodvik and Saxon, private communication) 

For a particle moving in such a potential the constants of motion are J2, LT, 


S?, J, (Lepore 1950) and hence the appropriate partial wa ; 
(Sawicki 1955, 1956) - ve expansions are 


y= & & a(LM, LAI, MyppMy)Ry,(r) LM, yy... (2.4) 
R= > d a (L'My)c(L' 3’, MyppMy)Ry p(y) W'L'My|y oo... (2.5) 
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in which |JLM,) is a spin-angle function which may be expanded in terms of 
spherical harmonics, 


|JLM,)= > c(LAJ, MyppM,)Y™s (6), $1)Xap (op), --+ ++ (2.6) 


M Lp 


where Y¥1z(6,, ¢,) is a spherical harmonic as defined by Condon and Shortley 
(1935) and 6,, ¢, are the polar angles made by r, with the quantization axis. Une 
Clebsch—Gordan coefficients are as defined by Rose (1957). The quantum 
numbers J, L and cp have their usual meaning and their respective projection 
quantum numbers are W,, M,and jp. A prime is used to denote the final state 
quantum numbers. The functions R,,(r) are radial solutions of the spin- 
dependent Schrédinger equation 


{(33) —Vp(r) +k el PR) =O ead (2.7) 


such that asymptotically |k) represents an incoming plane wave and an outgoing 
spherically scattered wave. Note that the Green’s function ¢’| is not quite the 
adjoint of |k’), since the radial function in equation (2.5) is not starred (Mott 
and Massey 1949). Thus the functions a(LM,) and a*(L'M,,) are given by 


a(LM,)=4m1"Y¥1*(0,,¢,),) «5 renee (2.8) 
and 


a*(L'M,)=41-Y V1 (Oy, by)- ens (2.9) 


The assumption of j-j coupling is used here for the shell model wave functions. 
This is a reasonable approximation for carbon (Levinson and Banerjee 1957 b) 
and on account of an L—S expansion is equally applicable to intermediate coupling. 
Let the wave functions |/(JiLiM,,)) and (/(J1L1M,,)| denote the initial and 
final states of the nucleus, where J; and J; are the total spins of the two states 
respectively. The method of fractional parentage is used to reduce the many- 
body shell model wave functions to single-particle wave functions. 

The direct interaction two-body potential V, may be expanded in spherical 
harmonics (Levinson and Banerjee 1957a) specified by the transfer quantum 
numbers K and p, 


V,=4aNS(2K +1) 0g (rn) DV EO OVE Ou bn veer (2.10) 
KE iT 


where N is the number of extra-core particles. It is assumed that V; is spin- 
independent and all forms of exchange are neglected. Calculations carried out 
by the present authors indicate that the effects of exchange are small. ‘These 
effects were also considered by Glendenning (1959), who reached similar con- 
clusions. The neglect of spin in the two-body interaction is a less certain ap- 
proximation, since spin-dependent two-body forces can produce polarizations. 
This type of polarization has been discussed by several authors (Newns 1953, 
Huby, Refai and Satchler 1958, Okai 1959) and results seem to indicate small 


polarizations. 
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The matrix element s#1= (f|V,|i) may be evaluated from 
iy9= Y a(LM,)e(L3J, MyM) Ry (ULM, 1 iLiMy,) dns 


LIM ,M 
Hk Wt yal Bega ee (2.11) 
and 
(f]= > at (LM, )c(L4", Mypep My Ry (iL My lh LM an 
L'JS'M My. 
seas (2:12) 
so that 
Ml=4oN Y OK+VARy pee D (—We(LA, MyupMy)c(L'4’, MyppMy) 
LUISE MMMM yu 
x a(LM,)a*(L'M,,) (I'L MY gl LM, J ha My [Ye iLiMy, ns 
ee (2:13) 
where (anticipating the use of fractional parentage) 
Ryn | | dradrantry Re Ria(h (or Rye) Ri n)s Cees (214) 
and 
W(FiLiM,,) yn =Rjr, On) PoE iLiMy, ne ve (2.15) 


‘V,(€) is the common parent radial wave function and k;.,.(7,,) the appropriate 


single-particle shell model radial wave function. An analogous expansion to 
(2315 )iis used tor Cb LM; In: 

Since the operator Y;"(6,, ¢,,) is only a function of the single-particle co- 
ordinates the use of fractional parentage is applicable. ‘The nuclear wave 
functions are firstly expanded in terms of a complete set of L—S wave functions 
(including now the isotopic spin quantum numbers 7 and T, explicitly), 

[JiM,,TiT,)= > ae [b(l" i iliM, SiMs. yl) eee (2.16) 
L4S4[44] 
in which Ae are the admixture parameters (Levinson and Banerjee 1957 b). 
It is implied that the nucleus consists of a core and an /” configuration, L, is the 
total orbital angular momentum of the initial state, $; is the total spin and these 
couple vectorially to give Jj, the total angular momentum. [Aji] denotes sym- 
metry and other quantum numbers and 7; is the total isotopic spin. A similar 
expansion is required for the final state nuclear wave function. The right-hand 
side of equation (2.16) may be expanded in terms of parent and single particle 
states by the use of the fractional parentage expansion (Racah 1943) 
|r [i]LiM, SiMs, Is ee = > (ist Ap aes ie [Ai ]LiS; fi) 


DpSpT ply! 

eS Aneel ot LAM iM Ts Ta) eens CA) 
The’ functions 7 |? {Ac aSed oat; I4M,,SiM, TiT.) are formed by the 
vector coupling of the parent state and the single-particle state, and 
(ie [Ap]LpSpTp|l"[AiJLiSiTi) are the fractional parentage coefficients. The 
suffix P denotes parent quantum numbers. L-S parentage coefficients are 
tabulated for core plus one to core plus twelve (Jahn and Van Wieringen 1951). 
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The Wigner—Eckart theorem (Rose 1957) gives a quick method of evaluating 
the matrix elements, 


(I1M,,|¥g*WiM,,) =c(JiKJ 1, My, —»M,,) J eLil|Y gl Vili). 


From (2.16), (2.17) and (2.18) the matrix element becomes 


JM #15] ae ON eh ae fee JeT JjT} 
(J-M,,|) K 7iM,,) c(JikJ;, M;, wM,,) { > ay slag] Ars; Lil 
LS, TiLAj) 
LpSpT lag] 


x > CAPA, ]LpSpToll[Ar]L1S1T1) ("1 [Ap] Lp Sp Tel []LiSi Ti) 


LpSpTplap] 
x u( SLi cK; JiLs)u(LplL-K ; Lil)8s.5 30yr, (4 a a. 
xc(IKI, 000), ae (2.19) 
where Rose’s (1957) definition for the reduced matrix elements has been used 
(IY lI) = (5 a ") c(IK1,000), eevee (2.20) 
and 7 
Ciro’ WP e(2)MNivini > = "(ives K s Hie!) 2’ Te 2)Myed- oe (2.21) 
The orthogonal coefficients u(j,j2j’K ; jjs') are related to the Racah coefficients by 
u(jrjsi’Ks tia!) = (a! PW rial Ks dies te (2.22) 


where j =2) +1. 

For simplicity of notation the expression in curly brackets in (2.19) is replaced 
by F(a px, Kl) where a, and «, represent the parent and shell model quantum 
numbers. Using the same techniques for the matrix elements 


MAYS |JLM,) 
the final expression for #1 becomes 


fl = (47)2N>(—- 1)F(1/K)F (ap, By oS Le Lyi" J) 4AZ(LIL'S' 3K) 
K LUGS’ 


x Rape YS (—lee(iKs, My — eM, )c(JKI', MypMy) 


M,M py 


x c(L4J, M,pM,)c(L'3J", Mz, pp M,,)a(LM,)a*(L'M,,), «+++: (2.23) 
and the Z coefficient is defined by the relation 
Z(LIL'I'; SK) =(LIL'S' jte(LL’K, 000)W(LIL'I'; SK). «+++ (2.24) 
In the evaluation of &,,|#1|? for the cross section, there appears the term 
Y cJiks1, M;, —pM,, )c(Jik'S 1, M,,— »'Mj,)= (ae Ween pene ie (2.25) 


MyMJ¢ 
on account of the orthonormality of the Clebsch—-Gordan coefficients. For 
numerical calculation it is convenient to reduce the Z coefficient in (2.23) by a 
formula due to Ford and Levinson (1955) 
Z(LIL'S'; $K)=(-1" 4(KS)ie(J KI’, 304) for L+K+L' even 
zai) for L+K+L' odd. 
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The cross section is given by (2.1) and (2.23) 


k'({ m 
oy Ne = (===)? 5 CEumpy 2, eee (2.27) 
(=N* 5 (Se) Be ZI 
where 
ee Or PAN eavod Crees he = 18 hold: (2.28) 
and 


CEH php’ = 167 >» (- by STS tes I 303) RyyprK 
LL’ JJ’ 


x YS (HAM YPa(de, O)YMa (bey, Oe(L'4I', Mey My) 
MIMUMIMY ——.o(L AJ, Mi pp Mc KS uM ee seme as (2.29) 
in which the axis of quantization is chosen as the vector n parallel to kxk’. 
(2.27) can be separated into two parts, Le. 


o(0)=N? i (san) > Sef [CHP + YS [CH _P}, eee. (2.30) 
k \2nih*) zz bp =Hp’ p= —bp’ 
the second term in (2.30) being the ‘spin-flip ’ cross section which tends to zero 
as the spin-orbit potential approaches zero, and adds incoherently to the ‘non- 
spin-flip ’ cross section. 
The polarization for this choice of axis is given (Sawicki 1956, Wolfenstein 


1949) by 
> [M(up=+3)P- > (ep = — 3)? 
P(0) =P, =e Evisy a eet (2.31) 
> Gee = + DP + > = — DP 
Kuny Kurp 
and 


$M(pp = + 4)=NS, ACH pepwst, (2.32) 


For K single-valued the fractional parentage functions vanish from the polarization 
formula, which becomes 


» |CHeup? |? — >. [C242 


P(d)= ™ Mn 
(0) st Gap S maa rae (2.33) 
Hip HL 


Such a case is the transition to the first excited state in 2C in which exchange is 
neglected. 

In the present work, a zero range force of the form v;8(rr,,) is taken in order 
to reduce the complexity of numerical calculations. A simple calculation using 
a Yukawa finite range force was carried out and the shape of the cross section was 
only slightly affected, nevertheless this feature is a shortcoming of the present 
calculation. One disadvantage is that absolute magnitudes cannot be calculated. 
However, relative magnitudes can be obtained, which may usefully be compared 
with the results of Levinson and Banerjee (1958). In this approximation 
Ry 1x teduces to a single integral 


eres { rR y MR AYR DRM), eave (234) 


where the bound wave functions are normalized so that 


* 2 222 — 
[arr R=... ee (2.35) 
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In order to compare the present results with those of Levinson and Banerjee, 


calculations were carried out neglecting the spin-orbit potential. In this case 
(2.27) becomes 


eeniat se \e ‘ 
a(6) ad N iz (73) DSalOMP, ee leneliere (2.36) 
where . 
CP loel2 ba R, pit (L|L')te(LKL', 000) © (—1)4*™z 
LL’ M,M,, 
x ¥5"1( sr, year cL ALM uM emcee Ca) 
and 
Ry = dr PR ()RAT)R Ri). ern (2.38) 


The surface model proposed by Glendenning (1959) consists in replacing 
the radial integrals (2.38) by point functions at an interaction radius Rj, 
Le. . Ripe RABE), 9 ace es (2:52) 
where AW is an integral over radial oscillator wave functions and a Gaussian 
potential function. However, this is only a reasonable approximation if the 
functions R,(r) and R,,(r) are slowly varying functions with r, and therefore the 
surface model may be useful only as a nucleon spectroscopy tool, since this 
condition is not always satisfied. 


§ 3. ELastic PoLaRIZATION OF 7:57 Mev AND 12-0 Mev NEUTRONS BY 12 


The differential cross section and the polarization for elastic scattering using 
the complex spin-dependent potential of equation (2.2) are given (Lepore 1950) 
by 

o(0)=|A(6)+ B(#)o.nP?=A*A+B*B, —...... (320) 
and 
P(@)=P(8)n={[A*B+ B*A]/[A*A+ B*B]jn, ...... (3:2) 
where A(6) and B(#) are the amplitudes for spin-independent and spin-dependent 
scattering respectively. For neutrons, the scattering amplitudes are 


A(6) = (2ik) ¥ {(L+1)exp (2i8;) +L exp (2183) — (2L + 1)}P,, (cos 4), 


L=0 


and 


B(8)=(2ik)2 SY fexp (2185) —exp (215; )}iP3, (cos). «----- (3.4) 
IL=0 


The complex phase shifts 6,* were obtained by numerical integration of the 
complex Schrédinger equation using the digital computer CSIRAC. 

The optical model parameters used were obtained by a consideration of 
recent exact phase shift analyses (Fernbach and Bjorklund 1958, Nodvik and 
Saxon, private communication) of medium energy nucleon polarization data. 
The values taken were V =45 Mev, W=10mev, V;=10Mev for neutrons of 
12:0 mev and V=45 Mev, W=5 Mev, V.=10 Mev for neutrons of 7:57 Mev. 

Figure 1 shows the polarizations obtained for a carbon radius of 2-75 fermi and 
a diffuseness parameter of 0-4 fermi. For comparison, the 11:5 Mev proton 
experimental data (Rosen 1959) are also shown. 
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Figure 1. Polarization in the elastic scattering of 7:57 Mev and 12 Mev neutrons from 
12C, The optical model parameters used are V=45 Mev, rg=1:2 f, W=10 Mev 
(12 Mev scattering), W7=5 mev (7:57 Mev scattering), Vg=10 Mev and a=0-4f. 


§ 4. INELASTIC SCATTERING RESULTS 


The inelastic scattering to the first excited state at 4-43 Mev in #C is now 
discussed on the basis of §2. Firstly it is necessary to investigate the selection 
rules for the transfer quantum number K. A detailed treatment of the selection 
rules in general has already been given by Levinson and Banerjee (1957 a) and 
therefore will not be repeated here. 

The selection rules in the present case are contained in the factors 

Z(LJIL'S'; tK) 
for the free particle states and 


u(SiLiJ K ; JiLs)u(LplL:K; Ll) 85.5 Oni; c(/kI, 000) 


for the nuclear states. For *C, according to the shell model with the transition 
taken as (18}/2)*(1psj.)> > (18y/2)*(1 ps2)’ (1p/2), the ground state and the first excited 
state of *C have spins zero and two respectively. Also, the term u(S\LiJ;K ; JiLy) 
for J;=0 reduces to a term involving 6;-« 80 that K is single-valued: K=J;=2, 


and equations (2.30) and (2.33) are appropriate for this transition. 

For simplicity, the 1p wave functions are taken to be the square-well solutions 
of the Schrodinger equation and the same wave function is used for the excited 
state as for the ground state. Any errors introduced by this approximation 
should be relatively small, since the energy difference of 4:43 Mev is small in 
comparison with the well depth. 

Figure 2 shows the result of taking a real square well as the distorting potential 
in equation (2.36) for 12 Mev neutrons. The depth of the well is 45 Mev and the 
radius parameter ry is 1-2 fermi. The bound nucleon wave functions are taken 
to occupy a square well of radius R=2-75 fermi, and to have a binding energy 
ep=14mev. There is a considerable disagreement with experiment around 90°, 
which could not be removed by any reasonable changes in the parameters. 
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Figure 2. Angular distribution of 12 Mev nucleons, inelastically scattered from the 2* level 
at 4-43 mev in 2C. (i) shows the theoretical prediction of equation (2.36) for 
neutrons when a square-well distorting potential is used. (ii) and (iii) are the 
theoretical predictions when the square well is replaced by a spin-independent 
optical potential for rp =1-3 f, Vo=45 Mev, ep= 14 mev and r,=1°6 f, V)>=27 Mev, 
€p=7 Mev respectively. The points are the experimental results of Conzett for 
12 Mev protons. The optical model parameters used are V=45 Mev, rg=1:2 f, 
W=10 mev (initial channel), W=5 Mev (final channel), Vs=0 and a=0-4f. The 
theoretical curves are arbitrarily normalized. 


The results for a spin-independent optical distorting potential are also shown 
in figure 2. The optical model parameters are taken to be the same as those used 
in the elastic calculations, except that no spin-orbit potential was included : 
V =45 mev, W=10 Mev (for initial 12-0 Mev channel) and 5 Mev (for final 7°57 Mev 
channel), radius parameter of Saxon well r, = 1-2 fermi and diffuseness parameter 
a—0-4 fermi. The two sets of nuclear parameters used are, (a) radius para- 
meter of square well for 1p bound nucleons 7, = 1:3 fermi, depth of square well 
V,,=45 ev and binding energy of 1p nucleons ep = 14 mev and (b) r,=1-6 fermi, 
V,=27 Mev, -p=7Mev. Figure 2 indicates that the present results for a spin- 
independent optical potential are consistent with those of Levinson and Banerjee 
(1958). The cross section for n= 1-6 fermi has more forward peaking than the 
cross section for r,=1-3 fermi, and the anomalous ‘hump’ around 90° still 
persists. Furthermore the shape of the cross section is fairly insensitive to the 
inclusion of an imaginary potential, although the magnitude of the cross section 
is reduced when it is included. 

Calculations for the angular distribution using a spin-orbit potential are 
given in figure 3 and the results show important changes. ‘The same spin-orbit 
potential V,= 10 Mev is used in both channels as in the elastic scattering. Set (a) 


for the nuclear parameters yields little resemblance either to experiment or to the 
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Figure 3. Angular distribution of 12 mev nucleons inelastically scattered from the 2* level 
at 4-43 Mev in !2C. (i) and (ii) illustrate the theoretical predictions of equation (2.30) 
for neutrons using (i) rn=1:3f, Vo=45 Mev, ep=14Mev and (ii) rn=1:-6f, 
Vo=27 Mev and ep=7Mev. (iii) is the theoretical prediction for rn=1-6 f, 
V)=27 Mev, €p=7 Mev when spin-flip is neglected. The points are the experi- 
mental results of Conzett for 12 Mev protons. ‘The optical model parameters 
used are V=45 mev, rg=1:2f, W=10 Mev (initial channel), W=5 mev (final 
channel), Vg=10mMev and a=0-4f. The theoretical curves are arbitrarily 
normalized 


spin-independent case, but shows how rapidly the cross section may change with 
the inclusion of the spin-orbit potential. However for set (b) the results are 
encouraging as the anomalous ‘hump’ is now washed out, and the form of the 
cross section is correct although too flat. The contribution due to spin-flip is 
fairly important since it contributes mainly at the angles where the non-spin-flip 
cross section is smallest. The almost perfect fit for the non-spin-flip cross 
section probably indicates that the size of the spin—orbit potential has been over- 
estimated, but the rapid variation of the cross section with optical parameters 
makes it difficult to speculate. The persistent disagreement of the Levinson and 
Banerjee calculations at backward angles at energies close to 14 Mev is no doubt 
due to the neglect of a spin-orbit potential. The inclusion of a spin-orbit 
potential yields a more consistent explanation of the experimental data due to the 
large D-phase splitting which leads to important interference effects between the 
two partial waves. 

A sensitive method of testing the models is to investigate the polarization of 
the inelastically scattered particles. The results are shown in figure 4 and there 
is a strong resemblance to the 7:57 Mev elastic polarization in figure 1. Since 
Levinson and Banerjee’s theory predicts zero polarization, the large polarizations 
obtained here indicate that the theory which neglects spin-orbit forces should not 
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Figure 4. Polarization of 12 Mev neutrons inelastically scattered from the 2+ level at 
4-43 mev in 2C. (ji) and (ii) illustrate the theoretical predictions of equation (2.41) 
for (i) rn=1-3f, Vo=45 Mev, ep=14 Mev and (ii) rn=1 -6f, Vo=27 Mev and 
€p=7 Mev. The optical model parameters used are V—=4o ev, 75— 122 f, 
W =10 mev (initial channel), W#=5 Mev (final channel), ’g=10 Mev and a=0-4 f. 


be taken too seriously. A measurement of the inelastic polarization would be 
very useful to determine how important the spin-orbit effect is in inelastic scattering 
at these energies. 

Finally it is important to note that the relative cross section for a spin-orbit 
potential is about two times smaller than for no spin-orbit potential. This is 
due to the contribution from one spin state to the cross section being considerably 
reduced and indicates that the two-body force required to fit the data will be 
about two to four times that expected from nucleon-nucleon scattering. 


§ 5. CONCLUDING REMARKS 


The inelastic calculations indicate that two of the ‘anomalies’ found by 
Levinson and Banerjee are removed by the inclusion of a spin-orbit potential. 
It is interesting to note that recent calculations by Tobocman (1959) for stripping 
reactions show a similar consistency between the optical model parameters, 
although in this case spin-orbit effects were neglected. 

The possibility of first fitting the elastic data and then using the same para- 
meters to fit the inelastic data would be a very stringent test of both the optical 
model and the distorted wave approximation. The validity of the latter has been 
discussed by Austern (1958) and Mohr (1959). It is pointed out by Austern 
that the perturbation treatment should be invalid for 12C, since the total cross 
section at 12 Mev for direct interaction to the 4-43 level is larger than the elastic 
cross section for neutrons. A Yoshida (1956, 1958) type calculation, in which 
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the strong coupling between elastic and inelastic channels is accounted for, would 
be more realistic but unfortunately far more complicated and lengthy. Never- 
theless, the present results indicate that the distorted wave approximation is 
capable of predicting fairly accurately the shape of the cross section, if not its 
absolute magnitude. 

It appears that the discrepancy in the magnitude of the cross section may only 
be removed by the use of a model which includes some form of collective motion. 
This view is supported by measurements of the lifetime of the first excited state 
in !2C (Devons, Manning and Towle 1956), which indicate that the single particle 
estimate is in error by about a factor of 10. 
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Abstract. Relativistic cross sections for the K shell ionization of light to heavy 
atoms by fast electrons are developed using the Moller interaction. The effect 
of electron exchange and the validity of the Born approximation are discussed. 
Suitable kinds of wave function for the K electrons are considered. 

Tonization cross sections are calculated for mercury using Dirac wave functions 
and for nickel using Darwin wave functions. 

The cross sections for nickel agree well with experiment. Those for mercury 
await experimental confirmation. 


§ 1. INTRODUCTION 


HERE has hitherto been no adequate theoretical account of inner-shell 
ionization by electrons for any but the lightest atoms, where relativistic 
effects are unimportant except at high incident energies. Non-relativistic 

work in this field was pioneered by Bethe (1930) and Massey and Mohr (1933) 
for low energy electrons in hydrogen and helium. Subsequently Burhop (1940) 
calculated K and L shell ionization cross sections for a number of elements up 
to mercury. For the lighter elements, his K shell cross sections were in good 
agreement with experiment at incident energies near the K absorption edge, 
even though he used the Born approximation. But even for nickel (Z = 28) and 
certainly for silver (7=47), this agreement deteriorated markedly at higher 
incident energies (> five times the K ionization energy, say). For mercury 
(Z=80) though there is as yet no experimental evidence, Burhop’s results can 
be expected to be considerably in error. This failure at higher Z and higher 
incident velocities is undoubtedly due to neglect of relativity. For at Z=80, 
the velocity of the K electron is about half that of light; also the incident energies 
considered lie between 2/, and 20, (J, denotes the K ionization energy), and 
consequently the incident electrons have velocities v~c, ie. y>1. Even 
for nickel (J,, =8 kev) the incident energies considered are of the order of 100 kev, 
at which v/c~0-5. Thus relativistic effects enter through both the atomic K 
and incident electrons. Arthurs and Moiseiwitsch (1958) have employed the 
relativistic cross section derived by Moller (1932) for high incident energies 
but very low Z to calculate nickel K cross sections which agree with experiment. 
But apart from any intrinsic interest, electron ionization theory is of some 
moment by virtue of its connection with the so-called Moller interaction (the 
first-order interaction Hamiltonian for relativistic electrons used here). To 
determine the adequacy of this interaction for the description of collision 
processes Williams and Terroux (1929), Williams (1930), Champion (1932) and 
others, for example, Groetzinger et al. (1950), measured the differential cross 
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section for free electron—electron collisions using cloud chambers. But the 
results were rather inconclusive, mainly because most of the scattering is through 
small angles and at these angles, for free electrons, the effect of the additional 
spin term is small, and relativity can be included classically to give nearly the 
same cross section as does the use of the Moller interaction (Moller 1932). Recent 
use of coincidence methods (Ashkin, Page and Woodward 1954) has yielded 
large-angle cross sections which do tend to verify the Moller interaction fairly 
well. Nevertheless, when atomic binding is not negligible, i.e. for large Z, the 
classical approach fails at all angles and therefore comparison between experi- 
mental and theoretical cross sections for heavy elements constitutes a definitive 
test of the adequacy of the Moller interaction for collision processes. 

Yet another reason for interest in relativistic inner-shell ionization by electrons 
concerns the question of the range of validity of the Born approximation in 
inelastic atomic collision theory. For the incident electron energies considered 
here, theoretical justification is notoriously difficult and therefore any empirical test 
of its validity would be particularly welcome. 

The difficulty is that for light elements the hydrogenic atomic wave functions 
usually employed to facilitate theoretical (Born) estimates introduce considerable 
errors, quite apart from any that might arise from the Born approximation itself, 
and consequently the situation remains obscure. But for the inner shells of 
heavy elements, particularly the K shell, hydrogenic wave functions are certainly 
adequate and theoretical calculations—if relativistic—allow an unambiguous 
verification. 


§ 2. DERIVATION OF RELATIVISTIC CROSS SECTION 


The potential energy of interaction of two relativistic electrons in the field 
of a heavy nucleus was first derived by Moller (1931, 1932) on the basis of semi- 
classical considerations. <A field theoretical treatment was subsequently shown 
(e.g. Brown 1952) to yield the same interaction to the order of Zx?, namely 

(o?yo lao) Oxp(t| Bla iiss) si eae (1) 
Relativistic units are employed throughout. 

If the interaction between the three electrons (the two K shell electrons and 
the incident electron) is considered a small perturbation, first-order time- 
dependent perturbation theory yields the following transition probability per 
unit time dP for a transition from an initial state i to a final state f such 
that the final momentum of the incident particle lies between p! and p! + dp!: 


dP=(2n)2|(f|HJi)Pdp. (2) 


Inserting the total relativistic wave functions, properly antisymmetrized, 
one obtains 


dP=(27)2|F+2GPdp) nay (3) 


where 


F= i [Pin Lb (2, 3)]* Eb pol )ypa(2, 3) dr 


and 


G= | [bn.(2)byr(3, 1)] * Fig po(1 pbyyo(2, 3) dr. 


Here $, and ¢,, denote the relativistic wave functions of the incident electron 
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initially and finally and y,,, and ys, the corresponding total relativistic wave 
functions of the two K electrons. 

_ In the non-relativistic limit it is easy to show that |F'+ 2G]? reduces to | f—g?, 
f and g being defined as in Massey and Mohr (1931, eqn (7)) except for the 
presence of the nuclear potential in their g. 

We now neglect in H, the interaction between the two K electrons and 
instead take account of it by putting Z—0-3 in place of Z in the atomic wave 
functions J, and u,,. Thus H; becomes 


H,=« > (A/a) — a. a) exp @]E°— EXr4;)} 
j=2 


where a, operates on particle 7, 7=1 denoting the incident electron. 


We next replace the incident electron wave functions by Dirac plane waves 
(the first Born approximation), and put 


Pyo(t) = N°a,, exp (zp®. r;) ; 
P(t) = N1a,,exp (tp* .r;) 


where the spinors a,=a, , for the two opposite spin states s=a and s=f can 
be represented by the column matrices 


Thats | | —Pe 
P: = Pep, 
as 0 ) dy p F 
| oF 0 


and where, if we normalize to one electron per unit volume, 


N=(2EF)2 with F=1+E 
and E=(1+p?)H2. 


The validity of this approximation will be discussed presently. Adopting 
it for the moment one finds, on substituting (4) and (5) into (3) for F and G, that 


F=aN1N® > [ (ry) exp fi(p?— pt). + E-Bay *(2,3) 
=: X {Agi * Ayo — Ayr * Oy Ayo « ;}Pypo(2, 3) dr 
and 
G=aNiNn® y (r4;) 2 exp [—ép!.r.—ip® .r, + 7| HB” — ig oak) 
a % {pity — Ay ® yA gs. Oy} iyye(2,3) dr. veer (6) 


The integration over rj in F is standard (cf. Moller 1932). We obtain 
3 
F=4naN1N°[q?— (E°— E17] > | exp (14.6; )y* (2, 3) 
j=2 


x {(Ggi* Ayo) — (4g:* 4A ge) - a;}Pyyo(2,3)dtgdt, s+ +e ee (7) 
where q=p°-—p!. ; 

The corresponding integration in G would occasion far more difficulty. 
Fortunately it is possible to argue plausibly that for medium to heavy elements 
and for incident energies of the order of 10 times the K absorption edge (i.e. the 
regions of interest here), G is negligible compared with F. 


PROC. PHYS. SOC. LXXVI, 5 25 


626 H. S. Perlman 


For in the non-relativistic limit |f+2G|? tends to |f—g|? where f and g (cf. 
Massey and Mohr 1931, 1933) are defined by (apart from a constant factor) 


ie | (ras? + rag) exp [i(p”— P*)- ray" (2, 3th (2,3) a7, 


g= | (ry) + rag) exp [— ip? te + ip? ry Wap (3, Ltbyyo(2, 3) dr. 


Expressing the two-electron Schrédinger (spinless) wave functions py, and 
wy. in terms of single-electron Schrodinger wave functions ¢, and ¢,,. yields 


f= [ne rexp (ia-bw*2)byo2) dr + same 

g= + [rig texp LP? rs Pt rade * L)bye(2) az 
+ [rast exp [i(P°- 1p Fa) bw" 3) (3) Ybur(2) dr 
« frist exp LP? rs PIF) b ie" Dye) brs" Bb (3) dr 


We now approximate to g by means of the following substitutions. We put, 

in the first integral, 
by* (1) exp (— ip.) 
and 
EXP (—2P'- Te) a. (2) eee (10) 

where W1 = [1+ (p')?]1? and p=(W?—1)*?. 

Making similar substitutions in the second and third integrals, which conse- 
quently vanish by orthogonality, leaves 


bee | ryt exp [i(p°—p).ry]byu*(2)bge(2) dt... (11) 


The approximations (10) are justified at the energies under consideration. 
The first of these has been employed in direct ionization cross section calculations 
with considerable success (Wetzel 1933) and the second seems at least as justifiable 
as the first. ‘The two approximations would affect g in opposite directions and 
the net result would therefore probably not differ from the true value of g by 
more than about 30%. 


Summing over final spin states we eventually obtain, in the notation of $6 
oS) > 


IgP L lemm(@)P 
Wl?) lesrrps@) | ene en ae a 
q and q! being defined by q=p°—p! and q'=p°— p respectively. 

‘The ratio of these matrix elements, for which closed expressions are available 
(Bethe 1930, Massey and Mohr 1933), was computed for Z=80 and an incident 
energy equal to ten times the K ionization energy of Hg, for ti 
a ecuaey Goce gy g, a pertinent range of 

In all cases it was found that |g|?/| f/? <0-001 so that the contribution of the 
exchange term to the total cross section was less than 5°. Extrapolation to the 
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relativistic region consequently justifies the neglect of G, and hence 
GPa) |e radpt  F Svake (13) 


Since the total K ionization cross section c, is just 


Ox = s/s care (14) 


r 7) — h0/ FO S r oe + ’ = 7 
where v=p°/E® denotes the velocity of the incident electron, we finally obtain: 
the differential cross section (cf. Bethe 1933), using %’ to denote an average 
over initial values and a sum over final values, 


®(W®, p®, p!) dp! =4a2E° dp'{p"[q?-(E9-E'}4 >’ Sy’ >’ [40-2. QP 
atomic atomic incident 
l,m spins — spins 
are (15) 


where 


i 2, | Yip (hs Fa) Yypo(ta, Fe) exp (1q.1;) dr 
j= 


- > | Py* (Fy, Fe )bypo(y, Po) exp (1q.4;) dr 
= 


@ = N1N°al*aa° 

A=N'N*%a'* 2%. 
E°/p® is the initial total incident energy/momentum, £"/p' the final total 
incident energy/momentum, W® denotes the energy of the initial atomic (K 
electron) state and Wp the energy/momentum of the final atomic state. 

Returning to a consideration of the validity of the first Born approximation 
in the present context, one must perforce be content with the satisfaction of 
vague criteria, failing something like a second Born calculation, the labour of 
which is nearly as prohibitive as that involved in proceeding without recourse 
to Born approximation at all. 

Of all the criteria suggested (and some have long been known to be too 
restrictive (cf. Henneberg 1933)) the sufficient requirement that E> V appears. 
most founded. Thus, in the evaluation of cross sections for the K ionization of 
medium to heavy atoms by electrons with energies ranging from 3 to 20 times. 
the K ionization energy, it would appear that use of the first Born approximation. 
is theoretically justified only in the upper energy range. Nevertheless, even im 
the lower energy range, some confidence is afforded by the good agreement 
between experiment and Burhop’s (1940) Born approximation calculations for 
nickel and silver at incident energies close to the threshold (where relativistic 
effects are negligible) (cf. Massey 1956). 

This confidence is strengthened by an examination of the regions of the 
configuration space of the incident electron, and hence those values of V, which 
contribute predominantly to the cross section. Accepting the Born approxi- 
mation as at least qualitatively reliable, a typical integral over the configuration 
space of the incidence electron (cf. (7)) reduces, on angular integration, to a 
radial integral of the form 

io) 
| singriexp (i|E°—E'r1)drt sa aes (16) 
0 
where r'=r—R, rand R being the position vectors of the incident and K electron 
respectively. This integral is not convergent, but it can be calculated by inserting 


2352 
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an integrating factor exp (—Ar*) into the integrand, integrating, and then taking 
the limit A+0 (cf. Bethe 1930). 
We may therefore replace (16) by the integral 
|, sing exp(—Arl+i]B°—E}|r)dri ls (17) 
0 
where A is very small compared with |E°— E |, q and unity. Now it is evident 
that most of the contribution to (17) arises from distance r*> 1. But for Z=80, 
the K shell radius a, =1/4Z~2 and since R~a, , one can conclude that the 
predominant contribution in the integration over the configuration space of the 
incident electron arises from distances, denoted by 7,,, such that 7,4> dx. 
Hence the Born condition ESV is less restrictive than the form E> V(a,) 
suggests. For we have found that the relaxed criterion that E be slightly greater 
than V(a,) entails the more realistic condition E> V(r,,) which in turn justifies 
the use of the Born approximation here. 
Introduction of the spinors a! and a® into (15) followed by a summation over 
incident electron spins, yields, after some tedious algebra 
o(w®, p’, p') dp! = ow dpi Ep? FoF! [¢? = (£° =. | id lib 
xDD CP PP PP Ol; 
+ 2{(F2)2 + (pYP} Fp? + (FP + (p°)2}F tp]. #(O* @) 
+|Fip?— Fp '?/@|? 
+4F1 OQ (p®.Q*)(p!.Q)]} 2... (18) 
It is convenient to consider the cross section ® dp! with respect to a coordinate 
system x, y, x such that zis along p®. Let p', 6, ¢ be the spherical polar coordinates 
of p! referred to this system. 
Then dp'=(p')?dp'sin@d@d¢ and since q?=(p°)*+ (p')?—2p°p! cos 8, 
p'={(E")?— 1}' and dE'=dW (this latter by energy conservation), we have 
dp'=(E'[p*)dWqdqdd. (19) 
Let q, «, B be the coordinates of q relative to the chosen coordinate system and 
hence 
cosa = ((p°)2=—(p")? 4.g" 12p!o. and Bagi 9 ee (20) 
If, for convenience, we now consider another coordinate system with polar 
axis along q and temporarily distinguish vectors referred to it by a prime, we 
can write 
p’. Q=p”. Q’= — p*sin«Q,’ +p" cos «Q,’, 
p’. Q=p". Q’= —p*sinaO,’ + (p° cosa — ees) 
Substituting (19) and (21) into (18), dropping the primes on the O’s and 
Q's, it being understood that henceforth Q is referred to a coordinate system with 
polar axis along q, and integrating over ¢, yields the total cross section 


Wmax [4%max 
o(W?, p°) = | ss | ©1(W,p,W,q)dWdq ...... (22) 
Per min © %min 
©! dW dq=2neqdWdg{(py PP [g—(-BYPYa (22a) 
x &', X tAlOl+ BA(O*0,) + ByA(0*0.) 
spin a 


+ C1QP+C10,P + Cs|O.P + C,2(O,*O.)}, 
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the coefficients A, B,, By, Cy, Cz, Cs and C, being defined by 

7A OEY 28D Ee Siam 2) al © 2) teed 2 ate 2 a el a 2 

By(p", p,q) = — 2p? sin at F°[(F?)* + (p?)?] + Fe)? + (9°)? I} 

Bo(p", p,q) = 2pO[(F*)? + (pt)?] cosa + F'[(F°)? + (p°)?] (cos a — q/p°)} 

CDEP = pa Ep Poe pt (ph) 9" 

C2(p°, p,q) =4FVF'(p®)? sin? a 

C3(p°, p, gq) =4F °F 1p® cos «( p® cos « — q) 

CAP p,q) tP Pp sinalg—2p cosa) ata (226) 
Energy conservation £°—E!=WW—W?° and equation (29) provide the limits. 
in g and W, namely, ¢,,,,=P° +P), Gmin=P°—P* where 


(Y= (ph —2EN (p+ 1) Da 1+ [Gta les D1 oon (23) 
and W,,,,=E°-1+W®, W,,,=1. 


It is of interest to compare the cross section (22), in the limit of low Z, with 
Moller’s result (Moller 1932). To this end, it is more convenient to consider 
(18) with dp! given by (19). 

Using the fact that for (Zx)?<1, E°-E!=W-W? and q are very small 
compared with p® and p! (for relativistic p°), it is seen, after some manipulation, 
that 

ap ) 2.2 i oa 
omy" ah qdq dV , ‘ g 
= 7s 4ATLo ~ SEM) ETAT? O a= 2 a 1 1 Z Ox 2. oeeeee 24 
)) pane epee, 2 10+ tor nie es 
Moller employed Darwin wave functions, and this is quite justified if (Za) Zt 
and if the collisions are distant. Anticipating the results and notation of §6, 
these conditions yield 


Bak ff gdqdW Ala) . 
: a | Pe Ey lewew +2 Eee ceceee (25) 
which is the result obtained by Moller (1932, cf. also Arthurs and Moiseiwitsch 


1958). 
It will be appreciated that (25) is a satisfactory approximation only when 
(Za)?<1. For large Z it is seriously in error. 


§ 3. Tue Revativistic Aromic (K) Wave FUNCTIONS 


Neglecting correlations between the electrons, we write the atomic wave 
functions in the form of an antisymmetrized product of the solutions of the 
Dirac equation for a single electron in an effective central potential V(r). 

The method for obtaining V(r) adopted here (cf. Merzbacher and Lewis 
1958) depends on the fact that the wave function for an electron with small 
principal quantum number n (and generally small »—/) is concentrated over a 
reasonably small range of radial distances near some value r, and therefore if 
one does not require too high an accuracy, it is possible to replace V(r) by a 
simple analytic function which is a good approximation for 7 near 1 (cf. Brenner 
and Brown 1953). 

Thus for the effective potential V(r) for a K electron, we may take 


SOL — Lt a VR seen os (26) 
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where Z,,=Z—0-3 takes account of inner screening (Slater 1930) and the 
outer screening constant V represents the constant potential produced near 
by that part of the electron cloud charge which lies outside 7p. 

The form (26) has the great advantage that the K electron wave function 
reduces to a hydrogenic wave function for charge Z,,. ‘The constant V only 
shifts the energy levels without affecting these wave functions. 

Thus, by virtue of the Dirac fine structure formula, it is clear that if W® 
denotes the total energy of a K electron in its ground state, then 


V9 


W=VSs— Del 7 Pe eee (27) 
where 
Da Lo{l+ (Zep) oZ a) 1 
sincej=4,n=1. But W°=—I+1, J being the experimental K ionization energy, 


and consequently 


V == Dal vg” 14 ig eee (28) 
And for a continuum state characterized by a total energy W, we have 


W-—V=(p? +1), 


(Pa lt= We Dai. *) ee ieee (29) 


Adequate provision for inner and outer screenings can thus be achieved 
merely by using, firstly, hydrogenic Dirac wave functions i(r) with effective 
charge Z,,=Z—0-3, and secondly, the relation (29). 

The total excited wave function y,(r,,r.) for the two K electrons is conse- 
quently just 


Poy (tay Fa) = 2a (ta aol a) — Pep (ra)bpe(ta)} eee (30) 


The continuum Coulomb Dirac wave functions p(r) have been discussed 
in some detail previously (Perlman and Robson 1959, to be referred to as 1). 
The notation of I will be adhered to here. 

For the ground state K Dirac wave functions ¥,,.(r), m’=0, J=0, j=4 and 
m=+%4. Hence «x= —1 and y=V/(1—eZ?)=y’. 

Written explicitly, the two K wave functions corresponding to m= + 4 are 
(cf. Bethe 1933, Bethe and Salpeter 1957) = 


m=: m=—+t: 

ib, =1(47r) 1? cos of® ub, = —1(42r) 4? sin Ge#/° 

po =1(477) 4? sin Bel#f 0 bo =1(47r)—¥? cos Of? 

TM ed alata) $3=0 

$,=0 bas — (4on) teal y ee Atak (3) 
where 

8 N : 
a = eo r exp (— Zar) 

and 


Nyo 
{nfm FE PRY +12 Zaye 
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The complete K ground state wave function ¢,,.(r, r2) is therefore 


Po (T4, ry) a 2 Pipes a, 0, v2(ty)Y yp, x, 0, ~1/2(2) = Layo, a, 0, vi2(he)Y po, a, 0, _sj2("1)}- 


For light atoms and low energy states, the so-called Darwin wave functions 
Xa Xg May sometimes be used in place of Dirac functions. ‘These may be written 


i d aE a) 
= ix pets 
z ox ay 
) a) a) 
= 1 -—- —- — i y,=4 —1— 
Xe=8 | a2 By |” Xa= 2 ae | 
1 i) 
0 1 


the wu’s being appropriate Schrédinger hydrogenic wave functions. In this 
approximation, the ¢s(r,,r,)’s are just antisymmetrized products of y’s. 


§ 4. ANaLyTIC EVALUATION OF MatTrRIx ELEMENTS UsING Dirac WAVE 
FUNCTIONS 


By virtue of the symmetry of the initial m= 4 and m= — } states, substitution 
of the wave functions (30) and (30’) into O and @ allows us to write (22a) in 
the form 

O1 dW dq =4702q dW dq} (p°)?F°F)[q@ — (E°— E')? 7} + 
x > ¥ Y{AlOP + B,A(O*O,) + B,A(O*O,) + C,| QP 


iim a 


+CoOyP+CIOP+CAQ*O)} sees (33) 


where O and Q now denote the single electron matrix elements 


Osten — { they, amt (Fype,oo,ua(rexp (iq-r)dr sees. (33’) 


and 
Qehm = [ow 3,1, ee (r aby, a,0, y(t) exp (iq r) dr. 


The choice of coordinate system permits the expansion 


exp (iq. r) = exp (igr cos 6) = S 1” (22+1)jn(gr)P p(cos@). ...++- (34) 
0 


Substituting (34) together with the Dirac wave functions (I,1) and (31) into (33’) 
and employing the identities 
cos OP,,° = (47r)#2(2P + 1)-*[2(2P — 1) Yo + (24+ 1)(22 +3) MY p40] 
sin e#P,,° = (477)#2(2 + 1) {L(A + 2)(F + 1)}¥2(22 + 3)? YI 34 
— [FP — 1) PAP — 1)-PY pa 
P90 = (47) "2(2 + 1)? Yn, 0 
allows the angular integrations to be effected very simply by using the ortho- 
normality of spherical harmonics. Only the values m= 4, —4 and 3 give non- 
vanishing contributions. 
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Using the abbreviation D, =1"(22 + 1)j,(qr)r* we obtain 


m= 


role 


ea (214 1)- [fey dr + (1+ 1)¥2(21-+1)- ne * 90D), dr 

Ob M8 = j21(14 1)!2(21+ 1221-1) [ech Dradr+i(l+ els 1) A 
x (2143) | *fDy yy dr —i(1-+ 1)!2(2143)4 | f*2Dpq ar 

08142 — pR(214 1) i F*f°D, dr + P2214 1) | g*oD, dr 

OPs1 = —iPPQ14 1)7QI-1)44 i g*fD,_,dr+i2P2(1+1)(21+ 1) 


x (2143)4 | g.* f°D,,4 dr —i12(21—1)44 i f.*@D,_. ar 
O wb U2 = Ont 12 — CE Ab12 — OP Peay (ye 


Ooh “U8 = —4I(141)!2(21-4 1)-1(21-1)- [eetf Dy. dr —i(1+ 1999214 1) 
x (2143) i 2.*f°D,,, dr —i(I-+ 1)'2(2143)3 | f*Diy dr 

Ooh AR =i0 wh 

O ,Ph -W2 = 4)82(2) + 1)-A(21— 1) 3 | 2.*f°D,_. dr +iB2(14 1)(21-41)7 
(2143) | B.4f°Diyadr +iP%(21-1)-4[f,teD, dr 


Q, Poh 12 = 10 Pte 
Ow —1/2 _ Ox! A QO; By Use Oe a @)-5 1, —1/2 _ —(. 


O26 92 =i[I(1+ 1)(0-+2)f2(21-+ 1)-4(21— 1) | g,*f°D,_,dr 
~i[U(1+ 1)(1+ 2)]!2(214 1)4(214 3) [eetf°Dierdr 

Q,oh32= 19,0038 

QO, 2432 = i[(l— 1)U(+ 1)}¥2(21 + 1) 421-1) [s of ’D,_, dr 

~i[(/—1)(1+ 1)}2(21 + 1)4(214.3)- {ef Da rdr 


OP ees: —10 21 3/2 
Otel = Ox! 3/2 =O) 22 = (il, 3/2 (iV 


Substituting the expressions (I, 8) and (31) for f,*, g, * and f° 
> SK : 
yields the two types of radial integral (putting p = Bs f°, g° respectively 


ie a D,dr= —21'|N_| init (24+ 1)(2p) 2" (y.F y+ x5 y) 
[se ie of Dydr =2'N,, a Gh ni) Gbys oe eesyes en 


The Relativistic Theory of K lonization by Electrons 633 


oe = (ee q X(Ik|,P,P)| ya = Lo. 
Ne . in i vlclnep? exp( 2p p) de 


1.e. where 


where 


I=FI yttF y= | J, (4 °) M(|k|, p,p)p”** exp ( aoe °) dp, 
A taking the values /, / +1. 
The analytic evaluation of % is perhaps best pursued by expressing j and the 


Whittaker hypergeometric function M in terms of confluent hypergeometric 
functions. he resulting integral is of the general form 


r= | ple? F(a; bs cp)sFi(a3 yi 3p)do wees (37) 
0 
the parameters being complex, with o> 0, #g> —1. Putting 
f(p)=e-*"Fy(%, 5 2) 


F(p)serphyFy(a; bs cp) and $(B)= | © *F(p) dp 


0 
with o,+0,=0, #o,>0, #B>0, one can show that 


f(0)= (—0,)2F\(—J,*3 9; 3/0,) 
$)(0)= D(g+1+s) 


= 3 | 
TD (09) %aFy(ayg+ 1+): 6; elo») 
Application of the theorem due to Willis (1948) that under certain conditions 
which hold here 


Co! 


| fe)Fle) d= ie 1 HOO) 


j=0 j! 
yields the formal expansion 
2 D(g+1+j)(—%\ 
Ii=0,91 ¥ ae (=) oF (7.43.93 Aovali(ag + 14s; b; c/a). 
j=0 : 2 


ES (38) 


If we make o,>0 and employ the analytic continuation of the ,/’,, we eventually 

obtain 

H°=V(g+1)o9F,(g+1,4,%; 5,9; cla,zijo) ve wee (39) 
which is just the result obtained by substituting integral representations for the 
confluent hypergeometrics in (37) (cf. Erdelyi 1936), Ff, being an Appell hyper- 
geometric function in two variables. 

No attention has been paid to convergence. It is sufficient to point out that 
this may be achieved by recourse to the analytic continuation of the Gauss and 
two-variable hypergeometric functions (cf. Erdelyi et al. 1953). 

Because two of the parameters in (37) originate in a spherical Bessel function, 
the doubly infinite series which in general results from the integration can be 
reduced here to a finite sum of infinite series (cf. Hulme et al. 1935). Even so, 
the task of summing several slowly convergent complex infinite series for each 
required combination of A, q and p is a formidable one. We therefore adopted 
the alternative procedure for mercury of computing the Dirac radial wave 
functions and then performing the radial integrations numerically. The method 
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of computing the Dirac radial wave functions, together with tables of the func- 
tions, appears in I. 


§ 5. COMPUTATION, FOR MERCURY, OF DIRAC Matrix ELEMENTS AND 
THENCE K JONIZATION CROSS SECTIONS 


Since Z=80 for mercury, use of Dirac wave functions is essential. ‘The 
corresponding radial integrals (36) were computed by Simpson’s rule, the 
functions (X, Y), («,y) and j, being tabulated in I, tables 1 and 2 and National 
Bureau of Standards (1947) respectively. The interval in p employed was 0-2 
in those integrals involving considerable cancellation and 0-4 in those in which 
cancellation was negligible. The maximum value of p considered varied for the 
different values of p. The criterion used for terminating the integration at a 
point p =p,,,, (at which the integrand has a zero) was that the next loop contributed 
less than 0:5% to the integral. The range of p for which X and Y are 
tabulated is sufficient to allow this in nearly all cases. 

The integrations were performed for the following values of the parameters 
im the first instance: p=0-2, 0-4, 0-6;0-8) |xj=1, 2, 354; A=—0) 1, 2.3 and 
and a range of four values of g for each p (a different range, usually, for each p). 
These are the values which contribute predominantly to the ultimate total ioniza- 
tion cross section. 

Supplementary radial integrals for additional values of the parameters p, q 
were obtained by interpolation where possible, and otherwise by computation 
of the 4,’s and Y,,’s at these points using interpolated values of the X’s and Y’s. 


Table 1. Dirac Matrix Elements for Mercury 


p q > jor = A0*O,) y|QpP SO a eS OlG 
l,m,s l,m, 8 l,m, § l,m, s Lies 

0-2 0-2 0-328 — 0-297 0-950 0-271 0-339 
0-4 e227 — 0-620 0-881 0-311 0-284 
0-6 hogy) —0-576 0-768 0-199 0-284 
0-8 1:36 — 0-348 0-605 0-103 0-250 

0-4 0:16 0-076 —0:124 0-566 0-203 0-182 
0-4 0-679 — 0-446 0-720 0-293 0-214 
0-6 1-44 — (0-629 0-793 0-276 0-259 
0:8 1-62 — 0-529 0-760 Oxh78 0-294 

0-6 0:24 0:0542 — 0-0836 0-341 0-131 0-105 
0:42 0-318 —()258 0-475 0-210 0-133 
0-6 0-822 — 0-476 0-633 0-276 0-179 
0-8 1533 =0°538 0-786 0-211 0-288 

0-8 0-32 0-0390 —0-:0529 0-188 0-0733 0:0574 
0-56 0-238 (OS hes 0-345 0-165 0:0907 
0-8 0-784 — 0-450 0-570 0-259 0-155 
ibe 1-04 — 0-402 0-729 0-155 0:287 


eee 


Substitution of the radial integrals into (35) yields the matrix elements O; 


and O (for the permitted m= 4, — 4, 3 for each of /=0, 1, 2, 3, a total of 24 elements 


for each of the 50 odd values of (p,q)). These are then combined appropriately 
to yield the total ‘squared’ matrix elements appearing in (33).))Thetmatrix 
elements &,,,,, #(O*Q,) and &,,,, #(O,*O,) vanish because of selection rules 
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for m (cf. (35)). The remaining five (summed over /, m and s) are shown in 
table 1 for the p, g values considered in the first instance. 

The integrations over g and then over W(p)=(p?+ 1)!?+ D—TI (between the 
limits (23)) were carried out for each of six incident energies by evaluating + 
(see (33), (22b)) for about 50 different combinations of g and W(p) and estimating 
the areas under the curves by counting squares. This procedure yields total 
K ionization cross sections for mercury with a computational uncertainty of 
not more than 5% (see table 2). 


Table 2. Cross Sections for K Ionization of Mercury by Electrons 


(1) (2) (3) (4) (5) (6) 
3 0-25 6:38 5-32 = 1-20 
6 0-50 7-81 4.4 (est.) 14-6 1:78 
9 0-75 8-74 3-35 (est.) = 2:61 
12 1-00 9-33 2.8 (est.) = 3-33 
15 1-25 10-2 2:39 21-5 4-27 
18 1-50 13-1 2-1 (est.) 6-23 


(1), (2) Kinetic energy of incident electron: (1) in units of J, = 83:1 Kev, (2) in kev; (3), (4), 
(5) og x 1074 (cm?*): (3) relativistic (present work) comp. error < 5%, (4) non- 
relativistic (Burhop 1940), (5) semi-relativistic (present work) comp. error < 107 
(6) ox relativistic/og non-relativistic. 


Se EE ae 


§ 6. CALCULATION OF K Cross SECTIONS FOR NICKEL USING DaRWIN WAVE 
FUNCTIONS 

For lighter elements, the use of Darwin wave functions reduces the matrix 
elements to Schrédinger type elements, which may be integrated analytically 
over configuration space. 

Employing the wave functions (32) and making no approximation other than 
that implicit in the use of such wave functionst eventually yields the single electron 
matrix elements. 


> 1OP=lewewl 
2|eP= | fe "bap * Vibe dt | aps ge * dr | 
+E { | 64 Type dT - i otha * Vip ar 


2 
+ 


2 
SlOnlt=4| | ar* hare + be Wr®) dr 
oe ce a ae ep 
lice {fos rd* ge dhnde. fee net ov dr} 
and : 
> 2#(0*9,)= 44 {ier (em [em 3, fy tar) 
where F : 
Ae | €8-Fiy Heder and ype = | et Shyer. eee (40) 


+ Previous use of Darwin wave functions (e.g. Moller 1931, 1932, Arthurs and 
Moiseiwitsch 1958) has involved the additional explicit condition (Za)? <1. 
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As in the Dirac case, the matrix elements 2,#(O*O,) and &,2(Q,*O.) 
vanish. 

Adopting a coordinate system with polar axis along q, these matrix elements, 
which are now identified as those validating the differential cross section (33), 
can be simplified still further with the help of Schrédinger’s equation. 

We obtain ultimately 


» |O.?=(W- W°\q~* |e wow? 


2 2 gz 0 
> Lene = 59° |e wow? ae | [et ar* ay Pyyo dt 
> #(O*Q,) = [g—2(W— W°)] (24) Newer? 


2 


ae , er Ree 2 
SQL =3l(W— W)2g2 + 32/4] leg? + | | Cy pede 


$ 


For the case of Schrodinger K wave functions &, ,, leyoyw|? is well known 
(Bethe 1930, Massey and Mohr 1933). Making allowance for present relativistic 
units and energy scale normalization, one has 


> lewowl? dw 


l,m 


o 2 s 
25(Za)°%q? [3q? +p? + (Za.)"] exp | = arc tan at ea) | dV 


~ 3E(q—pye+ (Za P [G+ py + (Za) [1 —exp(—2Zan/p)] 


For the remaining matrix element we use the method of Massey and Mohr 
(1933) of transforming to parabolic coordinates and employing the Sommerfeld 
(1931) integral representation for Coulomb waves. This gives 


ae 0 
»S [etn * ay ile dt 


: [Zo + PY (Za)*+ (9 +P Za)? + (GP) 5 pe 
4q>[ (Za)? + 392 +p? ha 


2 


0:2 0:3 0-4 0-5 0-6 0-7 0-8 


Figure 1. Comparison between L|Opep|? (Dirac), full line, and Ll eww? (Schrédinger), 
broken line. 
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These results were used to evaluate K ionization cross sections for nickel 
(for which the Darwin approximation is reasonably good) and for mercury (for 
which it is inappropriate) for several different incident energies. ‘The integrations 
over g and W were performed in the same manner as those described in §5. 
The results are discussed in the next section. Forinterest, some of the Schrodinger 


matrix elements ~, ,,, .|€joj-|" for mercury are compared with corresponding 
Dirac matrix elements in figure 1. 


§ 7. DISCUSSION OF RESULTS 


Unfortunately no experimental information is as yet available concerning 
the K ionization of heavy elements by fast electrons. When such information 
becomes available, the results computed here should provide some check on the 
adequacy of the Moller interaction for inelastic collision processes, and also 
an indication of the accuracy of the Born approximation in this context. 

But even in the absence of relevant experimental evidence, considerable 
understanding of the role of relativity in electron ionization theory is afforded 
by comparison of the relativistic cross sections computed here for mercury 
with those provided by both semi-relativistic (Darwin approximation) and non- 
relativistic theory. 


Table 3. Cross Sections for K Ionization of Nickel by Electrons 


(1) (2) (3) (4) (5) (6) (7) 
3 O25 a> 4-20 (est.) 4-50 2:98 4-18 
4-28 eral 
6 0-50 4-0 4-1 (est.) 3-4 (est.) Seay 3:90 
6:67 3-62 
9 0-75 os 3.3 “test:) 27 (est) 9-04 3:20 
11-41 2:96 
1 1-00 Zo 2°35 NESE). Ze ests) 
15 ‘Teas 27 2:6 (est.) 19 14-94 2:62 
18:37 2:40 
18 1-50 BPS, 2259, (€st.) 
20 Ns Pigs 22:0 De 


(1), (2) Kinetic energy of incident electron: (1) in units of I, =8-35 kev, (2) in Mev; (3), 
(4), (5) og x 10” (cm?): (3) semi-relativistic (present work) comp. error <5, 
(4) semi-relativistic (Arthurs and Moiseiwitsch 1958), (5) non-relativistic (Burhop 
1940); (6) incident energies in units of Ix; (7) ox * 1022 (em?) experimental (Smick 
and Kirkpatrick 1945, Pockman et al. 1947) exptl. error < 6%: 


SS 


Figure 2 shows that relativistic modifications are surprisingly large, 
Oxret/TKnon-re! being greater than 2 for incident energies greater than 0:5 Mev 
(6 times the K ionization energy), and greater than 6 at 1:5 Mev. For an 
explanation we refer to the structure of expression (33) and notice that the 
differential cross section involves the sum of a number of terms, each of which 
consists of a different type of atomic matrix element multiplied by a function of 
p and q arising from the incident electron wave functions and the Moller 
interaction. . 

It so happens that these terms do not all have the same sign and furthermore 
their absolute magnitudes are comparable. Thus relatively small changes in the 
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atomic wave functions could lead to large changes in ionization cross section. 
This explains the large difference between relativistic and semi-relativistic cross 
sections in spite of the fairly small differences between the Schrodinger and Dirac 
matrix elements (cf. figure 1). Again, we observe that the use of a Coulomb rather 
than a Moller interaction, even with relativistic wave functions, would give 
rise only to the first of the matrix elements in (33), i.e. to the |O|?, with the denomi- 
nator in the external factor having the value g! instead of [q?—(£°—")?}*. The 
consequent impossibility of any cancellation of matrix elements, viewed in the 
light of figure 1, suggests that such a procedure would yield cross sections far 
closer to Burhop’s (non-relativistic) than to the present completely relativistic 


results. 


20 x Very approx. rel. 
"T Fundaminsky) ase 


1§ 


Oj (cm?) 


6 9 
0:25 0:50 0-75 10 1:25 (Mev) 


Figure 2. Cross sections for the K ionization of Hg by electrons. 1, exact relativistic 
(present); 2, non-relativistic (Burhop); 3, semi-relativistic (present). 


x10” 
4 re 
le 
Bei 
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S 2 H7 
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| if % Exptl. (S &K, Petal) 
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6 9 15 
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Figure 3. Cross sections for the K ionization of Ni by electrons. 1, Darwin relativistic 
(present); 2, Darwin semi-relativistic (Arthurs and IMoiseiwitaeh)s 3, non-relativistic 
(Burhop). S & K, Smick & Kirkpatrick; P et al., Pockman et al. 
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It is of interest that very approximate relativistic calculations for the K 
ionization of mercury by electrons by Fundaminsky (unpublished, but reported 
by Massey and Burhop 1952, p. 155), in which the relativistic energy-momentum 
relation is used in an otherwise completely non-relativistic treatment, give a 
cross section which at 0-8 Mev is approximately 2:7 times the non-relativistic 
cross section, and which is ‘‘ practically constant or slightly increasing in the range 
0-3 to0-8Mev’’. ‘This is, fortuitously of course, in excellent agreement with the 
present relativistic results. 

With regard to the K ionization cross sections for electrons in light to medium 
elements, as typified here by nickel, comparison with experiment is possible 
(cf. figure 3). 

It is seen that the present results for nickel agree with observation to within 
computational and experimental error, but differ significantly from Burhop’s 
non-relativistic cross sections at the higher energies. This tends to vindicate 
further (cf. §2) the use of the Born approximation in these calculations. ‘There 
is no significant difference between the present results and those of Arthurs and 
Moiseiwitsch for nickel, though for higher Z considerable difference can be 
expected because of the additional approximation explicit in their analysis. 
However, this is only of academic interest, since at higher Z, both semi-relativistic 
treatments fail by virtue of the inadequacy of Darwin wave functions for such Z. 

The very approximate relativistic cross section for nickel computed by 
Fundaminsky (Massey and Burhop 1952, p. 155) again agrees surprisingly well 
with present results. 
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Relativistic K Electron Wave Functions by the Variational Principle 


By W. N. ASAAD+ 
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Communicated by E. H. S. Burhop; MS. received 28th January 1960, 
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Abstract. The variational principle is applied to obtain the Dirac wave functions 
of the K electrons of heavy atoms, using the method of variable parameters. In 
formulation, three parameters are used. ‘The Coulomb and spin-spin inter- 
actions of the two K electrons are taken into consideration as well as the effect of 
the rest of the atom. A numerical example for mercury, Z7=80, is given. Its 
K absorption edge is calculated and relativistic wave functions obtained, using 
one variable parameter. The results justify the use of screened hydrogenic wave 
functions although the screening constant (~0-5) is somewhat higher than that 
given by Slater’s rules. Calculations using two variable parameters are also 
given and the total energy is found to have a saddle point and not a true minimum. 
This is briefly discussed in the light of the hydrogen atom. 


§ 1. INTRODUCTION 


HE variational principle has been widely applied to the calculation of non- 

relativistic wave functions. Successful use has been made of the method 

of variable parameters as well as the method of arbitrary functions, the 
latter giving rise to the well-known self-consistent field. On the other hand, 
although a relativistic self-consistent field theory was formulated by Swirles 
(1935), it seems that the tedious and long calculations involved considerab]l~ 
limited its application. Burhop (1937) applied the method of variable para- 
meters to the calculation of the Dirac wave functions for the K electrons of the 
heavy elements, taking into account the Coulomb attraction of the nucleus and 
the Coulomb and spin-spin interactions of the two K electrons, but neglecting 
the effect of electrons in outer shells. 

An attempt to include, approximately, the effect of outer electrons is described 
in this paper ; refined formulation of the problem using three parameters through- 
out is given, use being made of the relevant ideas given by Brenner and Brown 
(1953) in their paper on the calculation of the K absorption edges in some heavy 
atoms. An account of calculations carried out for mercury, using only one para- 
meter, is described, and the quite satisfactory value for the K absorption edge 
obtained justifies the use of screened hydrogenic wave functions for the K 
electrons of heavy elements. The results of calculations done using two para- 
meters are also given. These reveal a rather interesting point; the energy as 
function of the two used parameters has a saddle point and not a true minimum. 
This is discussed in the light of a study made on the hydrogen atom. 


+ Now at Faculty of Engineering, Cairo University, Egypt. 
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§ 2. MATHEMATICAL FORMULATION OF THE PROBLEM 


For a two-electron system moving in a spherically symmetric electrostatic 
potential V(r), the Hamiltonian, in atomic units, can be written as the matrix 


a), o'2) 


Oe ‘ss [VI + ico), VO — 2poyle+ 1 jaye _ 

s#t=1 rie 
where the superscripts (1) and (2) denote the electron on whose coordinates 
the operations are to be performed. J/®(s=1, 2) are 4x4 unit matrices and @ 


and 8 are the 4x 4 Dirac matrices which can be represented by 


a=(¢ a Be ee a Pers (2) 


In (2), each element is a 2 x 2 matrix, 6 = (0,, 2, o,) being the Pauli spin matrices. 
The last two terms in the Hamiltonian (1) represent, respectively, the Coulomb 
and spin-spin interaction energies of the two electrons, while their spin-orbit 
interaction energies are taken account of by the terms in the summation (see 
Schiff 1955). The total wave function ‘’ of the two K electron system can be 
formally written as 


E 1 2 
Y= WP [bay ba 12 — yy, 12° b_1, yo], seen (3) 


where ,, denotes the single electron 4-component wave function defined in an 
earlier papert (Asaad 1959). ‘This total wave function will be normalized to 
unity if we impose the condition 


|, Wes 1 ee (4) 


on the radial wave functions f(r) and g(r) of the single electron wave functions. 
If we now choose appropriate forms, depending on some variable parameters, 
for the radial wave functions, then, by the variational principle (Swirles 1935, 
Burhop 1937), the wave function of the form chosen, which approximates most 
closely to the actual wave function, will be given by choosing the parameters to 
make the expression 


- 


12 


| i Vuvii  — ee (5) 


stationary, provided f(r)/r and g(r)/r are chosen so as to vanish more rapidly 
than 1/r as r tends to infinity. 
The expression (5) for the total energy of the two K electron system could 
be reduced, after a direct, but rather long and tedious calculation, to the following 
0 


2[* MnLre +eeyar—2¢ | “YP ~ gy LY — 2 ¢ecrytar 


n= 1 


+[" te) +e) +3 f © defenders 1 5 | rafleadelradér 


28 | LAO —# Mer | entre teeo{E |” Urea) +e 


2 


2= 


ae ot nn. (6) 


2 


+ The radial wave functions will be denoted by f and g for the K : 
be dropped throughout). f stor the K shell (the suffix 0 will 
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For heavy atoms, the K electrons move in a Coulomb field, approximately ; 
in atomic units, the potential V(r) of a K electron can be written in the form 


V(r)~ — ra aor); 6(0)=0, 
r 


The first term is due to the nuclear charge Z and the latter two due to the outer 
electrons, b being a correction to a, small (~2°,) in the region of the K shell 
(Brenner and Brown 1953). 

This suggests that the wave functions of such electrons will not differ much 
from hydrogen-like wave functions, and that we may take our trial radial functions 
to be 

fO)=Aglr), g(r) =Nyr*texp(-B), sae. (8) 
where x, 8 and X are three variable parameterst, and N, is the normalizing 
factor given by 

JD Q\2a04+3 
Ee, a td (9) 
~ (A? 4+-1)i'(204 3) 

With these trial wave functions, the expression (6) for the total energy reduces 

to the sum of the following five terms} 


fi} 2 (2py* | ‘ V (r)r2#* exp (—28r) dr, 


Tiere) 
- 4cAB 
©) Gee Des)’ 
2-1 
ee os 
(111) 2c way’ 


4a4+6 oO Ty 
(iv) 2 Tae | ay. ¥,"** exp (—267;) i ans exp (— 287.) drs, 
T,—0 To=( 
16 (ZB ye 


‘, iaetad OS (ee ars ey ey 
er prereset PY 


x | "72443 exp (—2Br9) dry. 
2=0 


Following Brenner and Brown, we can use the successive transformations 
Z0r.=7 cos 0, Lirs=7snd, 
cos 4/(cos #+ sin 4) =q 
to put the last two terms (iv) and (v) in (10), which give, respectively, the electro- 
static and spin-spin interactions of the two electrons, in the closed analytical 
forms 
ey B ts T'(2«+5/2) | 
bea P(a)r(2x+3) |’ 
2 644+ 7)0 (20+ 5/2 
= 8x88 Petcare 
3(A2 + 1)2(a+ 1)(20+ 1) [(4)P(2« + 3) 

+ The parameters « and f are introduced at the slight risk of confusion with the Dirac 

matrices « and f. 


} All expressions can be made to agree with those given by Burhop (1937) except term 
(v), which gives the spin-spin interaction. 


2 7 2 
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§ 3. HE ELECTROSTATIC POTENTIAL ENERGY 


To evaluate the electrostatic potential energy (expression (10)(i)) for the 
two K electrons of a heavy element we use the self-consistent field calculated 
non-relativistically and make the necessary modifications. In such a Hartree 
field, both the effective potential charge Zp for the neutral atom and the contri- 
butions to the field charge Z; from each subshell (calculated together with an 
equal positive charge placed at the nucleus) are tabulated as functions of r or of 
some other independent variable (such as p=log(1000 7) in the field calculated 
for mercury by Hartree and Hartree (1935)). The scalar potential due to the 
two K electrons under consideration, calculated from their field charge Z;(1s?), 
is subtracted from the potential Z,/r to yield the scalar potential Vs in which the 
K electrons are supposed to move. 

Two more modifications are still to be made to compensate, more or less, for 
the neglect, in the calculation of the Hartree field used, of both relativity and 
exchange effects. 

To take account of the relativistic effect, following Brenner and Brown (1953), 
we consider only the relativistic correction in a given in (7). In atomic units, 


Aa= DAas = 2 i()., ~ ©) ot ae, Cinder (11) 


where the summation is over all electrons in the outer shells, and the expectation 
values of 1/rs are calculated between relativistic and non-relativistic wave functions, 
respectively. Hydrogen-like wave functions with suitable screening constants 
were used by Brenner and Brown for evaluating this correction and the value 
given, for mercury, is 

Aa=32 atomic units. 


It is to be noted that this relativistic correction does not interfere with the varia- 
tional method to be applied, as it merely shifts the levels up or down. 

‘Turning now to the correction for exchange, we note that the change of 
energy for a K electron with projection quantum number » resulting from the 
exchange terms in its interaction with an electron in the state x, u is given, in 
atomic units, by (see Brenner and Brown 1953) 


Nie -| fra. Mau 2) tay, 2) (lL) drrdta. sieve ak (13) 


provided the wave functions 7 are normalized to unity. Only contributions of the 
L electrons to the exchange energy correction of the K electron were considered, 
as even these, when evaluated are found to be small. Screened hydrogen-like 
wave functions were used for ,, in (13) for the L electrons while the trial 
wave functions (see $2) were used for the K electrons. Closed expressions were 


obtained, but these are too lengthy to be inserted in this paper (see, however 
Asaad 1958). : 


§ 4. RESULTS AND Discussion 


Summing up, the expression to be minimized, for the two K electron system 
consists of the following terms: ; 
(i) the electrostatic potential energy given in (10) (i) with V(r) V, 

. ° . oe 8) to 
this is added the correction 2(AE,, + AE,> + AE) for the exchange energy 
(see §3). ‘The relativistic correction Aa (11) does not affect the minimization 
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(ii) the kinetic energy} given in (10)(ii), 

(iii) the mass energy} given in (10)(iii), 

(iv) the electrostatic interaction energy given in (10)(iv)’, 

(v) the spin-spin interaction energy given in (10)(v)’. 

We have formulated the problem working throughout with the three 
parameters «, 8 and A. It is at once evident that the calculations involved are 


extremely lengthy, unless we are content, at least as a first approximation, 


with reducing the parameters to only one, say «, by means of the relations valid 
for the Coulomb field: 


B=yce, A=y/(2+a«), where y=1/[—a(a+2)].  ......(14) 

Table 1 gives, in atomic units, the values of the above five terms, as well as 
the total energy, for the two K electrons of mercury, as functions of the para- 
meter a. 

By the method of finite ditferences, we find that the total energy is a minimum 
when «= —0-185458 which gives an effective nuclear charge for the K shell of 
B=yc=79-47. Thus the screening constant o=0-53. (The value given by 
Burhop (1937) is 0-5.) The minimum total energy W(1s?) for the system 1s 


W(is*}=31 2/8959 siomie mits, ke bos (15) 


Table 1. Energy of the Two K Electrons of Mercury as Function of the 
Parameter « 


(1) (2) (3) (4) (5) (6) (7) (8) 
—0:1925 —15259-480  —11-863 16174:752 30311-935 58-910 7-951 31282-205 
—0-19 —15117-283  —11-880 15937-430 30405-:780 58-439 7-800 31280:286 
—0-1875  —14975-:117 —11-899 15700-990 30499-625 57-968 7:649 31279-216 
—0-185 —14833-003 —11:920 15465:426 30593-470 57-496 7:499 31278-968 
—0-1825 —14690-923 —11-943 15230-728 30687-315 57-022 7-350 31279-549 
—0-18 —14548-641 —11-969 14996:889 30781:160 56:547 7-202 31281:188 


(1) a; (2) electrostatic potential energy without exchange; (3) electrostatic potential 
energy exchange correction; (4) kinetic energy; (5) mass energy; (6) electrostatic inter- 
action energy; (7) spin-spin interaction energy; (8) total energy. 


nn 


If we subtract the sum of the electrostatic and spin-spin interaction energies 
from the total energy, as given in table 1, and divide the result by 2, we can readily 
find the total energy, as function of the parameter «, for the case of a single 
electron in the K shell moving in the same electrostatic field. The corresponding 
results for a stationary value of the total energy are «= —0-187392, B=79-84, 
o=0-16 and 

W(1s)=15 606-800 atomic units. == save (16) 
The latter screening constant is entirely due to the electrons in outer shells, 
whose contributions are totally ignored by Slater (1930) in his empirical rules. 
A measure of the screening due to the presence of a second electron in the K shell 
can be obtained by subtraction: 0:53—0-:16=0-37. ‘This is the value to be 
compared with the value 0-30 given by Slater’s rules. 


+ This nomenclature should not be taken too literally. 
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It is quite straightforward now to calculate the ionization energy of mercury, 
required to remove one K electron out of the atom. In atomic units, this is 
given by 
I(1s) =[W(1s) + Aa—c?] — [W(As?) + 2Aa — 2c*] 
= W(1s)— W(1s?)+ —Aa; c= 137, 
where Aa is the relativistic correction given in (12). ‘Thus 
I(1s)=3064-8 atomic units, =e we ee (18) 


in good agreement with the values 3064-5 given by Brenner and Brown in their 
theoretical treatment and 3059:5+4 obtained experimentally by Mack and 
Cork (1927). 


As a second approximation, we maintain two parameters, say « and A. f is 
then expressed in terms of « as in the case of a Coulomb field: 
B= ¢s/[ alo 2)\a © | FS fem. (19) 


To facilitate calculations, we ignore the exchange correction and get the total 
energy as a function of « and A. ‘The result is given in table 2. 


Table2. Total Energy W,ina.u., of the Two K Electrons of Mercury as Function 
of the Two Parameters « and A (exchange correction neglected) 


NN 
—0-1925 
—0:19 
—0:1875 
—0:185 
—0-1825 
—0-:18 


0-3125 


31278-783 
S128 12555 
31284-333 
31287-084 
31289-808 
312902727 


0-3150 


31283-714 
31285-574 
31287-440 
31289-278 
31291-092 
31293-099 


O-3175 


31287-677 
31288-629 
31289-588 
31290:519 
31291-425 
31292-524 


0:3200 


31290-676 
B12902725 
31290-780 
31290-808 
31290-811 
31291-006 


0:3225 


31292-7116 
31291-865 
31291-0274 
S1290-1e 
31289-254 
31288-551 


0-3250 


31293:-802 
31292-055 
31290-316 
31288-550 
31286-758 
31285-161 


0-3275 


31293935 
31291297) 
31288 -668 
31286-011 
31283-329 
31290-841 


From table 2, it is at once seen that the surface W=f(«, A) has a saddle shape 
with one section having a minimum and another having a maximum, these two 
sections being roughly in the directions given by the two diagonals of the table. 
The one giving the minimum corresponds to that obtained when A is related to « 
as for a Coulomb field. The neglect of exchange as well as the closeness of the 
figures given in the table might lead one to question the accuracy of the numerical 
calculations and to think that the peculiar saddle-shaped surface is not an essential 
feature resulting from the parameters chosen. 

To clear up this point, we study the hydrogen atom which lends itself easily 
to exact analytical investigation. In this case the electron moves in a true 
Coloumb field, and one expects the ground state to be a true minimum. In 


terms of the three parameters «, 8 and A, the total energy of the electron in the 1s 
state is given by 


Wy = [pH p Re Ne Me ie AN ed: 
en uneh dees = Gand POTpe (20) 
which reduces to the two-parameter expression 
1 2cA 1—A? 
=> A, =>=— — + ———————— 
Wy =f, #) ee (EeOE Ea) eats (21) 


if we put 


(a+1)/B=p; 


eee eee 
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and reduces to the one-parameter expression 


Wy=Fa)= —s{e-1 [—a(a+2)]}}, anaes (23) 
if 8 and A in (20) are expressed in terms of « by means of the relations (14) valid 
for the Coulomb field. 

We begin first by discussing the case when one parameter only is used. ‘The 
total energy W),, as a function of the parameter «, has stationary points when 
dF («)/dx=0; i.e. when « is a root of the quadratic equation «? + 2«+ (1/c?)=0. 
This gives two values of «: 

a, = —1+4/[1—(1/c?)]~ —1/2c and a,= —1—4/[1—(1/c?)] ~ —2+4 (1/2c?) 
both giving rise to a value of the effective nuclear charge 8 equal to one, the 
charge of the proton, as it should be. As d?F(«)/da®=c4/(a+1), a, yields a 
minimum value for the total energy 

Bon et) = c24/[1—(1/‘137’)?] atomic units, 


the well-known total energy of the hydrogen atom in its ground state. At a, 
there is a maximum 


W. 


Hmax 


=F 


Amin 
giving the corresponding negative energy state. The values of the parameter A 
at these two extremes are approximately 1/2c and 2c, respectively. We see that 
these mathematical results are plausible, once we note that A is merely the ratio 
of the ‘smaller’ to the ‘larger’ components of the radial wave functions for the 
positive energy state, and that, when the roles played by these components are 
interchanged, the corresponding negative energy state results. 

The essential features, discussed above, of the total energy of the hydrogen 
atom as a function of the one parameter « will be maintained for the K electrons 
of any heavy atom, as the field in which these electrons move is nearly Coulombic. 
Table 1 was a study of the total energy of the two K electrons of mercury, Z7= 80, 
near its true minimum. 

We now return to the case when the two independent parameters A and p are 
used in the expression (21) for the total energy W, of the hydrogen atom. For 
the stationary points on the surface Wy, =f(A, 4), we should have 


aW x 2c 

Oe Fae 0 
a hee 
aWig = ok 


and (1 —2cA+ A?) =0, 


Oe (+) 
which means that there will be stationary points at p= (1—A*)/2cA where Ais a 
root of the quadratic equation A*—2cA+1=0. It can easily be shown that the 
values of the parameters », 8 and A at the two stationary points check exactly 
with their values at the two extremes of the total energy when treated as a function 
of only one parameter. However, at the two stationary points of the surface 
Wa =f(A, L-), 

CW xy 

an? 

dAdu 


= —1/p2~ —4c? and 1/4’, 
(A—c)/cuw2A~ — 2c and 1/2c, 


while > =0. 


648 W. N. Asaad 


Hence, at these points (d®W,,/0A?)(0? Wy / eu?) =0 < (? Wy/0ACH)*, which means 
that these stationary points are no longer points of maxima and minima, but are 
actually saddle-points. ‘To investigate the matter further, we study the shape 
of the surface at the first stationary point, which corresponds to the true minimum 
in the one-parameter case. We have, in the neighbourhood of this point, by 


Taylor’s expansion, 
ee ae | ae A andy | SEIN (Ga Ree Cee 
py Ay? cH Ay 
where we have neglected infinitesimals of the third and higher orders, and used 
the suffix 1 to denote the values of the parameters at the stationary point under 
consideration. If we take this point as origin, it is at once evident that the curve 
of intersection of the surface with any vertical plane through the origin has a true 
minimum there as long as the plane lies in the acute dihedral angle between the 
plane »+cA=0 and the reference plane A=0. It can be easily shown that the 
relations (14), valid for the Coulomb field, give rise to such a plane, the infini- 
tesimals 54 and 5A being approximately connected by the relation du + 2cdA=0. 
Again, these main results will be maintained for the innermost electrons of 
any heavy atom, and our calculated values for mercury, Z= 80, listed in table 2, 
are in good agreement with the results we have obtained in the above analysis. 
This analysis shows that, in the use of variable parameters in the application 
of the variational principle to obtain relativistic wave functions, we should not 
expect the total energy, even in the ground state, to be a true minimum. ‘The 
parameters are to be chosen so as to render expression (5) stationary, and our 
requirements at the stationary points should be sufficiently relaxed so as to include 
such reasonable saddle-points as may arise. In contrast with the non-relativistic 
case, there are now negative energy states, and as these may interfere with the 
positive energy states through some of the parameters chosen (e.g. the para- 
meter A used above), the stationary points may no longer be extreme points. 
This conclusion, however, does not, by any means, violate the physical require- 
ment of a true minimum for a stable ground state, as our parameters for such a 
state will be found to be physically restricted in their variations to regions giving 
rise to a true minimum for the total energy. 


(SA)? 2(c—A,) 


§ 5. CONCLUSION 


It appears that the method of variable parameters justifies the use of hydrogen- 
like relativistic wave functions, with appropriate screening constants, for the K 
electrons of heavy atoms. The screening constants are greater than those given 
by Slater, being about 0-53 when both electrons are present in the K shell and 
about 0-16 when one of them is missing. It is rather difficult, however, to see 
how it would be possible to extend the application of this variational method to 
the case of outer electrons, as the field in their regions differs from the Coulomb 
field, and as the calculations with the more formidable forms of wave functions 
become prohibitive. 
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Abstract. The theory of electron-photon cascades is studied by the product 
density functions well known in stochastic theory so as to include a description 
of the state of polarization of the multiplying particles. Defining a suitable 
longitudinal polarization product density function of degree one, an expression 
for the mean number of longitudinally polarized particles produced in the medium 
from 0 to ¢t has been obtained. Equations for product densities of degree two 
have been briefly dealt with. 


§ 1. INTRODUCTION 


INCE the first formulation of the cascade theory, it has been realized that 
cascade multiplication of particles is essentially statistical in nature and 
the stochastic aspect of the cascade theory has claimed the attention of 

both physicists and mathematicians. Once the quantum mechanical cross 
sections of the fundamental processes responsible for the development of the 
cascade are assumed, the problem can be formulated according to classical 
theory of stochastic process. A limited objective in such treatments is to calculate 
the mean number of particles above a certain energy at a given depth and the 
fluctuation inthem. The parameters entering the process when we are interested 
only in the longitudinal development of the cascade were mainly the thickness 
of matter traversed, and the energies of the different types of particles comprising 
the cascade. ‘The question arises whether it is possible to include the state of 
polarization of the particles in the description of the cascade. 

As has been first pointed out by Dyson (1958, unpublished) this problem is of 
interest now as it is possible to study cascades initiated by polarized electrons 
(e.g. available from the u-meson decay etc.). Dyson has formulated the equations 
for this problem and has dealt with mean numbers. The object of the present 
paper is two-fold, (i) to take over Dyson’s formulation to the new approach to 
cascade theory developed recently by Ramakrishnan and Srinivasan (1956), 
(11) to deal with the fluctuation problem briefly. 

The inclusion of polarization brings in its wake a new feature hitherto not 
present in cascade theory. An electron can exist ina ‘forward’ (F) or ‘backward’ 
(B) polarization pure state with respect to its direction of motion or in any 
other state of polarization which can be expressed as a linear combination of 
the F and B states. This feature has to be included in the standard product 


t+ Now at the Scripps Institute of Oceanography, La Jolla, California, U.S.A. 
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density functions (Ramakrishnan 1950) which are defined only in terms of 
energy. As has been done by Dyson, the description of ‘mixture states’ 1s 
achieved by means of the density matrix method (Fano 1957) well known in 
quantum mechanics. Though the inclusion of this quantum mechanical feature 
complicates the cascade equations, great simplification results if we neglect the 
angular distribution of particles by integrating over the angles. It is possible to 
write down the cascade equations for a suitable choice of function as has been 
done by Dyson. 


§ 2. Propuct Density OF DEGREE ONE 


In this section, we briefly summarize some results of Dyson’s work which are 
necessary. The state of polarization of the electron and photons can be described 
by the 2 x 2 density matrices 7;,(E, t), y;;(E, t) where the labels 7 andj are F and B 
denoting the forward and backward polarizations of the particles with respect 
to their direction of motion. As in the standard theory 7,,(E,t) and y;;(E,¢) 
are the mean number of electrons and photons with energies lying between E 
and E+dE at the depth ¢ with their states of polarization represented by the 
labels i and j and hence they are the usual product density functions of degree 
one (Ramakrishnan 1950). We note that the above functions are product 
densities only in the E space and the various values of the suffixes 7 and j yield 
the four types of product densities 7pp, 7p, TRF and zp, for the electron 
and similarly for the photons. 

The usual cascade diffusion equations involve the bremsstrahlung and pair 
production total cross sections. When polarization is included in the cascade 
theory, we note that the progeny of a particle in the cascade depends very much 
on the state of the polarization of the ‘parent’ which will be determined by 
the relative phases of the production matrix elements for the parent. We now 
define the production matrix elements for the bremsstrahlung M,;,,(E\lE)) where 
i, k and / take the values F and B representing respectively the spin states of the 
incident electron, the photon and the outgoing electron and E and E, denote 
the energies of the photon and the incident electron. Similarly Nj,(E|Eo) is 
the pair production matrix element where i, k and / refer as before to the spin 
states of incident photon, the positron and the electron, and E, and E are the 
energies of the photons and the positrons. 

Considering a bremsstrahlung process by an incident electron described by 
a density matrix 7;,, the outgoing two particles can be described by the 4x4 
joint density matrix 


J kimn — 2 T1jM iM jm ee i) 0s 8S (1 ) 
ij 


Since we are interested only in the polarization of one of the outgoing particles, 
we sum incoherently over the spin indices of the other particle and thereby obtain 
the contracted (2 x 2) density matrix 7’, given by 


Tn m7 DF kien = 2 773; MiM jin” - seer ein oa (2) 
k ijk 


For the outgoing photon, we have 
Y tn= DS mt >74M, Wid we (3) 
1 


In a similar way, we can obtain the ‘contracted’ density matrices for particles 
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resulting from pair-production. The values of the different production matrix 
elements in their relativistic limits are given below: 


Mypp= EyA*, Mypp=mkB, Mygp= EA, Mypp=9 

Mopp= oA, Mepp= —mkB, Mgpp= EA*, Mgpy =9 

Nopr= —MkB, Nyyp=E A, Nepyp= — £_A, Nopp=9 

Nepp=ieb, Nogp= lA, Nove = 2-4) New! 
where m, Ey, E, E, and E_ stand for the mass, initial energy, final energy and 
the electron energies of the positron and electron respectively. k stands for the 
photon energy. A and B have the same meaning and expressions as in McVoy 
and Dyson (1957). Because of the peculiar angular dependence of these matrix 
elements, we note that on integrating over angles the sum &,M),,M,,,;* will 
always vanish except when /=n, i=j or /=i, n=j. Similarly the two sums 
TMinMnj.* and UN» N,,;* are non-vanishing only in the case /=n, 1=]; 
0;,,(E|E,)) dE represents the cross section integrated over angles for an electron 
of energy E, to radiate photons in the energy range (E+ dE, E) and 7;,,(E|E)) dE 
is the cross section for pair production. They are 


Oin(E|E) a [aolmlBLEoP 


Ti E|E) = [@onEleoyP sooo (5) 


The diffusion equation for the product densities of degree one 7;,(E|Eo,t) and 
yij(E|E, t) are given below. 


= mu(E|Ep #)= | oak | 0S in (E' Bot) MyM yas 

7. af ap {ao 2 77;j(E|Eo, t) [| Mini? + |Mjral?] 

42 | “aE | 42S yin(E'ort\NiNngt env (6) 
Syl E\Ey ye | a dE’ | 40S ry (B Eos t) Max M yu 


E 
—3f dB [a0 Sy (BIB ot)? +N coe (7) 


Using the properties of matrix elements under angular integration, the above 
equations separate into four uncoupled equations for the transverse polarization 
(147) and two coupled equations for longitudinal polarization and two coupled 
equations for the total populations where the total population functions are 


a(E\E, t) = myp(E|Eo, t) + 7gp(E|Ep, t) 

7 (ElEo,t) =yyp(E|Eo,t)+ypp(E/Eyt) = ssa (8) 
and the longitudinal polarization functions are 

71(E| Eo, t) = 7pp(E|Ep, t) — 7 p(E|Ep, t) 

Vp(E|Ep; t) = ypp(E|Ep, t) —Ypp(E|Eg,t), sss (9) 


The degree of longitudinal polarization for electrons of energy E at depth t is 
given by ,(E|Eo, t)/7(E|Ep, t). 
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§ 3. New APPROACH TO CASCADE THEORY WITH INCLUSION OF 
POLARIZATION 

In the new approach to cascade theory developed by Ramakrishnan and 
Srinivasan (1956) instead of considering the average number of particles above 
a certain energy E, at a depth ¢, they consider the probability z(n,,t) that there 
are n; particles of type j each with energy greater than £, at the time of production 
in the medium between 0 and t. They have defined the product densities of 
degree k 

FE, Bs ~-- Ey} ty, ta. 0t,) dE, dE,... dE, dt, dt,.... di, 
as the joint probability that an electron of energy (£,+dE,, E,) is produced 
between ¢, and ¢,+dt,, an electron (E,+dE,, E,) between t, and t,+dt, etc. 
From this function we can find the mean number and higher moments of the 
number of all the electrons produced between 0 and ¢ with their energies at the 
time of production more than Ee. 

Let F(E\|E,,t)dE dt and G(£|E,,t)dE dt be the product densities of degree 
one for electrons and photons produced between ¢ and ¢-+ dt, with their energies 
at the time of production lying between EF and E+dkE. The unpolarized cross 
section for bremsstrahlung and pair production R(E£’|E)dE’ and p(E’|E) dE’ are 
related to o;,,(E’|E) dE’ and 7;;,(E’|E) dE’ as follows: 


Sonal VE) REE) = du (F) = z4olu) 


’ : 1 | 
2 tialE |E)=p(E'|E) = rhe) (=) = 7G You) yee (10) 


Hence 


F(E|E,, t) =2 | PdBy(E |B t) Srl BIE’) 
xg 2] = po(1 — wn(F |Eo, ) 


G(E|E» t)= i “a(E [Eo t) S oun B\e’) ab" 
Z [A dutua (Fb) ae (11) 


If p(s, t) and g(s,t) are the Mellin transforms of F and G they are related to the 
7 and y function old cascade theory as 
p(s, t)=Bgy(s, t), qs, t)=Cn(s, t) seeeee (12) 
where B, and C, are the usual expressions. 
If we denote by e{N(Ec|E,, t) the mean number of electrons produced between 
0 and t with energies greater than E¢ at the time of production, it is shown that 


e{N(Ec|Eo, t)} 


Uist pasa Fi OF E\oo. 1 {ner = eb ae 
“ ils € s—4 As Hs 


where the symbols used are well known in standard shower theory and the mean 
number from this expression has been evaluated (Srinivasan and Ramakrishnan 


1957). 
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Taking into account the state of polarization of the particles, we now define 
as before the function F;,(B|Eo,t) and G,;(E|Eo,t) as the product density of 
electron and photon to be produced between t+ dt and t with energies lying 
between E+dE and E, the state of polarization being defined by the suffixes 
i andj. Since we are interested only in the longitudinal polarization functions, 
i.e. F,, and G,, we find for the diagonal terms 


Foe EE, t) = 2 


io) 


dk" De ees t)Trxp(E’ oa E\E’) 
yy nk 


E 
[eon a | dE Sy (OE ae ee eee (14) 
E nk 
Hence 
1 d 
F,(B\By.t)=2{ ra TlBort all a) Meas (15) 
aN 
where 
S(-1) (BIE) = oy (2) = Sw) (16) 
a nki a E’ 1 FE’ am E 1 by 8 opdiort 
Similarly for the photons 
1 E du 
Gy (EIBot)= | my . Eee i neste (17) 
where 
SS 1a he ee ee (18) 
aE nt oe 2 Be ioe 2 < 


F (E|E , t) and G,(E|E, t) denote the mean excess of particles with polarization 
in the forward direction over the particles with polarization in the backward 
direction which are produced between ¢ and ¢t+dt and with their energies at 
their time of production lying in (£, E+dE). 

As in the case of total population function, the Mellin transforms of F,, and 
G, are related to the Mellin transforms of y, and 7,, ast 


Py(s, t)= By (s)yz(s, t) 


GS E)=Cys)y(s,t) nae (19) 
where 
ceed : 2 
pO oI ee ernie 
a 1 
CONS a i) estar 
A,(s) = A(s) + (§ — 2b) —_____ 
s+1)(s+2 
b=0-0135 cee Cae) 
and 
DAE spo Sto er ee (20) 


+ The Mellin transform for this part is defined as 


al 
PCD | F(B, t)E’ dE 
0 


1 
and 77, (s, = i wT, (EB, DE * dk. 
0 


This is different from the Mellin transform definition in Bhabha and Ramakrishnan (1950) 
where (s—1) is used for s. This is necessitated since Dyson’s tables 4 


(s) etc. have been 
computed on the above definitions. - 
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Proceeding in exactly the same fashion as for the total population we find that 
ay (o> ay Wie 
e{N,(y, t)} = EXPO’ “(s1)} : expr or (Sa)i a eens (ily 
[erp (sa) JP" [27h "(sn)" 


s; and s, are the saddle points of the functions ¢,(s) and 4,°(s) for a given 
y =log (E,/Ec), | 


ae By(s)Cy(s) 

dy 0(s)=log Ee? 

pre) Pe eL(s)Az(s) 
ee By(s)Cx(s) 

$25) =1 . 

rd, ( ) °8 [ux(s) —Ax(s) ]Ax(s) 


$4. Propuct DrEnsiry oF DEGREE Two 


— logs+ys 


— logs+ys—Aqt. ..... (22) 


To solve the fluctuation problem of the cascade theory with the inclusion 
of the state of polarization of the multiplying particles, it is obvious that we 
should define (4 x 4) density matrices 7;; ,,(E,, E2,t)dE,dE, where (y) and (RI) 
describe the states of polarization of the particles 1 and 2 with energies lying 
between (E,+dE,,E,) and (E,+dE,,E,) respectively. Similar functions for 
photons y;; ,)(E,, £2, t)dE,dE, and mixed functions myjyj (Ey, Ey, t) dE, dE, can 
be defined. The diffusion equations for these functions can easily be written 
down using essentially the same arguments necessary for the equations of product 
densities of degree one. It is easy to verify that when we add the equations for 
the diagonal terms app ep 7rr.pp “pp.FF 294d 7B, BB of the electrons, we 
obtain the usual diffusion equation for 7(E, £,,t), the total population function 
involving only the total cross section for bremsstrahlung and pair production 
(Bhabha and Ramakrishnan 1950). 

To solve the fluctuation in longitudinal polarization in particular, we have 
to define four functions of the second degree for the electrons given by 


741,41) La t)=7 pp, pr(Ey Es, t) — 7g, pp(Ev Eo, #) 
Tt Er, Eo, t) = 7 pp, pp(Lp Le, t)— 7p, rr Ea Es t) 
Tot (Ev Es, t) = Tey, pr(Ay, E,, t) — THR, pp(L1 Es, t) 
Troto(Li Eos t)=T py, pp(Ev Es, t) — yp, vr(Ey Ex t) 

— = Tt4(Ev Ey t) sneer (23) 
where L, and L, refer to the cases where an excess of electrons are polarized in 
the ‘ forward’ or ‘ backward’ direction respectively. Similarly the longitudinal 
polarization functions for other product densities of degree two can be defined. 
The diffusion equations for these functions are related and can conveniently 
be cast in a vector-matrix form with some approximation (Vasudevan and 
Ranganathan 1959). A formal transform solution for the vector can be obtained 
and inverting this, we can recover the functions like Trt (Lv Les 1). From 
the theory of product densities (Ramakrishnan 1950), the mean square number 
of longitudinally polarized electrons with energy above E, is given by 


EN, (E > Eo, t)} 
Eg Ey (£o 
= ie my, (E|Eo t)dE+ ie ik TtiEr, Bypt) Ab dig, L.caoe (24) 
Cc Cc ¢ 


Knowing 7,,(&,t) and 714 Ev Es t) from their transforms, we can in principle 
evaluate the mean square number. However it 1s too much to hope that it will 
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be of interest to experimenters at the present stage of measuring polarization. of 
particles in the cascade showers. 
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Abstract. 'The motion of a charged particle through a low density electron 
plasma has been investigated using equation of momentum transfer in a plasma 
and Maxwell’s equations for electromagnetic field. It is shown that for a 
particle velocity greater than the average thermal velocity of the plasma electrons, 
a Cerenkoy-like effect is set up in the plasma, only in the case of longitudinal wave 
motion. ‘The existence of Mach cone is derived and the nature of the energy 
loss investigated. 


§ 1. INTRODUCTION 


HE problem of the interaction of a charged particle moving in an electron 

| plasma has already been investigated by Vlasov (1945), Bohm and Pines 

(1952), Akhiezer and Sitenko (1952) and others. All these investigations 

are mainly concerned with the process of energy exchange between the particle 

and the medium, except in the paper of Bohm and Pines where the mechanism 

of excitation of collective oscillation is considered in greater detail. Recently, 

Kraus and Watson (1958) have considered the case of the interaction of a charged 
body moving through the ionosphere from hydrodynamic standpoint. 

When a charged particle moves through an electron plasma which is neu- 
tralized by a background of positive ions, we know that its interaction with the 
surrounding medium consists of both short and long range interactions. Except 
in the case of high density plasma this short range interaction is of no great signi- 
ficance and can be looked upon as ordinary two-body interaction within a range 
of the order of Debye length. On the other hand, the long range interaction 
between the plasma particles can be looked upon as simultaneous many body 
interaction of each particle with every other particle, each interaction producing 
a small perturbation in velocity and its contribution to density distribution of 
the individual particles. All these small perturbations may act coherently under 
favourable conditions giving rise to the phenomenon of plasma oscillation (Bohm 
and Gross 1949), and can be conveniently described by defining parameters which 
give description of the system of plasma particles taken collectively, and thus may 
be called collective oscillations (Bohm and Pines 1952). 

These plasma oscillations actually move through the body of the plasma, 
giving rise to what is known as ‘plasma waves’. Along with these there are also 
associated transverse electromagnetic waves which are in general coupled with 
the longitudinal plasma waves. A charged particle moving through a plasma 
will excite both these types of waves. Now, from the earlier work reported by 
various authors it is known that in a plasma without magnetic field Cerenkov 
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effect does not take place (Kolomenskii 1956). This follows from the fact that 
a plasma without magnetic field has a dielectric constant equal to (1 —wy")/w?, for 
a circular frequency w, where wp? = 479¢?/m is the characteristic plasma frequency. 
All these works previously done were mainly concerned with the energy exchange 
between a moving charged particle and the disturbances excited by it, and no 
calculation was made for the electric and magnetic field distributions in a plasma 
arising as a result of its interaction with a moving charged particle. It is the 
purpose of our paper to clarify the question of Cerenkov effect in a plasma, by 
calculating the field distributions produced by a moving charged particle, as was 
done by Sommerfield (1954) for an ordinary dielectric medium. It is found that 
it is actually the longitudinal electric field and not the transverse electromagnetic 
field which behaves in a plasma without magnetic field in a manner similar to that 
of an electromagnetic wave in an ordinary dielectric medium having no electro- 
magnetic periodicity of its own. 

This particular behaviour of the longitudinal disturbance in a plasma was 
studied by Bohm and Pines (1952) from another stand-point. The fluctuation 
in density produced by moving electrons in a plasma was separated into two parts : 
one part was associated with the random motion of the electrons and the other 
part was found to be responsible for the organized collective behaviour of the 
medium. This latter part was shown to possess a Cerenkoy-like effect... In their 
work Bohm and Pines were mainly interested in the behaviour of an electron gas, 
so far as the above-mentioned separation in the density fluctuations is concerned ; 
no attempt was made to study the behaviour of the various electrical disturbances 
excited by a moving charged particle. In the present paper we shall treat this 
particular aspect from a phenomenological stand-point, starting from Maxwell’s 
equations for the electromagnetic field and the equation of momentum transfer. 
By calculating the various field distributions for different particle velocities we 
shall find out, that the ‘collective oscillations’ of Bohm and Pines are in fact 
hyberbolic longitudinal electrostatic waves, which are always confined within a 
Mach cone behind the moving particle. 


§ 2. ELECTRODYNAMIC POTENTIALS 


Let us consider a particle of charge q in e.s.u., mass M, moving with a velocity 
u through a plasma without any external magnetic field, and let my) be the average 
density and V7, the average thermal velocity of the plasma electrons. Due to 
their heavy mass, we neglect the motion of the ions as compared with that of the 
electrons. We shall also assume that the plasma is of sufficiently low density so 
that there is no ‘collision’ between the particles. This is equivalent to neglect- 
ing the short range interaction. The equation of motion of such a plasma is 
given by 


. uD) 

Because the plasma is of low density, the particle velocities are not randomized 
+ ‘ > 

and the relation between the density and pressure perturbation is 


nN 
= a =n) rae ee (2) 


where y=ratio of the two specific heats, is 3 and not 5/3 (Spitzer 1956), and p 
and n are the perturbations in pressure and density. 
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‘The quantity E is the electric field set up within the plasma due to the inter- 
action of the moving particle considered. 
This again is given by the Maxwell’s equations: 


1 cH 
V¥ XE= — - 

x pepe (39) 

] 0 7 7 
Mid ag es - skdete van at asteaut, haart (4) 

C ot c c 
V.E=—4men+4mqd(r—ut), =  — aaeee. (5) 
ete re of. 8 ha: (6) 


where the Gaussian system of units is used, and 6(r—ut) exactly locates the 
specified particle ‘g’ at the point r=ut. 
Equations (1) to (6) are a set of self-consistent equations, from which elimi- 
nating the quantities H, v and n we get, 
1/2 ie : V(V.E 
=—=VxVxE=— (7 Si «2 ) E+ — E Vd(r—ut) — — 47e 
¢ e 


ear = Te 


- asl ~ 8(r—ut). eke (7) 
o ct 
We solve (7) for E by performing a Fourier transformation in unbounded 
configuration space: 
E(r, t)= | E ,exp [/K. (r—ut)]dK 

- es , 

6(r—ut) = 5 exp [7K. (r—ut)] dK. 
TT 


We substitute equations (8) in equation (7) and then break up the Ath Fourier 
component E, for the electric field into its transverse and longitudinal parts by 
means of the relations: 


E .. = E,/! te EE 
such that 


and 


eS a ere (9) 
E,1.K=0, | 


where E! and E! denote respectively the longitudinal and transverse electric 
field. Using relations (9) we get from (7), by straightforward calculations: 


eee ee (10) 
& 2n® Kw? + (KV) —(K.u) 

and ; : 
e1aj 1 K4(K.uju-K(K-uP (11) 


KI? K* wy? + (Ke —(K- uy 
Use of the first equation of (8) will then at once yield the following expressions 
for the field quantities : 
E'(r, t)=— V(r, ¢), 
and i 
El(r, t) = — V(r, t)— ron t), 


H(r,t)=V x A(r, t). J 


2U2 
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where Led Rene = Seep US Ieas eae 13 
Oe [rut 2 24(KV)—(K.uy] ed 
2 (K.u)*exp [7K. core dK, 14 
Me. 0= 5a Ror HF oe 
and cqu( exp [iK. (r—ut) 1K 15 
A(r, t)= So | reece oP (RemeKo i ee ee es (15) 
Equations (12) to (15) eee define the electromagnetic field due to a 
charged particle moving through a plasma without external magnetic field. We 
notice that the scalar part of the potentials are different in the two cases of longi- 
tudinal and transverse waves. We shall now investigate the nature of these 
potentials separately. 


§ 3. LONGITUDINAL ELECTRIC FIELD 
Equation (13) shows that besides the ordinary electrostatic potential due to 
a charge at rest, ¢ contains another part involving the integral 
exp [7K. (r—ut)] 
l= | > — SS |. Ot—=e=n.w.. 16 
Jee KOPF ‘< 
To evaluate this integral we shall consider two different cases: u< V andu>V. 
We take the velocity uto be along the x-axis and decompose r and K along and at 
right angles to u in the following way: 
K=K,+K,; K,|lu, K,,u 
P=r-uSror 5 Fo 4, 0, 0 eer (iF) 
lr. |=|x—utl, 7,/2=5? +27. 


ua a 
Origin 


Figure 1. Resolution of k and r’=r—ut Figure 2. Diagram showing different vectors 


along and at right angles to u. @ is with reference to origin O. P is the point 
; : : : 

the angle between r,’ and k, in yz of observation and Q is the instantaneous 

plane, position of the moving charge. 


With reference to figure 1, if 6 be the angle between the component vectors 
K, and r,’, then (16) gives after integration over @: 


1-20f KIlK yp MK, XP (K gre) ree 
0 p pp p ae (K,27+K o) wp? ah /K a VA, a (V?2—u?)| 


where J,(x) is the zero order Bessel function of first kind. 
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Case I: u<V. 


In this case the integral over K,, in (18) is easily evaluated by integrating in 
complex K,-plane, giving 


2 (> co Jo(K,r,')exp (— K,r ) : ; 
Jew = 2? | Ne PR a Yan ye 
| ae Meee) goer View) 
bes) KJ o(K,7, ) exp a pe (ans) | 
ee ee a 
|, Ter RR RE RTT ARe o(l8 


To evaluate the integrals over K, we now make some simplifications. The 
range of integration in the above integrals can be divided as follows: 


co wp/u © 
iia Piel ee 
J 0 0 wp/u 


In the first integral on the right-hand side we expand the factor (w,?+ K,?u?) ina 
series of powers of (K,*u*)/w,? and neglect all other terms except the first. In 
the second integral we make the expansion in powers of w,?/K,?u? and keep only 
the first term. We thus obtain: 


2 70 2 
c= = | Jo(K,r,') exp (—K,r,')dK, — ml 5 (V2—u2)i? 
Wp 0 Wp : 
a 24 K 2772\12 
ae KJ (Kr, )exp [ —Tz (aoe) ] 
dK 
4s : (wp? + K2V2)12 p 
o , ; 1 1 
— 27? [i elKor )exp (— 1S ) (= — mr) dK, 
/ ; 24K 2V2\12 
1/2 po KJ (Kor, ) exp f —"s (“Hats } ] 
4+27?(V2—u?) | ( u*) 
wp/u (wp? + K2V?)? 
15 i 
x (= “ ca) eee eS nl 4,2 (20) 


For u< V we can write 


Ww (63) 
ee i Kae, 


u V 


where K, is the wave number corresponding to Debye length. Hence, so far as 
the long range part of the interaction is concerned, which occurs only for length 
greater than Debye length, we can neglect the last two integrals in equation (20), 


giving 
Y 2 oa) : ; 21 eae 
I= 2 | JolKry exp (-Kyre')4K, — TG (VP) 


fap? + K2V2\12 
© KJu(Kyr,)exn| —r, ( Ser ) ] 
x Bike oe eas (21) 
otk 


As we are interested in studying the nature of the field distribution in plasma due 
to the moving charged particle, rather than evaluating them quite rigorously, we 
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can use equation (21) in place of equation (19), and this along with the use of 
equations (13), (16) and (17) gives (see Appendix A): 


q &Xp [ = = {(—ut)Pa® + y? + apt | 


- ST a (22) 
: a| (« —ut)Pa% + y? +27 |"? , 
V 
where eee ee 
(V _ u2)u2 
and (x — ut)? + pega y’2, 


We thus see that the equipotential surfaces are ellipsoids surrounding the 
moving charged particle, its shape being compressed in the direction of particle 
motion in the ratio of 1/x. These equipotential surfaces actually correspond to 
‘Heaviside ellipsoids’ in vacuum electrodynamics. In plasma, we say that the 
potential due to the moving particle is ‘screened’ within a distance of the order 
of wy/V, i.e. Debye length, and falls off as exp (— Kr)/r with distance, the rate of 
fall being maximum in the direction of particle motion. 


(Cage Is hs WV. 


In this case we perform the integration over K,, in equation (18) again in the 
complex K,-plane. For u>V, the two singularities on the real axis can be 
indented either in the upper or lower half-plane, and so the residue theorem gives 


Sd ot CxO — Kf. ee 
l=I,=27? BON Oo) Ss ea 
Baa legato 


= , : : 24K? V2 1/2 
ES Kod oir, ) sin ve (ee | ; 

2(,,2 _ [72\1/2 eee Ee tee i 
+oanGe— Vy |” — nag KA , 


Here we make the same simplifications as used in Case I. But in this case 
because wp/u<Ky, the integrals corresponding to the last two integrals of 
equation (20) cannot be neglected without some error. However, by dividing 
that range of integration from wp/u to oo as 


(oo) oplV /* 00 
| | ee eee 
wp/U Op /u Wp/ V 
we can easily neglect the second integral with limits from w »/V to oo on the right- 
hand side for long range interaction, and if w is not very much greater than V the 


first integral on the right-hand side with limits from wp/u to wp/V can also be 
neglected in comparison with those with limits from 0 to oo. 


With these considerations in mind, equation (23) can be replaced by 


I 2a" ee K 7 - aa / 
2= F, [- JalKyre exp (-Kyp,'MdK, 
2 2 
Me Vea ca ee (oe) 
LE ea even TS SS a ee a ee 
iu op ee I, (wp? + K,2V2)"2 aI 
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and this last equation along with equations (13), (16) and (17) gives (see 


Appendix B) 
gen? = {). for (=) (Ge) 


q cos iS [ (x — ut)? B? — y? — 22]! 2| or , 
= — eS Ge ae ees for (“) (“ Es ) é. 1. 
B\ (x — ut)?B4 — y? — x? | Zz i = 
2 Sere a ae (24) 
with : | 
(u? — V2)H2 
and (x == ut)* aie v2 ee = 2. 


Now, with reference to figure 2, we note that the relation 


re \? (u2—V2\ _ 
il P )=1 


defines a cone with semi-vertical angle px, given by sinu=V/u, with the moving 
particle as its vertex. Hence, for a particle moving with a velocity greater than 
the average thermal velocity of the plasma electrons, the longitudinal field 1s 
everywhere zero except within a Mach cone, as given by the angle p. It is to be 
noted that the Mach cone can exist on both sides of the particle, but the proper 
choice of the cone can be made as follows. During a time interval t the particle 
moves from O to Q, the length of which is wt. But from the dispersion relation 
of the longitudinal waves in plasma, namely 


Pa Pre, Le Sie eee (25) 
we find the group velocity to be 
dw as 
aye = Wy ‘ 1/2 
(z+) 
The maximum group velocity is obtained by putting 
Ap 


where A,, =(T/47n,e?)"” is the Debye length. Thus, using }m V*=3T, where 
T is the electron temperature of the plasma (in ergs), we get 


dw {Int Vie __ 
Ga i (aa) (26) 


Hence, in this case the disturbance cannot exist ahead of the particle which 1S 
now moving with a velocity w>V. Thus the potential is confined only in the 
cone behind the particle. The forward cone corresponds to the ‘advanced 
potential’ in vacuum electrodynamics. 

Let us now discuss the nature of this longitudinal field. From (24) we 
observe that the equipotential surfaces are hyperboloids of revolution with the 
direction of u as the axis and the Mach cone as the asymptotic surface. Now, 
the longitudinal electric field being given by 


E'_ — Vd, 
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we have for u>V 


q 
E, Wt =y[D] 
“  B 
q 
Ej W= <2[D] 
p 
where 
r sin {% [(«—ut)*B? —¥? 1 cos ea [(« —ut)?B? — ¥? -=p} 
vl-["—aayace + epee | 


Therefore, the electric field has the direction of the vector — (x — ut), y, z, which 
is the same as that of the inward drawn normal to the hyperboloid 
(w= ul)26*— 47 27 =const. | Se) eee. (27) 

Thus, for u> V, the disturbances set up by the moving particle in the plasma 
will travel in the form of hyperbolic waves (due to the cosine dependence on x, 
y, and ft) in directions normal to the Mach cone. 

Again, taking the instantaneous position of the particle as the origin, the 
equation to the system of hyperboloids is X28?— Y*— Z?=A?,a constant. "> 
will be zero for values of A given by 


Considering the propagation only along X-axis, i.e. with Y= Z=0, this gives the 
wave length for this wave as 


[3 ur 1/2 
ve YP 2my=2V3my (F at) | 


B 
12m? + 1\ 22 
u= (SS) (ook tee be Skee (28) 


So, for velocities u>(1+1/127?)"?V the disturbances proceed with wave- 
lengths A>A,. These waves can, therefore, be looked upon as due to coherent 
plasma oscillations, or collective oscillations, which as is already known, can exist 
only with a wave length greater than ,. The discrepancy between the two 
limiting velocities given by equations (26) and (28) is due to the use of the dis- 
persion relation (25) which is not permissible near the Debye length, as has been 
pointed out by Bohm and Pines (1952). 

It may be noted in passing that the value of the potential on the Mach cone 
itself is infinite. ‘This is due to the point nature of the moving particle considered 
and this difficulty arises in other problems like the one we have treated here. 


Setting A=A, we get 


§ 4. ‘TRANSVERSE ELECTRIC FIELD: 4s AND A 


The scalar and vector potentials ;s and A associated with the transverse dis- 
turbances and given by equations (14) and (15) are free of plasma temperature. 
This is becausé our starting equation on plasma motion does not take into account 
the velocity distribution of the plasma particles. Even if it is taken into account 
this average velocity V enters into the relations narrating the properties of the 
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transverse field within the plasma, such as the dispersion relation for transverse 
waves, only as a second order effect. 

We first evaluate the vector potential by following the method of Bohm and 
Pines (1952). We take u in the direction of x-axis and make the following 
changes of variable: 

eK @=(C—w KS 
Re ig eG, 
and 


With these substitutions, straightforward integration of equation (15) will result 
in 


exp {— 22 [(s—unyty? +yt-+arys} 
; 

[(x—ut)y? +4? ee Ne 
where J=(g/c)u is the current in e.m.u., due to the moving charge, and 
y=el(e— 8), 

The scalar potential % can be divided into two parts b= y,+,. where 


ey ot (K.u)?— Kc? reek 
= Fe \Foesescoscana etal eh 


A=Jy Mere oes (29) 


and 
_ 29 [_expiK-(r—u4)] a, 
P= OTB ott KG (Ku 
ws, is exactly of the same form as the longitudinal scalar ¢ with c in place of V, and 
u being always less than c we shall get no Mach cone in this case. Thus 


q exp | — = [(x—ut)Py+y? +aryeeh 
c 


SS ee a 
by y[(x— ut)? +y? +22}? ee poco. (30) 
and following the same method of evaluating A we have 
CxO < = =* (x —ut)?y* +5? tarp} 
be= 2) oO Bi) 
‘es [(x—ut Py +y? +27)? higabericiuer 


From these equations for transverse field it can be seen that the equipotential 
surfaces are all of ellipsoidal shape surrounding the moving particle. Also, these 
fields are exponentially decaying with distances and any electromagnetic energy 
flux associated with them will very rapidly die out as we move away from the 
particle. In fact, the Poynting flux is confined within a region less than Debye 
sphere and there will be no Cerenkov effect. 


§ 5. CALCULATION OF ENERGY Loss 


In order to calculate the energy loss due to the long range part of the inter- 
action we divided the range of variation in the integral over K, in equation (18) 
one, from 0 to Km, and the other from Km to 0, where Km 


into two parts: 
lue of the impact parameter of the moving 


corresponds to some minimum va 
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particle in the plasma, so that ‘collision’ can be neglected. The first part from 
0 to Km takes account of the long range part of the Coulomb force, and the second 
part from Ky to © gives the potential energy of short-range interaction between 
the particles. For low density plasma, the latter part 1s very small, and so far as 
the interaction energy due to long range forces are concerned we have to take 
the limits of K, as 0 and Km. ‘This interaction energy comes from the moving 
particle and is used to set up collective oscillations in the plasma in the form of 
hyperbolic waves, as we have already seen. ‘The direction of the energy flow 
will be along the normals to the system of hyperboloids representing the equi- 
potentials. Therefore, for a particle moving along the x-axis these flow lines (of 
energy) are a system of rectangular hyperboloids which are conjugate to the 
family of curves (27). 

To calculate the interaction energy due to long-range forces in the case of 
u>V, we set after equations (13), (16) and (23) Jaane 
KJo(Kore sind, ( Pe ) } 
eer EK, 


K uz— V2 


0 (wp + K,2u?)(wp? ss Ke yay 
Ses (32) 
The loss of energy by the moving particle per unit length of its path is given by 


m 


Ell— = V | = goy?(u? = Eel 


c= 4 (E".u) at r=ul. 
u 
For u along the x-axis this gives from equation (32) 
Quy n2 ee 
Pen (1+ 2) 
l w 


27 p 
2 2 
- TEM in (1+ BY in (33) 
m . V2 


2 
after setting K?m~ ot and FE, = 4Mu?, the energy of the incident particle. 


§ 6. DiscussIon 


‘The expression for energy loss represented by equation (33) has already been 
obtained by Bohm and Pines (1952), and Akhiezer and Sitenko (1952). We 
have already pointed out that this energy is confined within the Mach cone 
behind the particle which therefore is the region for ‘collective oscillations’ or 
plasma oscillations excited by the moving particle. In this connection we may 
mention that if instead of a single particle we have a beam of particles moving 
through the plasma, some sort of coherence phenomenon may take place modifying 
the field distribution and the interaction process may result in much more energy 
transference to the plasma than is given by equation (33). 

In conclusion, we may note one point in the derivation of our results. We 
have used equation (2) in our calculations which gives only a local distribution of 
pressure, which is rather an inadequate assumption for a collisionless gas. A 
rigorous method would be the use of Boltzmann’s equation instead of equation 
(1), which takes account of the velocity distribution of the plasma particles. We 
have limited ourselves to the simpler equation, because the use of Boltzmann 
equation would make the mathematical treatment extremely complicated, where- 
as the essential results obtained here would not have changed much. Qualita- 
tively, we can say that if we take account of the velocity distribution instead of 
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the average velocity V of the plasma electrons, the Mach cone will become some- 
what diffused instead of having a sharp boundary as obtained by us. ‘This usually 
happens when Cerenkov effect takes place in a dispersive medium, so that the 
use of Boltzmann’s equation will automatically take account of the dispersive 
property of a plasma. Apart from this, the use of Boltzmann’s equation will 
give rise to the phenomenon of Landau damping. ‘This Landau damping will 
therefore be present in the ‘collective oscillations’ within the Mach cone so that 
they will experience a damping decrement with time, in addition to ‘collision 
damping’ which we have not taken into account in this paper. However, the 
use of the full Boltzmann equation will be carried out in a future work. 
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APPENDIX A 


We have to evaluate the integrals 


A= | IWiKy em(- Ko )dRp ee (34) 
A 
2 7 2772 \ 1/2 
Slee (ra) | 35 
ast WAY GCF akg a Ne aca EY, | eee 
B I, KJo(K,r, ) (wy? + K,2V2)¥? p (35) 


We first evaluate B. Using the relations 


e-=coshz-—sinhg, 
sy Ly Nee 
Jua(ei)=(1+)(=) re 
TS 
: ; Be UL: 
-¥,,(2i) =J-aalei)=(1-0(=) coshz, 


where J and Y are the Bessel functions of first and second kind respectively, we 
can write 
(az)? _. : 
oS om ((—1)Hyj(2t), tees (36) 
where H, is the Hankel function of the first kind. Writing the integral form 


of H,®(z), (Watson 1952, p. 178) 


1 oO oe dx 
H,%z)= FS aey(-0 | EXP | — 25 Ax | xrth 


Z 
0 


in 
and putting ot KV? ~ 
/ p 
eae | V2—w ) 


we get from (36) 


0 


t wp? + KV? ne 
sel | — aa af? Moat 4 RAV") 
arene ~~ ee) L 
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where a=r,’/(V2—u?)¥2, Using equation (37) in (35) and interchanging the 
order of integration of t and K,, we get 


a oa) dt ; wy" (ee) \ ; oe V2 = 
es al, pra <*P Ee 4t ] i, UC ge Jexp(— ae K, dk, 
sameae (38) 
The integral over K, in (38) can be evaluated according to Watson (1952, p. 393); 
giving 


1 r 12, \7=112(81c0 dz ; Bw" rie 
B= as (1 + xn) I, sip &XP | eae (1 + 2V 7) | 


2wy \ "2 1 = w ’ - 
=(T8) porararcay Kaan] Peete ee ) 
where K,(z) is the modified Bessel function of the second kind (Watson 1952, 
p. 183), and «=V/(V?2—u?)t?, 
The integral A is easily evaluated according to Watson (1952, p. 384, 
equation (1)). The result is 


1 


cae (7,2 +r,2 2 : 


Sree ie 


Using the results 
a\l2 
Ky (2) =K_42(%)= (=) ~ 


and the relations (17), equation (22) will at once follow from equations (13), (18), 
(39) and (40). 
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We have to evaluate the integral 
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The relation 
2 eae 
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when used in (41) gives 
_ (7\" (° KoJo(Koro Silo (wp? + K PV?) 
al C9 eee ss oar EEE a 
where b=r,'/(w*—V*)'?, Using the relation (Watson 1952, peels 7): 
mCP oy pee 
Je)= Ff? A exp (:- i) er (43) 


(where o has any positive value), with v= $ and z=b(wy?+ Kp? V?)4? in equation 
(42), we get after changing the order of integrations 
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The integral over K, in equation (44) can again be evaluated according to 
Watson (1952, p. 393), giving 


it qrl2 o+to at r 2 b2w 2 

OSes aa) a 
When rp ?/b?V?> 1, the contour in the above integral can be closed only through 
the right half of the ¢-plane and thus the contour will include no singularity, 
because all the singularities of the integral in equation (43) lie on the negative real 
axis of t. Hence this gives C=0. For r,’2/b?V2<1, the contour can be closed 
by asemicircle through the left half plane of t. This integral along the semicircle 
is zero as its radius tends to infinity by Jordan’s lemma, and we can apply 
relation (43) again to get 


_ me (Abwp)t? 7,2 12 
C= by? (1—r,2/b2V2)14 Jae (be {1 = sinh ) OE (45) 
Using 
2\12 
J-as(e)= (=) cose 
1% 


in equation (45), we at once get equation (24). 
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Abstract. The luminescent effects, excited in the diamond crystals under 
bombardment by monoenergetic «- and B-particles and by 50 kev monoenergetic 
electrons, have been investigated for some 50 natural diamonds and for several 
specimens which had suffered previous radiation damage. ‘The wavelength 
spectrum in the luminescent emission has been measured and also the effect of 
crystal temperature on this spectrum. Emphasis has been placed on the differences 
between the wavelength spectra of the luminescence arising from the different 
types of excitation and, also, the relative dependence of the wavelength spectra 
on the condition of the crystal. A comparison has been made of the luminescent 
and conduction counting efficiencies of the crystals. ‘The results indicate the 
importance, in diamond, of defects which trap the carriers but do not give rise 
to the emission of visible or near infra-red radiation. 


§ 1. INTRODUCTION 


T has been shown by many workers (Klick and Shulman 1957, Lax 1956, 
] Williams 1949) that the detailed study of luminescent spectra in solids is 

capable of yielding valuable information on the electronic properties of the 
material. For diamond, ultra-violet excited fluorescence has been studied by 
Martin (1957) and by Dyer and Matthews (1957) and that excited by x-rays by 
Matthews (1958). Such work suggested that a similar investigation of particle 
excited luminescence might prove to be equally informative. A survey of the 
scintillation properties of diamonds subjected to «-particle bombardment has 
been given recently by Ralph (1959). The present paper is concerned primarily 
with further experimental results on the luminescence stimulated in diamond 
by «-particle, monoenergetic B-particle and monoenergetic electron bombard- 
ment. §2 gives a brief outline of the results obtained in the preliminary experi- 
ments on the prompt scintillation produced in diamond by both «- and f-particles 


and §§3 and 4 give a more detailed treatment of certain aspects of this and other 
luminescent behaviour. 


§ 2. PRELIMINARY EXPERIMENTS 


The apparatus illustrated in figure 1 was used for the work described in 
this section. 

‘To facilitate the comparison of the scintillation properties of diamond speci- 
mens it was thought useful to compare their efficiency with other well-known 
scintillators. $-particles of 1 Mev energy and «-particles of 5-3 Mev energy were 
used to produce scintillations in anthracene, in the commercial phosphor Pamelon 
and in a number of gem quality colourless diamonds. The maximum scintillation 
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Figure 1. Schematic representation of scintillation detection apparatus. P, photo- 
multiplier; I.F., interference filter; V, vacuum seal; L, light pipe; W.F., Wratten 
filter; S, specimen; E, electrode system; B, variable temperature block. 


pulse height was measured in each case and the relative efficiency per unit energy 
was calculated with the efficiency of anthracene for 1 Mev f-particles taken as 
100°. The results are given in table 1 where the efficiency of the large specimen 
S5 is taken as typical of that for diamond. It is seen that diamond differs from 
the other scintillators in that the ratio E/E, is less than unity. 
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Table 1 
Anthracene Pamelon Diamond S5 
B-efficiency E, (%%) 100 42 D 
a-efficiency E, (%) 12-6 4-7 10:8 
Ratio E,/E, (Fo) 8 9 0-2 


The luminescent efficiency of anthracene for absorption of 1 Mev f-particles has been 
taken as 100°. Efficiencies are calculated for unit energy of the primary particle. 


ee SS 


This fact, together with the difficulty of achieving large P-ray energy dissipa- 
tion in the small diamonds normally available (Kennedy 1959) suggested that a 
detailed study of electron induced luminescence could best be made under 
conditions of high particle flux as, for example, in those experiments described 
in §3. 

It is now well known that, when certain diamonds are subjected to bombardment 
with ionizing particles and an electric field is established across them, the pheno- 
menon of ‘conduction counting’ is observed. Since it may be assumed that 
the same ionizing processes are involved in the production of both conduction 
and scintillation pulses, it was thought possible that some relationship existed 
between the two pulse systems. ‘To investigate this the apparatus in figure 1 
was arranged so that the «-particle induced conduction and scintillation pulse 
spectra could be taken at the same time. The spectra were obtained under 
conditions where the polarization fields in the crystal were small when compared 
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with the applied field (McKay 1948, Chynoweth 1950). When a field was 
applied to the diamond crystals it was generally found that a marked reduction 
occurred in the scintillation pulse magnitude. Figure 2 shows the effect on the 
scintillation pulse spectrum for the good conduction counting specimen K 80. 
Figure 3 shows the effect of increasing field strength on both the maximum 
conduction pulse and the maximum scintillation pulse. A series of such experi- 
mental curves shows an intimate connection between the scintillation pulse and 
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Figure 2. Scintillation pulse Figure 3. The effect of an applied field 
spectra; a, for no applied on a, the maximum scintillation 
field; 6, applied field pulse; 6, the maximum conduction 
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conduction pulse response to increasing field strength. For a specimen where 
the conduction pulse height shows only a small increase with increasing field, 
the scintillation pulse decreases only slowly and vice versa. In those diamonds 
normally classified as ‘poor’ conduction counters the application of an electric 
field produced a reduction in scintillation pulse height comparable in magnitude 
with that found in good counters. ‘Non’-counters showed a smaller reduction 
and in some cases no diminution was observed. 

From these experiments it semed probable that the presence of polarization 
fields, produced during irradiation, would be reflected in the behaviour of the 
scintillation spectra. A series of experiments were carried out in which polari- 
zation fields were allowed to build up over periods of minutes. It may be seen 
from typical results, illustrated in figure 4, that, as the polarization field inhibits 
the conduction pulse height so the scintillation pulse increases towards its original 
value. 

When the scintillation pulse and conduction pulse produced by an individual 
incident particle were examined, it was found that, although a large scintillation 
was more frequently associated with a small conduction pulse and vice versa, 
there appeared to be no consistent relationship between the magnitude of the 
two pulses. ‘The conduction pulse was always associated in time with the prompt 


scintillation pulse and never with the phosphorescent pulses which follow the 
prompt emission. 
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Figure 4+. ‘The change inpulse height with increasing polarization; a, scintillation pulse 
at 10 kv em~'; b, conduction pulse at 10 kv cm—!; c, scintillation pulse at 40 kv cm7?}; 
d, conduction pulse at 40 kv cm7!. 


The rough limits to the wavelength distribution of the «-particle induced 
prompt scintillation were obtained using optical filters in the position indicated 
in figure 1. Pulse spectra were obtained under conditions in which the contribu- 
tion from wavelengths below a known limit were cut out. For the specimens 
investigated the wavelengths contributing lay predominantly within the range 
3000 A to 48004 and the application of an electric field appeared to reduce all 
wavelength contributions proportionately. 

The prompt scintillation was found to be markedly temperature dependent. 
Pulse height spectra taken at different crystal temperatures showed little change 
with increasing temperature in the range —160°c to —50°c, but thereafter, 
decreased steadily in magnitude until the prompt scintillation virtually disappeared 
at about 100°c. 


§ 3. EXPERIMENTS ON CATHODOLUMINESCENCE 


The experience gained in the experiments described in §2 indicated that, to 
obtain more detailed knowledge of the wavelength dependence of particle induced 
luminescence would require a substantial increase in the intensity of the emitted 
radiation. To obtain such high intensity is difficult with radioactive sources, 
particularly for B-particle excitation (table 1) and for the experiments described 
below it was therefore decided to use an electron beam to stimulate the emission, 

The crystal specimen was introduced on a probe into the electron beam of a 
modified Siemens electron microscope operating in the energy range 40—90 kev. 
The beam was focused by the condenser lens only and beam currents of up to 
40) microamperes were used. The temperature of the probe could be varied at 
will within the range — 180°c to 100°c. Under these conditions strong cathodo- 
luminescence was observed in all the specimens. The emission was analysed 
by a Hilger constant deviation spectrometer and recorded on Kodak P1200 and 
Ilford long range photographic plates. Intensity measurements of the wavelength 
spectra were obtained from the plates using a microdensitometer and the resulting 
wavelength scale was accurate to + 8 

In those experiments in which the variation with temperature of the intensity 
of a given wavelength band was measured, an EMI 6094 photomultiplier replaced 
the camera at the output end of the spectrometer. 
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3.1. Spectral Characteristics at —180°c 


About fifty natural diamonds have been examined and all showed strong 
cathodoluminescence. ‘The crystals normally appeared uniformly blue during 
excitation but many specimens, when viewed through an optical microscope, 
showed various combinations of green, yellow and blue regions. Some of these 
were sharply defined and others diffuse and overlapping. . 

The spectrographic analysis of the spectral distribution showed a wide 
variation in detail but certain features were common to almost all specimens. 
The emission was in general limited to the visible spectrum, seldom extending 
below 3900 and only in two cases down to 35004. It may be roughly divided 
into two bands, with wavelengths greater and less than 50004. ‘The relative 
intensities of these were markedly specimen dependent. 
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Figure 5. Examples of cathodoluminescence spectra for natural diamonds; (a) showing 
4400 A‘ blue’ band; (6) showing typical long wavelength structure: (c) and (d) showing 


> 


4150 A system with principal line in emission and in absorption. 


Figures 5(a) and (b) illustrate wavelength spectra for extreme cases 
found in naturally occurring crystals. Figure 5 (a) is for the specimen Goll, 
which gives an emission confined almost entirely to a broad band extending 
from 3900 A to 5100 A and centred about 4400 A. Figure 5 (b) for the specimen K8 
shows a spectrum with a very strong long wavelength contribution. The other 
specimens examined showed a behaviour intermediate between these cases, 
i.e. both bands were present but in widely varying relative intensity, 
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Figure 5 (a) indicates that the short wavelength or ‘blue’ band is generally 
featureless. It appeared in the spectrum of all natural specimens but only in a 
few cases did it show any detail. An emission—absorption system centred around 
4150A has frequently been reported for ultra-violet excitation of diamonds 
(Dyer and Matthews 1958). Figures 5 (c) and (d) give spectra which show the 
only two cases where this system was detected in appreciable intensity under 
particle excitation. In figure 5 (c) the principal line appears in emission and in 
5 (d) it appears as an absorption line. In both cases the subsidiary lines are in 
emission and are spaced at approximately 0-08ev, as reported by Dyer and 
Matthews. The two crystals concerned had been found to be strongly fluorescent 
under ultra-violet excitation when most of the emission was associated with the 
41504 system. Much weaker absorption lines at 41504 were found in several 
non-fluorescent crystals but no associated band had been observed in 
these cases. 

Figure 5 (5) shows that the longer wavelengthemission has considerablestructure 
and may be roughly divided into three constituent overlapping bands centred 
about 5200 A, 5900 A and 6300A ~The first or ‘green’ band is the most common 
and usually contains a line system of which the sharp line at 5030 A is the principal, 
with other lines appearing at approximately 0-04 ev spacing on the long wavelength 
side. A similar system has been reported by Dyer and Matthews for ultra-violet 
excitation. The second or ‘yellow’ band, often less well defined than the green 
band, sometimes contains a system which has a principal line at 5755 A and rather 
irregularly spaced subsidiary lines separated by approximately 0-05ev. A line 
at 5390A (as in figure 5(b)) is always present with the 5030A system, except 
when the 5755 system occurs alone. The remainder of the spectrum or ‘red” 
band consists of broad red lines at 6240A, 6350A and 6770A. It should be 
emphasized that the specimen spectrum illustrated in figure 5 (6) is exceptional 
in showing such high intensity emission in the longer wavelengths. ‘The red 
emission is not commonly as strong as the yellow and green. Broad lines have 
been detected in other crystals at 7250 A and 8000 A. 

Several other sharp lines, which are normally present with the 5755 A system, 
are shown at 4845 A and 49104 on the long wavelength side of the 44004 band 
and at 3940 A on the short wavelength side. In certain crystals which had suffered 
high energy electron radiation damage a system of blue lines was induced which 
was somewhat similar to the 4150 A system but with its principal line at 3940 4, 
This system has been found to be identical with the 4150 A luminescence system 
if the first and second bands of the latter are neglected. Pringsheim (1953) has 
shown that the strength of the corresponding short wavelength components of 
the 41504 absorption system can alter independently of the strength of the 
lines at 4150 A and 4030A. The effects of radiation damage are discussed more 
fully by Ralph (1960). ver, 

No correlation has been found between the type I and type II classification 
(which is based on ultra-violet absorption spectra) and the detailed cathodolumin- 
escence spectra. A similar lack of correlation has been found between this 
classification and the scintillation response in diamond (Ralph 1959) and with the 
ultra-violet and x-ray excited luminescent spectra (Dyer and Matthews 1958). 
Between the ultra-violet excited and electron excited luminescence spectra the 
only consistent correspondence is found in the appearance of the 5030 A system. 
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3.2. The Effect of Temperature on Cathodoluminescent Spectra 
3.2.1. Total spectrum. 


The crystal temperature was increased steadily from —180"c to + 140°c and 
spectra were taken at various intermediate temperatures. The temperature was 
held constant at about +3°c during exposures of 3 minutes to 20 minutes. The 
results illustrated have not been corrected for the spectral sensitivity of the 
P1200 plate used. Visual inspection showed that a crystal, which under bombard- 
ment appeared blue at — 180°c, tended to become yellow in colour as the tempera- 
ture increased. Regions of intense blue colour at —180°c were the last to dis- 
appear but at + 140°c only yellow regions remained visible. 
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from that of (a). 


The detailed behaviour is illustrated in figure 6 for the crystal C’116 which, 
at —180°c, has approximately equal intensity distribution between the blue 
band and the longer wavelength emission and also shows sharp line structure in 
the latter at that temperature. These curves show that the ratio of the intensity 
of the three broad bands constituting the long wavelength emission to that of 
the blue 4400 A band increases with increasing temperature. The positions of 
the peaks in the blue, green and yellow bands shift towards the longer wavelengths 
with increasing temperature. Figure 7 shows that this is a linear shift at about 
0-30 Adeg? in the case of the 4400 A band (and the other broad bands) and that 
the line at 5755A shifts linearly at about 0-23 Adeg-!. The sharp lines of the 


longer wavelength emission broaden and decrease in intensity with increasing 
temperature. 


3.2.2. The 44004 system. 


The wide variation in intensity with temperature of this band makes the 
photographic method of recording inconvenient and a photoelectric technique 
was therefore adopted. ‘The emission from a wavelength interval of 100A 
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centred about 4400 A was allowed to fall on to a photomultiplier and the intensity 
variation in the temperature range —180°c to + 140°c was recorded directly by 
a pen recorder. ‘The results obtained for the specimens C’116 and SL26 are 
illustrated in figure 8 and are typical of the behaviour shown in these experiments. 
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Figure 8. Temperature variation of selected wavelength regions of cathodoluminescence 
spectrum. Curve a, 4400 A band for diamond C’116; curve 4, 4400 A band for 
diamond SL26; curve c, 5900 A band for diamond C116. 


Those crystals which show a sharp line structure in the long wave region appear 
generally to follow the curve exemplified by C"116, whereas those have a response 
similar to $L26 generally exhibit either no line structure or very weak structure 
in this region. Diamond SL26 was completely free of line structure and appears 
to represent an extreme case. 


3.2.3. Long wavelength region. 

The photoelectric technique was again used in this investigation. In those 
crystals which gave an intensity sufficient for reliable measurements, the emission 
appeared to be practically independent of temperature (figure 8, curve c). It is 
probable that the 4400 A band may be assumed to be symmetrical and that its 
long wavelength tail extends into the green band. In those crystals in which a 
variation of intensity with temperature was observed for the green band the ratio 
of its intensity to that of the blue band was small and it is probable that the variation 
is due to the change in intensity of the 44004 band tail. 

Unfortunately reliable measurements in the yellow and red bands, well 
away from this blue band tail, were limited by the low sensitivity of the multiplier 
in these regions. 


§ 4. EXPERIMENTS ON THE a- AND B-PARTICLE INDUCED LUMINESCENCE 


The work described in § 2 is almost exclusively concerned with the properties 
of the prompt «-particle induced scintillation pulses. The cathodoluminescence 
experiments described in §3 were designed to provide well-resolved wavelength 
spectra of the emission stimulated by the absorption of low energy electrons. 
Efforts have also been made to obtain, using the same set of crystals, well-resolved 
wavelength spectra for the scintillation effects produced by «-particles in diamond 


678 P. 7. Dean, P. F. Kennedy and f. E. Ralph 


to enable a comparison to be made. Since these methods usually involved 
direct intensity measurements of the luminescent output, the effects of the main 
(prompt) and after (delayed) scintillation pulses (the phosphorescence) were 
recorded simultaneously. The spectra obtained in the experiments described 
in this section exhibit considerable similarity to the cathodoluminescence spectra 
but also a number of important differences. 


4.1. Quantum Efficiency of Scintillation Processes 


A fairly reliable estimate can be made of the efficiency of the scintillation 
process for diamonds which possess good geometrical properties since the self- 
absorption of the luminescence is known to be negligible for most diamonds. 
For crystals of less regular external habit or with significant absorption at the 
surfaces or in the interior regions, the measured efficiencies will be lower even 
if the same amount of light is actually liberated following the absorption of the 
energetic primary particle. This reduction was usually observed for crystals 
which had been heavily annealed, because of the slight graphitization of the 
surfaces which this treatment often produced. 

The scintillation pulses were detected with an EMI type 6097 photomultiplier 
and the resulting voltage pulses measured with a ‘Tektronix type 545 oscilloscope. 
The rise-time of the pulses was limited to 20 nsec by the upper bandwidth 
limit of the oscilloscope amplifiers and the differentiating time was adjusted to 
provide an acceptable resolution of the phosphorescence pulse structure consistent 
with minimum reduction in the voltage gain of the system. ‘The arrangement of 
the apparatus was again similar to that shown in figure 1. ‘To minimize the 
effect of the competition from a radiationless energy loss process (§2) the results 
leading to table 2 were obtained at 90°x. The magnitude of the maximum height 
of the main pulses was estimated from a suitable number of oscilloscope photo- 
graphs of individual scintillation events. These results so obtained were checked 
for many crystals using a photographic method of pulse height analysis (Kennedy 
and Dean 1959). The energy contained in the phosphorescence system was 
also estimated from the photographs by the integration of the heights of all the 
pulses contained in this system. In this way a ‘total equivalent voltage pulse’ 
was estimated for the after pulse radiation of each scintillation event and an 
average value was obtained for each experimental arrangement. The photographic 
method of analysis was not suitable for the investigation of the magnitude of the 
energy of the phosphorescence. 

Table 2 gives an indication of the «- and f-scintillation efficiencies for a 
number of specimens of diamond of various sizes, external shapes and previous 
treatment. In agreement with Ralph (1959) no significant correlation was found 
between these properties and the type I, type II classification. This classification 
has therefore not been employed in table 2. The efficiency E is presented as the 
ratio of the number of electrons which must undergo transitions in energy in order 
to produce the observed intensity of the emitted radiation to the number of electron— 
hole pairs which are known (Kennedy 1959) to be created by the absorption of the 
primary particles. ‘The absolute values of these ratios are not very accurate 
since only an approximate estimate can be made of some of the factors which 
enter into the calculation. Such factors are the solid angle of collection of the 
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‘Table 2 
(1) (2) (3) (4) (5) (6) (7) (8) 

SL8 AB2 

strong 0-042 0:33 0:36 0-012 0:28 0-033 

ultra-violet 
fluorescence 
Cc 1 16 AC2 0-81 0-33 0:42 0-018 0:22 0:043 
mae ee 0-087 0:27 0:36 0-009 0:10 0-025 
to) AC3 0-027 0:27 0-30 0-003 0-11 0: 

BB96 AC1 nie 

U 0-057 0-33 0-39 0-021 0:37 0-005 
BB96 ECI ; 

V 0-108 0-21 0:33 0-027 0-25 0-008 
K88 AC2 

U 0-027 0-24 0-27 
K88 EC2 

V 0-021 0-06 0-09 0-003 0-14 0-033 
Co7 pce 
fog V 0-104 0-24 0:36 0-030 0:26 0-083 
S5 AC3 0-108 0:36 0:45 0-024 0:22 0-053 
‘ Octahedron’ AC3 0-024 0-27 0-30 0-015 0-62 0-050 
K124 AC2 0-015 0-21 0-24 0-0024 0:16 0:010 
B32 AC2 

U 0-036 0-33 0:36 
B32 Ee? 

V 0-084 0-30 0-38 0-021 0:25 0-054 


(1) crystal; (2) state; (3)-(5) a-scintillation: (3) main |B) after pulse E,, (5) total E, ; 
(6) E, scintillation; (7) E,/E,,; (8) E,/Ey,. ; 
U, before electron irradiation and annealing. V, after electron irradiation and annealing. 
Key to size: 1:1mmx$mmx$mm 

2:2mmx1}mm*x1mm 

3 : larger. 
Faces and transparency: Clear, A; irregular, B; smooth, C; frosty, D; dark, E. 


emitted radiation by the light pipe, the average quantum efficiency of the photo- 
cathode of the photomultiplier and the size of the voltage pulse present in the 
oscilloscope display which should be taken to be caused by the liberation of one 
electron from the multiplier cathode. For comparative purposes, however, an 
estimation of the ratios to two significant figures in table 2 is justified. 

Table 2 shows that the efficiency is much higher for «-particles than for 
B-particles, especially if the phosphorescence energy, typically about ten times 
that of the main pulses, is included in the calculation. If a similar phosphorescent 
effect exists for the f-scintillations, then its importance relative to the main 
-scintillation pulse is considerably less than for «-particle excitation since no 
evidence of a phosphorescent component for p-scintillations was found in the 
present experiments. The energy contained in the phosphorescence appears 
to be much less specimen dependent than that comprising the main «- or the 
B-induced emission, especially if an allowance is made for the optical properties 
of the crystals. The variation in the magnitude of the main «- and the B-pulses 
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for different surface regions of a given specimen was also much wider than the 
corresponding variation for the phosphorescence between the same regions. 
This was particularly noticeable for crystals containing obvious surface flaws 
and for those which had been damaged by irradiations with high energy particles. 
A comparison of the efficiencies of cathodoluminescence and of the main «-scintil- 
lations showed qualitatively similar variations for the two processes from point 
to point over the surface of these inhomogeneous crystals, although the intensity 
of the phosphorescent emission was effectively constant. The 50 kev electrons 
which were used in the cathodoluminescence experiments had roughly the same 
range in diamond as 5-3 Mev «-particles. 


4.2. Wavelength Dependence of the Scintillation Intensity 

The difficulties involved in the accurate experimental determination of the 
scintillation wavelength spectra when radioactive sources are used as the stimulat- 
ing radiation have already been mentioned in §3. Measurements were found to be 
possible only for the «-stimulated emission when the more accurate method of 
analysis was used, since the intensity of the f-scintillations was generally less 
than 2% of that produced by «-particles for a given specimen. The principal 
consideration in the design of the apparatus, shown in figure 9, was the need 


<C 


— Solid 


Figure 9. Apparatus used for photoelectric recording of scintillation wavelength spectrum. 
C, photomultiplier, h.t. and signal connectors; PM, photomultiplier; P, vacuum 
pump connections; L, liquid air Dewar flask; Q, quartz windows; S, 2!°Po a- 
particle source; A, entrance slit of spectrometer; B, exit slit of spectrometer; SP, 
Littrow flint spectrometer; W, wavelength scan; M, motor. 


for the attainment of the maximum possible signal-to-noise ratio so as to permit 
an adequate spectral solution. Cooling the photomultiplier to —80°c resulted 
in an improvement in the signal-to-noise ratio of about 15:1 over the room 
temperature value. ‘This increase in sensitivity was especially necessary for the 
low temperature measurements, where an unavoidable decrease in the efficiency 
of collection of the luminescence by the monochromator was incurred due to the 
inferior geometry imposed by the need to evacuate the specimen chamber. 
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The wavelength distributions of the «-scintillation emission were derived 
from pen recorder charts of the photomultiplier current. A correction was made 
for the non-linear wavelength response of the monochromator and photomultiplier 
by means of calibration traces obtained with the use of a tungsten strip filament 
source. Room temperature spectra were also obtained for three crystals using 
a photographic plate (Kodak P1200) to record the emission. The cathodo- 
luminescence spectra for these crystals, which had been obtained for the same 
surface regions of the crystals as were used in these «-particle experiments, were 
easily distinguishable from one another (compare figures 5(a) and 5(6)). On 
the contrary, the spectra resulting from the «-excitation of the luminescence were 
virtually indentical and were similar to those obtained when the experiment was 
repeated with the photomultiplier detector (figure 10). The photographic 
method of analysis was not very convenient because exposures of at least ten 
days were required to allow the accurate use of the densitometer and it was there- 
fore impracticable to record the spectra under varying crystal conditions. The 
degree of linearity of the wavelength response was however much greater than 
for the photoelectric method. In the latter case it was not possible to derive 
the precise shapes of the component parts of the spectrum. 


Intensity (arbitrary units) 
Intensity (arbitrary units) 
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3650 3800 : 

1 ee J 

Wavelength (2) $559 3600 4000 45005000 6000 7000 
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Figure 10. a-scintillation spectra for Figure 11. Variation of luminescence with 
diamond B31. Curvea, obtained wavelength for diamond B32, tempera- 
from photoelectric recording ture —190°c Curve a, a-excitation 
+20°c; curve 5, from _ photo- (apparatus as figure 10); curve b, 
graphic recording +20°c (not 50 kev electron excitation. 


corrected for spectral sensitivity 


of P1200 plates). 


In figure 11 is given the scintillation spectrum containing the best resolution 
which was achieved. The detail in the radiation contained in the long wavelength 
region of the spectrum may be compared with the same section of the cathodo- 
luminescence spectrum for the same crystal at the same temperature. The general 
features in this long wavelength radiation appear to be similar for both modes of 
excitation. . 

The blue bands, however, exhibit certain differences in their properties. 
Some of these differences are emphasized in table 3 in which are listed the values 
of the ratios of the total energy contained in the broad blue band to that in the 
rest of the spectrum, (a) for the total g-scintillation output (ratio R,,), (5) for the 
cathodoluminescence (ratio R,), (c) for the main «-scintillation (ratio R,) and 
(d) for the total «-scintillation output as determined by pulse measurements. 
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The results have been obtained for a range of crystal conditions as indicated by 
column (2). ‘The lack of exact agreement between the ratios R, and R, of columns 
(3) and (5) is probably due to the use of a Wratten 12 filter, which divides the 
spectrum at 5000 A, in the scintillation pulse experiments. Figure 12 shows that 
this does not allow a complete resolution of the blue band radiation from the 
rest of the spectrum. 

Table 3 shows that, except for the specimen K80, R, and R, only vary between 
the different specimens in the ranges 8:1 to 5:1 and 6-5: 1 to 2:5: 1 respectively. 
Subsequent ultra-violet and infra-red measurements have indicated that K80 
contains an abnormally low percentage of impurities and crystal defects. Ratios 
R,,and R,show a good correlation in their fluctuations from specimen to specimen 
and the table shows that the relatively perfect crystals have high values of R, 
and R,, while the lowest ratios are to be found for those crystals which have 
been subjected to bombardment damage and subsequent annealing treatments. 
This last statementis also true for the ratios R,, but the range of variation of X,, is much 
larger than either R, or Rj. For example crystals Goll and K80 exhibited no 
detectable long wavelength cathodoluminescence at all, whereas for Co7 the radia- 
tion was almost entirely confined to the components in this wavelength region. 

The ratios R, in column (4) for the main «-scintillation pulse radiation vary 
in step with R, and over a wider range than R, or Rg. ‘The values are syste- 
matically greater than R, and this is probably due to the presence in the main 
a-pulses of a significant component of radiation which, like the phosphorescence 
radiation, is relatively specimen independent. 

Columns (7) and (8) of table 3 contain the wavelengths of the maxima of the 
blue bands (total emission) produced by «-particle and low energy electron 
excitation. ‘These results combined with others, not given in the table, suggest 
that the position (as well as the shape) of the blue band produced by either 
method of excitation is unaffected by the state of the crystal provided that the 
temperature is held constant. ‘The presence of the 3940 A system in the cathodo- 
luminescence spectra of some crystals after irradiation, mentioned in §3, does 
not alter the mean position of the band and the system appears to be superimposed 
on the normal blue band. The blue band maxima are temperature dependent, 
however, and the mean values of the temperature coefficient have been obtained 
from the data of table 3. For ~-scintillations these values are 4485 A at + 20°c and 
4398 A at —180°c giving dA/dT = + 0-42 Adeg~ or dE/dT = — 3-0 x 10 ev der. 
The corresponding cathodoluminescence values are 4417 A; 4356A; +0-30Adeg! 
and —2:1x10-evdeg-!. ‘The mean value and the temperature coefficient of 
the mean value of the cathodoluminescence blue band are therefore different 
from the «-scintillation blue band values. Crystals B32 and B4 produced 
z-excited spectra which contained an exceptionally high proportion of long 
wavelength radiation which enabled a measurement of the temperature coefficient 
to be made on the uncorrected recorder spectra for a peak close to 5750 A. Values 
of 0-25Adeg-! and —1:5 x 10-*evdeg? were obtained for dA/dT and dE/dT. 
This result is close to that found by Ralph (1960) for the coresponding line of 
the cathodoluminescence spectrum (figure 7). Specimen results of the variation 
of these «-scintillation peak positions with temperature are included in figure 12 
and it can be seen that the assignment of a linear temperature coefficient for the 
whole of the measured range of temperatures is justified. 
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Figure 12. Temperature shifts of «-scintillation ‘ blue’ band peak and peak at 5750 A for 
diamond B32. Slopes: curve a, 0:42 A deg-!; curve 5, 0:25 A deg™!. 


The results given in table 3 were checked by a second experimental method. 
Information on the wavelength distribution for the main «-scintillation pulse 
radiation alone was obtained with the use of a monochromator in which the 
wavelength selection was achieved by means of the positional adjustment of a 
first-order graded interference filter. ‘The instrument was used with a specially 
designed light pipe (shown only schematically in figure 1) which produced a 
high effective ‘F number’ (about F0-8:1 according to calculations which 
include the effects of reflection losses at the filter) but the measured spectral 
resolution was only 340 A (Rayleigh criterion). The scintillations were detected 
using standard pulse counting techniques and the intensity axis of the wave- 
length spectra presented in terms of the counting rate above a given variable 
discriminator level. Suitable adjustment of this level enabled the effects of the 
phosphorescence to be excluded from the measurements. Figure 13 shows the 
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Figure 13. Variation of scintillation output with wavelength for diamond Co7 using 
graded filter spectrometer; curve a, using a-particle excitation with high discri- 


minator bias; curve 6, using «-particle excitation with high discriminator bias; 
curve ¢, using /-particle excitation with low discriminator bias. 
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changes produced in the spectral distribution as the result of such an adjustment 
(curves a and 5) for a crystal which had been electron irradiated and annealed. 

Figure 13 (curve c) shows the spectrum obtained for B-particle scintillations 
in the same crystal. In agreement with the results of table 3, curve c is similar 
to curve 6 rather than to curve a. These curves have been corrected for the 
non-linear spectral response of the photomultiplier, but once again the shapes 
are not entirely reliable because of the poor wavelength resolution and the fact 
that the ordinate scale is not simply proportional to the scintillation energy. 
Results were also obtained for «-particle stimulation, using this technique, which 
confirmed the sensitivity of the ratio R, (table 3) to the condition of the region 


of the crystal which was undergoing stimulation, while R, was again found to be 
approximately constant. 


4.3. General Conclusions 


The main conclusions which may be drawn from the results presented in 
$4 are: 

(i) The properties of the blue band of wavelengths in the scintillation spectrum 
are different for x- and f-particle stimulation. The existence of strong phos- 
phorescence for «-excitation seems to be the main visual distinction between the 
two scintillation processes. ‘The results indicate that the phosphorescence 1s 
predominantly blue band and probably of a different origin from part of the blue 
band radiation in the main «-scintillations and in the cathodoluminescence 
spectra. 

(ii) The agreement of curve c in figure 13 with curve 6 rather than curve a, 
which was found to be general where curves b and a were significantly different, 
indicates that except for the absolute magnitude the scintillation effects produced 
by electrons in diamond are not strongly dependent on the electron energy. 
This conclusion is justified by virtue of the fact that ratios obtained from curve c 
exhibit similar specimen dependent values to ratios R, of table 3 which were 
calculated from the cathodoluminescence spectra. ‘The energy of the electrons 
used in the latter experiments was about 50 kev whereas f-particle energies of 
up to 1 Mey were used to obtain the results shown in figure 13, curve c. 

(iii) The intensity of the blue band emission relative to the long wavelength 
emission is much less specimen dependent for «-particles than for f-particles 
unless the radiation in the main «-scintillation pulse is considered alone. ‘This 
suggests that the centres responsible for the « blue-band radiation are somehow 
privileged in the competition for secondary electrons and are therefore less affected 
by the presence of defect and impurity sites. Certain of the latter appear to have 
a dominant effect on the £-particle and cathodoluminescence radiation. 

(iv) The efficiency of the «-scintillation process in diamond is also compara- 
tively specimen independent, in contrast to the B-particle induced process. 


§ 5. DISCUSSION 
Measurements of the a- and f-conduction counting efficiencies have been 
made on the 44 crystals used in the experiments already described. . The 
efficiencies cover the full range of possible values for both types of primary 
particle (Kennedy 1959). In view of conclusions (111) and (iv) above, it is apparent 
that the centres, or defects, responsible for the scintillation effects are not 
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primarily responsible for the existence of non-counting diamonds. Crystal 
treatments, such as 0-5 Mev electron irradiation with a total incident flux of 
1017 electrons, which produce disorder in the lattice sufficient to reduce the 
conduction counting efficiency of the crystal practically to zero do not produce 
any significant increase in the scintillation efficiency. For the majority of crystals, 
such treatment does not even affect the detailed structure of the luminescence 
spectrum. The important conclusion seems inevitable that close vacancy— 
interstitial pairs, while acting as charge traps during the passage of the conduction 
pulse through the crystal, are inoperative either as luminescent or quenching 
centres for the scintillation effects produced by ionizing particle excitation. 
Subsequent annealing treatments have been shown to produce a marked increase 
in the total scintillation output under electron stimulation and also a change 
in the spectrum of the emitted radiation. The treatments are known to be capable 
of producing a considerable recovery of the B-conduction counting efhciency, 
usually to about 50°% of the efficiency before the irradiation treatment (Stratton 
1957, Champion and Wright 1959). Such behaviour is therefore consistent with 
an annealing process which is at least two-fold. The first component is the 
restoration of the original lattice due to the recombination of some of the vacancy— 
interstitial pairs, which partially restores the conduction behaviour, the scintillation 
behaviour remaining unaffected by this process. Thesecond component consists, at 
least partly, of the migration of residual vacancies and interstitials either to form 
aggregate defects or to become anchored at defects which were present in the lattice 
before the irradiation treatment. The first component is expected to become 
important at lower temperatures than those required for the second (Billig and 
Holmes 1958). ‘This theoretical prediction is supported in diamond, since 
significant annealing of the scintillation properties has not been observed below 
580°c (Ralph 1959) whereas appreciable annealing of conduction counting was 
found between 300°c and 500°c (Wright 1957). It appears to be necessary to 
consider the presence of these additional defects (the charge traps), at which 
radiative transitions with wavelengths shorter than about 8500 A do not occur, in 
attempts to evaluate the behaviour of diamond after the absorption of ionizing 
radiations. 

Additional evidence for the existence of non-radiating defects is provided 
by the breadth of the experimental B-conduction counting pulse height spectra 
(Kennedy 1959). The «-conduction counting spectra are still more diffuse than 
the B-spectra and even the most perfect crystals exhibit about 25°, lower conduc- 
tion counting efficiencies for «-particles than for electrons. The values of E, 
and E, in table 2 suggested that this relative reduction would be expected if the 
majority of the scintillation energy in a given event originates close to the region 
of the crystal in which the «-particle was absorbed. Moreover, such a confined 
region of emission would be consistent with the small response of the total 


a-scintillation emission to the presence of widely distributed and annealed radiation 
damage. 
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Abstract. he effect of 500 kev electron and neutron irradiation on the cathodo- 
luminescence spectra of a number of natural diamonds excited by 70 kev electrons 
has been studied. In certain crystals a line system has been induced at 3940 A 
by 500kev electron irradiation without annealing. Further systems at 5030 A 
and 5755A appeared in all the crystals examined when electron or neutron 
irradiation was followed by vacuum annealing at temperatures between 600°c 
and 800°c. The effect of different annealing temperatures was also studied. 


§ 1. INTRODUCTION 


HE luminescence spectra of diamonds have been studied during excitation 
| with ultra-violet radiation of various wavelengths by Bull and Garlick 
(1950), Martin (1957) and Dyer and Matthews (1958), and with x-rays by 
Matthews (1958). The wavelength distribution of the scintillation pulses emitted 
under a-particle bombardment has been examined by Kennedy (1958), by 
Ralph (1959) and by Dean (1959, private communication). A comparison of 
these results indicates that the emission spectra are strongly dependent upon the 
type of radiation employed. 

The general description of the emission spectra obtained under excitation 
with electrons of energy in the range 30-90 kev is given elsewhere (Dean, Kennedy 
and Ralph 1960) and the work described below is limited to the spectral changes 
produced by radiation damage and subsequent annealing. A considerable 
amount of work has been carried out on the effects of radiation damage on various 
characteristics of diamond. Changes have been observed in their conduction 
counting properties by Benny and Champion (1956), by Champion and Wright 
(1959) and by Stratton and Champion (1956). Ditchburn e¢ al. (1954) and 
Clark, Ditchburn and Dyer (1956) measured corresponding changes in the ultra- 
violet absorption, and Dyer and Matthews (1958) studied the effect on ultra- 
violet stimulated fluorescence. 'The changes which have been observed in the 
cathodoluminescence spectra show some similarities to those for ultra-violet 
excitation, but there are also some distinct differences which must arise from the 
different methods of excitation. 

The defects produced by 500 kev electrons are largely single vacant sites and 
neighbouring interstitial carbon atoms with relatively few more complex defects. 
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When neutron bombardment is used, more extensive damage may be expected 
(Seitz and Koehler 1956). It has been established by Dyer and Matthews that 
no changes in the ultra-violet excited fluorescence emission spectrum are produced 
by 500kev electron irradiation alone. This shows that none of the natural 
features of these spectra are due to single vacant sites or interstitials or to close 
vacancy-interstitial pairs. Annealing of this damage in type I specimens induces 
sharp line emission systems and 1s attributed to movement of the induced defects 
and the anchoring of these at permanent crystal imperfections. 

The results discussed below show that new centres are produced in certain 
diamonds by irradiation alone, but that in others subsequent annealing is necessary 
to alter the emission spectrum. 


§ 2. EXPERIMENTAL 


The apparatus used for this work was basically a modified Siemen’s electron 
microscope. This provided a beam of electrons at a current of up to 40a and 
of energy between 30 and 90 key. The beam could be focused down to a diameter 
of about 0-2mm at the crystal or defocused to cover a circle of about 0-5cm 
diameter. This allowed the excitation of either a part or the whole of a given 
crystal surface. 

The emitted light was focused on to the input slit of a constant deviation 
spectrometer which was normally arranged to have a resolution of about 10 A. 
The spectra were recorded photographically using Ilford long range spectrum 
or Kodak P1200 plates. The photographs obtained were analysed by means of a 
photodensitometer to give the type of trace shown below. ‘These spectra have 
not been corrected for the spectral sensitivity variations of the photographic 
plates but the sensitivity curves provided by the manufacturers indicate that 
the correction would be small at the relevant wavelengths. The crystals were 
mounted on a copper block on the end of a stainless steel Dewar. A small electric 
heater was attached to the copper block. With liquid oxygen in the Dewar, 
temperatures down to — 180 Cc were available and the heater permitted the tempera- 
ture to be raised to about +200°c. The Dewar, heater and crystal holder were 
demountable as one unit and a vacuum tight joint allowed this unit to be inserted 
‘nto the side of the electron microscope so that the crystal was in the electron 
beam. Most of the spectra were obtained at —180°c since at this temperature 
the line features are sharp. 

For irradiation of the crystals with 500 kev electrons a Van de Graatt machine 
was used at a current density of up to 20namm~*. ‘The crystals were mounted 
in water cooled Wood’s metal, it being estimated that their temperature would not 
rise above about 50°c during the irradiation. The experiments consisted of the 
measurement of the emission spectra at —180°c of various types of diamond 
before and after electron doses ranging from 5 to 20 minutes at 20 pa. The 
natural spectra were classified into those which showed line emission at — 180°c 
and those which did not. 

Neutron irradiations were carried out on a number of crystals and the results 
for three of these are discussed below. ‘These were each given 8 hours in BEPO 
at Harwell at a position where the thermal flux and the fast neutron flux were 


2 =a 
each 9-8 x 101! neutrons cm 2sec—1. 
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§ 3. RESULTS 
3.1. General Features of Spectra before Radiation Damage 


The spectra of several natural diamonds obtained by this method have been 
presented in a separate paper by Dean, Kennedy and Ralph (1960) and only a 
brief summary of these will be given here. The main features were: (i) a broad 
blue emission band centred at about 4400 A and extending from 38004 to 52004; 
(ii) three overlapping broad bands at about 5150A, 5750A and 63004; 
(iii) sharp line emission systems with principal lines at 5030 A and 5755 A and less 
frequently at 41504. The latter usually appeared as an absorption line; (iv) a 
number of other sharp lines including those at 3940 A, 4845 A and 4910 A which 
were normally only present with the 5755 A system, and at 5390A only when the 
5030 system was present. ‘The 4400 A band was always present to some extent 
in natural diamonds although the long wavelength bands were sometimes very 
weak or absent. The 4400 A band was found to be strongly temperature dependent 
between —180°c and +100°c whereas the other three broad bands were not. 
This aspect is discussed more fully in the paper referred to above. 

The line systems appeared in a wide range of intensities relative to one 
another and relative to the broad band systems. However, the relative intensities 
of the component lines and their energy separations within a given system were 
fairly constant. This is in agreement with the results of Dyer and Matthews 


(1958). 


3.2. Radiation Damage by Electrons 
3.2.1. Crystals with no natural line emission. 


It was found that the spectra of crystals in this class were not affected by 
irradiation alone although the usual change of colour of the crystal from water- 
white to pale blue occurred. Annealing of this damage at temperatures between 
600°c and 800°c im vacuo caused sharp line features to appear in the emission 
spectra of all of the twelve specimens examined. Figure 1 shows the spectra 
before and after irradiation and complete annealing (i.e. 20 minutes at 800°c). 
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Figure 1. Cathodoluminescence spectrum of diamond (a) before irradiation, (6) after 
annealed radiation damage. 


The normal four broad bands are shown in (a) and in (6) are shown the line 
systems at 5030 A and 5755 A superimposed on these broad bands after treatment. 
The electron dose in this case was 10 minutes at 20a. The induced line wave- 
lengths and energy positions are presented in table 1 together with the component 
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energy separations for each system. The three long wavelength band intensities 
are also shown to have increased following this treatment, changing the colour 
of the emission from whitish-blue to green. 


Table 1 

5755 A system 
Wavelength (A) 5799 5870 5980 6170 
E(ev) 2-14 2:09 2-06 2:00 
Energy spacing (ev) 0-05 0-03 0-06 

5030 A system 
Wavelength (A) 5030 5125 5210 5300 5360 5470 6500 
Evev) 2°45 2-41 Dead 2-33 2°30 2:25 2-20 
Energy spacing (ev) 0-04 0-04 0-04 0-03 0-05 0-05 


The spectra from the non-irradiated face before and after irradiation and 
annealing were practically unchanged and were both very similar to that shown 
in figure 1 (a). 

To determine at what temperature the annealing actually takes place the 
crystal discussed above was annealed for periods of ten minutes at different 
temperatures starting well below the expected critical temperature of about 
500°c (Dyer and Matthews 1958). The spectrum was determined after each 
annealing and the relative intensities of the induced lines and the broad bands 
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Figure 2. Variation of intensity ratio with annealing temperature; a, general background’ 
at 4400 A and 6230, left-hand scale; 5, 50304 line to background, right-hand scale ; 
G / 55 A Line LO background, right-hand scale. 


were measured. Some of these are shown in figure 2, where the curves show 
clearly that the annealing for these phenomena begins to occur at about 580°c. 
However, much longer annealing times at lower temperatures have been reported 
to have an effect on some aspects of radiation damage. By about 800°c all of 
the changes whose variation was followed appeared to have saturated. ‘These 
curves are typical of the results of several similar experiments. 


692 ¥. E. Ralph 


3.2.2. Crystals with natural 5030 A emission system alone. 


This type of crystal was found to be less common than those showing both 
the 5030 A and the 5755 A systems and only two were examined. The results were 
similar to those of the previous section. 


3.2.3. Crystals with natural 5755 A emission system. 


It was found that all crystals which showed the 57554 line system in their 
emission spectra before treatment showed changes in these spectra after periods 
of 500kev electron irradiation alone. No significant difference was observed 
between the behaviour of crystals showing the 5755 A system alone and those in 
which the 50304 system was also present. 

Typical examples of these induced changes are shown in figure 3. The first 
two traces are of a crystal with a strong 5755A system, before and after a ten 
minute irradiation with 500 kev electrons at 20a. A fairly strong line at 3940 A 
and weaker lines at 4845 A and 4910 A were, as usual, associated with the 57554 
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Figure 3. Effect of electron radiation damage on two specimens of diamond; (a) before 
irradiation, (>) after annealed radiation damage, (c) before irradiation with strong 
5030 A line, (d) after annealed radiation damage. 


system (Dean, Kennedy and Ralph 1960), and a very weak 50304 line was also 
present before treatment. After the irradiation the 3940 line is shown to have 
increased greatly in intensity while a system of broad and sharp lines has appeared 
on the long wavelength side of it. The main induced system consisted of the 
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3940 A principal line together with the broader lines at 4020A, 4100 A, 4205 A, 
4320 A, 4415A and 4530A. The weaker sharp lines were situated at 4105 A, 
41104, 4115 A, 4415 A and 46954. The energy positions and separations of the 
components of this system are presented in table 2. Also included in this table 
are the corresponding details of the normal 4150 A system (Dyer and Matthews. 
1958) and these systems are compared later. 


‘Fable 2 
3940 A system 4150 A system 
(1) (2) (3) (1) (2) (3) (4) 
3940 3-150 0-06 4150 2:987 0-09 0:16 
4020 3-090 Ae 4277 2-899 ANS 0-19 
5 0-07 0-07 
4100 3-025 0-07 4386 2:827 0-09 0-20 
4205 2-950 : 4528 2:739 = 0-21 
0-08 z 0-07 
4320 2-875 (V7 4645 2-670 ALANS 0-21 
= i 0-07 pa x 0-07 
4530 2-730 mia 
Other sharp lines in 3940 A system 
Wavelength (A) 4105 4110 4115 4135 4415 4695 4710 4740 4750 
E(ev) 3-020 3-015 3-010 3:000 2-800 2-645 2-630 2-615 2-610 


(1) Wavelength (A); (2) E(ev); (3) energy spacing (ev); (4) energy drift of corresponding 
components (ev). 


The remaining two spectra of figure 3 show the effect of a similar radiation 
dose on a diamond whose spectrum contained both the 5755 A and 5030 A systems 
before treatment. In this case the 3940 A line was not present naturally but after 
the irradiation the complete 3940 A system appeared and was identical with that 
described above. The long wavelength end of the spectrum after treatment 
was allowed to over-expose the photographic plate in order to show the 3940 A 
system more clearly. 

Crystals of each of the types described in this section were annealed im vacuo 
at about 800°c for ten minutes and the spectra again recorded. No change was 
observed in the 3940 A systems of any of these. However, the 5755 A system was 
increased in intensity and the 5030 A system was induced, where it was not already 
present, by this annealing. The colour of the fluorescence again changed from 
whitish-blue to green. 


3.2.4. Electron irradiation at a high temperature. 


Two crystals were examined in this experiment. One had a very strong 
5755 system, but no 5030 system and the other had no natural line emission. 
Each of these was given a dose of 500kev electron irradiation at an electron 
density of 204A mm_~® for ten minutes under conditions in which the specimens 
were very inefficiently cooled. The high temperature of the crystals was indicated 
by the yellow-green fluorescence emitted during the irradiation. With efficient 
cooling this colour was normally whitish-blue. ‘This temperature dependence 
is discussed by Dean, Kennedy and Ralph (1960). 

The spectra obtained after irradiation were both similar to those obtained 
by separate irradiation and annealing at about 800°c and are described in an 
earlier section. This indicates that the crystal temperature during irradiation 
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was well above 600°c. The most striking feature of this experiment was that 
no 3940 A system was induced in the crystal with the natural 5755 A system when 
the electron irradiation was carried out at this high temperature instead of at 
less than 50°c. This shows that the 3940 system is not produced by partial 
annealing during the irradiation. 


3.2.5. Electron irradiation of crystals with an artificially produced 5755 A system. 
After it was firmly established that the 3940 A system could only be induced 
in natural crystals which already showed the 5755 A system, an examination was 
carried out on crystals in which the latter had been artificially produced. This 
was done by electron and neutron irradiation and subsequent annealing and also 
by annealing alone in certain crystals. In the latter case the induced 5755 A 


system was usually very weak. 
Electron irradiation of several crystals of each of these types with doses up 
to twenty minutes at 20a failed to produce any indication of an induced 3940 A 


system. 


3.3. Radiation Damage by Neutrons 


Two of the diamonds subjected to neutron bombardment had no natural 
line emission and no change in the emission spectra was observed after treatment, 
although the crystals showed the usual deep green coloration. Annealing of this 
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Figure 4. Effect of neutron damage on diamonds; (a) rough surfaces, (6) irregular but 
flat faces, (c) highly perfect. 
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damage at 800°c for ten minutes produced a similar change to that described 
above for electron irradiation and annealing. ‘The 5030 A and 5755 A systems were 
induced and the long wavelength bands increased in intensity relative to the 4400 A 
band. The strengths of the induced line systems was strongly dependent on 
the surface condition of the crystals and figure 4 shows the spectra after treatment 
for each specimen. Spectrum (a) was for a crystal with very rough surfaces and 
of irregular shape; (b) was for a badly-shaped crystal with several flat faces 
and (c) was for a perfectly shaped diamond. In each case the whole of one 
elevation was excited. The last trace of figure 4+ has been limited to the long 
wavelength region since the 4400 A band was very strong. 

The specimen whose spectrum is shown in figure 4(a) showed a fairly strong 


—-——-- 2 


irradiation alone. 


$4. Discussion 


The main result of the work described above was to establish that the 4150 A, 
5030 A and the 57554 systems were not induced by either 500 kev electron or 
neutron irradiation alone. This is in agreement with the results of Dyer and 
Matthews and indicates that none of these systems is due to the presence of 
simple defects such as single vacant sites and interstitial carbon atoms formed by 
500 kev electrons or to the more complex defects produced by neutrons. 

Annealing of the damage induced by either of these two types of irradiation 
at temperatures between 600°c and 800°c produces centres giving emission 
systems at 5030A and 5755A but not at 4150A. Some recombination of single 
vacant sites and interstitials would be expected to take place on annealing, and 
this may partly explain the absence of any simple relationship between the 
induced line intensity and the radiation dose received. ‘The new centres are 
presumably formed by the anchoring at some type of large natural defect of the 
vacancies and interstitials made mobile at the higher temperature. The neutron 
irradiation experiments suggest that these exist chiefly near the surfaces. 

Some evidence for a relationship between the centres responsible for the 
different induced sharp line emission systems is provided by the approximately 
equal energy separations of the 5030A (2-45 ev), the 53904 (2:29ev) and 57554 
(2-135 ev) lines. These separations are, respectively, 0-16ev and 0-I55ev. It is 
interesting to note that the induced red line observed by Dyer and Matthews 
at 6195 A is separated from the 57554 line by 0-15 ev. 9 

Although the 4150 A system cannot itself be induced artificially, a system at 
3940 A with components of similar energy separations and relative intensities 
has been produced by irradiation with 500 kev electrons of diamonds showing a 
natural 5755A emission system. Since the temperature at which this system is 
formed is too low for movement of the induced defects, the centres responsible 
are probably formed by the production of damage in or near those centres giving 
the 5755A system. The absence of the 3940A system after irradiation at a high 
temperature supports the suggestion that its appearance 1s not due to annealing. 

Neither the 57554 nor the 3940A system has been reported where ultra- 
violet or x-ray excitation was employed. Conversely, the 4150A system can 
normally only be excited by ultra-violet radiation. In table 2 are shown the 
wavelength and energy positions of the components of the 4150A and 39404 
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systems together with the corresponding energy spacings. Also shown in this 
table are the energy separations of corresponding components of the two systems. 
Clearly, these two systems are internally very similar to one another but the 
corresponding components are shifted by approximately equal energies. This 
result suggests that the 3940 A system may be formed by some modification of the 
4150 centres by the irradiation with 500 kev electrons. 


§ 5, CONCLUSIONS 


The results presented above do not permit any detailed deductions about 
the nature of the centres responsible for the various luminescence spectral features. 
However, it has been confirmed that the simplest types of lattice defects are not 
alone responsible. It is also clear that the features observed are strongly dependent 
upon the nature of the exciting radiation. 
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Abstract. Measurements of spin-lattice relaxation time in ruby have been 
made at 34°6 Gc/s by a pulse saturation method at temperatures from 1:4° 
to 90°K. With weak concentrations the values for the first-order transitions 
(e.g. 22 msec at 4-2°K) are of the same order of magnitude as those reported at 
lower frequencies, and the variation of relaxation time with temperature is in 
fair agreement with theory. A successive increase in relaxation time with the 
order of the transition, pronounced at 1:4°K, decreases with increasing tem- 
perature, and at about 77 °K a common value of about 44sec is obtained for 
all transitions. The main effects of increasing concentration are to reduce 
the relaxation time and alter its temperature dependence. 


§ 1. INTRODUCTION 


HE importance of measurements of spin-lattice relaxation times f ia 

paramagnetic materials has grown recently because of the rapid develop- 

ments in the maser field. Although several theories have been proposed 
(e.g. Van Vleck 1940, Al’tshuler 1956, Gill 1959, unpublished) the physical 
basis of the relaxation process is not clearly understood, and the formulation 
of a general theory applicable to a range of materials awaits the accumulation 
of more experimental data. Specific problems occur, however, which demand 
knowledge of relaxation times and their dependence on certain parameters. 
Two examples are the extension of maser techniques for amplification or 
oscillation to the short millimetre wavelength region (Foner, Momo and Mayer 
1959), and the operation of lower frequency masers at elevated temperatures 
(Ditchfield and Forrester 1958) with increased bandwidth and power handling 
capacity. In the former case the magnitude and frequency dependence of the 
relaxation time are important, and in the latter the effects of temperature and 
concentration. This paper describes measurements of the spin-lattice relaxation 
time in synthetic ruby made at 34-6 Gc/s with the object of investigating these 
effects. The temperature and concentration ranges covered were 1:4” to 
90° and 0:03%Cr to 0:78% Cr respectively, using the fixed polar angle 
@—90°. The concentration is defined as the ratio of weights of chromium and 
aluminium oxide. Ruby was selected because it is known to be a suitable 
material for many maser applications and the frequency was chosen, bearing 
in mind the current interest in millimetre wavelength masers, as being the 
highest at which sufhcient microwave power and components were easily 
obtainable. Preliminary results have already been reported by the authors 
Pace, Sampson and Thorp (1960). 
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§ 2, APPARATUS AND TECHNIQUE 


2.1. General Features 


A pulse saturation method was used in which the transition studied was 
saturated by a short pulse, recovery to thermal equilibrium being observed by 
measuring the absorption of a low power, c.w. monitoring signal of the same 
frequency (cf. Davis, Strandberg and Kyhl 1958). 

The general arrangement of the equipment followed conventional lines. 
The low temperature assembly however was a straight silver-plated cupro-nickel 
waveguide (inside dimensions 0-280 in. x 0-140 in., wall thickness 0-005 in.) 
terminated by a removable plane plunger on which the specimen was mounted. 
Use of this system removed difficulties of cavity tuning on cooling, permitted 
large samples to be used, and enabled the whole structure to be made easily 
removable for sample changing at helium temperatures. It also led to a small 
structure, a particularly valuable feature at high magnetic fields where space 
in the gap is restricted. Magnetic fields of up to 16000 gauss over a 4-5cm 
gap were provided by a Newport Instruments Type D electromagnet. These 
were uniform to at least 1 in 10* over a volume of about 2 cm cube, and field 
stabilities of the same order were readily obtained using a bank of batteries to 
drive the electromagnet. Additional coils enabled low frequency field modula- 
tion to be supplied when required. 


2.2. Microwave System 
The microwave arrangement, shown in figure 1, consisted of a waveguide 


bridge, a low power monitor source, a high power pulsed source, and a super- 
heterodyne receiver. 
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Figure 1. Microwave arrangement for relaxation time measurement. 


One arm of the bridge was the low temperature assembly described above. 
Balance was obtained when off magnetic resonance by adjusting the E-H tuner 
in the other arm for cancellation of reflected power into the balanced mixer. 
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When absorption occurred in the sample, i.e. on magnetic resonance, the 
bridge became unbalanced and a signal proportional to the degree of absorption 
was fed into the receiver. 

The bridge input consisted of two signals mixed in a 6 dB directive feed, 
viz: (i) a low power, c.w. monitoring signal, variable between lw and 
10 nw to allow for sensitivity changes, supplied from a VX.5023 reflex klystron 
and (ii) a high power pulse, generated by an Elliott Type B.579 floating drift 
tube klystron. The latter valve was pulsed by a hard valve modulator driven 
by a pulse generator, and produced pulses variable in length from 50sec 
to 500 usec at pulse repetition frequencies up to 25c/s. ‘The maximum pulse 
power available was 6 watts peak. With a pulse duration of 200psec the 
minimum power required for saturation was 60 mw at 1-4°K. 

The frequency of measurement was determined by the fixed frequency of 
the drift tube klystron, 34-6kMc/s, to which the monitor oscillator was tuned. 
It was unnecessary to stabilize the monitor oscillator because with the samples 
used, whose line widths were not less than about 30 gauss, saturation occurred 
if the pulse frequency was within +50 Mc/s of the absorption frequency. 

The receiver was of conventional design, employing a second VX.5023 as 
the local oscillator. An intermediate frequency bandwidth of 10 Mc/s allowed 
operation without frequency stabilization or automatic frequency control. 
The overall gain to the second detector was 110 dB at 45 Mc/s and the total 
noise factor, including the mixer, was 15 dp. ‘The recovery time to maximum 
sensitivity, after suppression during the saturating pulse, was 5 psec. 


Figure 2. Presentation of recovery curve. 


The second detector output was coupled via a cathode follower to one trace 
of a Cossor double beam oscilloscope type 1049, the other trace displaying a 
sinusoidal timing waveform. Use of d.c. amplification in the oscilloscope 
sinabled the maximum and minimum levels of absorption to be displayed 
independent of the form and duration of the recovery curve. A facility for 
emultaneous interruption of the timing waveform and the drive pulse to the 
modulator enabled the maximum absorption level to be displayed independently. 
In this way a composite photographic record was taken showing (a) the recovery 
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curve, (b) the maximum absorption level in the absence of the ae ee 
superimposed on this, and (c) the timing waveform (figure 2); the value o 
relaxation time could be derived from this. The overall accuracy of the 
measurements was estimated to be within about +10, and the minimum 


measurable relaxation time, set by the receiver recovery, was about 10 psec. 


§ 3. RELAXATION TIMES FOR Low CHROMIUM CONCENTRATION 


The primary factor governing the orientation chosen was the need to assess 
ruby as a material for pulsed field maser experiments. In these use of the 
maximum available relaxation time would reduce the complexity of the circuitry 
required. Since it was known from the work of Bloembergen et al. (1959) 
that cross relaxation processes can be very important and that they reduce 
relaxation times a position was selected at which these would be negligible. 
This orientation was with the c axis of the crystal perpendicular to the d.c. 
magnetic field, 0=90° (cf. Mims 1959). The first measurements were made 
on a sample of nominal concentration 0-1°% Cr as it was known that crystals of 
this concentration had been successfully used in three level masers. (Analysis 
subsequently showed that this crystal contained 0-03% Cr). Figure 3 shows 
the energy level diagram at 6=90° together with possible transitions at 34:6 Ge/s. 
The measured relaxation times are given in the table. 


2 4 Caceres i 
Magnetic Field (k gauss) 


Figure 3. Energy level diagram for ruby at @=90° showing 34-6 Gc/s transitions. 


Relaxation Times (msec) in Nominal 0:1°4, Cr Ruby 
34:6 Gc/s, 6=90° 


Transition 1-4°K 4-2°K 10-1°x 20°3°K 56°K Tinks 90°K 
3-4 60. 21 16 4 0-086 one 0-016 
2-3 64 16 10 8 0-083 0-045 0-015 
1-2 59 2) 10 6 0-10 0-044 0-017 
2-4 147 54 12) 10 0:16 0:049 — 
1-3 100 56 — 12 0-13 — — 
1-4 296 = — — O12 — — 


The conclusions which may be drawn from these results will now be dis- 
cussed. 
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3.1. Variation of Relaxation Time with Frequency 

The measured value of 7, at 4°K for the 1-2 transition is 22 msec. As far 
as comparison with previous measurements can be made this is of the same 
order as those reported at 7-2Gc/s (Mimst) and 9-3 Ge/s (Gill and Harvey 
1958, unpublished) and 24Gc/s (Kikuchi ef al. 1959). It therefore appears 
that over this range the spin-lattice relaxation time does not vary appreciably 
with frequency. No general theoretical rule for the frequency dependence 
can be made, since this is determined by the material and the coupling 
mechanism. It may be noted however that a variation as (frequency) or 
(frequency), predicted by Van Vleck for chromium alum, is not found. 


3.2. Variation of Relaxation Time with Temperature 
The effect of temperature on the relaxation time of the 1-2 transition is 
shown in figure 4. In the range of temperature from 1-4° to 20°K the relaxation 
time is approximately inversely proportional to temperature. ‘This behaviour 
is similar to that reported in ruby at 9-3 Gc/s (Harvey 1958, unpublished) 
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Figure 4. Variation of relaxation time with temperature (1-2 transition, 0=90"). 


and in potassium chromicyanide in the helium range when cross relaxation 
effects are negligible (Shapiro and Bloembergen 1959): it would be expected 
:f relaxation were due to a direct exchange of energy between the spin system 
and lattice phonons. Between 20° and 56°K this relation breaks down, and 
above 56°K the rapid decrease in relaxation time with increasing temperature 
is consistent with the predominance of Raman effects ; preliminary observations 


+ Paper given at Radio-frequency Spectroscopy Conference, Oxford, 1959. 
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suggest that the variation is as (temperature)~°. ‘This is not quite so rapid as 
the (temperature)~? suggested by the Van Vleck model. For the other 
transitions a broadly similar temperature dependence was found. 


3.3. Relaxation Times for Transitions of Different Order 


At 1-4°x the relaxation times associated with the different transitions are 
not equal, and the second- and third-order transitions have significantly longer 
relaxation times than the first-order transitions although the recovery curves 
remain substantially single exponentials. This is contrary to predictions based 
on the Van Vleck model, but a recent development of Al’tschuler’s theory 
(Gill 1959, unpublished) has shown that different relaxation times for the 
various transitions are to be expected if the relaxation process is governed by 
near-neighbour interaction and gives close agreement with experiment. As 
the temperature is increased the difference between the relaxation times for 
the various transitions decreases, and a common value is reached at about 
77°«. The occurrence of this common value has previously been observed 
in ruby at 77°K at 9:3Gc/s (Gill 1959, unpublished) and is presumably a 
consequence of the different relaxation process occurring at higher temperatures. 


§ 4. EFFECTS DUE TO INCREASED CONCENTRATION 


It is found that the relaxation time for a given transition is a function of the 
concentration of paramagnetic centres and the temperature. Ruby samples of 
known concentration were available only in small sizes, and measurements 
were therefore confined to the strong first-order transitions. ‘The concentration 
range covered was from 0-02% Cr to 0-38% Cr. 


4.1. Behaviour at Fixed Temperatures 


At helium temperatures the relaxation time decreases with increasing 
concentration N. The results at 1:-4°K are shown in figure 5 (lower curve) 
and can be expressed approximately by 7, oc N-*. A similar concentration 
dependence has also been observed at 4-2°K and 9-3Gc/s (de Grasse et al. 
1959). It may be noted that a concentration dependence is not predicted by 
theories based on the Van Vleck model, but is a consequence of theories based 
on near neighbour interaction. 

At 77°« the effect of concentration is much smaller (figure 5, upper curve) 
and is approximately given by T,ocN~-°1, This result is of importance in 
connection with the operation of three level masers at nitrogen temperatures, 
because it implies that a higher concentration can be used—thereby increasing 
both the inherent bandwidth and the power handling capacity of the maser— 
without undue increase in the pump power requirement. 


4.2. Relaxation Time-Temperature Dependence 


The dependence of relaxation time on temperature has already been 
discussed for a low concentration sample (figure 4, upper curve). The curve 
is characterized by two regions over which T,ocT and T,«T-5 respectively. 
As the concentration is increased this behaviour changes and at concentrations 
above about 0:3°% Cr, a smooth variation from 1-4° to 90°K is found (figure 4, 
lower curve). It is found that, approximately, T,ocT-13 and it is thus clear 
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that a different relaxation process occurs. This slow variation suggests that, 
with the correct material, maser action should be possible at relatively high 
temperatures. 
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Figure 5. Variation of relaxation time with concentration (1-2 transition, 6= 90°). 


It is interesting to note that somewhat similar concentration effects have 
been observed in other materials. In nickel fluosilicate Bowers and Mims 
(1959) found that in the helium range there was a general tendency for the 
relaxation times to be less temperature dependent at high concentrations while 
in potassium chromicyanide Shapiro and Bloembergen (1959) have shown 
that the smaller relaxation times observed at high concentrations can be 
explained by the growing importance of cross relaxation. 


§ 5. Very HiGH CONCENTRATION 


One sample was available with a chromium concentration of 078% Cr. 
In preliminary observations on this sample it was found that at 77°K a simple 
exponential recovery curve was obtained. This gave a relaxation time of 
about 30sec, as would be expected from the foregoing results. At helium 
temperatures, however, the recovery curve had a fast initial rise (corresponding 
to a relaxation time of about 15 psec) followed by a much slower rise (corre- 
sponding to a 20msec relaxation time). A similar effect at 9Gc/s has been 
reported (de Grasse et al. 1959) and the results suggest that the fast recovery is 
due to effects within the spin system while the slow recovery is at a rate 
comparable with the relaxation time for a dilute sample. 


§ 6. CONCLUSIONS 
Using a given polar angle, 9=90°, the spin-lattice relaxation time in ruby 
at 34-6 Gc/s has been shown to depend on the temperature, the transition, and 
the chromium concentration. Comparison with results obtained at lower 
frequencies suggest that the relaxation time is substantially independent of 
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frequency. At low concentrations the temperature variation found agrees 
broadly with predictions based on the Van Vleck model; the remaining 
observations can best be explained by assuming that the dominant mechanism 
in the relaxation process is near neighbour interaction. 

Because of the long relaxation times obtainable ruby appears to be a promising 
material for pulsed field masers intended to amplify or oscillate at millimetre 
wavelengths. At lower microwave frequencies it appears that improvements 
are to be gained in the operation of masers at elevated temperatures by using 
ruby with high chromium concentration. 
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Abstract. Vhe transmission of electrons with energies of 600-6000 ev through 
films of aluminium and of aluminium oxide of 180-1100A thickness has been 
investigated. ‘The transmittance was measured for angles of acceptance between 
18° and 36° and the results were compared with Bothe’s formula. The range of 
the electrons as a function of their initial energy was found by extrapolation. 
Energy distributions for electrons transmitted through the films have been measured 
and values for the transmitted energies as a function of the primary energy 
and of the film thickness were compared with the available theoretical results. 

Some modifications of Bothe’s theory of multiple scattering in the region of 
low electron energies have been suggested and numerical values for the relevant 
correction factors have been calculated. The results show that the discrepancies 
between the theory and the experimental results presented in the paper are 
considerably reduced. 


§$ 1. INTRODUCTION 


ITTLE information has been available so far on the transmission of electrons 
L of relatively low energy through thin films. The theory of Bothe (1933) 
deals quite generally with the multiple elastic scattering of electrons through 
very small angles, and it has been developed—only for somewhat faster electrons— 
by Williams (1939), Moliere (1948) and Lenz (1954). In a theoretical part by 
Lenz at the end of this paper, Moliere’s theory is, in a simplified form, applied 
to the present problems and the laws of multiple scattering are extended to the 
region of low initial electron energies. 

Experiments on the transmission of electrons below 6kev through solids 
have been carried out by Becker (1927), Lane and Zaffarano (1954), Hoffman 
(1955), Young (1956a,b, 1957), Vyatskin and Makhov (1958) and Holliday 
and Sternglass (1959). However, the information available for this relatively 
low energy range is still very incomplete. 

We shall discuss here some significant results on the transmission of electrons 
in this low energy range through thin films. 


§ 2. THE EXPERIMENTAL ARRANGEMENT 


An electron gun containing a hairpin filament, a flat grid electrode, a tubular 
anode and three tubular focusing electrodes was used for projecting an electron 
beam of 2° semi-convergence. A focus of about 0-3 mm diameter was obtained 

+ This paper contains material from a thesis by A. Thetford approved by the University 
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onthe specimen film. In figure 1 there is shown the final focusing electrode 'T of 
the gun and a movable flap H holding several specimen films which were mounted 
over apertures 0-5 mm in diameter. P is an apertured diaphragm which 
prevented stray electrons from reaching the specimen. C is a wheel containing 
a series of aperture stops each of which could be aligned with the beam axis in 
order to define the angle of acceptance for the electrons collected in the Faraday 
cage F. The funnel shaped electrode A, which was always kept at the potential 
of the specimen, was introduced for attenuating the retarding field in front of the 
Faraday cage so that the electrons emerging from the specimen film were spread 
into a substantially field free space. The apertured shields J and S were kept 
at a negative potential with respect to the Faraday cage F in order to prevent 
loss of current from F. The electrodes T, P, H, C and A were kept at a common 


fe 


Figure 1. Scheme of apparatus for investigation of electron transmission through thin 
films. 


variable positive potential with respect to the Faraday cage F which was earthed 
via the vibrating reed electrometer VRE. In this way, the energy distribution 
of the collected electrons could be measured by the retarding field method. The 
energy of the primary electrons striking the specimen was given by the potential 
difference between the specimen H and the filament of the gun which was at a 
high negative voltage. The beam current striking the specimen was of the 


order of 10-*amp while in the present measurements currents down to 10- amp 
were registered in the Faraday cage. 


§ 3. "TRANSMITTANCE OF SCATTERED ELECTRONS 


For the investigation of the angular distribution of scattered electrons, the 
potential difference between the specimen film and the Faraday cage was kept 
at 32v. This voltage prevented secondary electrons released at the film from 
entering the Faraday cage. The number of incident electrons m) was compared 
with the number 7(@) of electrons scattered into a cone with semi-angle 6 of 
acceptance. § was changed in steps between 9° and 18° and a large number of 
aluminium films and aluminium oxide films was tested with incident electron 
energies between 600 and 6000 ey. 

Free Al films were made by evaporation on substrates of evaporated rock salt 
or of Bedacryl (see Bradley 1954) the substrate subsequently being dissolved off 
A general relationship between the thickness of an aluminium film and its ligne 
transmittance was determined first, so that in the subsequent investigations of 
electron scattering the thickness of each film could simply be obtained from its 
light transmittance value. 

In order to determine the above relationship, the actual film thickness was 
measured with the help of an interferometric method due to Tolansky (1948) 
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If Bedacryl was used as substrate for the aluminium, the light transmittance 
against film thickness relation was found to be in good agreement with values 
given by Bond (1954). On the other hand, if rock salt was used as a substrate, 
film thicknesses greater than those given by Bond had to be attributed to the 
measured light transmittance values. ‘The greater thickness was found to be due 
to a coarser grain structure of the films evaporated on rock salt. The electron 
scattering properties of both kinds of film, however, were the same if they were 
referred to interferometrically measured thickness. 

Light transmittance measurements before and after exposing the Al films to air 
showed that oxidation of the film surfaces resulted in an increase in mass thickness 
equivalent to an additional layer of 20A of aluminium at each side of the film. 

The values x for film thickness in subsequent tables contain this correction 
factor for oxidation. A justification for the assumption that the scattering pro- 
perties of a film for slow electrons depends on its mass thickness only, will be given 
below. 

The scattering properties of the Al films agree well with those of Al,O, films 
of equivalent mass thickness if interferometric thickness measurements of the 
Al films are assumed to yield the average thickness of their granular structure. 

Aluminium oxide films were prepared using an anodizing process similar 
to that described by Hass (1949) and by Harris (1955), the thickness of the films 
being given by the anodizing voltage, namely 13 A per anodizing volt. Electron 
micrographs showed these films to be grainless. 

A selection of significant values for the transmittance of the films for electrons 
as a function of film thickness x, electron energy eV and scattering angle 6 are 
presented in table 1. There, the experimental values are compared with a formula 
derived by Bothe (1927) namely 

mOy=n,Jl—exp(—07/27)) awe ne (1) 
where \ (radians), the most probable angle in the process of multiple elastic 
scattering is, in the present relatively low voltage range, given by 

i aed CVAter 6 aed e200 gr (2) 
In equation (2) Z is the atomic number of the scattering substance, p (kg m~*) 
the density, x (m) the film thickness, and V (ev) the energy of the incident electrons. 

Taking Z=(2x13+3x8)/5 and p=3-4x 10° tor) ALO, sand 2=13;, 
p=2-7 x 10% for Al; Zp=3-5 x 104 (kgm~*) may be used for both substances 
and equation (1) can be written 

a a 
-tog (1-2) = Tao ot (3) 

Ny 3°7 X10%Zox 1-30. % 10" x 
It may be expected that equation (3) should agree with the experimental trans- 
mittance values as long as the conditions for multiple scattering are fulfilled, 
provided equation (2) is applicable. It can be seen from table 1 that there are 
substantial discrepancies between our experimental results and the values given 
by equation (3). Now, if the conditions for multiple scattering are fulfilled 
while equation (2) is wrong, —log [1 —n(O)/n9 | should still be proportional to OP 
since this proportionality follows from equation (1) irrespective of the assumptions 
made about A. If, on the other hand, —log [1—m(@)/mo] is not proportional to 
62, it can be concluded that the conditions for multiple scattering are not fulfilled, 
and that equation (1) must be replaced by a more complicated function of n(@) 


describing plural scattering. 
222 
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Table 1. Transmittance of Electrons of Various Energies eV through Various 
Thicknesses x of Al and Al,O, for the Semi-angles of Acceptance 9° and 


Wie 50! 
Al 
ney 610 810 1000 1500 2000 4000 6000 
x=178A 
J 0-4 28 7 16 40) 180 300 
Exptl 4 47° 59’ 16 93 95 66 120 380 600 
9° 04 0-7 re 2-4 4:3 17 38 
Bothe ~ 47° 59/ en OF 4-2 9-4 17 67 151 
~=307A 
eee 0-7 0-9 6 15 60 150 
Seed 7°50" 2:5 31 e238 55 190 370 
aie 9° 0-4 0-6 1-4 Da 10 22 
Oe 780! [6 2-4 555 9-7 39 88 
AE 810 1000 1500 2000 3000 6000 
* = 2084 
fe 03 1-6 7 20 40 200 
Exptl 4 17° 50’ 1 oy ey 66 130 430 
een ao: 0-6 0-9 | RG 8-2 33 
7 50" 2-4 2:6 8-1 14-4 32 130 
13404 
eV 1500 2000 3000 4000 5000 6000 
; 9° 3 7 20 42 58 94 
ea an 50’ 9 29 74 130 170 250 
Kaos 1-3 2:2 5 9 14 20 
BeBe > 47550" 5 9 19 35 55 79 
x= 6104 
9 = 1 8 18 24 40 
Exptl ue yea 
ies oe 50 = 3 30 60 85 120 
9 0-7 {2 2:8 5 8 11 
Both aegis 
i750 2-7 49 11 20 31 44 
, x=1080A 
Exptl f rome 7 1-5 6 12 20 
3 ne 50 = 5 26 47 70 
: 5 0-7 1-6 2°8 4-5 G4 
Both P 
era 01750 a7 6-2 11 17 25 


Experimental values of —log [1—n(6)/7o] in units of 10-3 are compared with Bothe’s 
formula, equation (3). 


For this reason log [1—mn(@)/n)] has been plotted here as a function of 62. 
In figures 2(a)-(d) there are shown such plots for different electron energies 
between 810 and 6000ev. Deviations from proportionality are not noticeable 
below 3000 ev, which suggests that multiple scattering still predominates there 
at all angles investigated, ie. for 9°<@<18°. Since substantial discrepancies 
between our experimental results and equation (3) exist even for much smaller 
electron energies than 3000 ev, the validity of equation (2) must be doubted. 
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0 0-05 0-1 —_—_ _t 
6? (8 in radians) ? Ree 4, 
: kev 8° (@ in radians) 


>= 208A 
x=208A te? 


log [1-n (0)/n6] 


0-05 01 
6? (@ in radians) 


0 0-05 0-1 
6° (@ in radians) 


Figure 2. Transmission of 0-81 —6 kev electrons through 208 A of Al,O, into cones of 
various semi-apertures @. 


The above results seem to indicate that Bothe’s theory ceases to be applicable 
at relatively low energy electron scattering which has been investigated here, 
and there are other experimental results which support this conclusion. 
First, it was found throughout the present investigations that the scattering 
properties of Aland Al,O, are identical for films of the same mass-thickness 
px but not of the same thickness x. his is in contradiction to equation (3) 
according to which multiple scattering depends upon Zpx or, as shown 
above for a comparison of Al and Al,O,, only on the thickness x. Moreover, 
Holiday and Sternglass (1959) found that the back scattering of films of 
equal mass-thickness in the low energy region is nearly the same for materials 
with atomic numbers Z as different as those of gold and aluminium. On 
the other hand, it has been known for a long time (Lenard 1925) that 
in the region of higher energies multiple scattering depends substantially 
on Z. 

An agreement between Bothe’s theory and experimental results is expected 
as long as Born’s approximation can be assumed to be valid and as far as inelastic 
scattering is negligible. Both these assumptions are probably not valid for 
slow electrons, and therefore one does not get agreement between theory and 
experiment in this region. In §7 of this paper it will be shown that an adaptation 
of the theory of Moliére (1948) together with a correction which accounts for 
inelastic scattering leads to a reasonably close agreement between theory and 


experiment. 


710 O. Klemperer, A. Thetford and F. Lenz 


§ 4. THE ABSORPTION COEFFICIENT 


The attenuation of electron rays through solids (and through gases) is fre- 
quently represented by an exponential law of the form 


n(x,8)=nyexp[—w(B)™} eee (4) 


where n is the total number of electrons transmitted through a film of thickness 
x and n, is the number of incident electrons which are supposed to be completely 
diffused, i.e. of random direction. Lenard (1925) has presented numerical 
values for /p, the mass attenuation coefficient, and Bothe (1929) has derived a 
theoretical expression for j./p which for small electron energies can be written 


UeeCZivts "iia = se eee (5) 


where C=1'1 x 10!° (m?kg—!v?). Experimental values for « are obtained after 
passing an electron beam through a preliminary film in order to make it completely 
diffuse. Combining the results in table 1 which lead to values of electron trans- 
mittance m,/m) and n/n) respectively for two different thicknesses x, and x, 
the coefficient for the thickness x =x, —., is calculated from 


: x In i ae 6) 
Ho M4 (712/N) 

provided that both n,/n) and n/m) are collected over the same angle @ and that 
n,(@)/n,(90°) =n.(@)/n.(90°) which certainly will hold when complete diffusion 
is obtained; n(90°) is the total number of transmitted electrons. ‘Table 2 shows 


y= 


Table 2. ‘Absorption’ Coefficients in Al,O,; 


Boa £33 eV pe (exptl) p. (Bothe) pz (Lenard) 
2-08 x 10=3 BAe OS® 1500 ISS: SAMO 5 x 108 
VS S< OE (opal Sse Ot 2000 0-8 x 108 Seu)? AS 108 
Oot al Ome 10-8 x 10-8 3000 0-4 x 108 0-054 1108 AS NOS 
Gell se Oe HOSS Oe 4000 O22 1108 (Oeics HOE 1 x 108 


the values of y (exptl) which have been calculated from the experimental data of 
table 1 for the scattering angle 6=18° and for the available film thicknesses x, 
and x, noted here. For comparison, absorption coefficients 4 (Bothe) have 
been calculated from equation (5), and the values for p extrapolated by Lenard 
(1925) are given in the last column of table 2. Young (1957) maintains that no 
relationship similar to equation (4) applies to the scattering absorption of slow 
electrons, but that the number of electrons decreases almost linearly with 
increasing thickness. His measurements, however, apply to approximately parallel 
rays and follow the decay of intensity down to n/ny)>1/10 only. The results 
obtained here favour an exponential law as given by equation (4) if the film 
thickness is sufficiently great to provide multiple scattering. Admittedly, the 
range of thicknesses over which exponential decrease in intensity has been tested 
here is small, also the value of y obtained here is likely to be somewhat reduced 
by the fact that the beams absorbed in the present experiments were not completely 
diffuse as is asssumed in the derivation of Bothe’s formula, equation (S)s) imttive 
present circumstances, however, it seems satisfactory that an experimental value 
for y is obtained fairly near to the theoretical expectation. 
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§ 5. THE PRacTIcAL RANGE 


Hoffman (1955) and Young (1956a,b) have determined a ‘practical range’ 
of slow electrons in Al,O3. For a given film of mass-thickness px, they plotted 
the total number of electrons transmitted as a function of the incident electron 
energy. ‘The linear portion of the curve obtained was produced back to determine 
the voltage Vp below which no electrons were transmitted. The thickness » 
of the given film can then be defined as the practical range Rp of electrons which 
have been accelerated by a voltage Vp. The corresponding mass thickness px, 
where p is the density of the film, is detined as the ‘ mass range ’ pRy of the electrons. 


mg cm? 
0-007 
0 6 0 s 
6=(7 50 
05 
0-014 


Incident. Energy (keV) 


Figure 3. Electron transmittance through Al,O, films of various mass-thicknesses as a 
function of the incident electron energy. 


From plots of experimental data of electron transmittance against electron 
energy, as shown in figure 3, practical range determinations have been made 
here for a perpendicular incidence of rays. ‘The results are shown in table 3 
for angles of acceptance 9=9° and §=17°50’. Also included are the values 
obtained by Young (1956a) which agree well with measurements by Hoffman 
(1955) which were carried out at 6=42°. The maximum scattering angle in 
Young’s experiments is estimated from the published diagram of his apparatus 


to be 70°-80°. 


Table 3. Practical Range in Al,O, 


Range (pRp) Energy Vp (ev) 
§=9° B=17° 50° Young V(x,) 
07 Oe 1900 1000 700 800 
1:-4x 10-4 2100 1700 1200 1400 
Dall Os 2700 2200 1600 1800 
Sf x10 2800 2900 2400 2700 


Table 3 shows that the practical range as defined above, depends on the 
maximum scattering angle of the electron coliected. The unexpected great 
increase of Rp with increasing @ is possibly due to the way in which Vj is extra- 
polated. With increasing incident electron energy, the proportion of plural to 
multiple scattering will increase, but it will also increase with larger angles. 


Therefore Rp will depend on 0. 
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6=17°50° 


243 6:0 kev ‘se 
Ro 
ao 
S 
ie 
[ssu) 
6=9°0 = 
— | | [= - 
0 0:02 0:04 0:06 


Reciprocal of Anodizing Potential (v") 


0 0:03 0:06 
Reciprocal of Anodizing Potential (v-') 


Figures 4 and 5. Electron transmission and anodizing potential used for the preparation 
of Al,O; films. 


An alternative way of extrapolating a practical range is obtained from plots 
of log [1 —n(@)/n ] against the reciprocal film thickness. If equation (3) applies, 
such a plot should pass through the origin. Now, it has been shown in §3 that 
this equation does not represent the experimental results. Moreover, for the 
largest film thicknesses taken into account for the extrapolation of ranges, back- 
scattering is possibly no longer negligible. m) in equations (1) and (3) can, 
however, only be taken as the number of incident electrons for sufficiently thin 
films for which this number is not noticeably different from the total number of 
electrons transmitted. Hence —log[1—m(6@)/n)] should be expected to converge 
towards zero more quickly than in proportion to 1/x. ‘The latter conclusion is 
confirmed by the experimental results, they also show clearly that — log [1 —n(@)/19] 
decreases not in proportion to, but linearly with 1/x. For example, figures 
(4) and (5) show plots of log[1—mn(@)/m)] against the reciprocal anodizing 
potential 1/P which was used in the production of Al,O, films. The thickness 
of the film is given by x=13x10-P(m). The curves are perfectly linear, 
hence, their intercepts with the abscissa can be extrapolated accurately. Though 
in these curves the ratio of plural to multiple scattering varies with 6, the inter- 
cepts are found to be independent of the scattering angle up to nearly 4000 ev 
incident electron energy. For greater incident electron energies, the extrapolated 
intercepts would correspond to slightly larger film thickness x, for the larger 0. 
This would again correspond to a decreasing Vy with increasing 6. However, 
the dependence of the intercept of the straight lines upon @ is small and may be 
inside the limits of experimental errors. 

The following limiting mass-thicknesses x, have been extrapolated from 
plots such as shown in figures 4 and 5, taken at different electron energies : 


Energy (10% ev) 1°5 2:0 3-0 4-0) 5-0 6-0 
px (LOS keane) 1:6 2:2 4-1 4-7 75406 1042 
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From these x, values, voltages ’(,,) have been interpolated which correspond 
to the mass ranges pRp listed in table 3. These V’(xv,) values have been added 
as a last column of the table; they seem to be in fair agreement with the pR 
values obtained for largest 6. ‘ ; 

Abnormally large ranges of very slow electrons leading to selective trans- 
mission of rays, below 100 ev, which have been reported by various earlier authors 
(Becker 1927, 1929, Katz 1938) could not be observed here. On the other hand, 
the absence of pinholes is demonstrated by the complete attenuation of slow 
electrons by the films used in these investigations. 


§ 6. ENERGY LossEs 


The theory of energy losses of electrons in solids, developed by Bohr and 
adapted to quantum mechanics by Bethe (see Bethe 1933, or Mott and Massey 
1933) leads to the following formula 


a a e*natZ in 5 
dx 4re2mu2 Wm (7) 
where dW (joule) is the change in energy of the electron along a path dx(m), 
e (coul) is the electronic charge, mat(m~*) the density of atoms in the solid, and Z 
the atomic number; «, is the dielectric constant in vacuo, m and u are mass and 
velocity of the electron, and Wy is a mean energy of excitation of the atomic 
electrons (see Mott and Massey 1933). mat can be calculated from the atomic 
weight and density of the film together with Avogadro’s number. By introducing 
eV =m2/2=W and by using numerical values for e, ¢) etc., one obtains from 
equation (7): 


dd oe 10% £ (log 2V —log 5 Vipul gee 8A os (8) 


ax 
where p is the density of the solid and V is the electron energy (ev). Vin= Wn/e 
is given (see Mott and Massey) by In (2V//Vm)~5°5 for Vin < V. With decreasing 
primary energy /’, the term in brackets in equation (8) should decrease slowly. 
Experimental investigations of energy losses of relatively fast electrons have 
tended to confirm the validity of the Thomson—Whiddington law, namely 


2 a rere (9) 


where J’, is the incident electron energy (ev), V is the most frequent energy in 
the energy distribution of the electrons transmitted through a thin film of thickness 
x(m) and where b was found to be a constant of the film material. One of the 
best determinations for Al (Terrill 1923) yielded the result b= 1-1.%10% (7 m~) 
for 25000 < V <50 000 ev. 

Differentiation of equation (9) leads to 


dV b 
eee ee CCCs GE 10 
ax <2. ve 


Comparison with equation (8) shows that 6 cannot be expected to be constant 
over large intervals of V. In particular, for low electron energies, b is likely to 
decrease noticeably with decreasing V’. According to observations by ‘Terrill 
(1923), b is approximately constant between 25 000 and 50000ev. Hence, we can 
assume that the above value 5-5 for In(2V/Vm) is valid at these relatively high 


electron energies, and therefore log Vin 2:3. Using equation (8) with this value 
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for log Vm and combining it with equation (10), the values of b in table 4 marked 
‘b(theor)’ have been calculated. The experimental values of b tabulated in the 
third column have been taken or calculated respectively from the results of 
authors noted in the fourth column. 


Table 4. The Factor b in Thomson—Whiddington’s Law Equation (10) 
per Unit Film Density p 


V b/p (theor) (eqns (8) and (10)) b/p (exptl) Observed by: 

25000 4-3 x 101° A-2' x 10% Terrill (1923) 
16000 4-0 x 101° Dope ie" Whiddington (1912) 
10000 Seo 3¢ OY 2:0 x 101° 2 = 

6000 32x 10" facia pore ee 

6000 3:2 x 101° oly ee IMO) Young (1957) 

2000 Desi se I BEA se WOM Young (1957) 

2000 D3 NOVO 15a OL? Thetford (1958) 

1000 esse 1” ihc zs< Oe" Young (1957) 

1000 leh sxe OH” O:9b a0? Thetford (1958) 


Whiddington’s b value is the average measured between 8 and 20kev. ‘The 
fact that Whiddington’s result amounts to hardly half the theoretical value cannot 
be explained by inaccuracies of these very careful measurements, and Bothe (1933) 
remarks in his detailed discussion that no obvious reason can be given for this 
discrepancy. It may be suggested here that an inhomogeneity of the film thickness 
might reduce the experimental value of b. Whiddington was working with 
beaten films which are liable to very great fluctuations in thickness. For the 
same reason the 5 values at 10 kev and at 6kev obtained by Klemperer (1925) 
might not come up to the theoretical value. 

Quite generally, the experimental 6 values should be expected to be even 
larger than those derived from equation (8) since, owing to the multiple scattering, 
the electron path in the solid is much larger than the thickness x of the film. 
The ‘diversion factor’ (see Lenard 1925) which gives the ratio of the path length 
to the film thickness is particularly large for the relatively low electron energies 
studied here where it will be of the order of two. 

The results obtained by the present authors (Thetford 1958) were measured 
with the retarding field method described in § 2, they are much below the theore- 
tical values. On the other hand, b values calculated from an empirical formula 
given by Young (1957) come much nearer to the theoretical expectation, 


§ 7. ON THE Laws oF MULTIPLE SCATTERING IN THE REGION OF 
Low ELECTRON ENERGIES 


By F. LENZ 


When fast electrons are scattered by atoms, the angular distribution of the 
scattered electrons can be characterized by the ‘ differential scattering cross 
section’ do/dQ which is a function of the scattering angle 6, the electron energy 
eV, and the atomic number Z of the scattering atoms. For sufficiently fast 
electrons the overwhelming majority of electrons is scattered into small angles 6 
so that in integrals containing do/dQ. as a factor in the integrand, sin@ may be 
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replaced by 6, and the upper limit 7 by «©. When an electron passes through a 
thin foil of thickness x, the average number & of scattering act is given by 
tee Opx 
k= Bes 0! 4, hes (11) 
where cis the density of the scattering medium, A the atomic weight of the scattering 
atoms, M,)= 1-66 x 10-**g the atomic mass unit, and where 
5 "Sr sinddd~2n |” 570 dd te (12) 
J 9 dQ 9 dQ 
1S the ‘total scattering cross section’. ‘The mean free path between two scattering 
acts is 
_ AM, 
tone 
If an electron is scattered k times, it follows from the general law of error propaga- 
tion (Bothe 1921) that the mean square scattering angle after & scattering acts 
is given by 
ms p co © oo 
6? = kbp)? = | : = 68 ao || = 6d6= = es Godt, aces. (14) 
where @m2 is the mean square scattering angle in one scattering act. Since the 
mean number k of scattering acts in a foil of thickness x is given by (11), the mean 


square scattering angle is 

Re se” aaa as (15) 
AM,J 9 d® 

From the theory of electron scattering in the Born approximation and with 

some simplifying assumptions concerning the charge density distribution in the 

atomic electron cloud it follows for non-relativistic electrons (eV <mgc*) that 


l 


ze 72 
P= const. 2 eo: (16) 


The value of the constant in (16) can in principle be calculated if the charge 
density distribution in the atomic electron cloud is known. Bothe has, however, 
estimated the constant in (16) from empirical data, and he found 


_ i fy) 
#2 = 3-2 x 1910 PE mekg-tve, sees (17) 


Equation (17) is in agreement with equation (2) of §3 considering that. @* is 
twice the square of the ‘most probable’ scattering angle A, and that for light 
elements, Z~0:5A. In the case of multiple scattering (k>1), the general law 
of error propagation again applies and the angular distribution of the scattered 


electrons is given by 
1 dn(@) 26 -<) 18 
as = Zexp( a (18) 
where n(@) = [dn(0) from 0 to @ is the number of electrons scattered into angles 
smaller than 6, and where my = fdn(0) from 0) to & is the total number of scattered 
electrons. Integration of (18) results in 


_ 2m f° Pe het oe 19 
DON a “exp(—Z)ado=no( I exp( ai ote (19) 


We shall now discuss the range of validity of (17) and (19). 
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7.1. A Comparison of Bothe’s and Moliere’s Theortes 
A more recent theory of multiple scattering (Moliére 1947, 1948) leads to a 
correction of (17). In the case of multiple scattering, a comparison of Moliére’s 
and Bothe’s mean square scattering angles yields 


Pyoitre 0.127B ae (20) 


62:Bothe 


where B is a function of the electron energy eV, of the foil thickness x, and of 
the foil material which has been definedin Moliére’s paper. A numerical evaluation 
of Moliére’s formula for aluminium and for various values of x and V yields 
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Figure 6. Comparison of theoretical mean square scattering angles. 


for non-relativistic electrons the results shown in figure 6. The lines are dotted 
in the plural scattering region where the multiple scattering theory is not applicable. 
One of the reasons for the discrepancies between the results of Moliére’s and 
Bothe’s theories is that Bothe’s theory is based on the first Born approximation 
while Moliere’s formula contains a factor accounting for deviations from the 
Born approximation for values of Zc/137u (u/c=electron velocity in terms of 
light velocity) which are not small compared with unity (for Al this is the case if 
V is small compared with 24kv). 

Figure 6 shows that for foil thicknesses below 54 (i.e. for all foils that are 
penetrable for electrons of less than some 10*ev and for all electron energies 
according to Moliere’s theory) the angular distributions of the scattered electrons 
are narrower than according to Bothe’s formula. 


7.2. Correction for Energy Losses in the Foil 


In Molicre’s as well as in Bothe’s theories energy losses in the scattering foils 
are neglected. ‘This is admissible only if the energy loss of the electrons in the 
foil is small compared with their initial energy, i.e. for fast electrons and thin 
foils. When energy losses cannot be neglected, V depends on x, and in 


ee a]. o(V)Om2(V) dx wea 
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we can no longer consider o(V’) and 6°(V) to be independent of x. But since 
in the Born approximation cfm? is proportional to V~* we find from (21) 


= p : ae eee | 
B= A (Vo) n'(1 | a fie 7 ees (22) 
Hence for slow electrons and thick foils the right-hand side of Bothe’s formula 


(17) or any other multiple scattering law of the form of (16) has to be multiplied 
by a correction factor 


L=<| Tras thet (23) 
7S i 


~ 
The value of this correction depends on the deceleration law V(x). For the 
special case of the Thomson—Whiddington law 

i ceeet fect. i. ose eS (24) 


which is a good approximation for fast electrons we obtain for the correction 


factor 
V2 bx 
Sa ~- Se ear 25 
hx in( 1 V ) ( ) 


In figure 7 the correction factor (25) is represented graphically as a function of 
the relative foil thickness bx/V,?=x/R with R=V,?/b. According to recent 


0 0-5 1-0 
a/R Film thickness/ electron range 


Figure 7. Correction factor for energy losses in the foil. 


experimental investigations by Young (1957), and by Vyatskin and Makhov 
(1958) the energy of electrons below 20 kev decreases according to the empirical 
law 
av C 
de: VV" 
For Al,O, Young found «=0-35 and C=0-87 x 10° cm*g~* kv" for primary 
energies between 2°5 and 10kev. Vyatskin and Makhoy found «= Dm: and values 
between C = 0-44 and 0-70 x 10° cm* g-!kv!4 for Ge, Cu, Si and Bi with primary 
energies between 2 and 18kev. With (26) it follows from (23) that 
pepe ee) (1 Coty al ete (27) 
Cpx(a— 1) Ves 
In figure 7 the reciprocal of this correction factor L is plotted for «=0-35 as a 
function of the relative foil thickness x/R, where Cox(a+1)V,%+=4/R 
with R=V,%*1/Cp(~+1). Corresponding ranges of electrons calculated from 
Whiddington’s and from Young’s law respectively are shown in figure 8. 
Experimental values obtained by Klemperer and Thetford are also plotted in this 
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figure. Klemperer and Thetford have given values of —log{1—n(@)/n9}, which 


are, according to equation (19), proportional to 6?/@°, namely 


a) eG 
—log | 1— —— ) =0-434—. 99 § Jaane 28 
(ee " (28) 
If we take into account the above corrections to the Bothe formula, we have 
®=—P Bothe Mp (29) 
4?.Bothe 


In table 5, the experimental values of Klemperer and Thetford} for x=1080A 
and 6=17°50' are compared with the uncorrected values of Bothe, and with 
the corrections proposed in this paper. For C and « Young’s values have been 
taken. 


Table 5. Comparison of Experimental and Theoretical Values of 
—log [1—n(0)/n)] for x=1080A and 6=17°50’ 


V o (ev) Kc Bothe om z Cosrected 
2 ib, value 
3000 0-005 0-006 0:32 0-36 0-007 
4000 0-026 0-011 0-30 0-72 0-027 
5000 0-047 0-017 0-28 0-79 0-050 
6000 0-070 0-025 0:26 0-84 0-082 


In figure 9 these results are presented graphically. The dotted line shows 
the average number of scattering acts, estimated from (11) with (Lenz 1954) 


AM, 
(a7 


=2x10-°VY, gem2@2v-, nn, (30) 


} These experimental values actually refer to Al,O;. ‘The corresponding transmittance 
values for Al would be larger in the ratio of the densities, i.e. 3-4/2-7. 
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Figure 9. Comparison of experimental and theoretical values characteristic for multiple 
scattering in a 1080 A thick Al foil. 


The real number of scattering acts is even larger because the electrons are 
slowed down in the foil so that the average scattering cross section o is larger 
than that given by (30). Thus, the number of scattering acts is more than 20 
even for 6kev electrons. For this reason, the application of the theory of multiple 
scattering is probably justified to a foil of 1080A thickness, while for substan- 
tially thinner foils noticeable deviations from the multiple scattering laws should 
be expected. 


§ 8. CONCLUSIONS 


(i) Experimental results have been obtained for the transmittance of relatively 
slow electrons through thin films of Al and of Al,O, into cones of various semi- 
apertures. [hese results have been compared in detail with expectations of 
Bothe’s theory of multiple scattering and definite deviations between experimental 
and theoretical results have been noted. 

(ii) An exponential law for the scattering absorption as valid for faster 
electrons, was found to apply to some approximation also for relatively slow 
electrons. The scattering absorption coefficient calculated by Bothe agrees, 
within the order of magnitude, with the experimental values. 

(iii) The conventional way of determining ‘practical ranges’ of electrons 
from plots of electron energy against transmitted number was found to be unsuitable 
for relatively slow electrons because the result appears to depend strongly upon 
the angle over which the electrons are collected. An alternative method for 
range determinations from plots of reciprocal film thickness against a logarithmic 
function of the number of transmitted electrons was found to be more suitable 
for the slow electrons. 

(iv) The energy distribution of initially homogeneous, relatively slow electrons 
transmitted through thin films has been measured. The most frequent energy 
losses were determined as a function of the initial energies. It was found that 
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these losses can be represented by the Thomson—Whiddington law only, if the 
parameter connecting electron energies and film thickness strongly decreases 


with decreasing electron energies. 

(v) Shortcomings of Bothe’s theory of multiple scattering in the region of 
low electron energies are discussed and some modifications are suggested so 
that this theory becomes applicable to the low energy region. ‘Two correction 
factors for the mean square scattering angle are proposed, one of which is taken 
from Moliére’s paper and accounts for deviations from Born’s approximation 
while the other accounts for energy losses in the scattering foil. Numerical values 
for both correction factors have been calculated and applied to Bothe’s formula. 
The results show that discrepancies between the theory and the experimental 
results presented in this paper are considerably reduced. 
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Abstract. Measurements have been made of the equivalent parallel capacitance 
and resistance of porous anodized aluminium oxide layers. The measurements, 
made in air at relative humidities from 0-0 to 0:85 and at frequencies from 50 c/s 
to 1 Mc/s, extended up to 433 days after formation of the anodic layer. The 
influence of the humidity and of the frequency of measurement on the dielectric 
properties of these layers may be explained satisfactorily on the basis of an 
equivalent circuit. The variation in properties found among layers anodized 
in the same conditions is due to differences in conductivity arising from varying 
amounts of stray ions incorporated in the layers. Ageing is primarily due to a 
decrease in conductivity, and not to structural changes of the oxide layer. The 
ageing may be reversed by brief immersion of the layers in electrolytes. The 
results indicate that, in addition to the dielectric losses arising from the main 
porous structure, losses also occur within the amorphous alumina, showing that 
this is permeable to water. This can account for measurements of the surface 
area of porous anodic layers, and of the humidity dependence of the losses in 
‘non-porous’ anodic layers. 


§ 1. INTRODUCTION 


HE electrical properties of an anodized aluminium surface are very markedly 
influenced by the amount of water adsorbed on the oxide. An equivalent 
circuit based on the structure of the oxide layer has been proposed by Jason 
and Wood (1955) to account for these effects. The present paper presents the 
results of an extended investigation of the electrical characteristics of these layers. 


§ 2, EXPERIMENTAL 


2.1. Preparation of Samples 


Rods of 99-99°, pure aluminium (from the Aluminium Wire and Cable Co.) 
were degreased with trichloroethylene followed by dilute sodium hydroxide, and 
washed with dilute nitric acid and distilled water. ‘The dry rods were coated 
with Araldite to within 5 cm of one end, which was left exposed. The rods, eight 
at a time, were anodized at constant current density in 17-5°% v/v sulphuric acid 
kept at 20°c. The anodizing conditions were as shown in the table. 

After anodizing the rods were washed, dried, and the anodized surface stopped 
down to a central 4 cm length with polystyrene. Aluminium was evaporated 
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in vacuo on to the oxide outer surface to form a permeable conductor, and a 
connecting lead was secured to this, the rod itself providing the other contact. 
Earlier work (Jason and Wood 1955) has shown that with this form of connection 
the characteristics measured are those of the oxide itself, and not of the outer 


conductor or contacts. 


Anodizing Conditions 


Batch number I II Ill IV W VI Will WALUT IDS 

Current density J 10:7 40-7) 21252 215) 2-15. 20-5322 43 0 
(ma cm”) 

Anodizing time t¢ (min) 30 90 WS 30 45 60 30 25 30 

Product Is x ¢ 321. 963 322 645 ©°967)) 12901) 966% 969971290 


Final anodizing voltage Vp 10°8 11:1 14:6 15:0 15:2 15:3 17:3) 18:5 18:5 


2.2. Electrical Measurements 


A.C. bridge methods were used to measure the parallel capacitance Cp, and 
resistance Ry of the elements. The relative humidity was varied from 0-0 to 
0:85 by means of a series of saturated salt solutions maintained at 25°c. Fora 
typical batch, measurements were made (over this humidity range) at 1, 10, 23, 
60 and 400 days after anodizing. Only in the final calibration was the frequency 
varied, while in the remainder all measurements were made at a frequency of 
1 ke/s. 


§ 3. DiscUssION AND RESULTS 


3.1. The Equivalent Circuit 


The structure of porous anodized oxide layers, described elsewhere (Booker, 
Wood and Walsh 1957, Booker 1958) is shown in figure 1 (a). Pores of less than 
200A diameter penetrate through the outer part of the amorphous alumina, 
stopping some hundreds of angstroms short of the metal. The dielectric 
properties of the anodized layer can be represented quite generally by the 
equivalent circuit in figure 1(b) where C, and R, refer to the porous outer layer 
of oxide, and C, and R, to the non-porous inner layer. Although these electrical 
parameters are not constant, A, is greater than R, and C, is greater than C,, 
except at very high humidities, and it is then possible to replace this circuit by 
that shown in figure 1 (c), which has previously been used to represent the oxide 
layer. As before, C, and R, refer to the inner non-porous layer, while R, refers 
to the resistance between this layer and the outer conductor, and C, to the capaci- 
tance of the entire oxide layer when R,islarge. It has been found more convenient 
to use this circuit as a basis for discussion, with the added advantage that the 
theory already developed (Jason and Wood 1955) may be extended. 


3.2. The Magnitude of Co 


At low relative humidities R, is very large, so that Co can be taken as equal to 
the measured parallel capacitance Cy of the anodic layer. The earlier observations 
that Co is inversely proportional to the thickness of the oxide layer and proportional 
to the amount of water added to the layer are confirmed. However, adsorption 
isotherms for the addition of water to porous anodized layers (Jason, private 
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communication) show that the increase in Cy is about three times as great as 
that to be expected from a simple additive relationship. The fact that Co follows 
changes in the humidity fairly rapidly suggests that the amorphous alumina 
contains micropores into which the water penetrates, leading to Wagner type 
losses which give rise to the high values of Co. Additional evidence of the 
presence of micropores is provided by a surface area determination (Reay, private 
communication) showing a surface available to nitrogen adsorption two-fold 
greater than that anticipated from the macroporous structure. When water is 
added to powdered alumina the dielectric properties also appear to be due to 
Wagner type losses (Wood 1959) arising from the absorption of water by the 
porous oxide particles. Further evidence of the absorption of water into the 
amorphous alumina will be provided in §§ 3.3 and 3.4. 
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Figure 1. Diagram of porous oxide layer structure and two equivalent circuits. 


At higher relative humidities Cp) becomes increasingly greater than Co, which 
is calculated by assuming that the proportionality found at lower humidities to 
the quantity of water added continues to hold good. At high humidity (relative 
humidity p> 0-65), Co is very much less than Cp. 


3.3. Variation of Electrical Characteristics within a Batch 


One object of these experiments was to determine the cause of the variability 
of the capacitance and resistance among oxide layers which had been anodized 
together under the same conditions. ‘To discuss the results, we shall introduce 
expressions for the parallel capacitance and resistance of the circuit in figure 1 (c). 


RyT, 1 
rae (R, + Ry)? +077? R? j ( ) 
Ses a (2) 

Doe (R, 4+ R,)? + w?7 2 RP? 


where 7, = C,R, is the time constant of the pore base layer. 
Although all the parameters determining C, and R, appear to vary as the 
humidity changes, it seemed probable that the pore conductivity R, would show 


ZA2 
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the greatest humidity dependence. When R, is eliminated between equations 
(1) and (2) one obtains 


A iif \4 4 Ne 2 
y-Coa 3 () ame] 


A=C,(@? + Lia54). 


When wRp(C, — Co) <1, as is the case at 1 kc/s at all but the highest humidities, 
it may be shown (see Appendix 1) that (3) simplifies to 


Go— Co= 1/AR,?. alin eke sice (4) 


where 
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Figure 2. The observed relationship Figure 3. The relationship between log (Cp—C 9) 


between Cp-Co and Rp at and log Rp implicit in equations (1) and 
various frequencies: ‘ character- (2). The different curves correspond to 
istic curves’. Four elements various values of frequency. For the 
from batch VII used for illus- full line the slope = — 2 and A is constant 
tration. along the curve. For the broken line the 


slope = — 3/2 and A increases slightly up 
the curve, but A?R, is constant along the 
curve. Deviation from linearity occurs 


at high p when wRp(Cp—Co) K1. 


If A were independent of relative humidity a (log(Cp—Co),log Rp) plot 
would, according to equation (4), be linear and of slope —2. Although the 
experimental values of log(Cp—Co) and log Rp give a linear plot over most of 
the humidity range, the slope differs from —2, showing a variation for different 
specimens from about —1:4 to —1-6. (Figure 2 shows data for a single batch 
at various frequencies.) ‘This implies that A is not a constant at a fixed frequency, 
but rises slightly with increasing humidity (shown in figure 3). Such a variation 
of A is to be expected from the microporosity of the amorphous oxide, for Wagner 
losses due to water absorbed in the amorphous alumina would lead to an increase 
in C, and a fall in 7, as the humidity rises. Both effects would increase A. It 
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should be mentioned here that the data of Jason and Wood (1955), when re- 
examined in this manner, were found to give (log (C,—C,), log R,) plots of slope 
very near to —2. ‘This would imply that the amorphous alumina of their oxide 
layers was much less permeable than is the case here. 

At high humidities, when wR, (C,,— C,) is no longer much less than 1, equation 
(3) predicts that the (log (C, — C,), log R,,) plot will deviate from linearity towards 
the right (also shown on figure 3). A detailed consideration of equations (1) and 
(2) shows that even when the slope of the (log (Ci —C,); log ik.) curve: is, no 
longer —2, this deviation to the right will still arise when wR(C,—C,) is no 
longer small compared with 1. This departure from linearity was observed in 
all the layers investigated, and was also shown by the data of Jason and Wood 
(1955). 

Although C, and R,, measured at the same frequency, relative humidity and 
interval after anodizing may vary by several-fold among oxide layers anodized 
in the same batch, all the values lie quite closely on the same ((C,—C,), R,) 
curve (figure 2) which may be termed the ‘characteristic’ curve of the batch. 
As mentioned above R, varies greatly and A slightly along the curves so that it 
would appear that differences in the amount of stray ions left on the sides of the 
macropores, and also in the amorphous oxide, are responsible for the individual 
variation among otherwise similar oxide layers. The observation that the points 
remain on the same curve implies that the same relationship is maintained between 
R, and A whether these quantities are caused to vary by change in the relative 
humidity or by variations in the load of stray ions. 

At low humidities, when R, is much larger than R,, equation (2) shows that 
R,~R,. Ifthe dependence of R, on the humidity is then taken as a measure of 
the variation of R, with the quantity of added water q,, the logarithmic relation 


—log R, =kq,, + constant 


isfound. A similar result has been obtained by Wood (1959) for the conductivity 
of powdered alumina in the presence of water, and by Kawasaki (1955) for the 
conductivity of water films on various solids, including glass. 


3.4. Effect of Ageing 

In the intervals between calibrations, which were made up to 433 days after 
anodizing, the specimens were stored in a closed cabinet at fixed relative humidity 
(0-53) and at room temperature. At fixed frequency and humidity the observed 
parallel resistance of the anodized layer increased continually with age, while 
C, fell, but (C,, R,) remained on the characteristic curve of the batch (figure +). 
(Actually there is a much smaller shift of the curve to the right with age.) ‘his 
behaviour on ageing may be interpreted as due to a progressive fall in the conduc- 
tivity both along the pores and through the amorphous alumina, while maintaining 
the relationship between R, and A which holds on a characteristic curve. 

It seems probable that the conductivity is associated with the presence of 
stray ions from the anodizing bath which were not removed by the washing 
process. In confirmation of this interpretation it is observed that if the surface 
is dipped in an electrolyte solution, such as aqueous sodium chloride, there is a 
rapid increase in C), and 1/R,, followed by a slow decline; the values of C, and 
R, remaining throughout on the characteristic curve. When the surface is 
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dipped in a solution of sodium tungstate (Jason, private communication) the 
rate of decline of C, and 1/R, is much reduced, suggesting that the tungstate tons 
are less easily incorporated in the body of the amorphous alumina, and remain 
effective in promoting conduction for a much greater period. 


Capacitance C)-Co (pF) 


10° 104 10° 
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Figure 4. The effect of ageing compared with humidity dependence. ‘The full line is the 
‘ characteristic curve’ from the humidity dependence at 58 days. Points refer to 
p=0-75; allmeasurements at 1 kc/s. An element from batch IX used for illustration. 


It should be understood that this discussion does not imply that the pore side 
conduction takes place by a similar process to conduction in a bulk electrolyte. 
The adsorption isotherm combined with the surface area data indicate that at 
0:50 relative humidity there is less than a monolayer of water on the alumina 
surface, so that, although the conductivity is very sensitive to the amount of water 


or ions on the surface, the conduction mechanism can hardly be similar to that 
in the bulk liquid. 


3.5. Variation of Electrical Properties between Batches 


The position of the characteristic curve (the (log(C,,—C,), log R,) plot) is 
found to depend on the anodizing conditions used in preparing the surfaces. 
In §§ 3.3 and 3.4 it has been seen that on a characteristic curve there is a relationship 
between 4 and R, which is maintained throughout changes of the humidity and 
electrolyte content. However, when the structure of the oxide layer is changed 
by varying the anodizing conditions, this relationship is altered, with a con- 
sequent shift in the position of the curve. 

These observations may be examined quantitatively. If the slope of the 
linear portion of a characteristic curve is taken as —1-5, this means that 
(C, —C,)R,>? is a constant X. This constant is independent of the humidity, 
but is dependent on the structure of the oxide layer, as determined by the anodizing 
conditions. It is shown in Appendix II that the value of this constant, which 
fixes the position of the characteristic curve, is approximately 1/AR,/. To 
investigate the dependence of X on the anodizing conditions, the value of X for 
each batch was determined. Rather than rely on the value of the constant 
obtained from the characteristic curve of each batch at the single frequency of 
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1 ke/s, the data for the batch at all frequencies were used in the following way 
Recalling that A = Cyw?(1+1/w?7,), then : 
ic Reta Lee asa) i Os (5) 

so that when wry >1, Y¥~1/R,!?C,w* and so X may be expected to be approxi- 
mately proportional to w *. This was borne out, and therefore for each batch 
X was measured from the position of the characteristic curve at each frequency 
and the result multiplied by w* to give a product approximately equal to 1/R12C, 

This product, independent of the humidity, may be expected to be proportional 
to the (total thickness of the oxide layer)~-!*. The total thickness of the oxide 
layer was found to be proportional to the product of the anodizing current density 


ie and the anodizing time ¢. A good correlation between w?X and (/,t)-l? 
for different batches is found (figure 5). 


Position Factor wX (F! ohm) 
wa 


2 3 “ 5 6 x10? 
Thickness Factor (I,t) 2 (mA"cm min’) 


Figure 5. The dependence of the position of the ‘ characteristic curves ’ on the thickness of 
the oxide layer. Batch number inside circle. 


The jother structural parameter determining the value of the product w°X 
is the thickness of the non-porous layer, which determines C). Keller, Hunter 
and Robinson (1953) have shown that the thickness of the non-porous layer is 
linearly dependent on V,, the final anodizing voltage, but no clear influence of 
V,on the value of w?X can be distinguished in the present results. An explanation 
may be that, firstly, the range of variation of V, (see table) was too small for its 
snfluence to be clear, and secondly, that the effective voltage at the pore base, 


determining the pore base thickness, did not vary as greatly as did V;. 


3.6. Effect of Frequency of Measurement 


This may be represented as a shift of the characteristic curve parallel to itself, 
corresponding with the dependence of X on the frequency (figure 2). 
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Alternatively, the results may be represented as loss curves at constant relative 
humidity. The form of these loss curves may be derived as follows. When 
wt)? >(R,+R,)/R,, equations (1) and (2) become 

Cp— Com C,E?/(14+a2RZCHE’) i 
and ToRp ~ oR, C2ZE7/ (14+ vw RYCZE?) 
where E=R,/(R,+ Ry). 

By comparison with the Debye equations (Fréhlich 1949) for dipole relaxation, 
it may be seen that (6) is the parametric equation of an ellipse of eccentricity EZ 
which passes through the origin and has its centre on the 1/wRp=0 axis. ‘The 
maximum value of 1/@Rp occurs when w?R,?C,?E? = 1, i.e. when w7, = (Ri + Ry)/Ry 
at which frequency the loss arising from the pore conductivity 1/oRp(Cp—C,) 
is equal to 1/E. At higher frequencies wr, > (R, + R,)/R, and wRp(Cp— C,) < E. 
When (R,+R,)/R, is no longer negligible compared with wr, the values of 
1/wR,y become greater than those given by equation (6), and deviation from the 
ellipse will occur. These loss curves, implied by the use of the equivalent circuit 
(figure 1(c)), are shown in figure 6. With increasing humidity, E approaches 
unity, and the loss curves tend to the familiar semicircular shape. 


0 0 2 30 40 SO 60 70 80 90 xi0 0 
Capacitance C,- Cy (pF) 0 10 20 30 40 50 60 ce 
Capacitance C,-C, (pF) 
Figure 6. Calculated loss curves at various Figure 7. Experimental loss curves at v 
humidities using equations (1) and (2). ous humidities. An element fi 


batch VI used for illustration. 


The experimental loss curves were found to show these characteristics although 
the data for any single element, e.g. figure 7, are not sufficiently extensive to 


provide a very satisfactory illustration. A quantitative comparison is made in 
the following manner. From equation (6) 


(Cy Co)(oRp p= EES) 


(wR\C,°E?)? 
When w?R,’C,?E? is much larger than unity, this reduces to 
(Coe Ca) (lt Aeli Coe a rn eae (7) 


For sufficiently large values of w, the experimental values of Cy — C, plotted against 
(1/wRp)? give good straight lines, from which values of C, are obtained (figure 8). 
The values of C, thus obtained increase with humidity confirming the deduction 
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made from the slope of the characteristic curve. These values of C, again show 
no consistent dependence on the final formation voltage Vy. 


x10 
7 7) C, pF 
64000 
6 . 78000 


85000 


(1 wR,)*(sec® ohm?) 


0 
0 10 20 30 40 50 60 70 80 90 100 x 10° 
Capacitance C,-C. (pF) 


Figure 8. The relationship (Cp —Co)(wRp)? = 1/C, and the dependence of C, on relative 
humidity. An element from batch IV used for illustration. 


Two further observations support the suggestion that water penetrates into 
the amorphous alumina. Firstly, the capacitance of porous layers measured 
in the anodizing bath are considerably larger than the values of the pore base 
capacitance C, obtained from measurements in humid air (Jason and Wood 1955). 
It seems likely that the electrolyte penetrates into the pore base layer, when this 
is measured in the bath, the consequent Wagner losses giving rise to large values 
of the capacitance. One consequence is that deductions of the pore base dimen- 
sions based on measurements of the capacitance of the anodized surface in the 
electrolyte, combined with the bulk value of the dielectric constant of alumina, 
are unreliable. A second observation is that the measured capacitances of 
‘non-porous’ layers (e.g. as formed in ammonium borate) also increase, though 
less markedly, with humidity, but quite markedly when the measurements are 
made by placing the surface in an electrolyte (Jason and Wood 1955) indicating 
that these layers, too, are permeable. It is possible that the permeability of the 
amorphous alumina explains the observation that when porous layers are sealed 
by boiling in aqueous solutions a volume expansion of at least 10% is needed to 
fill the large pores, yet the amorphous alumina accommodates the strains involved 
and remains firmly attached to the underlying metal. 


§ 4. CONCLUSION 


The present work can be regarded asa study of the effects of the superimposition 
of Wagner type losses. At high humidities conduction in the macropores accounts 
for nearly all the dielectric loss. The time constant of this loss is large, and 
increases at low humidities. Consequently, at sufficiently high frequencies or 
low humidities, the losses arising from this effect are negligible, and it is then 
possible to observe the dielectric behaviour of the amorphous alumina alone. 
This shows that the capacitance of the alumina itself increases with humidity, 
indicating that the alumina is permeable to water. The magnitude of the increase 
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indicates that Wagner losses occur within the alumina, and evidence confirming 
this suggestion is found in the nitrogen adsorption isotherms for these layers, and 
also in the electrical properties of ‘non-porous’ anodized layers. 

The electrical characteristics of porous anodized oxide layers resulting from 
both the losses due to conduction in the pores and in the alumina itself are 
represented quite satisfactorily by the equivalent circuit of figure 1 (c). 
Comparison with the observations indicates that all the parameters shown in 
this circuit are dependent, but to varying extents, on the humidity and the stray 
ionic content of the oxide layer. On the basis of this circuit ageing may be 
interpreted as resulting from a slow decrease in conductivity associated with the 
migrating of ions to more fixed positions. In accordance with this the electron 
microscope examination of the layer (Booker 1958) shows that little change in 
the physical structure appears to take place on ageing. Work is in progress at 
the Torry Research Station, Aberdeen, to determine the best manner of preventing 
this slow decrease of conductivity. 

Although generally successful, the quantitative treatment of the dielectric 
losses in these anodized layers is not complete owing to the complexity of their 
dielectric properties. The equivalent circuit chosen represents a compromise 
which simplifies the discussion of their behaviour sufficiently to enable a reasonable 
understanding to be reached of the physical mechanism underlying the dielectric 
losses in these layers. 


ACKNOWLEDGMENTS 


This work forms part of a research programme on the behaviour of a 
capacitance-resistance hygrometer undertaken by the Food Investigation 
Organisation of the Department of Scientific and Industrial Research, to whom 
one of us (C.J. L. B.) is indebted fora grant. Theauthorsare particularly grateful 
to Dr. A. C. Jason for his encouragement and many stimulating discussions. 


REFERENCES 


Booker, C. J. L., 1958, Ph.D. Thesis, University of London. 

Booker, C. J. L., Woop, J. L., and Watsu, A., 1957, Brit. ¥. Appl. Phys., 8, 347. 
FROHLICH, H., 1949, Tneory of Dielectrics (Oxford: Clarendon Press), p. 70. 

Jason, A. C., and Woop, J. L., 1955, Proc. Phys. Soc. B, 68, 1105. 

Kawasakl, K., 1955, Bull. Electrotech. Lab., Tokyo, 19, 825. 

KELLER, F’., Hunter, M. S., and Rosinson, D. L., 1953, ¥. Electrochem. Soc., 100, 411. 
Woop, J. L., 1959, Brit. F. Appl. Phys., 10, 404. 


APE ENG) Ixee | 
Equation (3) can be greatly simplified when wz, is large. For then 
(w72—1)? 30, i.e. w27Q?+1 52w7,. 
For the oxide layers used Rp > R,, so that 
WT. i (w? 79? + 1) S 2w2r,2, 


Ie: WRpC,(w@? 75? + 1) > 2w? 7,2, 
i.e. A>2w/Ry, i.e. A/w*>2/wRp. 


Electrical Effects of Water on Anodized Aluminium wo 


The term inside the square brackets on the right-hand side of (3) may then be 
completed by the addition of the small quantity [(2/wRp)?/(2A/w?)|? to give 
equation (4). The condition that w7, is large, i.e. that wr, (R,+ R,)/R,> 1 is 
equivalent to wRp(Cp—C,)K Ra/(R, + Ry) < 1. 

For if 1/w7r,< R,/(R,+R,) then 


(Ry/Ryor, — Rs 


or. R,+ Bs 
and 


(R2/R, Jers Ry 


‘Rekha RRS 
le. wRp(Cp—C,) < Ry/(R, +R.) <1, using equations (1) and (2) combined. 


APPENDIX. IT 


Equation (3) shows that (Cp—C,)Rp?=1/A. When (Cp—C,) Rp? is found 
to be a constant XY independent of the humidity, this constant will be equal to 
1/ARp??. 

On the linear part of a characteristic curve, woRp(Cp—C,)<1, 1.€. w72>1, 
and then Ry» is approximately equal to R,, and the constant X can be taken as 
1/AR,!? to a good approximation. 
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The Specific Heats of Solid Argon and an Equimolar Argon-Krypton 
Mixture 


By B. F. FIGGINST 
Department of Physics, Queen Mary College, London 


Communicated by G. O. Fones; MS. received 7th April 1960 


Abstract. The specific heat of argon has been measured over the temperature 
range 16° to 35°x. The results are used to calculate a value for the Debye 8, 
which is in excellent agreement with lattice dynamics. The specific heat of 
an equimolar argon-krypton mixture has been measured from 12°K to the melting 
point. No evidence of any phase separation can be found from the results. 


§ 1. INTRODUCTION 


T is well known that the thermodynamic properties of the soldified inert 
] gases serve as a useful experimental basis for theoretical investigations of the 

solid state (Dobbs and Jones 1957). An accurate experimental value of the 
specific heat of argon is then of great importance. However, the existing data 
(Eucken 1916, Clusius 1936) are not in good agreement and differ from the 
more recent unpublished results of Hillf where they overlap. 

Measurements on condensed mixtures of these elements are also of value as 
an approach to the study of the theory of solutions, and for the information 
which they might provide about the state of solution in a particular case. Argon 
and krypton are very suitable since they are known to form solid solutions over 
the whole range of composition at temperatures somewhat below their melting 


points and are not complicated by quantum effects as in the case of helium 
(jones #1955). 


§ 2. EXPERIMENTAL 


The method employed to determine the specific heat was that of discrete 
heating. ‘The specimen was condensed as a solid in a copper calorimeter which 
could be cooled to about 10°k by liquid hydrogen in a miniature hydrogen 
liquefier cryostat. The formation of solid in the tube through which the gaseous 
specimen entered the calorimeter was prevented by employing a device similar 
to that used by Pryde and Jones (1952), by means of which a large temperature 
gradient could be maintained between the calorimeter and inlet tube during 
condensation. ‘The mass of the specimen was determined from the pressure 
changes in a gas reservoir of known volume. 

‘The temperature of the calorimeter was measured with a platinum resistance 
thermometer calibrated directly against the vapour pressures of hydrogen and 
neon between 9° and 28°K (Linder 1950). Above 30°K the oxygen boiling 


point was used in conjunction with published data (Hoge and Brickwedde 1939) 
to complete the calibration. 


t+ Now at British Oxygen Research and Development Ltd., Morden, Surrey. 
} Thesis, University of Oxford, 1952. 
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The stray heat exchange between the calorimeter and surroundings was 
reduced to a minimum by taking the usual precautions and in addition by making 
use of a heat switch (Jones 1951). This was situated between the radiation 
shield and the gas inlet tube to the calorimeter, at the point where the tube entered 
the constant temperature enclosure. The inlet tube could then be anchored to 
the radiation shield during measurements and at other times isolated thermally 
so that its temperature could be raised to prevent blockages. The apparatus 
also incorporated a semi-automatic device operated by a chronometer to switch 
the calorimeter heater on and off (Martin 1955). 

The argon was stated by the British Oxygen Co. to be 99-999% pure. ‘The 
krypton had up to 0-5°%, xenon as an impurity but otherwise was of the same 
degree of purity as the argon. At the end of the measurements a sample of the 
gas used was checked spectroscopically to confirm that no contamination had 
occurred. 


§ 3. RESULTS AND DISCUSSIONS 

Argon 

The results obtained here for pure argon are shown in figure 1, compared 
with the results of Clusius and of Hill, and in table 1. It will be seen that the 
present work is in good agreement with the values obtained by Hill within the 
estimated accuracy of +4%. There is, however, a large discrepancy between 
these results and those of Clusius which reaches a maximum value of 5% at about 
20°K. 
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Figure 1. Specific heat of solid argon. 


Following Blackman the comparison between experimental and theoretical 
results ig made in terms of the equivalent Debye temperature 8p. Values were 
obtained for each temperature by finding Cy, using the most recent data for the 
compressibility (Barker and Dobbs 1955), and thermal expansion (Dobbs 
et al. 1956) and hence #p/T by comparison with published tables for the Debye 
model (Landolt and Bérnstein 1927). The values of Op were eg ae a 
nearly constant value of 81+1°K. They lie on a smooth curve within 4°K, 


having a minimum of 80°K at about 25 °K. 
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Table 1. Specific Heat of Argon (cal molt deg) 


T(°K) 16°53 18-10 19-33 19:45 20-67 20-69 21-84 21:86 23-02 23:95 24:13 24-94 25:14 


Cp 0.96 260 2-85 2:90 3:15 3-15) 3:35 3:35 “3-57 371 3:73) 3°36) 3-07 


T(°K) 25°82 26:25 26-66 27-44 27-49 28:26 28-54 29:57 30°56 31:51 32:40 33-26 34-07 
Cy 3:99 404 4:07 4:20 4:21 429 4:33 445 456 464 4:72 480 4-88 
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Our values agree with the Debye approximation (Kane 1939) but this theory 
does not explain the rise in 6) observed by Hill below about 10°k. A more 
adequate explanation is provided by lattice dynamics. This has been used by 
Leighton (1948) for harmonic vibrations of a face-centred cubic lattice. In 
the temperature range of the present work and for central force interactions this 
leads to a value of 6; =81°kK. Montroll (1943) made similar calculations using a 
different analytic method, but did not consider a face-centred cubic lattice. His 
work had been applied to this case by Domb and Salter (1952). They investigated 
the effect of distant neighbour interactions and concluded that it is small in 
the face-centred cubic lattice (~3°,). When all neighbour interactions are 
taken into account it is found that 6);=80°K (Domb and Zucker 1956). The 
present experimental work is therefore seen to be in excellent agreement with 
deductions from lattice dynamics. 


Argon-krypton mixture 


An accurate specific heat curve of an equilibrium solid mixture would show 
the existence of any phase separation. The critical temperature at which this 
occurred would then provide data concerning the intermolecular forces. For 
instance, if the mixture may be considered as a ‘regular solution’ as defined 
by Guggenheim, then the energy w gained on mixing a pair of atoms, one of 
each constituent, follows at once for a mixture of the composition used here 
(Guggenheim 1952) from the formula 


where w=2{3(W44 +Wpp)—,ap}2 being the coordination number, and w, , the 
energy of an AA pair. A value of w,, may be found theoretically from 


Oap=V (@4,@pp): 

This formula may be derived from the work of London (1937) assuming dispersive 
forces only and ignoring differences in size. If the known heats of sublimation 
of the pure substances are used to make an estimate of w,, we find from the 
above formula that the critical temperature might be expected between 10° 
and 40°K. We find also from the theory of regular solutions that the energy 
of mixing might be about 20calmol-! so that we should expect very obvious 
evidence of phase separation. We conclude that w,,>0 and therefore that an 
order—disorder transition is not to be expected as an alternative to phase separation. 
Experimentally, the sign of w, may be deduced from vapour pressure measure- 
ments (Heastie 1957) by noting the deviations from Raoult’s law. 

Previous work on the specific heat of a solidified mixture of argon and krypton 
is that of Eucken and Veith (1936) who chose a ratio of 40-59%, argon : 59-5 % 
krypton. They were unable to find any sign of a phase separation. Hever 
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Figure 2. Specific heat of a solid equimolar argon—krypton mixture. 
Table 2. Specific Heat of Equimolar Argon—Krypton Mixture 
(cal mol-! deg-*) 
T(°K) 12-44 14:09 15-39 16°87 18-21 18-90 19-40 20-14 20-48 INC) PNA Koy POR} 
Cy a9. 7-34) 2-560 99-88" 346 5-30 3-39 3:55. 3-64 3°74 379° 3:93 
T(CK) 22:50 23-42 23-56 24-43 24:51 25-38 26-26 271-29)928:35. 29-308 30-27 31-12 
Cp 3-96 411 413 423 423 434 445 459 468 4-78 485 4:94 
TK) 31:97 32:69 33-54 34-34 35-09 35-95 Bape) Arent! SUSE Feo 
Cp 500 506 5-13 SAF 35-23. 5:26. 5°32. 9537 5-42 545 
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for a regular solution the maximum critical temperature would be expected for a 
50:50 mixture, possibly above the lowest temperature (12°k) used by Eucken and 
Veith. The results obtained here for the specific heat of the 50:50 mixture of 
argon and krypton between 12° and 40°k are shown in figure 2, compared with 
the results of Eucken and Veith, and in table 2. Between 40°K and the melting 
point the present results fall on a smooth curve to within + 4% but they will 
not be quoted since no correction for vaporization can be applied using present 
data. There is no evidence from these curves to suggest any phase separation. 
Above 60°K this is confirmed by the work of Heastie. It thus appears that the 
expected phase separation must occur below 12°x and we do not confirm the 
prediction of Halsey and Freeman (1956) of a critical temperature of 62°K, 
We were not able to detect any indication of the system being out of thermal 
equilibrium. For instance, measurements repeated at any one temperature after 
waiting periods of up to 10 hours gave the same value of the specific heat within 
the experimental accuracy. It is obviously necessary to determine by some 
independent method what is the state of solution of the solid and attempts are 
being made to examine this by means of x-ray measurements. 


736 B. F. Figgins 


ACKNOWLEDGMENTS 


I am indebted to Professor G. O. Jones for suggesting the problem and for 
his constant interest and advice. I am grateful to Dr. R. O. Davies, Dr. R. W. 
Heastie and Dr. D. L. Martin for many helpful discussions and acknowledge 
with thanks the careful workmanship of Mr. W. A. G. Baldock and the assistance 
of Mr. W. Eagers. I am also indebted to the British Oxygen Co. for a Research 
Fellowship. The work has been assisted by the loan of apparatus from the 
Central Research Fund of the University of London. 


REFERENCES 


Barker, J. R., and Dosss, E. R., 1955, Phil. Mag., 46, 1069. 

Crusius, K., 1936, Z. Phys. Chem. B, 31, 459. 

Dosss, E. R., Ficcins, B. F., Jones, G. O., Prercey, D. C., and Rivey, D. P., 1956, Nature, 
Lond., 178, 483. 

Dosss, E. R., and Jonss, G. O., 1957, Rep. Prog. Phys., 20, 516- (London : Physical 
Society). 

Doms, G., and Sater, L., 1952, Phil. Mag., 43, 1083. 

Doms, G., and Zucker, I. J., 1956, Nature, Lond., 178, 484. 

Eucken, A., 1916, Deutsch. Phys. Ges., Verh. 18.1, 4. 

EuckeEn, A., and VEITH, H., 1936, Z. Phys. Chem., 13, 34, 275. 

GUGGENHEIM, E. A., 1952, Mixtures (Oxford: University Press). 

Hatsey, G. D., and FREEMAN, M. P., 1956, Nature, Lond., 178, 431. 

HeastTI£, R. W., 1957, Thesis, University of London. 

HoceE, H. J., and BRICKWEDDE, F. G., 1939, 7. Res. Nat. Bur. Stds., 22, 351. 

Jones, G. O., 1951, F. Sct. Instrum., 28, 181. 

—— 1955, see Doms, C., 1955, Nature, Lond., 175, 661. 

Kane, G., 1939, #. Chem. Phys., 7, 603. 

LANDOLT—BORNSTEIN, 1927, Physikalish-Chemische Tabellen (Berlin: Springer). 

LeIcHTON, R. B., 1948, Rev. Mod. Phys., 20, 165. 

Linper, C. 'T., 1950, Research Report R-94433-2-A, Westinghouse Research Laboratories, 
Pittsburgh. 

Lonpon, F., 1937, Trans. Faraday Soc., 33, 19. 

Manrtin, D. L., 1955, Phil. Mag., 46, 751. 

MOontTROLL, E. W., 1943, 7. Chem. Phys., 11, 481. 

PryDE, J. A., and Jones, G. O., 1952, Nature, Lond., 170, 685. 


737 


Radiative Transitions in 8Be 


By lS. GRANT 


Department of Physics, University of Manchester 


Communicated by B. H. Flowers; MS. received 14th March 1960 


Abstract. A measurement has been made of the angular correlation between 
the 14-7Mevy y-radiation from the reaction *Li(p,y) and the a-particles from 
the break-up of the 2-9 Mev excited state of SBe. The electric quadrupole to 
magnetic dipole amplitude ratio 8 can be derived from the angular correlation. 
Under the assumption that the resonant component of the y-radiation has an 
isotropic angular distribution, 8 is found to be 0-21+0-07.. The predictions of 
the independent particle model, using a central force fitted to the properties of 
neighbouring nuclei, are in good agreement with the observed ratio § and with 
the widths of both the 17-6 Mev and the 14-7 Mev transitions when the intermediate 
coupling parameter a/K is about 2. 


§ 1. INTRODUCTION 


HE spins and parities of the broad 2-9 mev level of “Be and the 17-6Mev 

level formed at the 440 kev resonance in the reaction 7Li(p,y) are well 

established to be 2~ and 1~ respectively (Ajzenberg-Selove and Lauritsen 
1959, Boyle 1956). Both electric quadrupole (E2) and magnetic dipole 
(M1) transitions may occur between the two levels, and the angular correlation 
between the resonant radiation and the «-particles from the break-up of the 2-9 Mev 
level depends on the ratio of the reduced E2 and M1 transition amplitudes. 
The angular distribution of the 14-7Mev radiation has not been accurately 
measured independently of the more intense 17-6 Mev radiation from the ground 
state transition, but the deviation from isotropy of the combined resonant 
radiation is only afew percent. ‘The resonant state is formed by incoming p-wave 
protons, and the angular distribution of the radiation is of the form 1 + c¢ P, (cos @). 
The coefficient c is always ten times as great for the 17-6 Mev transition as for the 
14-7 Mev transition, whatever the channel spin mixture, and the 14-7 Mev 
radiation must therefore be very nearly isotropic. ‘The y—« correlation is thus 
completely determined by 6 and the correlation angle 6, and is found to be 


I(6) = (14+?) — P,(cos @) 3 ~ 2 3 — v58 + * 8P,(cos Oe ers (1) 


in centre-of-mass coordinates. 


§ 2. EXPERIMENTAL MEASUREMENTS 


The 2-9 Mev level of *Be is extremely broad, having an apparent half-width 
in this reaction of about 2Mevy, and the energy of the «-particle following its 
break-up is therefore ill-defined. Measurement of the direction of the «-particle 
in the laboratory is not sufficient to determine its direction in the centre-of-mass 
space, and it is impossible to derive the centre-of-mass correlation explicitly from 
the laboratory correlation if all «-particles from the broad level are accepted. 
In the experimental measurement of the y-« correlation, the «particles were 
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accordingly analysed in a magnetic spectrometer with resolution 2%, in momentum. 
High resolution had the incidental advantage of greatly reducing the intense 
background of «-particles and the *He ions from the ‘Li(p,«) reaction, and 
enabling natural lithium targets to be used. After passing through the spectro- 
meter, «-particles were detected in a thin plastic scintillator, with good discrimina- 
tion against the y-radiation background. ‘The «-particles were always observed 
horizontally, and perpendicularly to the proton beam, with the spectrometer 
adjusted at each correlation angle to accept «-particles of centre-of-mass energy 
1-45 Mev. 

As well as the resonant radiation in the ‘Li (p, y) reaction, there is a background 
radiation with an intensity which rises slowly with increasing bombarding energy, 
and which is about 1°% of the resonant intensity at 440 kev. This background is 
due to a direct electric dipole transition which may show interference with the 
resonant transition of opposite parity. ‘The interference term must be zero at 
right angles to the proton beam, since all the odd Legendre polynomials are zero 
at 6=90°. The y-radiation was therefore observed perpendicularly to the 
beam, where no interference terms could perturb the correlation (1). The 
y-detector was a 2 in. diameter x 4 in. long cylindrical NaI(Tl) crystal, which 
could be rotated about the proton beam to vary the y—« correlation angle from 45° 
to 180°. 

The «- and y-detectors operated two similar biased diode coincidence 
circuits, which gated the proportional output of the y-counter. After gating, the 
y-counts were biased off at 6Mev. A third proportional y-counter output, 
which also had discrimination at 6 Mev, served as a monitor. Figure 1 shows a 
delayed coincidence curve measured at a correlation angle of 90°. ‘The ordinate 
is the difference of the two gated proportional counts, and the abscissa the delay 
inserted in the ‘ genuine’ coincidence circuit to compensate for the time-of-flight 
of the «-particles in the spectrometer. The coincidence rate was similarly 
measured at several other angles at equal intervals in cos? @, where 6 is the correla- 
tion angle in centre-of-mass coordinates. ‘The results are summarized in the table. 


Laboratory counting 


Laboratory cote rateda eountenper se Solid angle Centre-of-mass 

angle (deg) Tee ee factor counting rate 
180 0-98 5:1 321066 0-821 4:22 +0:54 
1524 0-75 5°88 + 0-51 0-854 5°01 +0-44 
1383 0:50 5°76 + 0:48 0-883 5:08 + 0-42 
1232 0-25 5:08 + 0-47 0-916 4:66 + 0-43 
904 0 Aafia Ora 7 1-032 4°71 22038 
634 O25 3°90 20-35 1-152 4:50+0-40 
47} 0:50 3-28 + 0-60 1-205 4-00+0-72 


ee 


The column headed ‘solid angle factor’ contains the product of the velocity 
ratio Ue/v with the Jacobian d[z, (cos 6);, $1]/A[ve, (cos )c, de] of the transforma- 
tion from laboratory to centre-of-mass coordinates. The factor v¢/z) is required 
because the magnet accepts a range of momenta proportional to the momentum 
in laboratory coordinates. Note that after multiplication by the solid angle 


factor, there is no significant difference between two measurements corresponding 
to the same value of cos? 6. 
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Before the theoretical correlation (1) can be compared with the measurements, 
one last geometrical correction must be made to allow for the finite geometry of 
the y-counter. After averaging over solid angle, (1) becomes 


Tons(@) = (1 + 5?) —0-910P, (cos 6) 3 oa 8 y/ 55 +0:714P,(cos 8) (; »*) ; 
7 
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Figure i. Delayed coincidence curve Figure 2. The angular correlation 
at a correlation angle of 90°. in centre-of-mass coordinates. 


The best value of 6 in (2) is found from a least squares fit of the measurements 
in the table to be 6=0-21+0°07. The minimum ,? is not significantly different 
from its expectation value, and the quoted errors are taken at the 5% significance 
value of x?._ In figure 2 the observed centre-of-mass correlation is plotted, and 
compared with the theoretical distribution for 6=0-21, and with the pure 
M1 (6=0) and E2 (6= ~) transitions. 


§ 3. "THEORETICAL ‘TRANSITION PROBABILITIES 


It is interesting to compare the measured value of the ratio 6, and the other 
characteristics of the radiation from the 7Li (p, y) reaction, with the predictions 
of the independent particle model. In two respects this reaction is at the extreme 
range of nuclear reactions and may be expected to impose a great strain on the 
assumptions of the theory. Firstly, the transitions are of great energy: the 
energy of the 14-7 Mev transition is greater than that of any other quadrupole 
radiation whose strength is known with the exception of the ground state transition 
in the 167 kev resonance of the reaction "B (p,y). Secondly, the width of the 
first excited state of Be is so great that its lifetime is of the order of the time taken 
by a nucleon to cross the nucleus, and it is not clear that quasi-stationary wave- 
functions will be at all adequate to describe this state. The width of the 17-6 Mev 
state itself is many kilovolts, and it has a sufficiently short lifetime for it to be 
possible that the mode of formation of the resonant state affects the subsequent 
radiative decay. 

Intermediate coupling wave functions have been set up in an L—S coupling 
representation for the states of "Be at 17-6 ev and 2:9 Mev, and for the ground 
state, assuming that the 17-6 Mev state is the one which goes over to a SPSL] 
state in L—S coupling. An independent particle spin-orbit force of the form 


3B2 
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a>,,l;.s, was used, and four different exchange mixtures were chosen for the central 
part of the interaction. 


(i) The Rosenfeld force. 
V = (—0:13 +0-93Py, + 0-46P, — 0:26P_) V(r) 

where P3,, Py, Py are the Majorana, Bartlett and Heisenberg exchange operators. 
The many-particle interaction for a general central force has been given in terms of 
the single particle direct and exchange integrals L and K (Elliott, Hope and Jahn 
1954), and the ratio L/K has here been chosen to be 6, a value which has been 
found to give reasonable agreement with the level spectra of many light nuclei 
(Inglis 1953). 


(ii) The Serber force. 
V(Serber) = 4(1+Py,)V(r) again with L/K =6. 


(iii) The Soper force (a). 
Soper has derived a central force exchange mixture which gives a good fit to 
the level spacings in ®Li (Soper 1957). 


V(a)=(0-4+0:3Py,+ 0-2P, +0-1P,,)V(r). 
The interaction strengths found by Soper are 
L=5-45mev, K=1-:18mMev, a=1:554Mev. 


The same value L/K =4:6 has been retained, while a/K is left as a floating 
parameter. 


(iv) The Soper force (6). 


Recently Soper has analysed data on ®Li, ‘Li, and °Li to derive a slightly 

different exchange mixture (Soper, to be published). 
V(b) = (0-34 0-43Py,+0-27P,)V(r). 

For ®Li and ‘Li, L/K =4-6, but a slightly larger value gives the best results 
for *Li. L/K=4-6 has been used here. 

The relative strength of the spin-orbit force has been allowed to vary, and 
wave functions have been computed for each of the central interactions (i) to (iv), 
with the intermediate coupling parameter a/K=1, 2, 4 and 6. 

Fractional parentage coefficients have been tabulated for L—S coupling in 
the p-shell (Jahn and van Wieringen 1951), and once the intermediate coupling 
wave functions are known as a sum of the L—S coupling base vectors, the M1 
and [2 transition widths can be expressed in terms of single particle widths. 
The M1 single particle widths are known exactly, but the E2 width depends on 
the mean square radius of the nucleon distribution. Lane and Radicati (1954) 
have calculated the matrix element <1p||E2||1p) for an electric quadrupole 
transition in the p-shell with wave functions in a square potential well whose 
depth and radius have been chosen to fit the properties of the first excited state 
of 8N. They find 

(Tp|[E2||1py=—1-15 x 10cm, ee (3) 


The value of this matrix element is not likely to change very rapidly from one 
nucleus to another in the p-shell, and (3) has been assumed to be a reasonable 
approximation for Be. The calculated width of the 17-6 Mev transition, and 
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the M1 and E2 amplitudes of the 14-8 Mev transition, are compared in figures 
3, 4 and 5 with the measured values derived from the total radiative width of 
30ev of the 17-6Mev state (Bonner and Evans 1948), the intensity ratio of the 
two y-rays, andthe coefficient d. ‘The electric quadrupole transition has arbitrarily 
been given a positive amplitude. 
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Figure 5. The E2 amplitude of the 14:8 Mev transition. 


The four central forces predict quite different amplitudes for the M1 com- 
ponent of the mixed transition (figure 4). ‘This is because the transition is 
completely forbidden in both L—S and j-j coupling extremes, and as a/K increases, 
the total transition amplitude in the L—S representation is very much less than 
the contribution from each L—S component. ‘The other two transitions are also 
unfavoured since their experimental widths are in each case less than 1/15 of the 
single particle widths. In these circumstances it is astonishing that the Soper (4) 
force gives good agreement with each experimental quantity when a/K is near 2. 
Soper required a/K =1:3 to fit the properties of ®Li; it is reasonable to find a 
greater value for *Be since the spin-orbit strength a is expected to increase 
throughout the p-shell (Lane and Elliott 1954). 
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Kurath (1957) has calculated the widths of the two transitions using a simplified 
central force similar to the Rosenfeld force, and obtained results in essential 
agreement with those given here. He found the calculated widths of the 14-7 Mev 
transition to be too small, and suggested that this was because the E2 component 
was enhanced by collective motion: inspection of figures 4 and 5 shows that this 
isnotso. ‘The Rosenfeld force underestimates the strength of the M1 component, 
and all the intermediate coupling calculations slightly overestimate the E2 
amplitude at a/K =2. No doubt this is because the mean square radius needed 
for the matrix element (3) should be smaller in 8Be than in ®N. The majority 
of E2 transitions even in light nuclei are in fact enhanced by collective motion 
of the nucleus, and usually occur more readily than a single particle transition 
(Wilkinson 1958). But collective motion is not likely to increase the quadrupole 
strength of the 14-7 Mev transition, whose initial state has 7=1, and cannot 
include components which may be regarded as rotational or vibrational modes of 
the lower T=0 state. There are two similar transitions whose quadrupole 
widths are known, and both are weaker than a.single particle transition: (i) The 
ground state radiation from the 160 kev resonance in 'B (p,y) has a width of 
0-8 single particle units (Beckman, Huus and Zupancié 1953). (1) In }8F (p,y), 
the quadrupole transition from the 13-5 Mev state of ?°Ne to the 1-63 Mev state 
is very unfavoured, and has a width less than 0-015 single particle units (Clegg, 
Jones and Wilkinson 1955). This suggests that the higher state may have 
di Ae 

The intermediate coupling description of the transition strengths in the 
reaction ‘Li (p,y) is thus entirely satisfactory. The only remaining property 
to be discussed is the angular distribution of the radiation at resonance. The 
amplitude for formation of the L—S compound state |J(LS)7[f]) from the 
state (J,(L,S,)T,[f,]|</o7| representing a target state ¢ and a bombarding l-wave 
particle, is proportional to some matrix element 


(LS) Tif lo7|H|y (LS) T[f]). 


Expanding the compound state in terms of its parent states, the matrix element 
can be re-written as 


DOr, ACC? (— PMOL + QS+ 1) 2p + f+ 1}! WL yy So, Sf) 
x WLS S, Lf) Kaley) S(LS) Ti fill loz] Alor) | (Lp Sy) Tp Lfp > 
where the symbols all have their usual meaning. The amplitude of the initial 


state associated with channel spin f is Cor Cy,0/Cy, and the amplitude for 
Stes 


formation of the compound state with channel spin f is proportional to 
D (= ep AL + 1)(28 + 1)(2Fy + 1)(2f+ 1}? W(L,J,So, Sf) W(IL,TS, Lf) 
p 

x Co [}o,, ) CS (LpS;) LUfill<lor|A|lor >| ,(L,S»)T,, hei )- core srs (4) 


Now assume that formation of the compound nucleus depends only on 
some simple sticking probability: the only term in the sum (4) is then p=t, 
and the matrix element H is independent of the quantum numbers L, S;and f,. 
The argument now immediately extends to the intermediate coupling situation 
where the amplitudes of the L—S components in the compound state ate 
(J|L,S,[f-]) and in the target state ¢J,|L,S,[ fil). The intensity associated with 


Radiative Transitions in °Be 743 
channel spin f becomes 


2 (— Np (2L + 1)(2S + 1)(2S, + 1)(2f+1)p2W(L,J,Se, Spf) 


9 

re) 
. 
z 


x W(IL,JS, Lf) <al}x, I |LSeLfel) SL Sif >} 


Channel spin intensity ratios have been computed from (5) for all four central 
force mixtures. The coefhcients of the Legendre polynomial P,(cos@) in the 
resulting angular distributions for the 17-6 Mev radiation are plotted in figure 6. 
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Figure 6. The angular distribution of the 17-6 Mev radiation. 


The measured value of the coefficient for the 17-6Mev radiation is 0-018 
(Neuert and Retz-Schmidt 1958). None of the central force mixtures can 
produce this near isotropy at a/K=2, but the discrepancy is not really very 
serious, because the channel spin mixture in j-j coupling is (f=1):(f=2)=5:1, 
whereas the ratio required for isotropy is 1:5. The angular distribution is thus 
fortuitously sensitive to variations in the small intensity of the channel spin one 
component. Its intensity is indeed small except for the Serber force, and it 
would certainly be possible to achieve isotropy at small a/K by making a minor 
adjustment to the Soper force. 

The independent particle model is thus able to account remarkably well for 
all the properties of the radiation from the 440 kev resonance of *Li (p,y), in 
spite of the high excitation of the initial state and the enormous width of the 
3Mev state. ‘These properties all depend rather critically on the nature of the 
central force, and small admixtures of far-away L—S coupling states (even in 
the two low-lying levels) make an important contribution to the transition 
amplitudes. The central force derived from the neighbouring Li nuclei is 
markedly the most successful, and one must conclude that some allowance for 
the inadequacies of the theoretical model has been built into this force. 
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Abstract. ‘The light collection in large plastic and liquid scintillation counters is 
analysed and it is shown that it is more efficient for the photomultiplier to be 
in optical contact with one side of the phosphor than to be viewed from above. 
Experimental results obtained with a large plastic scintillation counter support 
this conclusion, as does a survey of other published results. ‘The uniformity 
of response is about equally good for the two types of counter. 


§ 1. INTRODUCTION 


HIS paper is concerned with scintillation counters which are ‘large’ in 

the sense that the area of the counters is much greater than the area of the 

cathodes of the photomultipliers used with them. Such counters are 
used both for cosmic ray work and for certain types of radioactivity measurement, 
particularly the study of ‘whole-body’ radiation. 'The need to minimize the 
area and number of photomultipliers is largely an economic one, but with increasing 
cathode area the problem of noise pulses being superimposed during the resolving 
time of the electronic equipment also becomes important. It is therefore import- 
ant to design the counter so that the efficiency of light collection is as high as 
possible. 

In the first part of this paper various possible arrangements are considered 
and assessed for their optical efficiency and uniformity of response. ‘The per- 
formance of a counter, designed on the basis of the analysis, is then described. 
Finally a comparison is made between this counter and others on which data 
have been published. 


§ 2. MetHops oF LIGHT COLLECTION 


Despite the great body of theoretical methods which is available for solving 
problems in geometrical optics much less attention has been paid to systems 
which lack axial symmetry or in which the rays are widely divergent. For 
scintillation counter systems the application of the conventional ideas of lens 
optics is of very little help, and can even be misleading. Instead it is necessary 
to make use of rather different concepts. The most important of these is the 
escape cone which limits the directions in which light can escape from a luminous 
source in a medium with a plane surface. For material with a refractive index 
1:5, which applies to most liquid scintillators, the critical angle is 42° and the 
escape cone 124°, of the total solid angle. For plastic phosphors the refractive 
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index is rather larger (~ 1:58) and hence the escape cones are smaller, but it will 
be a sufficient approximation to consider only the one value. In a rectangular 
solid there are six cones, so that only 75% of the light can escape ; the remainder 
of the light will be referred to as trapped light. 

There are two classes of experimental arrangements which have been used. 
In the first class the photomultiplier views the scintillating material from a 
distance whereas in the second the two are in optical contact. It is necessary to 
analyse the two classes separately. 


2.1. Class 1: Photomultiplier not in contact with Scintillator 


The simplest case in this class is shown in figure 1 (a) where the scintillating 
material is in the form of a cylindrical disc. Other shapes of material and case 
have been used and the whole system may be folded up, as in figure 1 (6), but the 
theory is not essentially different. 


Figure 1. First class of counter; photomultiplier viewing phosphor from a distance. 


It is obviously wise to make the bottom surface of the container reflecting so 
that the light escaping from the top surface is that in the upper and lower escape 
cones, 1.e a fraction of about 0:25. It is not easy to calculate the proportion of 
the light escaping through the periphery, as the geometry of the escape cones is 
much more complicated and depends on the source position. Possibly for the 
latter reason, most existing counters in class 1 have not attempted to collect much 
of this light. 

If the response is to be reasonably uniform the photomultiplier must be at a 
distance from the phosphor comparable with the maximum dimension of the 
latter. ‘Ihe proportion of light received directly by the photomultiplier is then 
very approximately, equal to its area divided by the total surface area of the ee 


part of the container. So the proportion of light which reaches the photo- 
cathode is 


er 2a ee 
7R*+420Rh- 

If we put ar? = S, 7R?=A and take h=R fora typical counter, then Q = 0-08,S/.4 

This is very poor and it is therefore customary to attempt to collect more of 
the light by coating the inside of the container with reflecting material. The 
cases of diffuse and specular reflectors must be considered separately , 

The effect of a diffusing reflector has been estimated by Koechlin (1955) and 
others. If the reflecting power is p then the improvement is by a factor 1/(1—p) 
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This result is only exact for a spherical container but other geometries will not 
change it greatly. At the same time the diffuse reflector will improve the uni- 
formity of response. Different authors have given various estimates for p but 
it seems unlikely that it ever exceeds 0-85 in the wavelength region of importance ; 
it may well be that even this value is only possible for freshly prepared surfaces. 
Hence we can estimate the geometric factor in this case as 


Q~ 0558/4, 


The use of a specular reflector can be attempted with systems of the type 
shown in figure 1(b). It does not seem easy to analyse this system in detail but 
one can estimate an upper limit to the geometric factor by considering an ideal 
optical system, i.e. one that images the phosphor disc on the photomultiplier 
cathode. Then we can apply the sine relation (see e.g. Conrady 1957) for the 
divergence of the light at the object and image, 


Nyy, Sin 0, = nyo sin Oy. 
Hence the semi-angle of the cone of light leaving the object is given by 


Ny V2 Sin 6, r 
sin 6,= 2-2 2 < 

1 V4 nR 
so that at best the proportion of light going into this cone and the vertically opposite 
one is 

v2 \12 A S 
Q=1-{1- — ~~, =0-22 -. 
n® R? PA ad ie A 

It is not easy to see whether a reflector can be designed which is even as 

efficient as this, so it is not surprising that most workers have preferred to use 


diffuse reflectors. 


2.2. Class 2: Photomultiplier in optical contact with Scintillator 


Brini et al. (1955) have given a very careful analysis of the case, figure 2 (a), 
in which the entire area of one side is covered with photocathodes. ‘They show 
that the conditions under which the uniformity is best, and limited only by the 
absorption in the phosphor, are: (i) the phosphor must be rectangular ; (il) a 
short uniform cross-section light guide must be included; (iil) the faces of the 
phosphor, or transparent container, should be polished ; a mirror should be 
placed behind the face opposite to the photomultipliers but not on the other faces. 


(A) 
Figure 2. Second class of counter; photomultiplier in optical contact with phosphor. 


If these conditions are satisfied the light in four of the escape cones is lost and 
the remainder, ~0-5, except for the fraction absorbed, reaches the cathodes. 
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The high value is a result of using total internal reflection, which is far more 
efficient than any other type of reflection. It is not profitable to add further 
reflectors, either specular or diffuse, as any light reflected back into the phosphor 
will be travelling in directions such that it will not readily reach the photocathodes. 

A modification of this counter, shown in figure 2 (5), uses a tapered light guide 
and a single photomultiplier. For a sufficiently long guide one can apply the 
theory of adiabatic guides (Garwin 1952) and deduce that Q=0-5,S/A4’, where 
A’ is the area of the side of the counter to which the light guide is attached. 

These estimates must be corrected for absorption and scattering, and some 
idea of the magnitude of these effects is reported below. If the uniformity of 
response is to be reasonably good the absorption must be small, so that these 
estimates are applicable if the counter is otherwise feasible. 

Comparing the two classes of counters the advantages of the second are 
obvious. The thickness of scintillating material is usually only a fraction of the 
other dimensions so that 4> A’ and the light collection efficiency should be at 
least an order of magnitude better. The only uncertainty is whether light 
absorption in the scintillating material will lead to a seriously non-uniform 
response. Unfortunately data on the absorption are very sparse, particularly 
for plastic phosphors; the counter described here was built to see how serious 
its effect would be in practice. : 

The above considerations do not apply to Cerenkov counters as the radiation 
is mostly emitted within the downward escape cone. It therefore becomes 
necessary to use specular or diffuse reflectors instead of relying on total internal 
reflection. Non-focusing Cerenkov counters of these types have been analysed 
in detail by Mando (1954), who shows that it is possible to obtain good uniformity 
only if the depth of the counter is comparable with the other dimensions. Thus 
his analysis may be of use in designing scintillation counters of large volume but 
is not helpful in respect of large area counters. 


§3. DESIGN OF COUNTER 


The counter was designed to discover whether the economies inherent in 
counters of the type shown in figure 2 (5) could be realized in practice, and the 
size chosen, 55 cm x 17-5 cm, was considered sufficient for this purpose. The 
plastic phosphor used was a polished block, 3-8 cm thick, of NE 102 by Nuclear 
Enterprises Ltd. 

The shape of the light guide was determined by means of model experiments. 
An open tank of thin Perspex was filled with pure glycerine (n= 1-47) and the 
light emitted from an immersed point source measured by a barrier-layer photocell. 
Preliminary experiments without a light guide established the validity of the 
method, although it was found that light which made long paths in the model 
before reaching the photocell was considerably attenuated. 

Experiments with various shapes and sizes of light guides confirmed the 
application of the ‘adiabatic’ theory but the uniformity deteriorated with shorter 
guides. It was found that two small stops, seen in figure 3, helped to reduce 
high spots near the corners of the counter. The light collected was about 0-06 
of the total and the maximum non-uniformity was + 15%. Theoretically the 
geometric factor should have been nearly double this, which again shows that light 
making the less direct paths in the model was largely lost. 
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The phosphor, Perspex light-guide and photomultiplier (type EMI 9514B) 
were mounted in optical contact using silicone oil type MS 200/1 000 000 cs and 
enclosed in a case made of brass sheet. ‘The phosphor was supported by an 


array of small rubber studs in order to minimize frustration of the total internal 
reflection. 


Stops 


aT 


--I7-5¢m 


Photomultiplier 


ke 


Figure 3. Diagram of experimental counter. ‘The thickness of the counter is 3:8 cm. 


Some difficulty was experienced in trying to analyse the heights of pulses 
from this counter. ‘The pulse length is determined by the photomultiplier and 
is only of the order of 20 ns (mysec) with a rise-time which is not sufficient for 
reliable operation with commercially available discriminators. Higher speed 
discriminators were built and tested but these were insufficiently stable for 
operation over long periods. Finally it was decided to lengthen the pulses to 
about 150 ns so that more conventional electronic circuits could be used. With 
only a small area photomultiplier the problem of build-up of noise pulses was 
still unimportant but with larger counters it will become essential to use faster 
discriminators. 


§ 4. PERFORMANCE 


In reporting the performance of scintillation counters used for y-ray 
spectroscopy it has become the custom to quote the resolution for a particular 
y-ray peak. This is defined as the width of the peak in the differential pulse 
height distribution at half maximum height, expressed as a percentage of the 
position of the peak. For large area counters a similar measure can be derived 
for the peak in the pulse height distribution due to cosmic rays. ‘The width of 
this peak is due to a number of different factors: (a) variations in the proportion 
of light collected from different regions of the phosphor, (6) variations in the path 
length of cosmic rays inclined to the vertical, (c) the composite nature of the 
cosmic ray beam, (d) the ‘Landau’ (1944) distribution of the energy loss of 
fast charged particles, and (e) the statistics of the emission of electrons from the 
photocathode. 

The counter was first operated in coincidence with a Geiger counter telescope 
containing 15 cm lead absorber in order to minimize the effects of the first three 
factors. Using only a small region of the phosphor the resolution was found to 
be 22+2%. The width of the Landau distribution for relativistic particles in 
an absorber of this thickness is about 17%. The distribution due to the photo- 
multiplier can be assumed Gaussian with a root mean square deviation equal to 
[Nm|(m—1)]#? (Morton 1949) where JN is the number of photo-electrons and 
m is the gain of the first stage, ~4-5. Hence its contribution to the half-width 
is 2[(21n2)(4-5.N/3-5)}?2=2-68N1?. ‘The two effects act independently and 
hence can be added quadratically. In this way we find that the resolution due 
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to the photomultiplier alone would be 14%, and hence the number of photo- 
electrons N= (2-68/0:14)?~ 350. The uncertainty in this figure is considerable 
because of the statistical errors and the remaining inhomogeneity of the cosmic 
ray beam. 

Assuming that the phosphor efficiency is about 1 photon per 140 ev energy 
liberated} and that the photocathode efficiency is 10° we can estimate N, using 
the results of the model experiment, as 

7:5 Mev 

140 ev, 
Neither estimate of N is reliable to better than +50 but it is clear that the true 
value is about 300. 


x 0:06 x 0-10 = 300. 


« No lead 
inch lead 


Channel width 0:24 mev _ | 


Counts per Second per 0:24 Mev 


a4 It L | 
0 2 4 6 8 10 12 I4 
Energy (MeV) 


Figure 4. Differential pulse height distribution from experimental counter. 


The uniformity of the counter was tested by selecting different regions of the 
phosphor with the counter telescope. The relative heights of the cosmic-ray 
peak at the positions marked in figure 3 were ; 


A B C D E 
0-83 0-99 1-00 1-00 Tas 
so the maximum non-uniformity is +16%, compared with the value + 15% 
obtained in the model experiment. (The model experiments had shown that 
the variation across the width of the counter was relatively small.) The agreement 


here and between the estimates of N shows that the model experiments can be 
relied upon as an aid to the design of scintillation counters. 


+ We have adopted this figure as the most reasonable estimate which we can make at 
the present time. Absolute measurements of scintillation efficiency are known to be 
unreliable (Swank 1954) so that the uncertainty is at least += 20%. 
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Figure 4 shows the differential pulse height distribution for all pulses from 
the counter. ‘The resolution of the cosmic-ray peak, 32 + 3%, is now wider than 
before, partly because of the non-uniformity of phosphor response and partly 
because cosmic rays now traverse the phosphors at all angles to the vertical. 
Estimates of these two effects are found to be sufficient to account for the difference 
quantitatively. 

Figure 4 also shows the effect of 2:5 cm of lead around the counter. The 
reduction of the number of small pulses indicates that a proportion of these are 
due to y-rays from the laboratory; the apparent presence of y-rays with energies 
up to 4 Mev 1s due to the statistical and geometric variations. Even with the lead 
screening the background in the counter is larger than expected. The lower 
energy events may well be due to radioactive impurities in the materials of the 
counter but it is less easy to explain the events in the energy region 4-6 Mev. 
It is possible that they are due to low energy neutrons in the cosmic radiation, 
though the neutron intensity necessary is several times greater than expected. 


§ 5. COMPARISON OF LARGE COUNTERS 


Modern liquid and plastic phosphors all have fairly similar efficiencies; the 
choice between them is usually determined by the relative importance of cost, 
convenience, fire hazard and long-term stability. Assuming again that the 
phosphor efficiency is such that a particle expends about 140ev per photon 
produced, that this figure is relevant for antimony-—caesium photocathodes, and 
that these have a conversion efficiency of 10°, the number of photo-electrons 
produced by a minimum ionizing particle will be N = 1500/Q where / is the track 
length in cm and Q is the geometric factor. ‘The optical merit of any particular 
counter is then expressed by Q4/S=NA/15001S. ‘The other important para- 
meter is the maximum non-uniformity; it might be more valuable to know the 
standard deviation of the response, but more detailed information than 1s usually 
available would be necessary to calculate this. 

Unfortunately many authors who have described large counters have not 
provided data on all the necessary quantities, nor have they published the differen- 
tial pulse height distribution. The collected results of the table have therefore 
been supplemented by theoretical estimates where possible; these have been 
placed in parentheses when the uncertainty in the validity of the estimate is large. 
Green (1958) does show that in his very large counter the cosmic-ray peak was 
just distinguishable, but it is not possible to make any estimate of NV because the 
non-uniformity was very bad. 

A variety of very large counters has been built by the Los Alamos group 
(Reines et al. 1954) but the majority of these are essentially large volume counters 
and not strictly comparable with those discussed in this paper. ‘The information 
on their ‘whole-body’ counter (Anderson et al. 1956) which could be classed 
as a large area counter, is insufficient to provide any useful comparison. ‘The 
counter of Bird and Burch (1958) has been included although its classification is 
rather uncertain. 

From the table it is seen that the performance of counters in the first class 
agrees reasonably well with the theoretical predictions, so that there is not much 
room for further improvement. Counters of the second class always use the 
available light much more efficiently. 
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The uniformity of the Tokyo counter is exceptionally good (Oda et al. 1959, 
private communication); the idea of increasing the thickness of the phosphor 
towards its edges could be applied to most of the other counters, although of 
course the method is useless if the counter is required for y-ray spectroscopy. 
For most applications there seems little advantage in having the non-uniformity 
much less than the resolution of the counter, as limited by the Landau and photo- 
multiplier effects. 

From this comparison it appears that counters of the second type can give 
better performance than the others, in addition to being often mechanically more 
convenient. Unfortunately it is not clear how much larger they can be made. 
The limit will depend on the light absorption in the phosphor and this 1s still 
uncertain for both liquid and plastic phosphors. However the results already 
available show that, by putting one photomultiplier at each end of a plastic 
phosphor, counters over a metre long are certainly feasible and that longer 
ones are worth investigating. 
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Abstract. 'The surface domain structure of a cube-textured 3% silicon-iron 
sheet was examined by the colloid technique. The patterns observed on most 
grains were typical of those previously reported on (100) surfaces in the single 
crystals, i.e. most grains contained two easy axes of magnetization in the surface, 
and usually one of these was parallel to the rolling direction of the sheet. 

A new band-structure pattern was found, and by comparison with similar 
patterns on a single crystal was thought to be associated with bulk strain in the 
material. 


§ 1. INTRODUCTION 


NEW 3% silicon—iron magnetic sheet material has recently been produced in 

an attempt to obtain equal magnetic properties in two directions in the 

sheet, respectively parallel and perpendicular to the rolling direction. 
The more well-known, and widely used, ‘ grain-oriented’ silicon—iron sheet has 
magnetic properties which closely resemble those of a specifically oriented single 
crystal. Most of the crystals in a sheet of the material have surfaces which 
approximate to the (110) plane of the cubic structure, and therefore contain one 
axis of easy magnetization. Ina sheet the easy directions of the separate crystals 
are aligned approximately parallel to the rolling direction. Consequently, grain- 
oriented sheet has the advantages over non-oriented material of high permeability 
in the rolling direction and lower hysteresis loss. However, as the [111] and 
[110] directions are harder directions of magnetization than the [001] direction, 
small permeability and greater losses result when the flux has to travel at an angle 
to the rolling direction; this means that the use of the grain-oriented sheet is for 
the most part limited to components in which the flux is required to travel in 
one direction only. 

‘The new material represents an attempt to reduce the losses in the cross direc- 
tion by the provision of a second easy direction of magnetization perpendicular 
to the rolling direction. In this material, the crystal surfaces approximate to 
(100) planes with two mutually perpendicular easy directions in the surface, one 
being parallel to the rolling direction. Its magnetic properties have been recorded 
by Walter et al.(1958), who showed that it has in fact equal magnetic properties in 
two directions in the surface and that the desired cubic texture, as determined 
by torque magnetometer tests, is of the order of 90% or greater compared with a 
single crystal with a (100), [001] orientation. 

In order to ascertain the exact nature of the surface orientation of the separate 
grains, specimens of the new material were obtained from the General Electric 
Company (U.S.A.) and their surface domain structure were investigated. 
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§ 2. EXPERIMENTAL TECHNIQUE 


Three specimens of the cube-textured sheet, with almost identical magnetic 
properties, were received. They were in the form of pressed discs, 2-4cm in 
diameter and 0:03 cm thick. The peak values of torque when compared with 
those of a similar single crystal were 0-91, 0-93 and 0-94, respectively, and con- 
sequently, as far as surface domain pattern investigations were concerned, the 
specimens could be considered identical. The grain size was large relative to the 
sheet thickness, so that most of the grain boundaries penetrated the sheet almost 
perpendicularly and thus preserved the grain shape from face to face almost 
unchanged. ‘The average grain diameter was of the order of 0-1 cm. 

The discs were mechanically polished through 000 metallographic paper 
followed by fine polishing on 6m, 1p and 4, commercial diamond compound. 
The strained surface layer was removed by electropolishing in a mixture of chromic 
and acetic acids when the grain boundaries were sufficiently etched for them to be 
seen clearly. ‘The specimens were mounted horizontally and their domain 
structure investigated by the colloid technique, using colloid prepared from the 
Bozorth recipe. Small normal fields could be applied by a small electromagnet. 
mounted below the usual metallurgical microscope stage. 


§ 3. EXPERIMENTAL OBSERVATIONS 


Examination of the surface domain structures of a large number of grains in a 
specimen in the demagnetized state immediately showed that the material possessed 
a high degree of (100) orientation. The Bitter patterns observed were in most 
cases identical with those previously reported on (100) surfaces in the single 
crystal (Williams, Bozorth and Shockley 1949). In most grains two of the three 
easy axes of magnetization lay almost exactly in the surface, with one axis parallel 
to the rolling direction. 

In the grains which were perfectly oriented with respect to the (100) plane of the 
crystal structure and the rolling direction the domain structure consisted of ‘slab ’ 
domains or main 180° domains alternately magnetized along the [100] and [100] 
directions, the [100] direction being taken as collinear with the rolling direction. A 
typical example of such a grain is shown in figure 1t. One wall bisects a group 
of inclusions and closure domains have formed, while another is tied to a large 
inclusion by a‘tube’. Figure 2 shows a similar grain, but the main domains are 
now magnetized along the [010] and [010] directions. Prismatic closure is seen 
at surface imperfections, but not at the grain boundaries. 

Adjacent grains have a similar domain structure and there is a tendency for 180° 
domain walls to cross the grain boundaries, in spite of any slight change in surface 
orientation. In figure 3 itis clear that the surface of the upper grain is ata small angle 
to the (100) plane, and there is a transition in the domain structure, the main domains 
appearing alternately light and dark (Mee 1950), and ‘fir-trees’ have formed. 
The branches of the fir-tree structure extend into the main domains to a distance 
approximately equal to half the domain spacing. Williams, Bozorth and Shockley 
calculated that this transition occurs when the surface is about 0-5” off the (100) 
orientation in one direction. When such misorientation inczeases to about 1+3°, 
the 180° wall forming the trunk of the tree structure is eliminated, and this kind of 
transition is approached by the surface shown in figure 5 and reached in figure 6. 


+ All the figures are printed as Plates. 
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If a grain surface is slightly misoriented with respect to more than one of the 
cubic axes, further closure domains are formed within the branches of the fir-trees. 
This type of closure is just beginning to form in the branches of the fir-trees of 
figure 6. When the degree of misorientation at right angles to the direction of the 
fir-trees is increased, these new closure domains become more pronounced in one 
branch of the fir-tree. The other branch shrinks and eventually disappears. 
In figure 7 the surface makes a small angle with the [100] direction (rolling direc- 
tion) and is also considerably rotated about the latter direction, the branch which 
displays the new closure domains being on the ‘downhill’ side, the (100) plane 
being regarded as horizontal. In figure 8 the degree of rotation of the surface about 
the [100] direction is even more pronounced. No 180° walls are apparent and the 
domain patterns appear as long thin ‘combs’. These appear where ‘spikes’ or 
branches of fir-trees cut the surface. In this grain they are probably due to spike 
formations from the grain boundary. Similar patterns have been reported and 
fully explained by Yamamoto and Iwata (1953) in the case of nickel single crystal 
surfaces of varied orientations. 

The patterns described above are representative of the domain structures 
observed on more than half the total number of grains examined. For the rest one 
particular pattern was predominant; this pattern is shown with low magnification 
on several grains in figure 9. The new structure, called ‘band structure’ for the 
purpose of this report, was common to all three specimens and 1s described in detail 
below. 

A few grains were of some random orientation whose domain structure was not 
interpretable in terms of any previously reported. The surfaces contained no easy 
directions of magnetization, and on them were seen complicated free pole ‘ closure’ 
structures typical of such surfaces. 

T'wo grains, one of which is shown in figure 4 (Plate I), showed a series of 180° 
‘slab’ domains and spikes of reverse magnetization (Davis 1958), a structure 
appropriate to the (110) surface of a single crystal. It is interesting that the one 
easy direction in these surfaces was parallel to the rolling direction although the 
surfaces were 45° off the required (100) orientation. 


§ 4. THE BAND STRUCTURE 


The band structure domain pattern was so predominant in the cube textured 
specimens as to warrant special investigation. Figure 9 shows its general 
appearance within several grains, and figure 10 is a photograph of greater magni- 
fication. Itisseenasaseries of light and dark bands, with boundaries between the 
bands in the form of zigzag ‘walls’. The direction of magnetization in each band, 
deduced from the colloid striations in the dark bands, is perpendicular to the 
long direction of the bands. At a zigzag ‘wall’ the directions of magnetization 
of the surfaces on either side of the wall are 180° out of phase, and they meet 
head-on at the wall. ‘The middle of each band shows a regular series of closure 
domains similar in appearance to the well-known Néel spikes which form at 
non-magnetic holes or inclusions on a (100) surface. However, the regularity 
of these closure domains suggests that they do not need surface inclusions 


for their formation, although they do appear wherever possible to nucleate from 
such inclusions. 


Domain Patterns on ‘ Cube-textured’ Silicon—Iron Sheet Wa 


The patterns shown in figures 9 and 10 were photographed with a small mag- 
netic field normal to the surface of the specimen. When the field direction was 
reversed the domain pattern remained the same in outline but the light bands 
appeared dark and vice versa. 

Zigzag walls of this type, without the intermediate closure domains, have 
previously been observed in this laboratory (Martin 1954) on (100) surfaces of 
single crystals of silicon—iron, their formation being attributed to some kind of 
internal strain mechanism. For this reason, it was decided to investigate this 
pattern further on a single crystal specimen. 

Figure 11 shows the domain structure on a (100) surface of a single crystal of 
silicon—iron. ‘The specimen is in a strained state and two types of strain are 
immediately apparent. The maze domain, usually associated with a strained 
surface layer produced during the process of mechanical polishing (Chikazumi 
and Suzuki 1955) has been partly removed by electropolishing to reveal the zigzag 
walls due to the strain in the bulk of the specimen. Figure 12 shows the surface 
of the specimen after the strained surface layer has been completely removed. 

At one edge of the single crystal specimen, which had become slightly concave 
due to the electropolishing, the zigzag wall of the strain pattern developed into a 
band structure exactly the same as that seen on the polycrystalline material, figure 
13. This band structure is shown with a greater magnification in figure 14. It 
will be noted that the closure domains, in the bands, point in the down-hill 
direction both in the light and the dark bands. In this region in an un-strained 
specimen we would expect the well-known fir-tree structure, the branches of the 
trees pointing to the edge of the specimen. 

One of the specimens of the cube-textured material was annealed for 72 hours 
at 650°c in dry hydrogen. After a light mechanical polishing followed by electro- 
polishing, the domain structure was examined. Most of the band structure had 
disappeared, the strain had been relieved and the material had retained its cubic 
texture. In one grain, the strain was only partly relieved and the band structure 
was still apparent, figure 15, but in the middle of the grain the fir-tree structure was 
in evidence. Part of this surface is shown in a greater magnification, figure 16, 
where the effect can be seen more clearly. 


§ 5. SUMMARY 


The examination of the domain structure of the cube-textured material by the 
colloid technique has shown it to have a high degree of (100), [100] type texture, 
with most of the [100] directions in the grain surfaces aligned with the rolling 
direction of the sheet. Most of the grain surfaces showed domain patterns 
identical with those previously reported on surfaces oriented to within approxi- 
mately 3° of the (100) plane in a single crystal of silicon-iron. In the rest, a 
pattern peculiar to some form of bulk strain in the material was predominant. 
It was found, however, that this pattern appeared only on surfaces which were a 
few degrees off the (100) surface orientation and in these surfaces also a [100] 
type direction was close to the rolling direction. 

Such internal strain was, to a large extent, removed from one specimen by 
annealing it at 650°c, the domain structures observed after the anneal conforming 
to those normally expected on surfaces oriented in this way. 
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Since, in the grains which showed a surface domain ‘band’ structure, the easy 
axes of magnetization were nevertheless well oriented with respect to the rolling 
direction of the sheet, the magnetic properties of the sheet were not seriously 
affected, a fact which is borne out by the torque-curve measurements of Walter 


et al. 
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Abstract. The ratio of the intensities of the 961 kev resonance and 840 kev 
fluorescence radiation in ?Sm has been measured at angles ranging from 55° 
to 155° and compared with theoretical values. The results are in agreement 
with the spin and parity assignments of 0+, 2+ and 1~ to the ground, 122 kev 
and 961 kev states respectively. 


§ 1. INTRODUCTION 
HE directional correlation and the directional polarization correlation of 
the 840 key-122 kev y-y cascade in 1525m have been studied (Grodzins 
and Kendall 1956, Wood and Nathan 1959, Wood 1959) in order to find 
the multipole orders and the characters of the transitions and hence show the 
existence of the theoretically predicted 1~ octupole vibrational state (Alder et al. 
1956). In this paper we report experiments that are relatively simple to perform 
and easy to analyse but yield similar information. 

The multipolarities of the transitions in question can be determined from 
the measurement of the angular distributions of the 961kev resonance and 
840 kev fluorescence radiation that result when the 961 kev resonantly excited 
level decays to the ground and the first excited states respectively (for details, 
see Metzger 1959). Information about the characters of the transitions is derived 
from considerations of their lifetimes. The experiment is even further simplified 
if instead of measuring the absolute intensitites of the resonance and fluorescence 
radiations individually at various angles, their ratio is determined and compared 
with the theoretical predictions; this method has the advantage of avoiding 
many large corrections to the experimental data which would otherwise be 
essential. 


§ 2. EXPERIMENTAL PROCEDURE 


The experimental arrangement used to measure the ratio of the intensities 
of the resonance and fluorescence radiations at angles ranging from 55° to 155° is 
shown in figure 1. The gamma rays from the ’™Eu,O, source were scattered 
from interchangeable ring scatterers of Sm,O, and Gd,O, or 'TaC. The elastic- 
ally scattered radiation was detected with a 1 Zin. diameter x 2in. Nal(T1) crystal 
mounted on 6260 EMI photomultiplier, the pulses from which were amplified 
and analysed with a 100-channel pulse height analyser. The pile-up from 
inelastic scattering was reduced by surrounding the crystal with 5mm of lead. 
The detector was shielded against the direct radiation from the radioactive 
source with a cone of heavy alloy which attenuated them by a factor of about 10°. 
The source holder, shielding cone, scatterer and detector had a common axis. 
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The scattering angle was changed by moving the scatterer relative to source and 
detector. The scatterers were interchanged every five minutes. ‘The incident 


radiation being a mixture of 961 kev and 840 kev gamma rays, the elastic scattering 
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Figure 1, Experimental arrangement. The relative position of the source, scatterer 
and detector shown corresponds to a mean scattering angle of 95°. 
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Figure 2. Energy spectra of the radiation scattered through 95° from the resonant (Sm,Os) 
and comparison (Gd,Os) scatterers as recorded by multichannel pulse height 


analyser. The difference spectrum gives the contributions of the resonance and 
fluorescence intensities. 


from Sm,O, contained 961 kev resonance, 840 kev fluorescence and Rayleigh— 
Thomson scattering of both, whereas the comparison scatterers of TaC or Gd,O, 
gave rise only to Rayleigh-Thomson components. The difference between the 
scattering from Sm,O; and TaC or Gd,Os scatterers gave the contribution of 
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resonance and fluorescence intensity ; the scatterers being matched for equal non- 
resonant scattering. ‘Typical spectra of the radiation scattered at 95° from 
Sm,O, and Gd,O, are shown in figure 2. Two independent experiments were 
performed; in the first aC, and in the second Gd,Os, was used as the comparison 
scatterer. In all, six sources were used and measurements were made at angles 
of 57°, 70°, 95°, 130° and 152°. The sequence of observations was so arranged 
that the source decay corrections were eliminated. 


§ 3. RESULTS AND DISCUSSION 

152Sm is an even—even nucleus; the systematics of this type of nucleus shows 
that the ground state is 0* in all cases and the first excited state is 2* in almost 
all cases (there being five exceptions: 16(C), 49Ca, 72Ge, 9° Zr and 2°8Pb). Coulomb 
excitation of the 122 kev level in 452Sm is in agreement with the systematics of 
even-even nuclei. The spin and parity assignments of 0* to the ground state, 
2+ to the first excited 122 kev state, and the lifetimes of the order of 10~sec 
of the resonance and fluorescence transitions (Shute and Sood 1960) with low 
conversion coefficient approximately 10~ (Nathan and Waggoner 1957) make 
it very unlikely that the 961 key state will have spin and parity other than 1-. 
The ratio of the intensities of the resonance and fluorescence radiation, on this 
assumption, is proportional to 


[1 +0°5P,(cos 4)] 
[1 +0-05P,(cos )] 


represent the angular correlation in its standard form for 0(1)1(1)0 (resonance) 
and 0(1)1(1)2 (fluorescence) cascades respectively. The experimental data are 
compared with the theoretical curve in figure 3. A good agreement of experi- 
ment with theory supports this assignment. In order to ensure that the only 


where [1+0-5P,(cos6)] and [1+0-05P.(cos 4)] 


wb 
—— Theoretical 
6 x Tac ) : 
> Experimental 
a ae 


Ratio of Resonance and Fluorescence Intensities 


l = oe ote 
0 70 30 110 130 150 
Scattering Angle 6 (deg) 
Figure 3. The ratio of the intensities of the 961 kev resonance and 840 kev fluorescence 
radiation at various angles. "The experimental points were obtained with TaC and 
Gd,O, as comparison scatterers. 


cascades that agree with the experimental data are the ones given above, calculations 
were made for other possible dipole and quadrupole cascades (higher multipoles 
were not considered because of the short lifetimes involved) representing 
resonance and fluorescence transitions, on the assumption that the 961 kev 
could have spins 1 or 2; the experimental data did not fit any spin sequence 
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other than 0(1)1(1)0 and 0(1)1(1)2. The assignment of even parity to the 
961 kev state is contradicted by the short lifetimes, of the order of LOm 2 sec. 
and low conversion coefficients approximately 1-4 x 10-3, for both the resonance 
and fluorescence transitions. It is, therefore, concluded that both the resonance 
(0+-1--0+) and the fluorescence (0+-1--2+) radiation in Sm are electric 
dipoles. 
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Abstract. Normal perovskite-type barium titanate may be converted to the 
hexagonal polymorph by firing in a hydrogen atmosphere at 1330°c, 130° lower 
than that previously reported for firing in air. With suitable additives such as 
MnCO, the conversion begins at temperatures as low as 1100°c. Conversion is 
inhibited by a number of impurities, especially Si, Fe and Sr, such as are present 
in barium titanate of commercial quality. 

The effect of atmospheres of hydrogen and oxygen on the rate of reconversion 
to the cubic polymorph has also been studied. In hydrogen this reaches a peak 
rate at about 1200°c, while in oxygen it rises continuously. 

All the phenomena associated with the transition appear to be compatible 
with a proposed hypothesis about the dependence of free energy on vacancy 
concentration. 

The hexagonal polymorph has a permittivity of about 440 and a temperature 
coefficient of + 0-0028 (degc)~?. 


§ 1. INTRODUCTION 


ARIUM TITANATE is polymorphic. The perovskite-type form is normally 

employed in dielectric applications, but for barrier-layer dielectrics] the 

hexagonal form has been found preferable. The nature of the relationship 
between these two forms may be better understood by a study of the transition 
between them. It seemed possible, from some preliminary observations, that 
departures from stoichiometric compositions, in particular the effect of oxygen 
vacancies, might influence this. To study this, experiments were carried out to 
determine the course of the conversion of nearly pure material in atmospheres of 
oxygen and hydrogen, and to compare these with materials containing small 
additions of selected impurities. From the results it is possible to draw conclu- 
sions about the role of oxygen vacancies, which can be described in terms of free 
energy curves for the material. 

It should be noted that the perovskite-type form itself undergoes a transition, 
being cubic above 120°c and tetragonal below. This change is reversible, and the 
cubic form cannot be retained by quenching; hence the existence of the cubic 
form at the firing temperature is deduced from the experimental observation of 
the tetragonal form at room temperature. 

The opportunity has been taken to describe the dielectric properties of hexa- 
gonal barium titanate. 


+ Now with G. V. Planer Ltd., Sunbury-on-Thames, Middlesex. : 

} Barrier-layer dielectrics are those exhibiting an anomalously high dielectric constant 
as a result of continuous thin layers of low-loss dielectric enclosing regions of high con- 
ductivity. With the present materials the dielectric consists of sintered grains with a 
stoichiometric surface enclosing a semiconducting reduced core (Glaister 1957). 
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§ 2. LITERATURE SURVEY 


A hexagonal polymorph of BaTiO, was first reported by Bourgeois (1883), 
and subsequently by Megaw (1946) and Blattner, Matthias and Merz (1947). 
Burbank and Evans (1948 a) reported it as having the hexagonal space group 
C6,/mmc and subsequently described the detailed structure (1948b). In a 
detailed phase diagram for the system BaO-TiO, Rase and Roy (1952a) suggest 
that for stoichiometric BaTiO, in air the hexagonal polymorph is stable relative to 
the cubic form above 1460°c, but that this temperature rises steeply to 1600°c fora 
2° molar excess of TiO,, while it is unaffected by up to 16% molar excess of BaO. 
Since most preparations involving equimolar starting materials (BaCO,: TiO.) 
result in a slight excess ($-1%) of TiO,, these are likely to have a transition 
temperature in excess of 1460°c. By quenching from above this temperature it is 
possible to preserve the hexagonal phase which has subsequently to be fired above 
about 1050°c (Burbank and Evans 1948b) for a considerable period for recon- 
version to the cubic polymorph. Thus BaTiO, crystals grown from a pure melt 
(melting point 1618°c) by the Stockbarger process are hexagonal. According to 
de Bretteville (1953) this can be prevented by the addition of a few per cent of 
SrTiO,. De Vries and Roy (1955) have also shown that a small replacement of Ba 
by Ca results in a sharp increase in transition temperature. 


§ 3. EXPERIMENTAL PROCEDURE 
3.1. Preparation of Pure Specimens 

Experiments were conducted on the materials shown in table 1 which had the 
spectroscopic analyses shown in table 2. 

Ceramic plates were made by pressing 2—3 g of BaTiO; mixed to a stiff paste 
with Analar acetone in a 5cm x 1 cm stainless steel die under a load of 4 tons, the 
pressure being released slowly. Specimens to be fired in hydrogen were placed 
in molybdenum boats with lids, and those in oxygen on 5cm x 1cm refractory 
thoria plates. Specimens were fired at various temperatures in hydrogen or 


Table 1. Physical Properties of Barium Titanate Materials used in this Work 


Material Supplier Batch Date BaO/TiO, Particle X-ray 

number received ratio size (1) analysis 
ADAP Beles Ticon (B)2. 1953 — ‘Tetragonal 
Ths B.D.R. 90 1953 — 2 Fuzzy cubic 
T6 12, Co5A 1956 1:01 6 Fuzzy cubic 
T8 BaD RRS WaT 1956 — 1 Fuzzy cubic 
T9 PR C70 WS 7/ 0-995 6 Fuzzy cubic 


B.T.P.: British Titan Products Co. Ltd.; B.D.R.: British Dielectric Research lijwels 
P.: Plessey. 


t Material T2 exhibited solarization (Weyl and Férland 1950), becoming pink on 
exposure to a few hours of daylight. 


Table 2. Spectroscopic Analyses of Barium Titanate Materials 
Material Al(%) Ca(%) Cr(%) Cu(%) Fe(%) Mg(%) Na(%)  Si(%)  Sn(%) 


number Aas 
72) 0:10 0:10 <0-01 0-01 0:02 0-01 0-10 0:20 0-002 : 
fies 0-01 0:08 <0-01 0-01 0-01 0:05 <0-01 0-003 0:006 : ae 
T6 <0:01 0-01 <001 <001 <001 <001 <0-01 <0-01 <0-01 <0-:01 
T8 0-01 0:03 <0-01 <0-01 0-01 0:01 <001 <0-01 0-01 0:02 


Material T9 made to same specification as T6. 
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oxygen in a platinum-wound tube furnace normally for 5-hour periods, an 
automatic programme controller being used. On cooling, the density (from 
dimensions and mass) and linear shrinkage (in the 5 cm direction) were measured. 


3.2. Preparation of Specimens with Controlled Impurity 
Additions of Al,O3, Na,COx,, SiO,, Fe,03, FeO, NiO and MnCO, were made 
to pure BaTiO, from batches T8 and T9. ‘The additions were mixed thoroughly 
in a glass mortar, the use of a ball-mill being avoided to prevent the contamination 
itis known to introduce. Ceramic plates were then made as for the pure material. 
When only the crystallographic form of a fired mixture was required samples 
of powder were fired in small platinum boats. 


3.3. Temperature Control and Measurement 


The furnace temperature was controlled by a Pt-(Pt 87% Rh 13%) thermo- 
couple placed directly over the specimen and connected to an Elliott recording 
potentiometer fitted with a semi-proportional programme controller, the cold 
junction being kept in melting ice. 

The main error was introduced by the temperature ripple resulting from the 
action of the controller. This had an amplitude of about 4°. The recorder was 
calibrated against a National Physical Laboratory standard cell and was correct to 
within +1°. Further errors arose from the temperature gradient caused by the 
gas flow and the absolute accuracy of the thermocouple. ‘The errors are estimated 
to total about +5”. 


3.4. X-ray Identification Technique 


The relative proportions of crystal phases were obtained non-destructively 
by placing ceramic specimens on a Geiger counter diffractometer employing Cu K, 
radiation. In some cases relatively large hexagonal crystals were found to be 
embedded in a fine-grain ceramic matrix of tetragonal material. ‘These gave 
rise to a spurious distribution of intensities in relation to intensities expected froma 
uniform distribution of the two phases, making assessment of the hexagonal-to- 
tetragonal ratio difficult. In such cases samples were powdered and assessed by 
means of a Guinier quadruple-exposure monochromator camera. A series of 
standards were made from mixtures of the hexagonal and tetragonal polymorphs. 


§ 4. Cupic TO HEXAGONAL ‘TRANSITION 


Pure BaTiO, (16) fired for 5 hours in hydrogen at temperatures below 1330%c 
was tetragonal at room temperature, and hence must have been cubic at the firing 
temperature, although the ceramic was slightly reduced and grey in colour. 
Samples fired at temperatures above 1330 °c consisted of the hexagonal polymorph, 
while one sample fired at 1330°c showed tetragonal and hexagonal phases in 
coexistence. 

A series of samples (T9) fired at 1347°c for different periods showed an 
increasing proportion of the hexagonal phase, no tetragonal phase being detected 
after 1 hour, as shown in figure 1. A conversion of 50% was obtained in only 
6 minutes, so the transition temperature obtained from 5-hour firing periods should 
be quite accurate. Thus the transition temperature in hydrogen was established 


as: 1330 45°. 
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bh g/cm® 


°lo hexagonal phase 


Ceramic density 


O 

sor 1 10 
Figure 1. Influence of firing duration (in hours) in hydrogen atmosphere at a constant 
temperature (1347°c) on cubic barium titanate ceramic. Curve (a) shows the 
percentage conversion to the hexagonal polymorph, and curve (6) the ceramic density. 
The vertical strokes show the estimated limits of error in the density measurements. 
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Figure 2. Effect of firing temperature on density D of barium titanate ceramic prepared 
by sintering powder compresses for 5-hour periods in hydrogen or oxygen atmos- 
pheres. ‘The chain line separates results obtained in hydrogen and oxygen. 


The transition was found to be accompanied by a fall in the density of the 
ceramic, as illustrated by the graphs of density against time and against temperature 
in figures 1 and 2 respectively. It was also found that samples fired in hydrogen 
had a lower density than samples fired in oxygen at the same temperature. ‘Three 
factors may contribute towards this; these are oxygen loss, a difference in density 
between the polymorphs, and crystal growth. 

Measurements of weight loss during firing in hydrogen showed that the 
oxygen loss was normally less than 0-5 mol%, so would make a negligible con- 
tribution to density change. The single-crystal densities of the two polymorphs 
calculated from their published lattice parameters (Megaw 1947, Burbank and 
Evans 1948b) are 6:10 and 5-80 g/cm3 for the tetragonal and hexagonal 
modifications respectively. This difference is sufficient to account for most of the 
observed difference, the balance probably being accounted for by crystal growth. 
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The same transition temperatures for various conditions were found with 
materials T'8 and T9, although these were not obtained so accurately. 


§ 5. ‘TRANSITION CATALYSERS 
When certain impurities enter into solid solution with a host oxide, oxygen is. 
displaced in order to maintain electroneutrality; the effect is thus analogous to 
firing in hydrogen and might therefore be expected to encourage transition to the 
hexagonal polymorph. The effect of additions of FeO, MnO (as MnCO,) 
and NiO to sample T8 was investigated with the results recorded in table 3. 


Table 3. Transition Catalysers: ‘The Percentage of Hexagonal Polymorph 
resulting on firing Mixes for 5 hours in Oxygen at the Temperature 


stated 
Temperature (c) 1000 1100 1150 1200 1250 1300 1350 1400 
Addition: 
2 Mol% FeO 0 0 0 
10 Mol, FeO 0) 0 50 
2 Mol%, NiO 0 0) 0) 
10 Mol&% NiO 0 0) 50 
2 Mol% MnCoO, 0 


um 


5 10 25 50 de wD 
5 


10 Mol% MnCo, 0) 2 50 90 100 100 = 100 


From this it is apparent that while Fe, Mn and Niall catalyse the transition, Mn 
is by far the most efficient. Mn has valencies of 2, 3, 4, 6 and 7 with ionic 
radii (Pauling) of 0-80, ~0-64, 0-50, ~ 0-48, 0-464 respectively, compared with 
0-644 for Tit+. Possibly Mn** replaces Ti**+, but in this case Fe** (0-67 A) 
should be just as effective. Probably the decomposition of MnCO, leaves the 
oxide in a more reactive form. 

The colour of the resulting material darkened as the firing temperature was 
increased and all additions produced a similar range of colours. ‘These are 
probably indicative of a gradually increasing oxygen-vacancy concentration. 

The most interesting feature is, however, that the transition may take place 
at temperatures as low as 1100°c. This suggests that it may be the concentration 
of oxygen vacancies that determines the stable polymorphic form. 


§ 6. TRANSITION INHIBITORS 

Samples of T2 and T3, fired simultaneously for 5 hours at 1400°c in hydrogen, 
were found to be tetragonal and hexagonal respectively. ‘The former material had 
a considerably higher impurity concentration of Al, Na and Si and a slightly 
higher concentration of Fe, than the latter, cf. table 2. 

The effect of small additions of Al, Na, Si and Fe, added as the oxide or 
carbonate, was examined with materials T9 and T'8. These experiments are 
summarized in table 4. From this it may be seen that while Si and Fe had a 
considerable inhibiting action on material T'8, only the former had any effect 
on material T9. The larger particle size of material 'T9, which did not allow a 
sufficiently homogeneous solid solution to be formed within the firing time, 1s 
probably responsible for this difference. rad 

It seems highly probable that the SiO, content was responsible for inhibiting 
the transition in material T2. 

A strontium content of less than 1°, has also been found sufficient to inhibit. 
the transition, even when fired at 1500°c in hydrogen. 
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Table 4. Transition Inhibitors 


Result 

(1) (2) (3) (4) (5) (6) (7) 

T9 1347 0) None 3°74 6:0 100 : 0 
1347 1 Si0, 4-68 13-6 100 : 0 
1347 3 SiO- 4:93 15-0 60 : 40 
1347 1 Al,O3 4-49 10-2 100 : 0 
1347 1 Na,CO, 4-58 10°8 10070 
1347 2) FeO 4-65 EO 100 : 0 

TS8 1353 0 None Soy 17:6 100 : O 
1347 2D; FeO 5-64 20:2 OOO 
1347 3 SUOs 5°32 18-0 Sy Oe 
1414 Dy FeO afi — 100 : 0 
1414 3 S105 iP — 100 : 0 


Samples fired for 5 hours in hydrogen. 
+ Fired as powder. (1) BaTiO, sample number; (2) firing temperature (Gc) ras) 
mol%; (4) additive; (5) density (g cm~*); (6) shrinkage (%); (7) crystalline form, ratio 
of hexagonal to tetragonal phase present. 


§ 7. RECONVERSION OF THE HEXAGONAL POLYMORPH TO CUBIC 


A number of second firing treatments were given to hexagonal T9 ceramic 
to establish the reconversion conditions. ‘hese are summarized in table 5. 


Table 5. Reconversion of the Hexagonal Ceramic to Cubic 


(1) (2) (3) (4) (5) 
1015 20 0 0 — 
1090 20 0) 10 — 
1145 20 25 DS — 
1200 5 50 100 50 
1250 5 = = 0 
1300 5 0 100 0 
1400 2(a) — 100 = 


(1) Temperature (°c); (2) time (hrs); (3), (4), (5) percentage reconversion: (3) cylinder 
hydrogen); (4) cylinder oxygen; (5) purified hydrogen prepared by passing cylinder 
hydrogen through Baker ‘ Deoxo’ catalytic purifier and drying tower to remove oxygen 
and water vapour, (a) brought up to 1400°c in hydrogen so that structure remained 
hexagonal. Atmosphere successively changed through nitrogen to oxygen. After 2 hours 
quenched into water at 15°c within 2 seconds. 


From this it may be seen that conversion in oxygen commences at about 1090°c 
and becomes rapid at 1200°c. Conversion in hydrogen reaches a maximum 
rate at 1200°c before falling off to zero as the 1300°c transition temperature is 
approached. 

It was at first thought possible that the oxygen content of the cylinder hydrogen 
might be responsible for the reconversion in this atmosphere. However, the 
experiments with purified hydrogen show this not to be the case. 

The result of the quenching experiment (table 5, note (a)) shows that hexa- 
gonal BaTiO, is stable above 1330 °c only in the presence of a hydrogen atmosphere. 

An experiment was carried out to see if reconversion could be effected in a 
manner analogous to that observedin ZnS. The normal form of ZnS, sphalerite 
is cubic and undergoes transition at 1020°c to a hexagonal form wurtzite, hich 
may be reconverted by grinding (Schleede and Gantzckow 1923, Fuller 1929, 


Frey 1948, Short and Steward 1955) or by the application of high 
(Bridgman 1939). PP igh pressure 
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Two hexagonal BaTiO, powder samples, one of which had been re-oxidized 
at 800°c and was a light green in colour, were each powdered energetically for 
15 minutes with an agate mortar and pestle. In neither case did x-ray powder 
photographs show any detectable change. Such treatment has been found 
(Short 1957, private communication) to produce the onset of conversion in ZnS. 
Similar negative results were also obtained after ball-milling for 48 hours. 


§ 8. DIELECTRIC PROPERTIES OF THE HEXAGONAL POLYMORPH 


Some observations on dielectric properties may conveniently be recorded 
here, though they are not used in the subsequent argument. 

Barrier-layer dielectrics based on the hexagonal polymorph show no dielectric 
anomalies within the temperature range —183°c to 100°c, and the intrinsic loss 
is evidently much lower than that of the ferroelectric polymorph. A further 
advantage of the hexagonal form is the elimination of complex behaviour of 
resistivity against temperature associated with the Curie temperature of the 
ferroelectric form. 

Measurements of the intrinsic dielectric properties of stoichiometric hexagonal 
barium titanate are made difficult by the fact that re-oxidation even at temperatures 
near the reconversion temperature is excessively slow. 

A disc of T6 ceramic obtained by firing in hydrogen for two hours at 1400°c, 
was re-oxidized for 60 hours at 1000°c. The ceramic was red-brown in colour 
and still had a loss tangent of 0-1. The dielectric properties for this sample are 
shown in figure 3. The ceramic had a density defect porosity of 38%. Applying 
the correction due to Van Santen (1946) this gives a true permittivity 
2-32 times as great as the apparent value. Thus the true permittivity at 20°C is 
approximately 440. The dielectric has a positive temperature coefhicient 
(1/K)dK/dt of 0-0028 deg™. 


300 


K 
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Figure 3. Variation of permittivity K and loss tangent tan 8 with temperature for slightly 
non-stoichiometric barium titanate of the hexagonal polymorph. 


§ 9. SUMMARY OF EXPERIMENTAL CONCLUSIONS 


(i) The cubic-hexagonal transition occurs at 1330+45°c in hydrogen, a 
much lower temperature than in oxygen (1460°c). oF 
(ii) The transition in hydrogen is rapid; at 1347°c it 1s complete in 1 hour. 


D 
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(iii) The transition is accompanied by a fall in the density of the ceramic, 
largely due to the density difference between the polymorphs. 

(iv) The impurities commonly found in commercial ‘pure’ materials may 
inhibit this transition, or raise it towards the oxygen transition temperature. 

(v) The transition may also be catalysed at temperatures as low as 1100°c 
with suitable additions, Mn being particuarly efficacious. ‘These are additions 
causing deficiency of oxygen. 

(vi) Reconversion to the cubic polymorph commences at about 1090°c in 
oxygen and becomes rapid at 1200°c. Reconversion in hydrogen commences at a 
similar temperature and reaches a peak rate at 1200°c before falling to zero as 
the 1330°c transition temperature is approached. 

(vii) The hexagonal polymorph is stable in oxygen or air above 1460°c, and 
in hydrogen above 1330°c. It is metastable in all these atmospheres below about 
1000°c; 

(viii) Powdering the hexagonal material does not cause reconversion. 


§ 10. Discussion 


The above conclusions all appear to be compatible with the simple hypothesis 
illustrated by figure 4. The free energy G of the hexagonal polymorph aa’ in 
figure 4 is reduced by the presence of oxygen vacancies to bb’ and cc’ as the 
number of vacancies increases. ‘Thus the point of intersection of free energy 
curves for hexagonal and cubic polymorphs is depressed to lower temperatures. 


1100 1330 1460 ace 


Figure 4. Postulated curves of free energy G for barium titanate showing effect of vacancy 
concentration. Curve ee’ shows the free energy of the cubic polymorph. Curves 
aa’, bb’ and cc’ show the free energy of the hexagonal polymorph with increasing 
oxygen vacancy concentration. Curve dd’ shows the free energy of the hexagonal 
polymorph in equilibrium with an atmosphere of hydrogen, 


In a hydrogen atmosphere the equilibrium vacancy concentration increases 
with increasing temperature in such a way that at 1330°c sufficient vacancies are 
available to cause the conversion, that is the hexagonal phase lies along bb’. 

This variation of vacancy concentration with temperature will cause the free 
energy curve to depart from the curve bb’ corresponding to a fixed vacancy level 
the steeper curve dd’ representing the free energy of hexagonal barium Sect, 
in equilibrium with a hydrogen atmosphere. 
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When a vacancy concentration is induced by suitable additives the transition 
temperature may be made as low as 1100°c, curve cc’ figure 4. 

The hexagonal phase may be preserved at room temperature by quenching 
from above 1330°c in hydrogen or 1460°c in oxygen. _Reconversion takes place 
slowly at low temperatures well below 1330°c, for a latent heat is required for this 
first-order transition. Reconversion at temperatures well below 1330°c takes place 
at similar rates in oxygen and hydrogen because the hydrogen equilibrium 
concentration of vacancies is so small as not to influence the rate of reconversion. 
Reconversion of hexagonal material between 1330° and 1460°c will proceed more 
rapidly in oxygen while ceasing altogether in hydrogen, because in hydrogen the 
hexagonal material is the stable phase. 

The mechanism of transition-inhibiting impurities may be two-fold. ‘They 
may reduce the equilibrium oxygen vacancy concentration at a given temperature, 
thus increasing the free energy of the hexagonal phase and the transition tempera- 
ture. Alternatively they may raise the intrinsic free energy of the hexagonal 
polymorph. Rase and Roy (1955b) in a phase diagram for the system Ba Ti0;- 
SiO, show that the normal transition temperature rises linearly with SiO, content 
up to 1575°c at 4mol%, while de Vries and Roy (1955) find a similar effect in the 
system BaTiO,—-CaT103. 

Thus the mechanism of a vacancy-sensitive free energy for the hexagonal 
polymorph appears to explain the observed phenomena. 
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The Effect of Attenuation on the Acoustic Resonant Frequencies 
of Gases in Tubes 
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Abstract. The change in the resonant frequencies of a sound tube due to the 
dependence of attenuation on frequency is worked out for two cases of practical 
interest. The effect on measured values of the velocity of sound is shown to be 
significant in accurate work. 


reported (Harlow 1954, Wintle 1959 a, b, Smith and Wintle 1960, Smith 
and Harlow, to be published). The method used was to excite plane waves 
at constant amplitude from a loudspeaker at one end of a sound tube which had a 
reflector at the other end, and to measure the current required to maintain this 
amplitude as the frequency was changed by steps in the neighbourhood of a 


resonance of the gas column. The specific acoustic impedance at the flat face of 
the loudspeaker has the value (Zwikker and Kosten 1949) 


Rovere some accurate values for the velocity of sound in gases have been 


Preece cothg/ 
e q 


where p is the pressure amplitude, v the particle velocity, g=«+7 is the propaga- 
tion constant, « the amplitude attenuation per unit length, 8 = w/c is the wavelength 
coefhicient, c the speed of sound in the tube, / the length of the tube, w the angular 
frequency and p the average density of the gas. 
The amplitude is maintained at a constant value a) by the method described 
by Smith (1945), so that 
PP oth ql 
lwa, 
or 
Rs Speen 
tway 1+acliw 
The force exerted on the loudspeaker by the current I is proportional to the 
current, so that in steady oscillation pocJ and therefore 
if coth gl 
W 2) (es a ene 
FUT eee) 
where f is the frequency of oscillation. 


coth ql. 


ne Now at Physics Branch, Royal Military College of Science, Shrivenham, Swindon 
ilts. 
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The function coth g/ executes a circle in the complex plane, shown in figure 1, 
when the variations of cand « with frequency are neglected. ‘The maximum value 
corresponding to point A occurs when cos 28/= — 1, that is when 


4nf,l 
: 


=—Ormre “eamtestalye) § 0) Bidets (2) 


Figure 1. The function coth di. 


The experimental values of J/f contain a contribution from the transfer 
impedance of the loudspeaker, but by drawing the circle from a suitably placed 
origin this can be cast out. 

The relation between position and frequency of any point D is given by 

tan 6= ——_+- = ____. 
A(cothgl) — sinh 2a/ 

Since at the maximum value of coth gl the function sin 2f/ vanishes, this 

expression can be expanded for nearby frequencies when al <1, giving 


age 2 a are (3) 


Thus a plot of tan ¢ against f gives both the value of c from the intercept by 
using equation (2) and the value of « from the slope using equation (3). ‘This is 


the relation used by Harlow (1954). 
The effect of the change in attenuation with frequency is to turn the circle into a 


low pitched spiral. The frequency f, found by using equation (3) is that at which 
the expression (1) has an absolute maximum and this will now be found theoretic- 
ally and used to apply a correction to equation (2). 
The frequency required is given most simply by setting 
dw ; 
The value of c which should be used is the tube velocity which is itself 
frequency dependent. However, since the fractional changes with frequency 
18a ang 28 
a of c of 


stand in the ratio of 100:1 in the work under consideration, the latter can be 


ignored. 
Since jes (sh 2u/ +7sin 2B!) 
~ a+tw/e (ch 2al—cos 2!) 
then R2 1 (sh? 2%/ + sin? 21) 


~ TH (acl)? (ch 2al — cos 2B!) * 
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By carrying out the differentiation indicated above, approximating the 
hyperbolic functions by sh 2a/ ~2«/, ch 2al~ 1+ (al)?/2, and making the substitu- 
tion 281 ~ 2nz +0 so that sin 281 ~ 0, cos 2B] ~ 1 — 6?/2, we obtain 


ac \ fled aC rele d CU. 
aa =f — —Cc— 4 2]2 G2 ae 


Now (ac/w)? < 10 and can be ignored, so 


2 
Ox —2ale% 43 20 (= -=) (40222 + 62). 
(63) 


dw w dw 
The first and second terms have magnitudes of about 10-° and 10’, so only 
the first need be retained. The result may be stated thus 


Anfl[c=2n7 + 8, 


where 
_ _ acl da 
ae 
The simple theory gives the value 
Anfl/c' =2nz, 


so that 
c=c'(14+0/2n7)+. 

The correction to the velocity arising from the frequency dependence of the 

attenuation is therefore 
c@ _acc'loa  ac*l oo 
Onn 2r?n df ~— 2xn Of 

This leads directly to the formula quoted by Smith and Wintle (1960). In 
the experiments under consideration there are two main contributions to the 
attenuation due to the Helmholtz—Kirchhoff and relaxation effects. It has been 
shown that they add linearly at low frequencies (Wintle 1959 a, b, Smith and 
Wintle 1960). In the notation given in these references 


One =Ef"", 
or = Hf, 
whence the corrections to the velocity found from equation (2) are 
£c*l/4n°n (Helmholtz—Kirchhoff) 
and con® H* 7/8722 (relaxation). 


The cross product term can be neglected. 

The quantities g and Hr are experimentally determined at the same time as the 
velocity measurements are taken. In the work referred to, the numerical values 
of the corrections are about 1/n cm sec! and 4? x 10-4 cm sec-!, which means that 
the velocity results quoted by Harlow at the lowest frequency he used should be 
increased by about 1emsec~!. This is of the same order as his experimental error 
at this frequency, and will have no effect on the final velocities he quoted. The 
sum of the terms is rather less than the experimental error quoted by Wintle for 
relaxing gases. 

A similar calculation for the method used by Lee (1957), in which the particle 


velocity in the middle of a resonance tube is found, does have more significance. 
The formula which he employs runs 


£.119/&o) = 2 sech 44], 
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where (9) and &(@) are the particle velocity amplitudes at the mid-point of the tube 
and at the loudspeaker face respectively. On varying the frequency, the function 
sech }q/ goes through a dumb-bell figure in the complex plane which can be closely 
approximated by two adjacent circles as shown in figure 2, ‘The maxima at points 
A and B occur near frequencies such that c= 4(2n—1)f/ (n integral), and this 
relation was used by Lee. Detailed calculation allowing for the variation of 
attenuation with frequency yields the relation between the actual tube velocity 
and that calculated from the simplified relation above 


if cal fale 
Pw il | HR es SO 
272(2n — 1) of 


Figure 2. The function sech }ql. 


Using Lee’s smoothed value for the attenuation coefficient, «= 1-88 x 103727 
c.g.s. units, the numerical value of the correction is — 1-:7/(2n—1)cmsec-+. The 
mean values of the velocity of sound which he quotes for each experimental 
frequency (his table 6) are shown with the corrected values in the table. Itis clear 
that the discrepancy which he noted between the results at the lowest frequency 
and the remainder is practically removed when this correction is taken into account. 


i 


Velocity of Sound in Dry Air free from Carbon Dioxide 


Temperature 30°c, pressure 1 atmosphere. 


Frequency (c/s) n Lee (m sec™!) Corrected (m sec~) 
110 1 349-25 349-23 
532 2, 349-21 349-20 
554 3 349-217 349-214 
776 o 349-22 349-22 
998 5 349-21 349-21 


Final average 349-21 
et ee ee 2 Se a 
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Nuclear Resonance Absorption of Ultrasound in KI and KBr 


By G. S. VERMA anp S. K. JOSHI 


Physics Department, Allahabad University, India 


MS. received 23rd May 1960 


ultrasound in paramagnetic nuclei in a cubic lattice assuming that the spin— 

lattice interaction is due to nuclear quadrupole forces. It is interesting 
to compare his theoretical computations with the recent experimental results of 
Bolef and Menes (1959) in KI and KBr. Kessel has computed (o7/v) x 10” 
for various orientations between the direction of propagation of acoustic waves 
and the magnetic field, here o is the resonance absorption of ultrasound, T is 
the temperature and v is the frequency of ultrasound. ‘Taking average over all 
directions, {(oT/v) x 10}, = 10-46 for KI and 0-16 for KBr, provided we use 
Kessel’s values of y, where y is the amplification factor by which quadrupole 
coupling exceeds that predicted on the basis of a simple ionic point charge model. 
It may be seen from the table that the agreement between the theory and the 
experiment is very poor. If we use the values of y obtained by Bolef and Menes, 
agreement is much better. 


Roses: Kessel (1959) has given a theory of resonance absorption of 


Temperature 300°K 


Crystal Frequency o (theoretical) o (experimental) 
(Mc/s) (cm ~) (cm~) 
Wea | GO Dili WO-2 12-G as: 1-4 x 10-8 
(y=500, Kessel) (y=38, Bolef and Menes) 
ONS IBY: Mess Sl a = % IGE SO? O-65< 10m? 


(y=184, Kessel) (y=26, Bolef and Menes) 


If, however, we assume that Kessel’s theory, which is based on Raman two- 
phonon process, is correct we can find out the value of y from the experimentally 
observed values of o. Using this procedure, we obtain y=12-67 for KI and 
y=6-34 for KBr. It has been shown by Mieher (1960) that the four-phonon 
process as proposed by Khutsishvili (1956) does not agree with the observed 
temperature dependence of the nuclear spin-lattice relaxation time. 
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Correct Enumeration of Vibration Frequencies in the Brillouin Zone 


By B. DAYAL anp S. P. SINGH 
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Abstract. In order to calculate the vibration frequencies by Born’s method the 
Brillouin zone is sub-divided into a number of points. The actual number of 
frequencies used by the workers for the calculation of C, is, however, different 
from the number of points of the zone, resulting in a non-uniform distribution 
of points. It has been shown that this results in an incorrect value of the specific 
heat. As an example Hsieh’s theoretical results have been used to recalculate 
the specific heat of silicon with a proper number of frequencies. The difference 
between these revised results and Hsieh’s original calculations is found to be large. 


NUMBER of workers who have used Born’s theory to calculate the vibration 
frequencies and specific heat of crystals have found it convenient to use the 
first Brillouin zone as an alternative to the original formulation of the 

periodic lattice condition (Kellermann 1940, 1941, Smith 1948, Hsieh 1954). 
The zone is divided into smaller regions of the same shape as the unit cell of the 
reciprocal lattice. The points of the new sub-divided lattice define the wave 
vectors of the vibrations permitted by the Born theory. In view of the fact that 
crystals so far studied possess high symmetry it is usual to find the vibration 
frequencies of amuchsmaller number of points and get the numerical values of other 
points by symmetry. Obviously, the symmetry conditions must yield the correct 
number of frequencies corresponding to the sub-division of the Brillouin zone. 
If this is not so, the resulting frequency spectrum will not be the correct one as 
envisaged in Born’s theory. This point does not seem to have been clearly 
appreciated by workers generally. 

In his first paper on vibration frequencies of rock salt Kellermann (1940) 
calculated the values of 47 frequencies within the positive octant of the Brillouin 
zone and assigned the same statistical weight to each of them. Actually, the 
statistical weight of each frequency is different because some frequencies corres- 
pond by symmetry to 48 points, some to 24 points, some to 12 points and so on. 
In his later paper he seems to have realized his error and has stated that he has 
taken the statistical weight of each frequency into account. He has not actually 
stated the statistical weight of each frequency but it is clear that some error has 
crept in his enumeration of frequencies. He has divided the basic cell vectors of 
the reciprocal lattice into ten parts so that there should be 10% = 1000 points 
in the reciprocal space corresponding to 6000 frequencies. The number of 
frequencies as stated by him, is however, 6700 which is about 11° more than 
the actual number. . 

Though Kellermann has not stated the method by which he obtained 6700 
frequencies, it is quite probable that the difference has arisen because of the error in 
the enumeration of the points on the boundary of the zone. To get the correct 
number of points on the boundary one has to fill the whole space by zone-like 
polyhedra. The observed number of points on the surface, the edges and the 
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corners of the zone must be divided by the number of polyhedra which share these 
points. In this way it is possible to get exactly 1000 points and 6000 frequencies. 

If this is the cause of the error it will not greatly effect the value of his calculated 
specific heat at high temperatures but at low temperatures where zone boundaries 
do not contribute to specific heat, Kellermann’s calculated values will be about 
11% lower than those obtainable from a more correct enumeration. 

Smith (1948) has not stated the actual number of frequencies used by her 
though she has stated that she has taken the statistical weight of frequencies into 
account. On account of sub-division of basic cell vectors of the reciprocal lattice 
into eight parts she should have got 512 points and 512 x 6 frequencies including 
the frequency for the origin. She has not stated the total number of frequencies 
taken by her so it is not possible to judge whether she considered all the 512 points. 

Hsieh (1954) has used Smith’s method for the calculation of the vibration 
frequencies and the specific heat of silicon and germanium, but unlike Smith, 
has given the same statistical weight to all the frequencies. This method is, 
obviously, incorrect because it means that his points are not uniformly scattered 
in the Brillouin zone as they should be on Born’s theory. For example, there are 
some frequencies which correspond to six points and others to forty-eight points 
of the zone. By giving equal weight to both sets, the density of the first set of 
points is artificially raised to a very high value. In order to illustrate the error 
that might arise from an incorrect enumeration we have revised Hsieh’s calcu- 
lations of the specific heat of silicon (next nearest neighbours approximation). 
In our enumeration the number of points come out to be exactly 8%, 1.e., 512 
including the point 0, 0,0. The specific heats have been calculated by numerical 
computation. The frequencies have been divided into twenty steps of 
Aw=0-8 x 10¥sec?. An Einstein function corresponding to the mid-point 
of each step multiplied by its statistical weight, gives the contribution of each step 
to the specific heat. The statistical weight is obtained from the number of points 
lying in that step. The results of calculation are shown in the table together with 
those calculated by Hsieh by the equal weight method. It is seen that the 
difference in the two sets of calculations is very large. The results show an 
imperative necessity of taking the correct statistical weight of frequency into 
account while calculating specific heat. We have also given the experimental 
values of specific heat for comparison. The agreement between calculated 
and experimental values is extremely poor. 


ee ee eee 


Specific Heats of Silicon 


Cy (equal 
T (deg k) Cy revised Statistical Experimental 
. weight) datat 
(Hsieh) 
20 0-0106 0-042 0-024 
40 0-141 0:25 0-310 
60 0-470 0-627 0-831 
80 0-838 1-055 1-36 
100 1-190 1:47 1:69 


t Pearlman and Keesom (1952). 
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Calculated Electron Mobility in Hydrogen 
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recently been concisely summarized by Allis (1956). By considering the 
drift velocity to result from a small asymmetry caused by the field in an other- 
wise spherically symmetrical distribution in velocity space, the electron mobility 


can be derived as 
aie ee EID 
r : {. N&(e) ral el2 de eats ieee (1) 


in which p is the mobility in (ev)!?cmmm Hg v-1, « is the electron energy in 
ev, F(e) de is the electron energy distribution and N6(e) is the elastic collision cross 
section in cm—! at 1 mm Hg and is a function of the electron energy. The drift 
velocity ep!? in (ev)"? is equal to . E/p where E is the electric field in vcm™ and p 
is the gas pressure in mmHg. Strictly the momentum cross section should be 
used, but this is usually not very different from the elastic or total cross section. 
To evaluate equation (1), N@(e) has to be specified and F(«)de has to be known. 

Calculation of F(e)de in hydrogen by Lewis (1958) showed that a sharp break 
occurs at the excitation energy and F(e)de was found to be non-Maxwellian. A 
preliminary study has since been made in which the rotational and vibrational 
collisions have been included (Heylen and Lewis 1960). An equally good, and in 
the low E/p range better, agreement was reached with experimental ‘Townsend 
alpha values and this is a sensitive test for F(«)de. The general form of F’(e)de was 
shown to be more nearly Maxwellian. Insertion of the Maxwellian energy dis- 
tribution function F’,(e) de into equation (1) yields 


1 (os) e1/2 FE d (2 
waz NOE) m(€)d€ wt wwe ) 


in which é is the mean energy of the electron swarm. 
A suitable function for N6@(e) is 
Ole) =iV0, eee me eg ates (3) 
in which NO,, n and k are adjustable constants. Substitution of equation (3) into 
(2) yields at once 


T 3/2)n-l2 (é —(n +1/2) % 
ne (on) ( —— (yore! (ghey. a Ak seat (4) 
0 


Ts application of Boltzmann’s equation to the transport of ions in gases has 
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The mobility corresponding to a constant mean free time or a constant mean free 
path (Druyvesteyn hard sphere) model can be obtained immediately from equation 
(4) by substituting for both cases k= 0 and for each n= — 5 and n=0 respectively. 
In addition the Ramsauer effect in gases can be taken account of by using »~ 1. 
Equation (2) need not be restricted to the use of a single cross section model to 
cover the entire energy range. It is generally found more accurate to use multiple 
cross section representations, each valid over a limited energy range. ‘The 
corresponding mobility equation is obtained by integrating equation (2) by parts 
and making use of the tabulated incomplete I'-functions (Pearson 1957). ‘This 
allows the influence of the cross section variation on the mobility to be shown 
clearly. 

Experimentally determined total collision cross section data by Normand 
(1930) and by Ramsauer and Kollath (1930) are shown in figure 1. The values 
obtained by Crompton and Sutton (1952) using the Townsend swarm technique, 
are shown on the same figure with the abscissa representing the mean energy of the 
swarm. Using microwave techniques Bekefi and Brown (1958) obtained 
N6@(e) = .N6, <8 where NO) = 78 cm! and this is alsoshown. Cross section values 
have been calculated by Massey and Ridley (1956) and by Carter, March and 
Vincent (1958). Agreement between these two theoretical approaches is reported 
as satisfactory. Curve e (Massey and Ridley), shown in figure 1, includes full 
allowance for electron exchange and has been multiplied by 1-65 along the ordinate 
to agree with experiment. 


10 pry Tet Si ei SST aay ay 10 


= sf oa a 
= 3 if a ve ; > 
i S t A ole 1 = 
5 a) ee 
= 2 | Wie 
= 0-1 ie 4041 
= See eae | 
i 
oot | = St I lt viol ail 1 rortiil = 1 ee Hae el 
0:05 01 10 I 
e!? (€ inev) E/p (vem! (mmg)"') 

Figure 1. ‘Total collision cross section in Figure 2. Electron mean energy: crosses, 
hydrogen. Solid lines are experi- Crompton and Sutton (1952); 
mental: curve a, Normand (1930); curve a, according to equation (5). 
b, Ramsauer and Kollath (1930); Electron drift velocity: points, 
c, Crompton and Sutton (1952); Bradbury and Nielsen (1936) and 
d, Bekefi and Brown (1958), Gill and von Engel (1949); curve b 
INQ(Q\)S=73E waa. Calculated corresponds to equation (6). 


curve e, Massey and Ridley (1956). 
Function used to represent experi- 
mental data, 

NGe)=00e *e* “emer curve 7. 
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Reputedly accurate data for ep!" asa function of E/p, obtained by Bradbury as 
Nielsen (1936), are shown in figure 2. For E/p>20, values by Gill and von 
Engel (1949) are represented with the absolute values adjusted to fit the Bradbury 
and Nielsen results at E/p = 20. 

In contrast to the classical evaluation of « by Compton (1923), we adopt the 
experimental values of € as a function of E/p by Crompton and Sutton (1952), and 
shown in figure 2. For E/p>20, data by Emeleus, Lunt and Meek (1936) are 
used, Although Crompton and Sutton (1952) assumed a constant cross section, 
the mean energy obtained from the Einstein relation D/y= 2 is independent of 
the collision model provided F(e) de is Maxwellian. An expression for the mean 


energy is 
E\o71 
€=0-357 (5) a ae i (5) 
and this is shown jin figure 2, curve a. 

The cross section data of Normand (1930) can be approximated by two 
constant mean free time values separated by a small energy region in which a 
Ramsauer effect takes place. Integrating equation (2) by parts and using these 
cross sections together with incomplete I’-functions enables good agreement with 
experiment over the range 2< E/p<50 to be obtained but at low and high E/p 
the calculated velocity is smaller than the experimental values. This suggests 
that the data of Normand (1930), particularly in the region E/p <2 are too large 
for e<lev. The Ramsauer and Kollath (1930) data can be represented by a 
constant mean free path followed by a constant mean free time cross section. 
Although there is a marked improvement for E/p <2, the calculated drift velocity 
remains increasingly too low with decrease in E/p. 

In the low field region exact agreement is reached if the relation for NO(e) put 
forward by Bekefi and Brown (1958) for low electron energies is used with 
N6,=63cm-. This model can be combined with an exponential dependence at 
high energies, by suitable choice of constants in equation (3). An optimum 
relation is shown in figure 1, curve f for which N#,=60, n=0:25 and k=0-1. 
Substitution of these values into equation (4) and making use of equation (5) 
yields a reliable formula for electron mobility in hydrogen as a function of E/p 
according to 

E —0-717] —1-75 E —0-53 
wali 10-#| 1-2-4 x 1 es (5) ] (5) eee (6) 
which agrees within 16° with experiment for 0-1 < E/p < 100, as shown in figure 2, 
curve bd. 

Although present agreement shows that for the particular case of hydrogen the 
use of an a priori Maxwellian electron energy distribution enables results of good 
precision to be obtained, in a complete solution of Boltzmann’s transport 
equation the choice of N@(c) influences the particular distribution obtained. It is 
well known that only for a constant mean free-time model will the distribution be 
accurately Maxwellian. In the case of hydrogen such a model represents the 
measured cross section reasonably well over the greater part of the energy range 
and the use of F'y,(e) de is further justified. Only at lower electron energies does a 
positive power variation of Né(e) become marked, but in this near thermal 
region F(e) de can be expected to remain Maxwellian and there is little influence 
of the small Ramsauer effect. 
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Equation (4) with 2 and k=0 has often been applied (Crompton and Sutton 
1952, Frommhold 1959) to find the cross section when both p and € are known. 
If the results so obtained show a strong variation in N@(e) then interpretation is 
difficult as N@(e) was inherently assumed constant. It is also clear that with a 
supposedly constant N6(e) and a knowledge of , it is difficult to determine € for 
hydrogen as has been attempted (Raether 1949). 
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ways, and in zinc sulphide, for instance, the origin of the emission is not 
easy to identify. Most workers have assumed that impact ionization is 
responsible, but certain results cannot be explained in this way and have thus 
been ascribed to injection (Thornton 1959). These views are not contested 
here. ‘The purpose of the present note is to draw attention to a third possible 
mechanism. 
Low (1955) has shown theoretically that it should be possible to produce 
a localized excess of minority carriers in a semiconductor by a process which 
he termed ‘carrier accumulation’. The phenomenon should occur whenever 
minority carriers drift under the influence of a field towards a region which 
otherwise contains them in smaller concentration. Thus, considering current 
flow from an n-type region (lightly doped) to an n+ region (heavily doped) 
we would expect injection to manifest itself in the region n+ and accumulation 


E ECTROLUMINESCENT materials are known to behave in complicated 


t On leave of absence from the National Physical Laboratory, New Delhi, India. 
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in the n region immediately adjoining. The additional carrier concentration 
would be held in a steady state by recombination, by the field and by back 
diffusion. The last two factors operate in opposition. 

The recombination of accumulated carriers should give rise to the emission 
of radiation in the usual way. This form of electroluminescence differs from 
that due to injection in two principal ways. It should occur near the cathode 
(on n-type material) whereas injection occurs at the anode. Moreover, 
accumulation should occur in a region which tends to equal one diffusion length 
when the applied field is very small and which must necessarily diminish when 
itis large. In contrast, injected carriers spread out within the material at higher 
fields. However, the interpretation of actual results is not simple, since any 
barrier which may exist at a cathode could give rise to electroluminescence 
(by impact ionization) on its own account. Low’s calculations give the total 
excess of minority carriers P produced by any current. The rate of emission 
should then be SP/7; where 7; is the filament lifetime and f the fractional 
radiative efficiency of the recombination process. At lowest field strengths, 
P is proportional to the current and to 7;, as one would expect. The emission 
itself should then be insensitive to the lifetime, other things being equal. At 
higher fields, the emission must depend on current less than linearly. At very 
high fields, the situation is difficult to analyse, since the simplifying assumptions 
made by Low would no longer be true. Moreover, 7; need not remain constant 
when the local concentration of additional minority carriers becomes very 
large. 

We are not now aware of observations which provide compelling evidence 
for accumulation electroluminescence. However, some results which are now 
interpreted as the outcome of injection could alternatively be ascribed to 
accumulation. ‘The phenomenon can certainly take place in simpler materials. 
By analogy with injection it thus provides a new interpretational model which 
could find application in connection with the familiar electroluminescent 
substances. 


REFERENCES 


Low, G. G. E., 1955, Proc. Phys. Soc. B, 68, 310. 
THORNTON, W. A., 1959, Phys. Rev., 116, 893. 


Hall Coefficient and Electrical Conductivity Measurements on Lead 
Selenide Single Crystals Grown from the Vapour 


By R. H. JONES 
Royal Radar Establishment, Malvern, Worcs. 


MS. received 28th March 1960, in revised form 9th Fune 1960 


HE development by Prior (1960) of a method of growing Pb Se crystals 
from the vapour in a controlled Se atmosphere has led to the production of 
crystals having an excess carrier concentration about an order of magnitude 
less than that of crystals examined previously (Putley 1955). ‘This reduction 
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in excess carrier concentration has made it possible to determine values of 
the intrinsic carrier concentration 1; from Hall constant and conductivity measure- 
ments alone at temperatures (300-600°K) lower than in the earlier work. ‘The 
results were analysed by solving the equations for the Hall constant R and 
conductivity o with the assumptions (i) that the excess carrier concentration 
was the same at all temperatures for each specimen and equal, therefore, to 
that given by the value of R in the exhaustion range, namely 1/Re (Allgaier and 
Scanlon 1958), and (ii) that the law for the majority carrier mobility obtained 
at low temperatures extended throughout the temperature range studied. This 
procedure required Hall and conductivity data in a temperature range extending 
upwards from about liquid nitrogen temperature. With the view to studying 
further the conduction properties of this material, measurements were extended 
to liquid helium temperature. The cryostat employed was similar to that described 
by Mitchell and Putley (1959), and measurements below room temperature were 
made using standard potentiometric techniques. Measurements above room 
temperature were made using a simple furnace through which a stream of argon 
was passed to prevent oxidation of the specimens (Putley 1955) and were recorded 
automatically (Carter, Howarth and Putley 1958). 

Previous measurements on PbS, PbSe and Pb'Te between room temperature 
and 4°k have been reported by Allgaier and Scanlon (1958) for specimens 
having excess carrier concentrations about two orders of magnitude greater than 
those studied in the present work. 

Our results below room temperature are shown in figures 1 and 2, which 
refer to four n-type and one p-type specimen varying in excess carrier concentra- 
tion from 3-0 x 10/®cm-? to 1:58 x 10!°cm-%. It will be seen that R in each case 
was practically constant at temperatures below about 100°K. At the upper end 
of the temperature range the mobility variation for four of the specimens clearly 
followed a power law. The results for specimens C32, C35 and C34 followed 
closely the 7'-*° law found by Putley (1952), whilst the value of the index obtained 
for C11 was somewhat lower, being 2:25. It was not possible to obtain the form 
of the mobility variation for C12 because, although the conductivity appeared 
to follow a power law, the value of R at these temperatures was falling appreciably. 
At the lower end of the temperature range the mobility for each specimen tended 
to become independent of temperature, the constant value of the mobility being 
as high as 400000 cm? v—!sec— in the case of C 34. 

‘The behaviour observed over the whole temperature range was very similar 
to that described by Allgaier and Scanlon (1958) for the three lead salts PbS, 
PbSe and PbTe, and by Finlayson and Greig (1956) for natural galena. Further- 
more, it was found, in accordance with the results of Allgaier and Scanlon, that 
unusually high values of the static dielectric constant (~ 100) were required to 
account for the behaviour of the mobility at the lower temperatures on the basis 
of degenerate impurity scattering (Mansfield 1956). It is interesting to note 
in particular that in spite of the appreciably lower excess carrier concentrations 
of the specimens examined, the present Hall measurements conform with those 
of the earlier authors in indicating a small, if not actually zero, activation energy 
for the impurities. 

However, in the present case, non-uniformity along the length of the specimens 
was found in the three n-type specimens with the lower excess carrier concen- 
trations. ‘The effect was observed by measuring for the same specimen current 
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the potential differences appearing between the five different combinations of 
conductivity and Hallleads. The effect was small at room temperature but became 
progressively greater as the temperature was lowered. On the other hand, there 
was no evidence of rectifying barriers in any of the specimens. At the higher 
temperatures the form of the mobility variation and a comparison of mobility 
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Figure 1. Variation of the Hall coefficient with temperature. 
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Figure 2. Variation of the majority carrier mobility with temperature. Numbers attached 
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values with those obtained by Allgaier and Scanlon indicate that the present 
results are typical of those usually obtained. Allgaier and Scanlon report having 
examined the uniformity of the specimens they employed, but it is not clear 
that this was carried out for the specimens when cooled. 
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The method of analysis of measurements obtained above room temperature 
required that any permanent changes in excess carrier concentration due to 
heating of the samples (Scanlon 1953) should have only a small effect on the 
measured values of Rando. This was verified by noting that no marked irreversi- 
bility in R and o was obtained during cycles of heating and cooling. Appropriate 
values of » (=8Ro/37) for specimens C34, C35 and C32 were extrapolated 
according to the 7-*° law, as indicated by the low temperature measurements. 
The low temperature variation of » obtained with specimen C11 indicated a 
T-** rather than a T-?°* law for the mobility, and values of mj were calculated 
for both mobility variations, appreciably better agreement with the results for 
the other specimens being obtained using the T-*?> law. Because no clear 
indication of the mobility law was obtained with specimen C12 a value of wu 
was calculated at the highest temperature reached, using the mean value of nj 
calculated for the other specimens together with the values of R and o measured 
at that temperature; values of uw at lower temperatures were then calculated 
according to the T-*5 law. On this basis the value 11000cm?v-!sec—! was 
obtained for » at 100°K. Inspection of the data in figure 2 indicates that this was 
not an unreasonable value. 
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Figure 3. Variation of the intrinsic carrier concentration with temperature. Points give 
the results of the present measurements and the continuous curve the results obtained 
by Macfarlane and Pincherle (unpublished). 


Figure 3 shows the results. The points denote the mean values of 7;, the 
length of the vertical lines representing the standard deviation as an indication 
of the scatter obtained. These values of 7; correspond fairly well with the 
results of unpublished calculations by Macfarlane and Pincherle shown by the 
continuous curve. The values of 7; calculated by these authors for this range 
of temperatures were based partly on optical data, assuming that the thermal 
energy gap was given by the energy F, of the optical absorption edge, and the 
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value of effective mass ratio required was calculated in the neighbourhood of 
600°K where values of both Z, and the intrinsic Hall coefficients (Putley 1955) 
were available. The results obtained were consistent with an energy gap given 
by 0-153+3-88 x 10-* T ev in the temperature range up to about 450°K and 
having a maximum value of 0-35ev at 550°K; the value of the mass ratio was 
0-38. Values of the electron to hole mobility ratio obtained in the present analysis 
were about 1-5. 
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Speculation on the Centres formed by Nitrogen in Diamond 


By R. J. ELLIOTT 
Clarendon Laboratory, Oxford 


MS. received 15th June 1960 
§1 

IAMONDS are broadly divided into two classes—type I which have 
id defects present in appreciable numbers in solid solution and type II 

which appear essentially perfect in structure. It appears that there 
are several different kinds of defect in type I diamonds so that all definitions 
of the classification are not exactly equivalent. Although a great deal is known 
about the structural, optical, electrical and other properties of the defects their 
origin has remained a comparative mystery largely because it is not possible 
to control their introduction. Recently however Kaiser and Bond (1959) have 
demonstrated that nitrogen is a common impurity in type I diamonds and 
often present in concentrations of several tenths of one per cent. ‘They further 
showed that the concentration was strongly correlated with the intensity of 
optical absorption called type A by Robertson et al. (1934, 1936) and Clark et al. 
(1956). The main features of this absorption are a shift in the continuous 
absorption edge from 2200A to 3300A with some line structure superimposed. 


3E3 


788 Research Notes 


There is further absorption in the infra-red associated with the creation of 
single phonons. This absorption is forbidden in the perfect crystal but becomes 
allowed because of the imperfections which destroy the selection rule that 
wave vector k=0 and create dipoles in the lattice. The salient feature of this 
absorption is the maximum at 7-8 which provides a convenient measure of 
nitrogen content in a given diamond. ‘The absorption coefiicient at the 
maximum is 3x10¢ccm-! where c is the concentration of nitrogen. ‘The 
number n of such atoms per cm? is 1-7 x 10?8c. 

It is the purpose of this note to review other properties of type I diamonds 
in the light of this information and to speculate on the form of the defect 
produced by the nitrogen. 


§ 2. EVIDENCE ON NATURE OF DEFECT 


2.1. Paramagnetic Resonance 


Independent evidence for the presence of nitrogen was found by Smith, 
Sorokin, Gelles and Lasher (1959) who found -resonance from a single unpaired 
electron in a centre which consisted of a single nitrogen atom. ‘The extra 
electron associated with this centre was largely on the nitrogen and on one of 
the neighbouring carbons. ‘The extra electron causes this particular bond to 
be elongated by an amount which these authors estimate from the observed 
hyperfine structure to be about 10%. 

Recently Thornley in this laboratory has examined a number of stones of 
good optical properties which had been measured at Reading University. 
They failed to find any trace of the nitrogen resonance so that only a small 
fraction of that present could have been in the form of this single nitrogen 
centre. A stone kindly lent by the American group which did show a strong 
resonance was clearly much more imperfect than the Reading ones. 

It can be concluded that the A defect observed in optical absorption is not 
the single nitrogen centre observed in resonance. ‘The A centre shows no 
resonance and cannot have an odd number of electrons. It is therefore probably 
a more complex centre than the simple donor. It is unlikely that simple 
ionization of these donors by acceptors can be responsible. For one thing 
no acceptors are ever observed in type I diamonds as they are in Ila’s, and 
complete compensation could not occur in every stone. It is possible on the 
other hand that acceptors are always compensated in type I diamonds by 
electrons from the nitrogen whatever its form. 


2.2. Optical Absorption 


Regarding the 7-8 vibrational absorption of the A centres as a line one 
can compute an f-value for oscillations of carbon atoms of approximately 0-2 
This indicates that there must be considerable charge transfer in the defers 
so that it is either charged or a dipole. The 7-8 u band is in the region of Avs 
optical modes in which the two sub-lattices of the diamond structure oscillate 
out of phase and the nearest neighbour bond lengths are strongly modulated 
The centre of Smith et al. (1959) is essentially a dipole along one bond peeruse 
the extra electron from the nitrogen spends part of its time on a neighbourin 
carbon. ‘The simplest model where the electron spends half of its time on one 
would lead to an f-value of 1/4, but this configuration has been ruled out as 
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an A centre. The requirement of charge transfer rules out the possibility of 
pairs of atoms in the form of Ny molecules. In this configuration the only 
effective dipoles could come from electron overlap on to the neighbouring 
carbons which must be small. 


2.3. X-ray Diffraction 

Another anomalous property of type I diamonds is the x-ray diffraction 
patterns, where spikes of diffuse intensity are observed around the Bragg 
reflections (Raman and Nilakantan 1940). These are not temperature dependent 
in the form of scattering by lattice vibrations but represent a lattice defect. 
Moreover their peculiar geometry was shown by Hoerni and Wooster (1955) 
to indicate that there were large planar defects in (100) planes, and Frank (1956) 
suggested silicon might be a likely impurity. Subsequently Cochran and 
Caticha-Ellis (1958) showed that this was not the case. Unfortunately to date 
no detailed work has been done to correlate this property with the optical or 
electrical properties of type I diamonds. The existence or otherwise of such 
correlations would be extremely interesting. Since we now know that nitrogen 
1s a common impurity and that it exists in the crystal in some form of aggregate 
it is tempting to speculate that the nitrogen atoms form these planar defects. 

Frank’s analysis of the experimental data determines two other important 
properties of the defect besides its (100) planar character. From the fact that 
diffuse scattering is absent from the (300) reflection it follows that the defect 
must increase the separation between the perfect parts of the crystal by a third 
of a planar spacing in this direction (i.e. one-twelfth of the side of a cubic cell). 
Also because there is no scattering about (000) the total charge on the defect 
must be 6(7—1—25), where 6 is the charge per carbon atom, 6 the relative 
increase in spacing (=1/3) and m is a whole number. For n=2 the extra 
charge is 2 units (Frank chose n =3 and an extra charge of 8 since he thought 
Si a likely impurity). We see from this that two layers of nitrogen atoms 
would also be an acceptable defect. The sensitivity of the (000) reflection to 
the actual charge is not very great and measurements there are quite difficult 
so that the possibility of a single layer cannot be entirely ruled out. 


2.4. Lattice Dilation 


There is one further piece of experimental evidence which supports the 
view that the nitrogen atoms are segregated into double planes. Kaiser and 
Bond made observations of the dilation of the lattice with increasing nitrogen 
content. They found an increase of 15 x 10-°A in the cell size of 3-64 with 
0-19%,N. If these nitrogens are in double planes there is one defect every 
6000 planes and with the displacement of 0-3A per defect found in the x-ray 
work this leads to a dilation of 20x 10-5A per cell in reasonable agreement 
with the observation. 


§ 3. CONCLUSION 


It therefore appears that the conjecture that nitrogen in type I diamonds 
causing the A defect is segregated into planes is in agreement with the observed 
facts, and is sufficiently plausible to warrant further experimental test. The 


790 Research Notes 


most important experiment would be a test of the correlation between the 
optical absorption and the anomalous diffraction. On the other hand investiga- 
tion of the optical and electrical properties of the single nitrogen donor centre 
would be very interesting. 

It is difficult to reach any very definite conclusion about the actual structure 
of the proposed centre. The following suggestions are highly speculative. 

In the single nitrogen centre one bond is elongated by about 10%. If the 
same effect occurs in the planar defect half the bonds to a neighbouring plane will 
be elongated and this would increase the planar spacing by about 15%. If the 
extra electron resonates between bonds connecting these two planes so that all 
are elongated it is possible to increase the interplanar spacing further, but it seems 
unlikely that the single plane could on this picture produce the increase of 33% 
required by the x-ray diffraction results. 

A double layer of nitrogen atoms could readily give the extra spacing. How- 
ever, two adjacent layers sharing their extra electrons so that there is one for each 
bond connecting the two planes will not produce the dipoles required to give the 
infra-red absorption. ‘The most plausible arrangement is probably an N-C-N 
layer (figure 1(b)), where the intervening carbon atoms are surrounded by a 
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Possible arrangements of nitrogen atoms in a double layer parallel to (100) as seen in an 
(011) projection. Dots show atoms in the plane of the figure, crosses atoms 
a/ 2a above and below the plane (a=interplanar spacing = 1/4 cubic cell edge). 
The nitrogen atoms are circled. The bonds containing extra electrons are marked 
(a) Electrons confined to particular bonds which are stretched by 10%; (0b) N-C-N 
layer arrangement with extra electrons shared. ~ 


tetrahedron of nitrogen atoms with two extra electrons shared between the four 
bonds, causing them to be elongated. An alternative arrangement with two 
intervening carbon planes is shown in figure 1 (a), where the extra electrons are 
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confined to particular bonds. Many changes can clearly be rung on these arrange- 
ments but without more experimental evidence it does not seem profitable to 
speculate further. ‘The most unsatisfactory feature of models of this type is the 


lack of any obvious energy gain from the creation of defect—except for packing 
considerations. 


ACKNOWLEDGMENTS 
The author is indebted to Mr. J. Thornley for communicating his results, 


to Dr. E. W. J. Mitchell and his colleagues at Reading for many discussions, 


and to the participants at the 1960 Diamond Conference for their stimulating 
interest. 


REFERENCES 


CiarK, C. D., Dircusurn, R. W., and Dyrr, H. B., 1956, Proc. Roy. Soc. A, 234, 363. 

Cocuran, W., and Caticua-E..is, S., 1958, Acta Cryst. Cam>., 11, 245. 

Frank, F. C., 1956, Proc. Roy. Soc. A, 237, 170. 

HoerNI, J. A., and Wooster, W. A., 1955, Acta Cryst. Camb., 8, 187. 

KAISER, W., and Bonn, W. L., 1959, Phys. Rev., 115, 857. 

Raman, C. V., and NitaKANnTAN, P., 1940, Proc. Ind. Acad. Sct. A, 11, 389. 

RoBERTSON, R., Fox, J. J., and Martin, A. E., 1934, Phil. Trans. Roy. Soc. A, 232, 463. 

1936, Proc. Roy. Soc. A, 157, 579. 

Smitu, W. V., SorokIN, P. P., Gexes, I. L., and Lasuer, G. J., 1959, Phys. Rev., 115, 
1546. 


Soft X-ray Emission Spectra of Some Transition and Noble Metals 


By C. CURRY anp D. J. McNEILL tT 


Department of Physics, The University of Leeds 


MS. received 3rd May 1960, in final form 4th Fuly 1960 


§ 1. GENERAL INTRODUCTION 


X PERIMENTS are in progress on X-ray spectra of transition metals and alloys. 
Nyy, 111 emission spectra of rhodium, palladium and silver, which do not 
seem to have been reported previously, have been recorded, and some 

information about them is given here. On account of the low intensity of these 
spectra the accuracy of this information is rather limited, and extension of the 
work to alloys of these metals using the present methods seems unlikely to be 
fruitful. With the metals of the first transition group the Myy, 11 spectra are 
considerably more intense, and more detailed information regarding these spectra 
can be obtained. The results of our experiments for nickel and copper are pre- 
sented here. It is the intention to extend the experiments over the whole nickel— 


copper alloy range. 


§ 2, EXPERIMENTAL DETAILS 


The instrument in use is a one-metre concave grating grazing-incidence 
vacuum spectrograph. The grating is ruled on glass with 1152 lines per milli- 
metre; the angle of incidence is 84°15’. Ilford Q1 emulsions on thin glass 


+ Now at the Plessey Company Limited, Towcester, Northants. 


792 Research Notes 


plates are used for photographing the spectra, and the shortest wavelength 
detectable by the instrument is about 404. In the 150-2504 region, where the 
spectra here reported occur, the dispersion ranges from about 1 to 2mm ev, and 
resolution of a few tenths of an electron volt is achieved. This resolution agrees 
reasonably with the theoretical limit of resolution (Mack, Stehn and Edlén 1932) 
for the slit breadth of 10-2 cm used in these experiments. Adjustment of focus and 
tests for resolution were performed using a finer slit and obtaining the optimum 
sharpness and distinctness of separation of the aluminium Ly, and Lyyy edges at 
about 170A. 

Separate silicone oil diffusion pumps with a common backing pump are used 
for evacuation of the x-ray tube and spectrograph; liquid nitrogen traps are used 
in the pumping lines. The x-ray tube pressure under operating conditions is less 
than 5x 10-®mm of mercury. Scraping techniques are used for exposing clean 
metal surfaces for the actual spectral exposures. Tests for possible contamination 
of target surfaces during the running of the tube were made as follows. With an 
aluminium target surface, exposures made using a fresh surface were compared 
with similar exposures using a surface which had been bombarded in the tube for 
up to 6 hours under the operating conditions of 40 ma tube current and 4000 v a.c. 
tube voltage. The spectra obtained showed no detectable differences, even in the 
sharpness of the high-energy emission edges; indicating that, with the vacuum 
arrangements used, conditions of surface purity are maintained for long periods. 
Nevertheless, when long exposures were made surfaces were periodically 
renewed during the exposures. 

Spectroscopically pure target materials were used, and exposure times with 
40 ma tube current were about 10 minutes for aluminium, 2 hours for nickel and 
copper, 6 hours for rhodium, palladium and silver. Except for aluminium the 
continuous background was by no means negligible. With copper and nickel the 
form of the background was determined by using also the adjacent metals cobalt 
and zinc, as described by Skinner, Bullen and Johnston (1954). Our spectra 
for copper and nickel seem, however, to be a good deal more prominent relative to 
the background than those of Skinner et al. 

Density records from the spectrograms were taken using a Joyce-Loebl 
recording microdensitometer. A density/intensity conversion was made with the 
copper and nickel spectra, using a range of exposures for each metal. The 
rhodium, palladium and silver spectra are of small intensity relative to the back- 
ground and the exposure latitude is very limited; emulsion calibration has there- 
fore not been attempted. 


§ 3. RESULTS 
3.1. Rhodium, Palladium and Silver 


In figure 1 sample microdensitometer records are shown for the three metals. 
For rhodium and palladium the Ny, y;; emission band is the central peak of the 
three appearing on the records. The outer peaks are high orders of the M ; line, 
which has peak wavelength about 47-54 for rhodium and 43-5A for palladium 
(see, for example, Siegbahn and Magnusson 1934). The corresponding silver 


line, at rather less than 40 A, is not reflected by the grating and does not appear on 
the record. 
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Since the Nj, 171 levels are p levels, the emission band represents the occupied 
4d+5s states. The peaks of the emission bands, and their estimated breadths, 
averaged for each metal over four or five exposures showing no effects of 
contamination, are: 


Energy at max. int. (ev) Width of band (ev) 


Rhodium 47-5+0-4 1:34+0°3 
Palladium 49-6 + 0-4 1:3+0°3 
Silver 50-6 + 0-4 2:14+0-3 


M- lines 
“ \ Rhodium 


Palladium 
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Figure 1. Rhodium, palladium and silver microdensitometer traces. 


The emission bands occur at energies which are in reasonable agreement with 
those calculated from other experimental data (see, for example, Cauchois 1955). 

Sauvenier (1939) reported bands for palladium and silver in the 150A region. 
No trace of these was found in the present experiments. Bands in this vicinity 
would correspond to transitions to N; levels. Since transitions to inner s levels 
have not generally been observed even in the more intense spectra from lighter 
elements, it seems doubtful whether Sauvenier’s bands have been correctly 


identified. 
3.2. Copper and Nickel 


Figure 2 shows intensity/energy curves for My, rr Spectra of copper and nickel. 
The curves are closely reproducible and are obtained in each case from several 


exposures. All the main features of these curves are significant, and there is 


Intensity 


— (e —' — aaah 
60 70 80 
Energy (ev) 


Figure 2. Intensity/energy curves for My, rr emission from copper and nickel. 


agreement with the curves of other workers (for a summary, see Parratt 1959): 
Ina general way the curves support the overlapping d- and s-band picture for these 
metals, the Fermi limit being below the top of the d-band in nickel but above it in 
copper. Interpretation of the spectra must be made with the following facts in 
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mind: (i) the probability of transition of an electron in a filled level in the valence 
band to a vacancy in the inner shell depends on the initial energy of the electron ina 
way which is not known in detail, (ii) the recorded emission consists of overlapping 
M,; and Mj,; spectra, and while there is a high probability that the Myyy is much 
more intense than the M,, spectrum (Skinner 1940, Skinner et al. 1954), the 
actual ratio of intensities is unknown, (ili) satellite emission, corresponding to 
doubly ionized initial states, is likely to be present on the high energy side of the 
spectra and (iv) the rigid band model, on which the band form is unaltered, but 
the extent to which it is filled changes as elements of consecutive atomic numbers 
are considered, is likely to be only approximate at best. 

It is hoped that experiments on Ni—Cu alloys should show how the Ni spectrum 
transforms into the Cu spectrum as the constitution is changed, and may throw 
light on some of the problems of interpretation. 
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On Pauling’s Theory of Alkali Halide Molecules 


By .Y.-P. VARSHNI snp RoC] SHURA 
Physics Department, Allahabad University, 
Allahabad, India 


MS. received 19th May 1960 


the potential energy consists of two parts: (a) attractive terms, consisting of 
a purely ionic term and polarization term etc., (b) short range repulsive term. 
Two types of repulsive term have been tried in different studies, a simple 


inverse power term or an exponential term. ‘Thus if U is the potential energy, 
it can be written as 


I: the study of alkali halide molecules ionic approach is quite successful and 


U=o+ A ore!) 2 ee (1) 
yr 
where Deh Gas oe) ee c 
Dia Ai eae pees tenis rr ) 


Such a potential has been successfully applied by Rittner (1951) in the study 
of alkali halide molecules. He has taken the exponential type of repulsion term. 

Varshni (1957 a) has applied this potential by taking both types of repulsion 
terms for the evaluation of %e and wexe and concluded that exponential type of 


repulsion term is better than the inverse power one. Similar results were found 
by Rice and Klemperer (1957). 
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: Recently Pauling (1956) has given a simple treatment which leads to values 
re) fe we of alkali halide molecules in reasonably good agreement with experimental 
values. 

Since in alkali halide molecules the sum of the ionic radii is not equal to their 
ts he has included this sum in the potential energy function U in the following 
orm: 


1 LyLpe* alfa ceren 

U= SE + BapByet ts aa oe 3) 
where U is the potential energy of ion pair compared with the completely separated 
ions, ryy is the distance of separation of the two ions, Z,e, Zpe are the charges 
on the ions, Bx, is a constant, unity for univalent cation—anion interaction, 1-25 
for cation—cation, and 0-75 for anion—anion interaction, By is a constant such 
that nB,=0-291, ry, ry are constants, characteristic of the ions and equal to 
their crystal radii, and n is a constant, exponent of the inverse repulsive term. 

Such a potential function has been applied for the calculation of the energies 
of gaseous alkali halide dimer molecules by Milne and Cubicciotti (1958). 

It is of some interest to examine whether this potential will lead to satisfactory 
values of the rotational constant %» and anharmonicity constant we%e also. This 
point has been treated in the present note. 

The method for evaluating %e and wexe from a potential function has been 
explained by Varshni (1957 b). By this method we get the following expressions 
of a and wexe from the potential function G3): 


_ nt+1 6B? 
aed a oy ee see eee (4) 
Zn? +19n+26 W 
WeXe = 3 laree ceeeee (5) 


where W=2:-1078 x 10-16 and pa is reduced mass in atomic weight units. 
The experimental data have been summarized in table 1. 


es re ee SS ee 


Table 1 

Diatom we (cm) re (A) Be(cm"*) n 
Lat 450e 2:392b 0:4429 b 9-5 
NaCl 380 e 2:361b 0:2179 b 8:6 
NaBr 315e 2°502b 0:1511b 8-9 
Nal 286 e DM Ute) 0:1177b 9-9 
KF 400 a DEA WAN Te | 0:2799 d 6:4 
KCl 305 a 2-667 b 0:1285b 8-6 
KBr 230 4 2:821b 0-0811 b 8-9 
KI 200 a 3-048 b 0-0608 b 9-9 
RbF 390 a 2:265c¢ 0:2107 ¢ 6:3 £ 
RbCl 270 a 2-787 b 0-0876 b 8:5 
RbBr 180a 2:945b 0-0475 b 8°8 
RbI 145 a 3:177b 0:0328 b 98 
CsF 385 a 2:345b 0:184b 6-1f 
CsCl 240 a 2-906 b 0-072 b 8:3 
CsBr 168 a 3:072 b 0-036 b 8:6 
sil 120a 3:515b 0:0236 b 9-6 


a, Barrow and Caunt (1953); b, Honig, Mandel, Stitch and Townes (1954); c, Lew; 
Morris, Geiger and Eisinger (1958); d, Green and Lew (1960); e, Herzberg (1950), 


f, Milne and Cubicciotti (1958). 
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Table 
i 10* ae calc. (cm) 
Diatom my og ah inverse power, present note 
Cr Varshni 

Lil 40-9b bee 91-5 
NaCl 16:1b 20-0 24-0 
NaBr 9-4b iLilets: 14-4 
Nal es) 10 8-47 10-56 
KF 23°35 d PUSS) (3 28-99 
KCl 7°9b 1OE2 10-4 
KBr 4-05b 5-08 5-66 
KI oF] |) 3-44 4-03 
RbF 152 18ie 18-67 g 16-62 
RbCl 4:5b 6-23 5-4 
RbBr 1:86b PoSyi} 2-46 
RbI 1:10b 1-40 1-60 
CsF 11:0b 15-9 Des, 
CsCl 3c) (bs 4-46 4-02 
CsBr i 9216) 1-63 1-48 
CsI 0:68 b 0-814 0-984 


g, recalculated values, utilizing new re data. Revised values of m in equation (1) are 
n(KF) =5-82, n(RbF)=6-71. 


Table 3 
WeXe calc. 
Diatom WeXe Obs. ie spuere a ae present note 
Til 1-5e 3-47 LD 
NaCl (1:0)e 2°37 3-05 
NaBr 1-15e ils7/il DDD. 
Nal 0:75e 1:48 2:01 
KF 1:-45a 2-5 5)g 2-68 
Kei 0-9a 1-74 1-79 
KBr O-6a 1-03 1:19 
KI O-5a 0-837 1-04 
RbF 1:3a 2:39 g 1-98 
RbCl 0-7a 1:62 1-20 
RbBr 0-354 0-664 0-683 
RbI 0-25a 0-462 0-551 
CsF 12374 2-40 1:66 
CsCl O-6a 1:16 0-955 
CsBr Ossia 0-602 0-503 
CsI O-2a 0-258 0-344 


ee ee eee eee 

Calculated values of % and wexe by (4) and (5) are given in tables 2 and 3 
respectively. For comparison the values calculated by Varshni (1957 a) from 
the detailed potential energy function equation (1) with inverse power term, 
have also been reproduced. 

It will be observed that the calculated values of %e and wexe from potential 
function (3) are higher than the experimental values. In the case of Me, except 
for five molecules viz. RbF, RbCl, CsF, CsCl and CsBr the calculated values 
by potential function (1) (with inverse power term) are in better agreement 
with experimental results than those calculated from equation (4). Similar 
results are obtained in the case of wexe. Calculated values for the same five 


molecules from equation (5) are better than those calculated from potential 
function (1). 
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. The experimental values of x are known to a high degree of accuracy from 
microwave spectroscopy. But the values of weve are rather uncertain. Barrow 
and Caunt’s (1953) values of wexe, given in table 3, were obtained from the 
empirical relation xep,!?=0-013, but they have pointed out that the constant 
in this equation may be as high as 0-018. It means that the experimental values 
of wexe may be greater by about 40°. Results presented here are in favour of 
the higher value of the constant. 

In view of the large uncertainties in the values of weve we would like to 
emphasize that the comparison given in table 3 is much less significant than that 
given in table 2. 

In general terms we may say that these results indicate that the Pauling model 
is not fully satisfactory. Polarization terms contribute appreciably and should 
be taken into account. 

Recently Klemperer and Rice (1957, and Rice and Klemperer 1957) have 
given more accurate values for we for a number of alkali halide molecules which 
differ from the values of Barrow and Caunt (1953). But as Pauling’s data are 
based on older values, we have also used the same. 
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Switching Properties of Tetramethylammonium-trichloro- 
mercurate 
By E. FATUZZO 
Laboratories RCA Limited, Zurich, Switzerland 


MS. received 12th May 1960 


§ 1. INTRODUCTION 


ETRAMETHYLAMMONIUM-TRICHLORO-MERCURATE (TTM) is a new 
ferroelectric material (Fatuzzo and Nitsche 1960) with a rather high 
spontaneous polarization (1-3,.ccm~*). Since the coercive force in this 
material is quite high (3kvcm~*) the switching speed is expected to be rather 
low. The reversal of the polarization has been studied in most known room 
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temperature ferroelectrics: BaTiO, by Merz (1954, 1956), Little (1955), Wieder 
(1955), Landauer, Young and Drougard (1956), Landauer (1957), Chynoweth 
(1958), Miller (1958) and Burfoot (1959); Rochelle salt by Wieder (1958); 
GASH by Prutton (1957) and Wieder (1957); triglycine sulphate by Pulvari 
and Kuebler (1958) and Fatuzzo and Merz (1959). 


§ 2. MEASUREMENTS 


The switching time ¢, in T'TM was measured as a function of applied field £ 
and temperature 7. The results are shown in figure 1. It can be seen that for 
all temperatures the switching time depends on field as 


P= hie ee (1) 
where k isa constant and n is a large number which depends on temperature. 
The dependence of n on T is shown in figure 2; the exponent m decreases with 
temperature. 
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Figure 1. Logz, plotted against Figure 2. Exponent n of equation (1) plotted 
log E for different values of the against temperature 7. 
temperature 7. 


§ 3. DiscussIon 


A power law dependence of t, on E has been found before in thiourea 
(Goldsmith and White 1959), in BaTiO, at very high fields (Stadler 1958) and in 
LiH,(SeOs). (Fatuzzo 1960). However, in all these cases the exponent n is a 
small number (3/2 or 5/2) and hence the power law could be explained by invoking 
a certain amount of sideways wall motion (Burfoot 1960, Fatuzzo, to be published). 
It is not clear yet how the very high power dependence of ¢, on E found in TTM 
can be explained, unless one assumes a very strong field-dependence of the 
forward wall mobility (Fatuzzo, to be published). More experiments have to 
be done using some different technique to understand this very unusual behaviour. 
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The Stability of an Infinite Gravitating Cylinder 
of Paramagnetic Material in the Presence of 
Magnetic Field 


The problem of the effect of longitudinal electric field on the stability of 
dielectric liquid cylinder has recently been studied by Nayyar and Murty (1960). 
Because of the equivalence of electrostatic and magnetostatic problems, this 
can be extended to the case of a paramagnetic liquid cylinder in the presence of 
a longitudinal magnetic field. One notes that the results of Chandrasekhar 
and Fermi (1953), Auluck and Kothari (1957) and Simon (1958), who studied 
the influence of magnetic field on the stability of a liquid cylinder of infinite 
electrical conductivity, follow as limiting cases of our problem by assigning 
different values to the permeability parameter. 

Let us consider an infinite gravitating cylinder of paramagnetic material 
with permeability 4, embedded in a medium whose permeability is jz, and in 
which there is a prevalent uniform magnetic field H directed along the 2 axis. 
In order to study the stability, we suppose that the cylinder is subject to a 
perturbation, the result of which is to deform the boundary into 


t= RAaOCOSke,- 9) eee (1) 
where a/R<1 and k=2z/A, is the wave number of the disturbance in the 
x direction. If we assume the liquid to be incompressible, then 

Rea Raa, ~ 9 es ee eee (2) 
where R, is the radius of the undeformed cylinder. It can be shown (Nayyar 
and Murty 1960) that the change in magnetic energy AM per unit length of 
the cylinder, due to the deformation defined by equation (1), is given by 

= AP X( by — [,)* HP Tp(x) Ko(x) 

8 [eT (w)Ko(w) + walo(e) K(x) |? 
where x=kR and I,, and K,, are the Bessel functions of order for a purely 
imaginary argument, which have no singularity at the origin and at infinity, 
respectively. Also it has been shown by Chandrasekhar and Fermi (1953), 
that the corresponding change in the gravitational energy per unit length of 
the magnetic cylinder is 

A= 2a*Go*R,2a"(4— Ini) Kale). eee (4) 
Thus the total change in energy per unit length of the cylinder is 
AX by — py)? HPT g(x) K- (x) 


AW =2n®Gp?R,?a?(4 —To(s)Ko(x)) + —o eta) Tole) Be(e) 
ota) ata (Se) SL 


If AW=0 for x= x* 


AW <0 for x<x* 
and 
> Ofori Rw Sie oes igen aes (6) 
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The cylinder is stable for a given value of the magnetic field, for all transverse 
deformations with k>x*/R. The critical wave number (in units of Li) exe 1S 
given by the root of the equation 

2m®Gp?Ry2a2(4—I9(x)Ko(x)) + AX( Hy — fy) H*T9(%) Ko (x) 


2 


8 [eal (x) Ko(x) + felo(x)Ky(x)] 

aioe 7) 
We shall not solve the above equation for any specific numerical values of the 
parameters, but we shall show how the change in energy AW given by equation 
(5) can be used to deduce the changes in energy when the material of the cylinder 
is infinitely conducting. 

First we consider the case when ,=1 and p,=0, i.e. the medium outside 
the cylinder acts as a ‘superconductor’. Let us denote by AM(«, 8) the change 
in magnetic energy per unit length of the magnetic cylinder due to deformation 
when the permeability of the medium of the fluid cylinder is « and that of the 
medium outside the cylinder is 8. ‘Therefore in the present case we have to 
calculate AM(1,0), which from equation (3) is given by 

ee 2) hE a pee 

AM(1,0)= S1,(x) | ae. (8) 
This is just the expression obtained by Chandrasekhar and Fermi (1953) for 
the change in magnetic energy due to deformation given by equation (1) when 
a uniform magnetic field H is frozen into an infinitely conducting cylinder and 
outside the field vanishes. ‘This is due to the fact that the medium outside the 
cylinder acts as a ‘superconductor’ (44. =0), and consequently the magnetic field 
outside the cylinder remains always zero. ‘Thus the field inside the cylinder 
under all deformations has to follow the deformed boundary—a situation which 
is the same as though the magnetic field inside is frozen in the medium of the 
cylinder. 

Next we consider the case when p,=1 and px, =0, the fluid cylinder behaves 
as a ‘superconductor ’, while the medium outside the the cylinder has a magnetic 
field H. So in the present case, we have from equation (3) 


a’xH?K,(x) 
SKy(x) ” 


which is just the expression obtained by Auluck and Kothari (1957) for the 
change in magnetic energy, when the magnetic fleld inside the cylinder is zero 
and has a value H outside the cylinder. In the problem studied by Auluck and 
Kothari (1957), the fact that the fluid of the cylinder is assumed to be infinitely 
conducting prevents the field outside the cylinder from ‘leaking ’ into the 
cylinder. In our point of view, we can treat this case as though the fluid of the 
cylinder is a ‘superconductor’, for in that case also the fluid cannot ‘leak’ into 
the fluid from outside. . | 
Lastly, we consider Simon’s (1958) problem when a uniform magnetic 
field H is present throughout the space and parallel to the z axis. ‘The change 
in magnetic energy in this case can be obtained as the sum of the changes in 
the magnetic energy when (i) the field inside the cylinder is H and vanishes 
outside and (ii) the field inside is zero and has a value H outside the cylinder. 
The values of the changes in magnetic energy in (i) and (ii) are just those given 


3F 


AM(0, 1)= 
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by equations (8) and (9) respectively. ‘Thus the change in magnetic energy of 
the cylinder due to deformation in Simon’s problem, which we denote by 
AMg, is given by Rene ee 
x Ae ae 
AM,;=AM(1,0)+AM(0, 1)= ar Ee r oH st Gahises (10) 
which is just the expression one obtains in the problem discussed by Auluck 
and Kothari (1957), if one put H, =A, in their notation. 


We are indebted to Professor D. S. Kothari and Professor F. C. Auluck 
for valuable discussions and comments. 
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Impurity Photoconductivity in n-type InSb 


It has been estimated that if the dominant impurities in n-type InSb behave 
like hydrogenic impurity centres then they should have an ionization energy 
of about 7 x 10-4 ev but in the presence of a magnetic field of about 2000 gauss 
this energy should be doubled (Yafet, Keyes and Adams 1956). However, 
unless the concentration of impurities is less than about 10 cm~* neighbouring 
centres will interact, reducing the ionization energy. With concentrations of 
about 1014cm~? the interaction is so large that no ionization energy is observed. 
Sladek and others (Keyes and Sladek 1956, Frederikse and Hosler 1957, Sladek 
1958, 1959) have observed that when material with about 10! impurities per cm? 
is placed in a magnetic field of 10000 gauss or greater the interaction between 
adjacent impurities is reduced sufficiently for an ionization energy to be observed 
by Hall effect measurements below 4°k. More recently somewhat purer material 
has been prepared by J. B. Mullin of this laboratory, which, although not sufficiently 
pure to remove completely interactions between impurities, does show an ionization 
energy with fields as low as 4000 gauss. 

Figure (1) shows Hall effect data for one of these samples. The results 
obtained at the lowest fields do not show an ionization energy but for fields 
between 4000 and 8000 gauss the carrier concentration falls as the temperature 
is lowered down to 1:8°K. Below 1:8°x the Hall effect tends to a constant value 
or passes through a maximum. ‘This could indicate either that there is still 
some interaction between impurities, giving impurity band conduction, or that 
surface conduction is present. The electron concentrations above 1-8°K were 
sufficiently small so that classical statistics were valid and, as a first approximation 
in analysing the results, the behavour below 1-8°x was ignored. In the presence 
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Figure 1. Hall coefficient of an n-type sample of InSb. Sample C158/84. 


of a sufficiently large magnetic induction B the conduction band will be split 
into a series of degenerate Landau levels (for a recent discussion of this behaviour 
see Kahn and Frederikse 1959). If the temperature is so low that the separation 
between these levels is large compared with kT and the sample is sufficiently pure 
that all the conduction electrons can be accommodated in the lowest level; then 
the relation between the carrier concentration n, the concentration of acceptors 
N, and the concentration N,, and ionization energy « of donors becomes 


Nytn)n een 
ve = (2nm*kT)!® S exp(—e/hT). 
This expression also assumes that the free electron concentration is sufficiently 
small that classical statistics may be used. ‘These conditions are easily satisfied 
byn-typeIn Sb witha total impurity concentration of about 10!4cm~3 at a tempera- 
ture of 4°K and in a magnetic induction of 3000 gauss or greater. 

Application of this expression to results similar to those shown in figure 
(1) shows that in this type of material N,, is about 3 x 10'4*cm~*, N,—N, about 
4x 1033 cm-3 and e varies from about 7 x 10~4 ev at 8000 gauss to 3% 10 ev-at 
4500 gauss. 

The values obtained for the ionization energies indicate that impurity photo- 
conductivity ought to be observed if this material were illuminated with radiation 
of up to a few millimetres wavelength. Moreover, the values of the magnetic 
fields required would not be so high as to make the application of this effect 
impracticable. | . : 

Photoconductivity has been observed using a cryostat fitted with a light-pipe 
so that a specimen could be illuminated with radiation of wavelength between 
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0-1 and 40mm. The sources of radiation were a mercury lamp and grating 
Spectrometer covering the range 0-1 to 1-4mm and a Philips DX151 klystron 
and harmonic generator operating at 2mm and 4mm. The light-pipe was 
fitted with a black paper filter at room temperature and a black polythene filter 
in the helium to remove short-wave radiation. 

The sample dimensions were 0-5 cm x 0:5 cm x 1:0 cm and indium electrodes 
were applied to opposite 0-5 cm x 1-0cm faces. The magnetic field was applied 
at right angles to the direction of current flow and of the incident radiation. The 
radiation was directed along the long direction of the sample. For the majority 
of these experiments the radiation was modulated at 800c/s and detected using 
a tuned amplifier and phase sensitive detector. 

When the temperature was reduced to below 1-:5°K and a magnetic induction of 
6-8000 gauss applied, the sample resistance was about 10-30kQ. The sample 
was able to detect the applied radiation, the minimum detectable energy per unit 
bandwidth being approximately 5 x 10-! w at 0-5 mm, 5x 10-1 w at 2mm and 
10- w at 4mm. 

Figure 2 illustrates the dependence of the effect upon magnetic induction 
and specimen current. Figure 2(a) shows that the effect is negligible for inductions 
less than 3000 gauss but it rises rapidly as the induction is increased above 4000 
gauss. Figure 2(b) shows that with the higher values of magnetic induction the 
effect at first increases linearly as the specimen current is increased, but at higher 
currents the effect passes through a maximum and it also appears that there is 
an optimum value for the magnetic induction of about 6000 gauss. ‘The 
behaviour shown in figure 2 (b) is thought to be associated with non-ohmic effects 
in high electric and magnetic fields which have been observed in specimens 
similar to the one used here. 

The modulation frequency of the radiation was varied between 16 and 1000 c/s 
and the performance was independent of frequency. This, together with the 
size of the sample and the fact that it was directly immersed in liquid helium, 
suggests that these results are unlikely to be due to bolometric effects. 

These results probably do not represent the ultimate performance obtainable 
since in the first place the sensitivity was limited by amplifier noise and secondly 
no attempt has been made to optimize the purity and size of the sample. 

It is a pleasure to acknowledge the valuable discussions I have had with Dr. 
G. G. MacFarlane and with Mr. V. Roberts. I also wish to thank Mr. W. E. 
Wilgoss, Mr. W. H. Mitchell and Mr. M. F. Kimmitt for their help in this 
work. This note is published by permission of the Controller, H.M. Stationery 
Office. 
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Catalytic Magnetization of Atomic Hydrogen i 


A source of magnetized (spin-oriented) protons to be fed into an accelerator 
would be a powerful tool for investigating nuclear forces, but devices sO far 
envisaged for this purpose use atomic beam methods with their attendant limi- 
tations of very low particle concentrations. In this note the following question 
is considered: is it possible to harness the high spin entropy of the ferromagnetic 
state to the magnetization of protons? Our starting point is the fact that hydro- 
gen is observed to stick tightly to many transition metals and tends to reduce 
their paramagnetic, or, as has been observed in the case of catalytic nickel, ferro- 
magnetic moment in the process (Selwood 1956); it seems likely that the electrons 
of these adsorbed atoms are pairing off the para- or ferromagnetic electrons in the 
metal. Suppose now that an adsorbed hydrogen atom gains enough energy to 
escape from a ferromagnetic surface: the atom is faced with two possibilities— 
either it carries off an electron with spin aligned against the ferromagnetic field 
direction leaving behind an oriented metal electron, or else it comes off with spin 
aligned in the field direction leaving behind an anti-oriented metal electron. But 
the latter possibility would cost extra energy of order kT, where 7, is the Curie 
temperature, so that if the desorption could occur thermally at temperatures of 
order T,, one would have a mechanism for magnetizing atomic hydrogen gas. In 
external magnetic fields of strength less than 100 oersted this electron magneti- 
zation would speedily be shared with the protons through the hyperfine coupling. 

The snag to this scheme lies in the large heats of binding observed for hydro- 
gen on pure transition metals, of order 90 kcal (mole-H)-1(~4ev per atom) 
assuming the hydrogen stuck on as atoms. At feasible temperatures only mole- 
cules will come off such a surface. ‘This note is built round the speculation that 
it may be possible to find or prepare a ferromagnetic surface which, while inter- 
acting electronically with adsorbed hydrogen so as to generate exchange energy 
of order at least kT, would nevertheless bind it weakly enough for there to be a 
good chance of it coming off as atoms. 

We proceed to estimate the temperature and pressure dependence of the 
hydrogen recombination rate on a surface under conditions that would allow 
surface-bound, and by hypothesis magnetized, hydrogen atoms to escape in 
practical amounts. 

For this purpose we consider a ferromagnetic surface on which there are a 
number of sites, of concentration o,°cm~*, which bind atomic hydrogen rather 
weakly with binding energy £,. On excitation with energy q, the bound atoms 
are assumed to enter a mobile layer on the surface, becoming magnetized in the 
process, in which they are free to move around as a two-dimensional gas. If 
this surface is exposed to a gas of hydrogen atoms (from, e.g. a radio-frequency 
plasma) of concentration mp) atoms cm~ they will stick on the surface with sticking 
coefficient (probability of sticking per surface collision) «. Atoms in the mobile 
layer will collide with atoms in bound sites and may recombine with them to 
form molecules, this process being assumed to take place over a mean reaction 


t One possibility might lie in ferromagnetic oxide surfaces, since it is known (Ehrlich 
1959) that although atomic hydrogen forms a tightly bound layer on varius oxide surfaces 
it does not seem to recombine on these surfaces so fast as in the presence of metals. There 


may therefore be some chance of adsorbing residual atoms fairly weakly on such a surface 
without losing them too quickly. 
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radius a, so that the probability per unit time for a bound atom to be absorbed 
by a mobile atom is of order da,o, where @ is the thermal velocity and o,, the 
occupation concentration for the mobile layer. (There will also be recombi- 
nation directly with gas atoms, but this can be neglected for finite binding energy 
of the mobile atoms.) We show that, provided E, is not too large, the chance 
per unit time for a bound atom to escape from the surface v, may be made greater 
than the chance for it to be swallowed up in a recombination process v, by suitable 
adjustment of temperature and pressure: under such conditions the adsorbed 
atoms form a quasi-equilibrium state so that their occupation concentration can be 
calculated from equilibrium theory, and v, follows from detailed balancing. At the 
low binding energies involved there is no risk of saturating the surface sites so that 
Boltzmann statistics apply. One then finds 
- 
pie aes SayeP Es MRT} sees (1) 
where 
a(T) = (h?/2MkT)!2 (M=mass of H atom), n(T)={4/(27)/a(T)}°. 
Assuming ap is of order 10-8cm, and relative to gas concentration 10'*cm~%, 
temperature 500°K, then 
50( 
es lr) (3) Beep AE ae) 200)F ) oe M0 cae 2) 
where the energy is measured in kcal mole~!. So for «~1, and provided the 
surface binding energy satisfies 


E,—4q < 10kcalmole* enw (3) 


the chance for a bound atom to evaporate before it recombines can be improved, 
as measured by (2), by reducing the gas pressure or increasing the temperature. 

For our surface to act as a fairly efficient magnetizing catalyst, atoms in the 
mobile layer should have a fair chance of being trapped at magnetizing sites 
before being demagnetized by thermal spin-lattice coupling, etc. Assuming a 
capture radius a, of order 10-*cm and a site density of 101*cm~’, the average 
lifetime of a mobile atom before capture (this turns out to be shorter than its 
lifetime before evaporation for quite small binding energy in the mobile layer—of 
order 1 kcal mole-) is of order (1/da,0,°)~10- sec. ‘This seems to be fairly 
fast compared with observed spin-lattice relaxation times (Bleaney and Stevens 
1953), and since demagnetization due to gas collisions is extremely slow (of order 
of fractions of a second at 1mm pressure) owing to the weak action of magnetic 
spin-orbit forces during collisions, the main demagnetizing process is likely to be 
that due to recombination, which on the catalyst surface can be controlled as 
discussed above. 

Thus, if it is possible to find a catalyst for which our assumptions can hold, one 
may be able, by using it in a suitable apparatus, to construct a device by which 
atomic hydrogen gas at relatively high pressures can be continuously magnetized. 


The author is grateful to Dr. D. Brennan fora very useful discussion and helpful 


comments. 


Department of Theoretical Physics, S. Doniacut 
University of Liverpool. 
7th June 1960. 


+ Now at Physics Department, Queen Mary College, London University. 
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CORRIGENDUM 


Compression Waves in a Plasma in a Magnetic Field, by N. ANDERSON (Proc. Phys. 
Soc., 1960, 75, 905). 


Equation (15) should be divided by k, the wave number. 
Equation (16) should be divided by gz. 


a? fy(z)eb, 


The last line on page 911 should read Ieee 
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REVIEWS OF BOOKS 


Electrolytic Solutions, by R. A. RoBiInson and R. H. Strokes. Pp. xv+559. 
(London : Butterworths Scientific Publications; New York : Academic 
Press, 1959.) 03s. 


Since its first appearance in 1958, this book has rapidly established itself as 
the standard work on the physical chemistry of electrolytes. The style is easy to 
read, and leads one comfortably and enjoyably into the study of aqueous ionic 
solutions. The present edition has been considerably extended, in particular the 
chapter on “the theory of diffusion of electrolytes, and of conductance and 
diffusion in relation to viscosity in concentrated solutions’. Much more also 
appears in this edition on the topic of non-aqueous electrolytes. ‘The book gives 
adequate accounts of work performed since the publication of the first edition, 
and a wealth of useful references is provided throughout the text. This edition 
is quite outstanding in its scope and coverage, and may be strongly recommended 
to physicists wishing to acquire a sound knowledge of the theory and practice of 
research into the properties of electrolytes. VoL Gre. 


The Structure of Electrolytic Solutions, edited by W. J. HAMER. Pp. xui+411. 
(New York : John Wiley; London: Chapman and Hall, 1959.) 148s. 
This is a report on a symposium on electrolytic solutions held in Washington 
D.C. in May 1957. The coverage of the 27 papers contained in this volume is 
very wide, ranging from dilute solutions through all stages of concentration to the 
pure ionic state. In many ways this constitutes an ideal companion volume to 
Electrolyte Solution by Robinson and Stokes, in that it extends in great detail 
many of the general topics mentioned therein. ‘T’he introduction by Walter J. 
Hamer gives an interesting account of the historical background to the subject, 
and paves the way for the highly specialized papers by many distinguished 
authors which follow. The value of this book lies in its wealth of ideas—which 
after all is what one should expect from the précis of a symposium. V. LITTLE. 


Wellen. Ein Lehrbuch der theoretischen Physik, by W. Macks. Pp. xiit+ 465. 
(Leipzig: Akademische Verlagsgesellschaft Geest and Portig K.-G,,'1958:) 
DM. 29.50. 

This textbook deals with the theoretical aspects of a wide range of wave 
phenomena encountered in many different branches of physics. It is divided into 
nine chapters, with the following headings : 1. oscillations; 2. systems of oscilla- 
tors; 3. waves on strings; 4. scalar waves (acoustics); 5. rays (short waves); 
6. transverse (electromagnetic) waves; 7. light propagation in matter; 8. theory 
of relativity; 9. systematic wave theory. 

Auxiliary mathematical techniques, such as Fourier series, Fourier trans- 
forms and four-dimensional vectors are also discussed, with a sufficient rigour 
not to offend the pure mathematician, yet not too pedantic for the purposes of the 
physicist. ‘There are numerous examples, and the solutions are provided in the 
final section. The printing is excellent and the main formulae are clearly 


displayed. 
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Wave motion is so basic a concept that a good textbook such as this, devoted 
entirely to the analysis of its many aspects is a welcome contribution to the 
physics literature. The book is clearly written and may be warmly recommended 
to University teachers and students, especially to those who specialize in 
theoretical physics. E. W. 


Radiation Biology (Proceedings of the Second Australasian Conference on 
Radiation Biology held at the University, Melbourne, 15th—-18th December 
1958), edited by J. H. Martin. Pp. xi+304. (London: Butterworths 
Scientific Publications, 1959.) 63s. 


Australia in terms of total population is still a small country. However, 
not only its standards of living but its scientific achievements are qualitatively 
very high, as illustrated by the letters after the name of Sir MacFarlane Burnet, 
O.M., F.R.S., who opened the Conference, of which this book is the printed 
proceedings. 

Australian scientists have only recently been able to turn their attention 
to radiobiology. Thus invited contributors from the United Kingdom 
(Dr. L. H. Gray and the reviewer) and from the United States of America 
(Dr. H. H. Vogel, Dr. I. I. Oster) provided a substantial proportion of the 
papers. What is important for review, however, is the work of the Australian 
Laboratories much of which might normally escape the notice it deserves when 
published only in Australian journals. 

Particularly meritorious are the reports by van den Brenk on radio- 
protective action of 5-hydroxytryptamine, and with Ruth Moore on the effects 
of respired oxygen on radio-protective action of certain amines; by Nossal 
(a name to follow as some horse-players follow jockeys) and Lois Larkin on 
immunological studies in lethally and sub-lethally irradiated animals; by 
Fraser and Hall on effect of x-irradiation on the mouse foetus; and by Jackson 
on the life span of mutagens produced in cells by irradiation. Metcalf (already 
with an international reputation) has a note on the effect of whole-body 
irradiation on thymus function and lymphocyte homeostasis and other short 
papers on the effect of irradiation on the problems of tissue grafting are given 
by Ilbery, Kent and Garvan et al. 

In the more clinical aspects the work of Shiels (some effects on lymphoid 
cells in occupational and accidental exposure to ionizing radiations) should be 
much more widely known than it appears to be: some of the work of Thomas, 
Oddie and Rundle on radioactive iodine, noted here, is already acknowledged 
elsewhere. 

Other work of general interest and importance to the radiobiologist in 
physical chemistry, radiochemistry, chemical synthesis on the one hand and on 
radioactive fall-out was also covered at the Conference. 

The organizer and editor, J. H. Martin, contributes with Miiller a paper 
on dosimetry (radiation quality and bone marrow dose in radiology). No 
one has given more thought and effort to this subject of extreme importance 
than Martin himself. 

Dr. Martin is to be congratulated not only on his personal effort, but, 
libraries should note, in making available to readers of English the output of 
a small but increasingly important focus of radiobiological research. 


JOHN F. LOUTIT. 
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Laboratory Instruments, 2nd edn, by A. EtLior and J. Home Dickson. 
Pp. xvi+514. (London: Chapman and Hall, 1959.) 55s. 


This is the second edition of a book first published in 1951: considerable 
revisions and additions have been made but the general outline has been kept 
constant. This is more restricted that the title suggests: it is almost entirely 
concerned with mechanical design and with optical instruments. The 
mechanical part is an admirable introduction to drawing office and workshop 
practices and to the properties of most of the important materials used in 
instrument construction, including some materials of quite recent introduction. 
There are sections on kinematic and other constraints, and chapters which 
amount to short monographs on antivibration mountings and on the magnification 
of small displacements. ‘The optical part contains very valuable collected 
information about optical materials, a fairly detailed account of optical workshop 
methods, and descriptions of a number of optical systems for special purposes. 
Some of these, and the interesting section on corrosion and protection of 
instruments, show the hand of designers of instruments for the Fighting 
Services. Very reasonably, optical design has not been treated in any general 
way, though a few special topics are discussed. In a future revision, the authors 
should take an opportunity to discuss in detail the setting up and squaring on 
of a train of optical components. This task falls on many workers who have 
never had to grind a lens, and I know of no full and easily available description. 

I think the decision to exclude electrical topics has been made much too 
rigid: in certain fields optical and electrical techniques are intermixed and 
there are sections of the book where fairly detailed optical descriptions give 
place suddenly to very sketchy accounts of closely connected electrical elements. 

The book will certainly be useful in institutions where instruments are 
occasionally designed for research applications and should be read by many 
recruits to the instrument making industries. H. J. J. BRADDICK. 


Physics and Electronics in Physical Medicine, by A. NIGHTINGALE. Pp. x+292. 
(London: G. Bell and Sons, 1959.) 30s. 


This textbook is written primarily for postgraduate medical students reading 
for a diploma in Physical Medicine, and for student physiotherapists. 

Part I, Fundamentals, includes chapters on the structure of matter, mechanics 
and hydrostatics, heat, radiations (visible, ultra-violet and infra-red), and 
electricity to the stage of simple valve circuits. Part II deals with the principles 
of the therapeutic uses of electric currents (d.c., low-frequency and high-frequency 
or diathermy), ultra-violet and infra-red radiations, and with the apparatus used. 
Part III contains eight appendices; one contains a revision of elementary 
mathematics, others more advanced theory and apparatus, and there is a summary 
of the electronic aids to diagnosis, electromyography and pulse stimulators. 

Previous books have been inadequate or inaccurate in their treatment of 
physical aspects of this subject, and Dr. Nightingale’s book will undoubtedly 
become a standard textbook. It will be welcomed by all physicists who teach 
undergraduate or postgraduate medical students, or medical auxiliaries. It is 
a valuable contribution to the better understanding and use of physical science 
in clinical medicine. 

The attempt to cover so much ground in a manner suitable for students of 
varying aptitude and knowledge has led to uneven treatment in Part I, and 
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students may find difficulty with some sections. Electron current has been 
used throughout, instead of conventional current, but it is questionable whether 
the small gain for the beginner balances the confusion of those who know the 
conventional rules: the author himself has mixed his conventions in diagrams 
of the electric motor and of experiments illustrating electromagnetic induction. 

The second part and most of the appendices are of a high standard. The 
text is well illustrated by line diagrams. J. MCKIE. 


The Many Body Problem, Report of the Summer School of Theoretical Physics, 
Les Houches, 1958, edited by Cféc1L—E Dewitt. Pp. xv +674. (London: 
Methuen; New York: John Wiley; Paris: Dunod, 1960.) £5. 


Every year a course for research students and workers in theoretical physics 
is held in the French Alps at Les Houches. This book represents the notes on 
the lectures which were given in the Summer School of 1958-when the topic of 
the course was the many body problem. It is perhaps no exaggeration to say 
that this is, in fact, the only problem in physics since matter in all its forms, be 
it nuclei or solids or liquids, consists of a number of elementary particles 
interacting together. ‘The techniques for dealing with these interactions when 
the system has a very large number of particles have had an explosive develop- 
ment over the last five years and a number of the theoretical physicists who have 
been prominent in this development have contributed in this volume. ‘The 
form of the contributions varies from extensive review articles, through résumés 
of published work to original papers—with one exception all are written in 
English. It can be argued with some reason that there are adequate journals in 
existence to deal with reviews and papers without the necessity of publishing 
special and expensive books in this form. There is an undoubted advantage in 
having the whole collection of papers in one book, but whether this and an 
elegant binding are worth an expenditure of five pounds will cause some heart 
searching. On the whole this is probably a book for libraries and serious workers 
in the field. 

The largest single contribution is appropriately that of K. A. Brueckner who 
reviews the perturbation theory methods he has largely developed for problems 
with a large number of particles, and discusses their application to nuclear 
matter, the electron gas, liquid *He and He. N.M. Hugenholtz contributes a 
long article on the approach to this perturbation theory associated with his 
name and van Hove’s. ‘There are shorter articles by D2 J Thouless. Barks 
Mottelson, V. F. Weisskopf and V. Strontinski on various aspects of nuclear 
matter. ‘The problem of superconductivity is discussed by J. R. Schrieffer 
who gives a restatement of the now famous B.C.S. theory and by S. T. Beliaev 
who reviews Bogolyubov’s somewhat different approach. E. A. Lynton con- 
tributes brief reviews of the experimental position in superconductivity and 
superfluidity. One further aspect of many body theory which receives full 
attention is the existence of collective motions and the attendant theoretical 
difficulties. D. Bohm appropriately provides an extensive review and D. Pines 
provides an up-to-date report on ‘ Electrons, plasmons and phonons.’ 

The other major topic of this volume concerns the thermal properties of 
such many-body systems and attempts to evaluate partition functions by 
techniques related to those discussed above. K. Huang provides an extensive 
discussion of his work with Yang and Lee on the hard sphere gas. Bloch and 
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de Dominicis contribute a paper on the Fermi gas in this context (in French 
and totally without references). The evaluation of partition functions has 
been developed even more over the last two years and it is interesting to note 
that the school of 1959 was devoted to this problem, and that we can look 
forward to another volume before long. Roll; ELUIOT@: 


Annual Review of Nuclear Science, Vol. 9, edited by E. Srcré and L. I. Scuirr. 
Pp. vii+625. (California: Annual Reviews, 1959.) $7.00 (U.S.A.), 
$7.50 (foreign). 

Scientific reviews may bring before the reader either a stop-press survey 
of a new and rapidly developing subject, or a more reflective account of a well- 
established branch of knowledge. The present volume of this excellent series 
contains articles of each type. A new area of physics, at least as far as the 
general scientific public is concerned, is reviewed by R. F. Post, who has been 
enabled by de-classification to write fully on ‘High ‘Temperature Plasma Research 
and Controlled Fusion’. This is a well-balanced and valuable article. Another 
new subject, also recently released in part from control, is ‘'Technetium and 
Astatine Chemistry’, described in full detail by E. Anders. It 1s unlikely that 
official control will ever have to be applied to strong coupling, and the article 
‘The Pion—Nucleon Interaction and Dispersion Relations’, by G. F. Chew, 
is an account of recent important advances (sometimes referred to modestly 
as ‘ conjectures ’) in this subject. ‘This is probably the first review of the recent 
work of Mandelstam, and although the article will be found difficult by many, 
it will convey at least the notion of the existence of poles in scattering amplitudes. 

There are several articles on more familiar subjects, in which a coverage of 
progress during the last five or six years is offered. D. H. Wilkinson, in an 
article which might be taken as a model for this sort of volume, shows how the 
independent particle model and the collective model contribute to our under- 
standing of nuclear photo-disintegration. Progress in calculation of the deuteron 
photo-effect is also reported. ‘The Annual Review welcomes a Russian author 
in L. Okun, who discusses the leptonic decays of elementary particles (° Strange 
Particles ; Decays’). Beta decay is a subject of long standing, and the reviews 
by E. J. Konopinski have contributed much to general knowledge of the 
phenomenon ; his latest article (‘ The Experimental Clarification of the Laws 
of 8-radioactivity ’) brings the subject up to date by inclusion of parity non- 
conservation and helicity experiments. 

The article ‘ High-energy Nuclear Reactions’ (J. M. Miller and J. Hudis) 
shows how the intense beams from high energy nuclear accelerators have 
permitted detailed studies of the phemonena giving rise to the cascade and 
evaporation particles of nuclear stars. It is perhaps surprising that anything 
remains to be said on the subject of ‘ Nuclear Fission’, but I. Halpern, in an 
expert and comprehensive article, shows how knowledge of the ratio of particle 
to fission widths has grown. Among the radio-chemical techniques used in 
high-energy fission and spallation work, solvent extraction is one of the simplest, 
most efficient and most versatile, and H. Freiser and G. H. Morrison contribute 
an interesting account of this subject. ‘ Advances in Electronics associated 
with Nuclear Research’ (H. W. Kendall) is another technical article, showing 
in particular how the transistor is improving the efficiency of counting and 
recording instruments. 
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Two articles (‘Fast Reactors’, by L. J. Koch and H. C. Paxton and 
‘Economics of Nuclear Power’, by J. A. Lane) are incursions into the vast 
territory of applied fission. They are written primarily from an American 
point of view ; little mention is made of experience in the United Kingdom 
on generation of electricity from nuclear fuel. The volume concludes with 
three biological articles (‘ Vertebrate Radiobiology ’, by R. Rugh, * Biochemical 
Effects of Ionizing Radiation’, by Margery G. Ord and L. A. Stocken and 
‘Cellular Radiobiology’, by K. C. Atwood). Of these articles, the first, on 
embryology, shows how a biological subject can be made readable and interesting 
even toa physicist ; the other two demand expert knowledge for full appreciation. 

The reader may well put down this volume with the feeling that all branches 
of nuclear science are either enormously extensive or excessively obscure. 
In this he is probably correct, but such a conclusion should not lessen his debt 
of gratitude to the editors of this series and to the authors of this volume for 
their endeavours to ease his task of self-education. W. E. BURCHAM. 


Handbuch der Physik, Vol. VUII/1 Fluid Dynamics, edited by S. FLUGGE and 
C. TRUESDELL. Pp. vi+471. (Berlin, Gottingen, Heidelberg: Springer, 
19592), DIM A32 


This volume contains four articles: (1) Physical principles of fluid mechanics, 
by K. Oswatitsch (in German); (ii) Mathematical principles of classical fluid 
mechanics, by J. Serrin (in English); (ii) Laminar boundary layers, by 
L. Howarth (in English); and (iv) Transition to turbulence, by H. Schlichting 
(in German). 

The first article is a rapid survey of the whole subject. ‘The treatment is 
macroscopic, compressibility is included, and the fluid is assumed to have a 
thermodynamic equation of state. Electromagnetic and diffusion phenomena 
are not included. The mathematical theory is developed with a gratifying 
degree of rigour and clarity as far as is necessary for an understanding of the 
physical phenomena which are illustrated by photographs and diagrams. This 
article gives a very good idea of the spirit of viscous-fluid mechanics. 

The second article treats the rigorous derivation of equations of motion 
from clearly stated principles, and the mathematical properties of their solutions. 
This is valuable because at present we believe that the Navier-Stokes equations 
(based on Newtonian viscosity) describe many phenomena adequately, though 
more evidence would be desirable. Much of the material was new to the 
reviewer. 

The third article is a review article. As is well known, fluids of small 
viscosity are nearly free from vorticity except in certain narrow boundary 
layers (e.g. near solid walls) where the effect of viscosity may be important. 
Approximate equations for the flow in boundary layers can be obtained, and 
there is an extensive theory of their solutions. The theory of the laminar 
boundary layer for incompressible two- and three-dimensional flow is reviewed. 
The effects of compressibility, various aspects of shock-wave boundary-layer 
interaction, and the limitations of the boundary-layer approximation are 
discussed. 

The last article is a general survey of hydrodynamic stability in both its 
theoretical and experimental aspects. The emphasis is on stability to infinitesimal 
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disturbances. (Little is known about finite disturbances.) Many results. 
of recent work are presented clearly and attractively. 
This volume is a worthy contribution to the new Handbook of Physics. 
F. URSELL. 


Physico-Chemical Measurements at High Temperatures, edited by J. O’M 
Bocxris, J. L. Wuire and J. D. Mackenzie. Pp. viii +394. (London: 
Butterworths Scientific Publications; New York: Academic Press, 1959: 
75s. $13.50. 


This book is a compilation by some twenty contributors who have been 
engaged in the measurement of certain properties of matter in the temperature 
range of 500°c to 2500°c. The first part discusses the ways of attaining, measuring 
and controlling these temperatures as well as a description of the relative stability 
of a large number of refractory materials. The remainder of the book gives a 
survey of methods for measuring a number of quantities at these experimentally 
difficult temperatures, for instance, phase and chemical equilibria, surface 
tension, ultrasonic velocity, diffusivity in liquid systems and viscosity. The 
contributors do not attempt to describe the methods in detail but refer freely to. 
the original papers. What they have done is to assess critically the relative 
merits of the methods and to indicate the special difficulties which are met in 
measuring quantities at these high temperatures. Most of the chapters. 
emphasize the importance of the art of compromise in the design of such experi- 
ments in which many conflicting factors have to be considered which do not 
worry experimenters who are concerned with measurements at lower tempera- 
tures. The book serves the useful purpose of bringing together for the first 
time the widespread literature upon this increasingly important subject. 

The reviewer believes that this book would be extremely valuable for people 
interested in measurements at high temperature, especially those who are involved 
in the design and execution of such experiments. T. EVANS. 


Wilhelm Conrad Réntgen und die Geschichte der Roéntgenstrahlen, 2nd Edn, by 
O. Grasser. Pp. xii+381. (Berlin, Gottingen, Heidelberg: Springer, 
1959.) DM. 58. 

Die Fernrohre und Entfernungsmesser, by A. KOn1iG and H. KOHLER. Pp. 
viii +475. (Berlin, Gottingen, Heidelberg: Springer, 1959.) DM. 88. 
Physique et Technique des Tubes Electroniques, by R. CHaMPEIX. Pp. xvi +427. 
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Studies in Theoretical Physics, Proceedings of the Summer School of Theoretical 
Physics held at Mussoorie, May 1959. Parts 1 and 2. (New Delhi: 
Government of India, Ministry of Scientific Research and Cultural Affairs, 
1960. 

Rene Vol. 1, Part 3, August 1958. Pp. iv+36. DM. 5.40. Vol. 1, 
Part 9, December 1959. Pp. iv+48. DM. 9.90 (Berlin, Gottingen, 
Heidelberg: Springer.) 
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X-ray Attenuation Coefficients from 10 kev to 100 Mev, by ROSEMARY is 
McGinniss. Supplement to N.B.S. Circular 583. Pp. 12. (Washington: 
U.S. Government Printing Office, 1959.) 15 cents. 

Optics and Spectroscopy, translation of Optika 1 Spektroscopiya, Vol. 6, No. i 
January 1959. Editor S. E. Frisn. Pp. iv+84. (Mass.: Optical Society 
of America.) $3.00 per copy, $25.00 per year. 

Quantum Particle Dynamics, 2nd revised Edn, by JAMEs McConnegeLL. 
Pp. xi+266. (Amsterdam: North Holland, 1960.) 40s. 

The Theory of Homogeneous Turbulence, by G. K. BatcHeLor. Pp. xi+197. 
(London: Cambridge University Press, 1959.) 18s. 6d. 

A Simple Approach to Electronic Computers, by E. H. W. Hersee. Pp. viii + 104. 
(London, Glasgow: Blackie and Son, 1959.) 12s. 6d. 
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J. V. DuNwortH. Pp. iv+104. (New York, London, Paris, Los Angeles: 
Pergamon Press.) £7 per volume. 
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Press; London: Oxford University Press, 1960.) 40s. 
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Figure 1. Slab domains parallel to the rolling direction in a grain which has a perfectly 
oriented (100) surface. 
Figure 2. Grain with main domains magnetized along the [010] and [010] directions. 
Figure 3. Grain boundary between two (100) surfaces. "The formation of fir-trees in the 
upper grain shows it to be oriented at a small angle to a (100) surface. 
Figure 4. Slab domains and spikes of reverse magnetization in a grain with (110) surface 
orientation. 


Long arrow indicates rolling direction in all figures. 
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Figures 5 and 6. Domain patterns showing the development of the fir-tree structure on 
surfaces which are misoriented with respect to a (100) surface. 

Figures 7 and 8. Development of the ‘ comb’ pattern on surfaces w 
a (100) surface by rotation about the rolling direction, >, 

Figure 9. Band structure across several grains. 

Figure 10. Enlarged portion of the band structure. 
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Figure 11. Maze patterns on strained surface of the single crystal. 

Figure 12. Zigzag walls on the (100) surface of the single crystal. 

Figures 13 and 14. Band structure at the edge of the strained single crystal. 
Figures 15 and 16. Patterns on the annealed cube-textured specimen. 
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Abstract. At high temperatures, the electric strengths of the alkali halides appeat 
to decrease rapidly with rise in temperature. This behaviour is qualitatively 
similar to that predicted by Frohlich’s high temperature theory of breakdown. 
It can also be explained in terms of space charge and thermal effects due to the 
transport of ions and therefore speculation exists about the operative mechanism. 
The ionic conductivity of alkali halide crystals depends upon the amount of bivalent 
impurity they contain. ‘This fact has been used to determine the influence of 
1onic conductivity upon the electric breakdown of KCl and NaCl. No evidence 
is provided to support Frohlich’s high temperature theory, the observed negative 
temperature coefficient of KCl being attributed to ionic phenomena. Changes 
of up to sixtyfold in the ionic conductivity of NaCl did not influence the impulse 
electric strength of this material except at temperatures below about —50°c, 
when the effect of increased conductivity was to increase the electric strength. 


§ 1. INTRODUCTION 
"| ens is some evidence (Whitehead 1951) of a relationship between 


temperature and electric strength for the alkali halides that consists of two 
parts. With rise in temperature the electric strength increases slowly until a 
value T. is reached, between about 100°c and 200°c, but with further rise in 
temperature the opposite effect appears to take place and the electric strength 
decreases relatively rapidly. This behaviour is in qualitative agreement with that 
predicted by the theories of breakdown due to Frohlich (1939, 1947) but the 
decrease in electric strength at high temperatures can also be explained in terms of 
space charge formation and thermal effects arising from the ionic conductivity. 
Speculation therefore exists about the operative mechanism. 
In the past, evidence of the above ionic effects has been sought by comparing 
values of electric strength obtained by using impulse voltages of widely differing 
durations. According to Fréhlich’s high temperature theory the time lag in 
breakdown is entirely of a formative kind and is not likely to exceed about 10st nec 
(Frohlich and O’ Dwyer 1950). The duration of the impulse should not influence 
the measured value of electric strength provided it exceeds this value. On the 
other hand, if conditions permit the formation of ionic space charges, or if thermal 
breakdown can occur, the measured values of electric strength will decrease as the 
time of application of voltage, or the ionic conductivity, isincreased. 
The results of experiments carried out in relatively recent years using various 
alkali halides at temperatures above 7’, are conflicting. Alger and von Hippel 
(1949) obtained an impulse effect using KBr, while Inuishi and Suita (1953) have 
observed an effect with KCl, but this was not confirmed by Calderwood and 
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Cooper (1953). Whether or not this difference arose from differences in the 1onic 
conductivity of the crystals cannot be said because information has seldom been 
given about this property of the specimens. 


§ 2. METHOD 


The temperature range in which measurements of electric strength are generally 
made lies in the ‘structure sensitive’ region of ionic conductivity. In this region 
the ionic conductivity of the alkali halides can be increased by an order of magni- 
tude or more by the addition of suitable bivalent impurities in quantities amounting 
to not more than one per cent (Seitz 1954). In the present investigation use is 
made of this fact and we have determined the effect upon electric strength at tem- 
peratures between — 195°c and + 220°c of adding cadmium to sodium chloride and 
lead to potassium chloride. 

Each crystal was grown from the melt by withdrawing a seed crystal at the 
rate of approximately 2 cm per hour, the parent salt being of analar quality and the 
added cadmium chloride or lead chloride being of the purest quality available. 
Chemical analyses of a number of crystals showed that the impurity concentration 
was constant to well within 5° throughout the length of the crystal, provided not 
more than about two thirds of the melt was used. Consequently groups of speci- 
mens could be prepared for electric strength investigation with practically the 
same impurity content and it was not necessary to analyse each specimen. 

The present investigation is one of a series concerned with the electric break- 
down of alkali halide crystals and experimental techniques have been standardized 
as far as possible with those described by Calderwood, Cooper and Wallace (1953) 
and Cooper, Grossart and Wallace (1957). ‘The recessed specimens were all 
annealed and colloidal graphite electrodes were applied to the polished surfaces. 
Unless otherwise stated the voltage wave was a 1: 8000 psec impulse and a series 
of waves of increasing amplitude was applied to each specimen until it broke down. 
The voltage increment was 4°%. Each wave was recorded oscillographically and 
the time lag to breakdown (Cooper and Grossart 1956) was measured from the 
peak of the wave. ‘The voltages at successive instants of time from the peak of a 
1: 8000 psec wave are constant to within 1 °% for about 50 psec and as the majority of 
time lags recorded were less than this, the waves can be regarded as ‘ flat topped ’ 
ones. 

To determine how the ionic conductivity was influenced by the impurity in 
the temperature range 100 to 250 °c planar specimens were used which were 
annealed and polished. Electrodes of either evaporated gold or colloidal graphite 
were applied to the polished surfaces. During the measurement the specimens 
were immersed in a bath of silicone oil and the temperature was constant to within 
+0-3°c at all temperatures in the range of the measurements. The maximum 
field strength applied to the specimens was 15kvcm~1. When higher fields were 
used there occurred self heating with NaCl and polarization with KCl. 


§ 3. RESULTS 
3.1. Electric Strength of Potassium Chloride 
Previous experiments (Cooper, Grossart and Wallace 1957) using 1:50 psec 
and 1:5000 psec impulses have shown that the rate of decrease of electric strength 
with rise in temperature beyond 7, is greatest for specimens in which the field is 
applied in the (111) direction. Therefore only specimens of this kind were used 
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in the present investigation. Initially experiments were carried out to determine 
whether the value of T; obtained for pure specimens was affected by changing the 
impulse wave form from those quoted above to a 1: 8000 usec wave. The results 
obtained by testing groups of between 15 and 20 specimens at temperatures up to 
150 °c confirmed those of the previous investigation and the combined results are 
plotted in curve a of figure 1. At each temperature the spread in values of electric 


@ Pure 

©) 0-009 mole % Pb/K 
(&) 0.022 mole % Pb/K 
® 0.02 mole 7% Ag/K 
YY 007 mole %Pb/K 


Electric Strength (MV cm") 


-200 -100 0 100 200 
Temperature (°C) 


Figure 1. The electric strength of KCI—PbCl, mixed crystals. 


strength is indicated and also the number of specimens tested at that temperature. 
Reasons certainly valid below 7 have been given previously (Cooper, Grossart 
and Wallace 1957) for attaching most significance to the low values ina group, and 
consequently the curve connecting electric strength with temperature has been 
drawn through the minimum values. Similar results obtained by testing speci- 
mens with concentrations of 0-009 mole % and 0-022 mole °% of lead are plotted 
respectively in curve 6 and curve ¢ of figure 1. A comparison of the three curves 
demonstrates the appreciable influence of lead impurity on the value of T¢. 
This was depressed from about 110 c to about — 60 °c by the addition of 0-009 % of 
lead, and to about — 120 °c by the addition of 0-022 °% of lead. Measurements made 
at —195°c and +100°c with specimens containing 0-02°% of silver showed that 
T< is not greatly affected by small quantities of univalent impurity. The results 
are also illustrated in figure 1. At 100 c the minimum value of electric strength 
was about 10° lower than the value expected for pure crystals. ‘This could have 
arisen from a reduction in 7’. of about 10°c, due to the addition of silver. This 
change is insignificant when compared with that of more than 200°C caused by the 
addition of an approximately equal amount of lead. Finally in figure 1, curve d, 
are plotted the results of measurements made using 0-5: 5 wsec impulses to break- 
down specimens containing 0)-07%, of lead. These measurements were made 
during an investigation of factors influencing the discharge track direction. The 
specimens were of the (110) type but the available evidence (Cooper, Grossart 
and Wallace 1957) shows that 7’. does not depend on the direction of the applied 
field. ‘The use of short duration impulses suppressed the mechanism responsible 
for the fall in electric strength with rise in temperature beyond T°. 

In the present investigation four sets of comparable values of electric strength 
were obtained at liquid nitrogen temperature, namely those for pure specimens, 
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and for impure specimens containing respectively 0-009 % of lead, 0-022 % of lead 
and 0:02°% of silver. They show that such small amounts of impurity have little 
influence on the electric strength at this temperature. It follows that their 
presence did not significantly increase the probability of electron scattering at 
low temperatures and the theoretical investigation of Frohlich (1941) provides no 
reason for expecting a different effect at higher temperatures. 


3.2. Electric Strength of Sodium Chloride 


The results obtained with sodium chloride are plotted in figure 2. On this 
diagram curve a refers to nominally pure specimens and it is based on the combined 
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Figure 2. The electric strength of NaCl—CdCl, mixed crystals. 


results of the present investigation and the preceding one in which 1: 5000 psec 
‘waves were used (Cooper, Grossart and Wallace 1957). In contrast with the 
nominally pure specimens of KCl there is little evidence of a transition in the 
slope of the curve at temperatures between —200°c and +200°c. The effect of 
0-096 °% of cadmium impurity is illustrated by comparing curve a with curve b. 
In figure 2, at —195°c and at + 150°c are also plotted values of electric strength 
corresponding to specimens containing 0-005 % of cadmium, and values are given 
for specimens containing 0-04°% of cadmium at —195°c and at +100°c. The 
duration of the impulse appears to have little influence. Specimens containing 
0-096 °° cadmium and broken down with 0-5 : 5 usec waves yielded similar values of 
electric strength to those obtained at the same temperature of 150°c using speci- 
mens containing 0-005 % of cadmium and tested with 1: 8000 usec waves. 

The addition of cadmium to sodium chloride produced no effect on the electric 
strength at high temperatures but at low temperatures it caused an increase in this 


quantity. ‘This result is in strong contrast with the effect of lead on the electric 
strength of KCl. 


3.3. Time Laps 


At each temperature below T¢ the distribution of time lags for potassium 
chloride was represented approximately by the formula N,=N, exp (—t/7) 
where No is the total number of time lags observed, N, the number exceeding 
t usec and 7 is a constant, about 4 sec in magnitude for pure specimens and about 
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7 usec for specimens containing 0-022 mole of lead. At temperatures beyond 
T. but on the knee of the curve relating electric strength to temperature, the 
average time lag increased with rise in temperature and the distribution of time 
lags differed appreciably from that stated above. The effect is illustrated in figure 
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Figure 3. Time lag distributions for crystals of KCI-0-022 mole%, Pb/K. 


3 which refers to specimens containing 0-022°% of lead and for which T¢ is about 
—120°c. 

The distribution of time lags observed with NaCl did not change appreciably 
with rise in temperature and in all cases was approximately of the form 
N,=N, exp (-t/r). At 220°c, the highest temperature used, the voltage across 
many of the specimens did not collapse instantaneously at breakdown. Evidence 
was provided of the flow of appreciable current that increased with time during the 
period of about 3 sec preceding breakdown. This effect was exhibited by about 
80% of the pure specimens and a slightly smaller proportion of the impure ones. 
No specimens of KCl exhibited this effect at temperatures below the appropriate 
value of T;. At temperatures just above 7. it was present in the breakdown of an 
occasional specimen but with increase in temperature the phenomenon became 
more frequent and at 220 °c it occurred with 70%, of the pure specimens. ‘lhe time 
to breakdown for specimens exhibiting pre-breakdown current did not depend 
appreciably on temperature, time lags of a few microseconds duration being 
observed both at —74°c and +220°c. 


3.4. Lonic Conductivity 


The connection between impurity concentration and the ionic conductivity of 
the crystals remains to be stated. The law relating specific conductivity o with 
temperature J in the range of 100°c to 250°c was determined by obtaining groups 
of between 6 and 12 specimens from three or four separate parent crystals each of 
the same impurity concentration. The law for both pure and impure specimens of 
KCl was o=a exp (—b/T) mho cm“ where a and 5 are constants and T is the 
temperature in degrees K. ‘The constant b did not vary appreciably from specimen 
to specimen in a group nor did it depend on the impurity concentration. The 
value was 11100+7%. On the other hand, the constant a varied appreciably 
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specimen by specimen and the average value increased with the concentration of 
lead. The values of a obtained from ten nominally pure specimens ranged from 
3-3 to 81-2 and the average value was 39-6. Corresponding values obtained froma 
group of six specimens containing 0-022 % of lead ranged from 93-5 to 955 and the 
average value was 347. Considerable error may exist in the determination of the 
constant a because of the limited range of temperature in which measurements were 
made but the values of a and b quoted above give an adequate indication of the 
specific conductivity of the specimens when they are inserted in the above 
equation. Measurements made at 150°c indicated that the average conductivity 
of groups of specimens containing 0-009 %, 0-022 %, 0-037 %, 0-071 % and 0-125 of 
of lead were respectively 4, 9, 13, 22 and 32 times the average conductivity of a 
similar group of pure specimens. 

The behaviour of sodium chloride was qualitatively the same as that of potassium 
chloride but certain differences in detail were observed. First, with many speci- 
mens the slope of the straight line relating log o with 1/7 was appreciably smaller 
at temperatures below about 190°c for pure specimens, and below about 130°c for 
impure ones, than it was above these temperatures, average values for the con- 
stant b being respectively 8800 and 12900. In contrast with KCl the constant 5 
varied appreciably from specimen to specimen, the effect being greatest with the 
pure specimens, and with, these it ranged from 10400 to 17000 at temperatures 
greater than 190°c. The range of values for the constant a was from 46-0 to 
100 000. 

The average conductivity at 220°c of groups of specimens containing 0-005 %, 
0-038 % and 0-096 % of cadmium were respectively 4, 20 and 60 times the average 
conductivity of a similar group of pure specimens. Although considerable spread 
existed in the conductivity of members of each group, the above figures, together 
with similar ones quoted previously for KCl give an adequate indication of the 
probable connection existing between impurity concentration and ionic conduc- 
tivity for the kinds of specimens used in the electric strength investigations. 


§ 4. DiscussIon 


The transition occurring at 7, in the behaviour of the electric strength of 
KCl with respect to increase in temperature cannot be explained in terms of 
Frohlich’s high temperature mechanism of breakdown. This follows from the 
manner in which the electric strength and the time lag in breakdown vary with 
increase in temperature. According to Fréhlich’s theory the electric strength E 
is related to the temperature T by 


log E= constant + AV /2kRT 


where AV is the spread of impurity levels just below the conduction band, R is 
Boltzmann’s constant, and T is the temperature in degk. When the values of 
electric strength shown in figure 1 at temperatures above 7, are plotted according 
to the above equation the linear relation is not obeyed. A casual inspection of 
figure 1, curve c, is sufficient to show that the electric strength does not decrease 
rapidly enough at the higher temperatures to obey an exponentiallaw. Neverthe- 
less when the best straight lines are drawn, values for AV of 0-24 ev, 0-08 ev, 
0-03 ev are obtained from curves a, 6 and c respectively. These values are im- 
possibly low for a material that is an insulator at room temperature. On the 
basis of Frohlich’s theory it is possible to account for the existence of time lags in 
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breakdown of about a microsecond by assuming the existence of deep traps 
(Simpson 1949) but time lags due to this mechanism decrease with rise in tempera- 
ture. ‘The opposite etfect was observed. 

The effects observed with KCl are clearly associated with the bivalent impurity 
because no significant change in electric strength or in the value of 7 or in the law 
governing the distribution of time lags was caused by the addition of univalent 
silver. In the alkali halides at temperatures below about 500°c the ionic con- 
ductivity is due to the transport only of positive ions. Tonic space charge may 
accumulate when the rate at which ions are transported through the crystal 
exceeds the rate of their discharge at the electrodes. When this occurs the initially 
uniform electric field is distorted until either equilibrium is re-established or 
disruption occurs. We assume here that breakdown will occur when the electric 
field throughout a small volume of the specimen becomes equal to or exceeds the 
intrinsic electric strength. When breakdown is conditioned by the formation of 
ionic space charge a time lag must exist between the application of a constant 
voltage and disruption of the specimen in order to permit the build up of space 
charge. This time lag must be added to any other lag involved in the more 
fundamental processes leading to intrinsic breakdown and its duration must 
decrease as the voltage is increased, and also as the ionic conductivity is increased, 
if all other factors are constant. When the impulse duration is long and sufficient 
to permit the formation of space charge, we expect the measured values of electric 
strength to decrease with increase in the ionic conductivity, 1.e. with rise in tem- 
perature or with increase in the concentration of impurity at a fixed temperature. 
The behaviour of KCl at temperatures above T¢ exhibits these characteristics and 
the changes that occurred in the behaviour of the material as the temperature 
increased above the appropriate value of T¢ are attributed to the onset of space 
charge conditioned breakdown. The temperature 7, is the highest temperature 
at which the rate of discharge of ions at the cathode exceeds their rate of transport 
through the crystal. The random distribution of time lags at higher temperatures 
is probably explained by the fact that appreciable differences exist in the ionic 
conductivity of apparently similar specimens and therefore in the time taken for the 
build up of space charge. 

In the case of sodium chloride the effect of increasing the ionic conductivity 
was opposite to that observed with KCl. At high temperatures a sixtyfold increase 
in the ionic conductivity did not influence the electric strength but at — 195 "c the 
minimum value was increased by about 30%. ‘This effect is similar to that ob- 
tained when dipolar groups are added to non-polar polythene (Whitehead 1951) 
the rise in electric strength at low temperatures being attributed to the presence 
of the dipolar components. A similar explanation may apply in the case of the 
impure NaCl crystals in which structural components of a dipolar character are 
believed to exist. ‘These consist of a Cd?+ ion in association with a lattice defect 
consisting of a missing positive ion (Seitz 1954). There is some evidence of a 
similar effect with KCl, for when the results of figure 1, curve d, which were 
obtained using (110) specimens containing 0-02 mole °%, of lead, are compared with 
the results obtained by Cooper, Grossart and Wallace (1957) using pure (110) 
specimens there is seen to be proportionately a greater increase in electric strength 
at —195°cthanat +20°c. This cannot be explained in terms of voltage overshoot 
since the average time lag does not depend very much on temperature below 7’; and 
the fact that the slope of curve d is similar to that of curve a, which refers to pure 
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specimens, indicates that the 0-5: 5 usec impulses were short enough to suppress 
ionic phenomena. 

The cause of the pre-breakdown current observed with specimens of KCl at 
temperatures above 7’, and with many of the specimens of NaCl at 220 c is not 
known. It does not appear to be a simple case of thermal instability. This 
follows from calculations of the time tm taken to reach melting point 7, assuming 
a uniform field E of 10°vcm~ is applied to specimens possessing conductivity 
constants equal to those determined by the measurements described in $3.43 
When pre-breakdown current was observed the specimen usually disrupted 
within a few microseconds after application of voltage. ‘The heat lost by con- 
duction in this time is very small and if it is ignored the time to reach melting point 


is AY iad (eck eat 
tm= Fa | ao exp (3) Gaile 


In this equation, S is the specific heat, 6 is the density, a and b are the constants in 
the law relating conductivity with temperature (degk). The changes occurring in 
these constants at temperatures above about 500°c, due to the conductivity 
ceasing to be ‘structure sensitive’, can be ignored because the calculation shows 
that 90% of tm is the time spent in raising the temperature through the first 100°K 
from T,. The definite integral can be evaluated by use of 


| exp (*) g,_ EXP (*) |, | em). 
yn x it 
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When x(=b/T)> 1, a very good approximation is provided by: 


tm = oes (1 ae =") exp (x) : 
E?a b b ik 

The calculated values of tm for the pure specimens referred to in § 3.4 ranged from 
about 1 msec to about 20 msec, assuming the initial temperature to be 220°c. 
At this temperature the measured time to breakdown was a few microseconds and 
the calculations are in error by factors of between 10? and 10°. For impure 
specimens, calculated values of tm are smaller than the above values but not 
significantly so. In this calculation we have used conductivity constants obtained 
by assuming uniform distribution of current through the specimens and also we 
have assumed that the constants do not depend on the electric field. Both 
assumptions may have led to an over-estimation of tm. It is possible that paths of 
high conductivity exist through the crystal, provided perhaps by mosaic boundaries 
for which the values of a are relatively high and the values of b are relatively low. 
However, the measured values of tm were not very sensitive to temperature. 
Occasional specimens of impure KCl exhibited pre-breakdown current at —74°c 
and for those specimens the time to breakdown was only afew microseconds. The 
calculated values of ty; are insensitive to temperature when the value of b is about 
1000 or less and using this value for b, the constant a must be about 10-3 in order 
to yield values of a few microseconds for tm. This low value of a does not seem 
likely. At —74°c about a week would be required to melt a specimen, subject to 
the assumption made above. 

The ionic conductivity has throughout been assumed independent of electric 
field. According to the current theory of ionic conductivity (Mott and Gurney 
1948) the mobile ions migrate from one position in the lattice to another by jumping 
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over a potential barrier and Ohm’s law is obeyed if eXa <RT, where eis the electron 
charge, E the applied electric field, a the distance between adjacent lattice points, 
and k is Boltzmann’s constant. This condition does not hold when fields of 
about 10*ycm~ are applied to alkali halide crystals but the error involved in 
extrapolation amounts to only about 5°. We have made measurements using 
rectangular impulses of 1/24sec in duration and Ohm’s law was obeyed in fields 
up to about 0:3mMyem-!. With stronger fields it is difficult to avoid thermal 
effects. We know of no convincing evidence in support of the view that the 
conductivity of alkali halide crystals depends on the field applied. 

This investigation has provided a way of reconciling the differing results 
obtained above 100°c by various investigators using apparently the same material. 
There is no information about the conductivity of the specimens used in most 
previous investigations but this could have varied appreciably because of the 
sensitivity to bivalent impurity. Most work prior to about 1950 was carried out 
using steady or power frequency voltages and it is almost certain that either 
thermal or space charge effects influenced the measurements above 100°c:" On 
the other hand because of the statistical time lags, measurements made using 
linearly rising voltage waves about 10~®sec or less in duration are likely to have 
yielded high values of electric strength because of voltage overshoot. 

No evidence is provided to modify, on account of space charge effects, the 
view previously expressed that below Tc the wide spread in values of electric 
strength, obtained from apparently similar specimens (Cooper, Grossart and 
Wallace 1957) is due to structural variations caused by mechanical treatment. 
The significant values of electric strength are the low ones provided the experi- 
ments are performed competently. 
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Abstract. A pulse method, developed for the study of effective mobility in 
insulating solids, is applied to evaporated specimens of vitreous Se. Charge 
carriers are generated near the top electrode by a 13 mpsec electron pulse and 
drift across the specimen in a pulsed applied field. The transit time of holes is 
measured with improved electronic apparatus having a bandwidth of 27 Mc/s. 
At 20°c the effective hole mobility y lies between 0-13 and 0-14 cm?sec"1v?. 
The temperature dependence of u shows that it is controlled by a level of acceptor 
states lying «=0-14 ev above the valence band. The values of y and « are in close 
agreement with those found for single crystals of hexagonal Se which suggests 
that the centres controlling are common to both forms of Se. It is concluded 
that the hole conduction is determined by the short range order within the Se 
chain itself or in close proximity to it. The carrier density, however, depends on 
the arrangement of the chains inthe solid. From x-ray data the density of acceptor 
states is estimated as 10°°cm~%, giving a value of about 60 cm?sec~!v~ for the 
microscopic mobility. 


§ 1. INTRODUCTION 


ELENIUM possesses a number of unusual electric and optical properties 
which do not seem to fit into the framework of normal semiconductor 
theory and for which a satisfactory explanation has not yet been found. In 
particular, it has been shown that in both single crystals and microcrystalline 
specimens of hexagonal Se the hole mobility increases with temperature and is 
controlled by an activation energy ; the carrier concentration, on the other hand, is 
almost independent of temperature. 
Little is known about the insulating amorphous (or vitreous) modification. 
In this paper an investigation of the hole mobility and its temperature dependence 
in this form of Se is described. ‘The experimental method, now being developed 
for the study of effective mobility in a wider range of insulating solids, is in principle 
the same as that used previously for the measurement of electron mobility (Spear 
1957). However, the transit times of the generated holes are far shorter than 
those of electrons, and considerable improvements in the apparatus, described in 
§2, were necessary before reliable measurements could be made. 
The results are in surprisingly close agreement with those for single crystals 
of the hexagonal modification. This suggests a conduction mechanism common 
to both forms which is discussed in § 4 in the light of recent x-ray studies. 


§ 2. EXPERIMENTAL METHOD 


As the experiment was based on the assumption that the excitation pulse is of 
much shorter duration than the transit time, it was found essential to improve the 
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method of pulse formation. ‘The thyratron used previously was replaced by the 
high speed relay M+ (figure 1), which discharged the open ended delay line DL 
with a rise time of about 1 mpusec. A connecting line CL fed the pulse into its 
characteristic impedance connected inside the electron gun between grid G and 
filament F. The gun was normally biased off by the battery B. In most experi- 
ments.a delay line of 1-5m length was used, giving a pulse length of 13 mpsec. 
The relay M was energized by the mains through a high tension coupling con- 
denser connected to the amplifying and squaring unit A. ‘The amplitude of the 
excitation pulse was controlled by the potentiometer P. A steady or pulsed 
potential V could be applied to the top electrode of the specimen 5. The bottom 
electrode was connected through a pre-amplifier to the distributed amplifier of a 
Tektronix oscilloscope. With an input time constant of about 20sec, much 
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Figure 1. Experimental arrangement. F, filament, b, bias battery, G, control grid, 
DL, delay line, CL, connecting line, M, mercury wetted contact relay, A, amplifying 
and squaring unit, S, specimen, PA, pre-amplifier. 
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longer than the hole transit time ¢,, the trace represented the charge displacement 
caused by the drift of the generated carriers between t= Qandt=¢,. Atmaximum 
sensitivity and a band width of 27 Mc/s, 1 cm on the screen corresponded to the 
transit of about 5 x 10° charge carriers. To calibrate the system, a pulse of known 
amplitude also from a mercury relay, was applied to the input through a standard 
condenser Cs. The small number of electrons in the incident pulse was measured 
as follows: a potential divider connected across the delay line (not shown) pro- 
vided a potential equal to the pulse amplitude. ‘This was reversed and switched in 
series with the bias battery B so that the steady beam current then flowing was 
equal to that during the pulse. In this way 10% electrons per pulse could easily 
be measured with a galvanometer. 


§ 3. EXPERIMENTAL RESULTS 


Nine specimens, ranging in thickness from 4 to 14 were investigated. ‘Their 
preparation has been described previously (Spear 1956). In most experiments 
the amplitude of the bombarding pulse was adjusted to give about 2 x 10" incident 
electrons per pulse. Their energy was kept below 12 kev so that the generation 
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of free carriers was confined to a thin layer near the top electrode. The effective 
hole mobility is obtained from 1/t,=V/d?, where d is the specimen thickness 
and it is assumed that the applied field E=V/d. Figure 2 shows a typical graph 
of 1/t, against V/d? for two specimens (8-3 and 12 thick) at 20°c and at lower 
temperatures. The results may be summarized as follows: 
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Figure 2. Experimental results for two specimens, 8-34 and 12m thick, at 20°c and at 
— 64°c and —66°c. 


(i) The hole pulses are similar in appearance to those observed for electrons. 
They show a linear rising edge, indicating that the hole cloud moves with a 
constant average drift mobility. Consistent values of ¢, are obtained by direct 
measurement on the oscilloscope screen. 

(ii) At low applied fields (F< 2 x 104vcm~*), the height of the trace decreases 
toa fraction of its initial height with a time constant of about one second after 
age on the field. ‘This effect was eliminated by the use of a slowly pulsed 

eld. 

(ui) At room temperature and above, all graphs of 1/t, against V/d? pass 
through the origin. At the lower temperatures, as shown in figure 2, the linear 
relation still holds but the applied potential appears to be reduced by a constant 
amount to V—V,. 

. (iv) For the thinner specimens an apparent decrease in p. with decreasing 
thickness is observed (figure 3). But the group of thicker specimens (8 to 14) 
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Figure 3. Graph of mobility against specimen thickness at 20°c. 
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leads to consistent mobility values at all temperatures. At 20°c, p lies between 
0-13 and 0:14cm?sec!v-. 

The temperature dependence of 4 has been investigated between 50°c and 
—70°c. Figure 4 shows that in this temperature range « has an activation energy 
of €e=0-14+0-Olev. The results have been interpreted here in terms of an effec- 
tive mobility which is controlled by a discrete level of states of density N, lying 
€ev above the valence band and in thermal equilibrium with it. | gractantices to 
Rose (1951) is related to the microscopic mobility jp by 


_N,. [-« 
aie. F kT PU eg HE EETE (1) 


N,, the effective density of states at the top of the valence band, is taken as 
2-5 x 1019 (T/300)?!2(m* /m)3!. 
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Figure 4. ‘Temperature dependence of hole mobility. 


§ 4. DIscussION 

First, the observed effects summarized above will be briefly discussed. ‘The 
decrease in amplitude at low steady fields is almost certainly connected with the 
space charge set up by the filling of deeper traps in the specimen volume. Ait: 
discharge effects described previously have been attributed to the same cause. 
Further confirmation is obtained from experiments with large bombarding pulses 
(> 3x 10° electrons per pulse). The observed hole pulse now loses its linear 
rising edge and shows a marked concave shape throughout the transit of holes 
across the first half of the specimen. ‘This is consistent with the build-up of a 
positive volume charge. In fact, the pulse might be used as a probe for the study 
of the space charge distribution. 

The observed reduction in the applied field at lower temperatures appears to 
result from a surface rather than a volume charge. As the holes are drawn out of 
the bombarded region a sheet of negative charge is left behind. Owing to the 
small electron mobility this space charge is likely to persist throughout most of the 
hole transit and reduces the applied field by V,/d. A contribution to this space 
charge layer, particularly at lower temperatures, will arise from deeper electron 
traps presumably more numerous in the surface region than in the bulk. 

The reason for the decrease of » with specimen thickness is not clear. It is 
unlikely to be a fundamental property of the specimens, but may be connected 
with the measuring technique. For a thin specimen the duration of the excitation 
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pulse is no longer short compared with ¢, for all V. This affects the sharpness 
of the pulse and could introduce considerable systematic errors 1n 4. Also, if the 
presence of a surface barrier has any effect upon the measurements, this should be 
more pronounced in thin specimens, where the barrier region may bean appreciable 
fraction of the specimen thickness. 

It is of particular interest to compare the values of pu and e found here for 
vitreous Se with the corresponding values obtained by Plessner (1951a) and 
Henkels (1951 a) for single crystals of hexagonal Se grown from the vapour phase 
and the melt respectively. The values given in the table were obtained from 
conductivity, Hall effect and thermoelectric power measurements, and refer to 
conduction in the direction of the Se chains (c-axis) at room temperature. 


Hexagonal Se, single crystals Amorphous Se 
Plessner Henkels Spear 
e€ (ev) 0:13 + 0-02 OSs 0:14-0:01 
jae Jae es.) 0-14 0-13 0-13 — 0-14 


Both authors find an essentially temperature independent carrier density and 
agree that the measured activation energy must be associated with the mobility. 

The close agreement of the ¢ values suggests the view that the centres con- 
trolling the hole mobility in amorphous and hexagonal Se are in fact identical. 
The agreement of the mobility values is surprising, as Hall effect and thermo- 
electric power measurements should lead to a microscopic mobility, far larger than 
uw. It seems unlikely that the agreement is fortuitous and it is conceivable that 
in the presence of a high density of shallow traps the Hall mobility value 
approaches p. It is difficult, however, to give a convincing argument in 
support of this suggestion. Microcrystalline specimens possess essentially the 
same properties as the single crystals; the values of ~ and « agree approximately 
with those of the table but have been shown to depend on the crystallization 
temperature (Plessner 1951b, Henkels 1951b). 

The properties of Se have generally been explained in terms of internal 
potential barriers which result from its basic structure (e.g. Moss 1959, Plessner 
1951a). In particular, for the microcrystalline form it has been suggested that 
such barriers are situated at the boundaries between ordered domains (2-20 m in 
size), the boundary region consisting largely of amorphous material (Henisch 
and Frangois 1951, Krebs 1951). It seems unlikely that barriers of this type could 
have much effect on the charge transport in the thin specimens used here or in 
single crystals. In fact, Plessner (1951a) estimates that if the temperature 
dependence of were attributed to potential barriers of 0-13 ev height, then a total 
of more than 10% of the crystal would have to consist of the boundary material. 
No such irregularities could be detected in his single crystals. 

The close agreement in the « values suggests that an explanation of the nature 
of the acceptor centres must be sought in structural properties and defects which 
are common to both the hexagonal and amorphous forms. By the nature of 
amorphous Se such common properties can only be found in regions far smaller 
than the above microcrystalline grain sizes, in which some degree of short range 
order exists. The results of a number of recent x-ray studies of vitreous Se are of 
interest in this connection (e.g. Krebs and Schultze-Gebhardt 1955, Richter, 
Kulcke and Specht 1952, Richter and Herre 1958). The authors agree that the 
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first peak of the atomic distribution curves represents the Se—Se bond, but differ 
in the further interpretation of their results. Krebs believes that the ends of the 
chains, between 100 and 1000 atoms long, will tend to join and lead to an essentially 
random arrangement of large ring molecules. On the other hand, Richter and 
Herre have shown that the short range order depends in its detail on the method of 
preparation. For the specimens used here, prepared by evaporation on to a 
substrate somewhat above room temperature, their interpretation indicates a 
short range order similar to that of the hexagonal lattice, which extends to a 
distance of 5 to 10A from the reference atom. A hole created in a Se bond by a 
bombarding electron should drift along a chain in an ordered volume of about 
47/3 x 10-*?cm. Near the boundary of this region the periodicity along the 
chain will break down—presumably through incorrect bond angles. If structural 
faults of this kind are identified with the shallow trapping centres of equation (1), 
then Nix 2 x 10?°cm-3. 

Alternatively it might be assumed that trapping occurs predominantly at the 
unsaturated chain ends (Billig 1952, Hyman 1956). Taking an average chain 
length of 500 atoms, N, =2 x 3-3 x 1022/500~102°cm-*. This estimate implies a 
process in which a generated hole drifts along the chain with comparatively 
little activation energy for a time 7 and is trapped at anearby chainend. (For the 
fields used here, a hole will drift along only a fraction of the total chain length 
between trapping events). On the average a thermal energy of 0-14 ev is required 
to transfer an electron from a neighbouring Se bond (i.e. from the valence band) 
into the hole trap. With Vy ~ 10?°cm~%, equation (1) leads to uy ~ 60 cm? sec! y-1, 
using m*=2:5m, a value deduced from the Faraday effect (Moss 1959), 
A lattice mobility of this order might be expected for an insulating solid, although 
it is still far smaller than the mobility in the isomorphous element Te. The 
calculation indicates that in Se on the average only 1 in about 400 of the generated 
holes is free to move, the rest being trapped. With the commonly found value 
of 10~-'* cm? for the trapping cross section, the lifetime 7 of a free hole is about 
10-!2sec; the average time in a shallow trap is 4x 10~-*sec. ‘These values are 
far beyond the resolution of the measuring apparatus and thermal equilibrium 
between traps and valence band may be assumed at all times during transit. 

The interpretation of the results leads to the general conclusion that in Se 
the hole conduction and its temperature dependence is controlled by the short 
range order within the chain itself or in close promixity to it. The long range 
order seems to have little or no effect. Accordingly, the increase in conductivity 
which is observed on converting an amorphous specimen to the hexagonal form, 
must be attributed to an increase in carrier density by a factor of about 10°. Thus, 
unlike the mobility and its temperature dependence, the carrier concentration 1s 
largely determined by the long range order of the chains within the solid. The 
orgin of the charge carriers is still obscure; a possible explanation has been given 
in terms of quantum mechanical resonance effects (von Hippel 1948, Mooser and 
Pearson 1956). A model of this kind, which depends on the resonance between 
neighbouring bonds, should certainly be sensitive to the alignment of the chains. 

It should be stressed that the interpretation of the results presented here is 
based, through equation (1), on the assumption of a trap controlled mobility. 
An alternative mechanism has been tentatively suggested by Schottky (1953). 
He envisages a process of defect level conduction in which a hole moves from one 
centre to the next without activation into the valence band. 
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A third possible interpretation is based on the band structure calculation by 
Reitz (1957), which shows that in Se and Te the valence band is formed from three 
overlapping p-bands derived from the atomic 4p and 5p levels respectively. 
Caldwell and Fan (1959) have concluded from free carrier absorption measure- 
ments that in Te interband transitions occur between two branches of the valence 
band separated by 0-1lev. It is possible that the activation energy determined 
here is connected with similar transitions in Se. However, there is as yet no 
experimental evidence which could decide in favour of any one of these interpreta- 


tions. 
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Note added in proof.—The recently published article by A. F. loffee and 
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authors discuss the mechanism of charge transfer in low mobility semi- 
conductors and emphasize the significance of the short range order in 
determining the properties of non-crystalline solids. 
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Abstract. ‘The far ultra-violet absorption spectra of the heavier inert gases are 
characterized by strong, diffuse lines in the region between the *P3). and *P,y series 
limits. These lines have large natural widths, owing to the high probability of 
auto-ionization of their upper levels. Their oscillator strengths have been measured 
in the case of krypton by photographic photometry, using a photomultiplier 
to calibrate the photographic plates. ‘The f-values found, 0-04 for the strongest 
line and 0-10 for the sum of all the lines, are much smaller than had been expected 
on the basis of dispersion measurements. Rough measurements of the continuous 
absorption in krypton from the ?P,,, series limit to 500 A have been made directly 
with a photomultiplier, and it is shown that absorption in this continuum, the 
diffuse lines and the resonance lines probably accounts for only about two-thirds 
of the refractive index measured in the quartz ultra-violet region. 


§ 1. INTRODUCTION 
HE absorption of radiation by the inert gases in the extreme ultra-violet 
region of the spectrum has been of some interest since the work of 
Cuthbertson and Cuthbertson (1910), who deduced from dispersion 
measurements in the visible region that there should be strong absorption centres 
at wavelengths ranging from 1000 Ain xenon to about 500Ainhelium. Dispersion 
measurements were later extended into the quartz ultra-violet by Koch (1913) for 
helium, Cuthbertson and Cuthbertson (1932) for neon, Quarder (1924) and 
Larsén (1939) for argon, and Kronjager (1936) and Koch (1949) for krypton and 
xenon. 
According to the quantum theory of dispersion, the refractive index of a gas 
at a frequency vp not too close to an absorption line is given to a sufficient approx1- 
mation by 


wf all i a eles 


where ¢ and mare the charge and mass of the electron, Nis the number of absorbing 
atoms per cm’, and f; is the oscillator strength associated with an absorption region 
of frequency v;. Many of the above authors have fitted their dispersion measure- 
ments to one-, two-, or three-term dispersion formulae of this form. ‘The most 
recent presentation is that of Koch (1949), using Larsén’s results for argon and 
his own for krypton and xenon. If the known wavelengths of the resonance lines 
are taken in each case for the first two terms of a three-term dispersion formula, 
their oscillator strengths being assumed equal but unknown, then the third wave- 
length falls at 609 A, 695 A, and 8464 in A, Kr, and Xe respectively. Moreover, 
of the f-values determined in this way, the sum for the resonance lines is in each 
case only about one-tenth of that for the third wavelength. 
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Absorption by the inert gases in the short wavelength region was first observed 
qualitatively by Cuthbertson (1927). In 1935 Beutler photographed the far 
ultra-violet absorption spectra of A, Kr and Xe and found in each case, in addition 
to the two photo-ionization continua extending from the *P3i. ground state and 
the 2P,), metastable state of the ion, a double series of strong, very diffuse lines 
between these two limits and converging to the upper of them (?P,j.). _ Beutler 
classified these lines as higher members of the two series p®*S9-p? (?Pyj2)ms and 
p°4S,-p> (2P,.)md. He attributed their diffuseness to the large natural widths 
of the upper levels, owing to the high probability of radiationless transitions to the 
adjacent continuum above the ?P,,. limit, and their high intensity to perturbations 
by this continuum. Beutler did not attempt to measure the oscillator strengths 
of these auto-ionized lines, but, since they appeared on his exposures at lower 
pressures than did the continua, he suggested that they might be largely responsible 
for the strong absorption required by the dispersion formulae. 

The apparently great strength of the so-called Beutler lines in the inert gases 
is a feature shared by lines in other spectra showing strong auto-1onization 
broadening. In Hg 1, for example, the line at 1126A first photographed by 
Beutler (1933), arising from the excitation of an electron from an inner d-shell, 
appears to be even stronger than the singlet resonance line at 1849A. In Tl 1 
Marr (1954) has measured the oscillator strength of an extremely broad auto- 
ionized line at 16104, finding f=0-52, as compared with f=0-2 for the strongest 
resonance line. 

The oscillator strengths of such auto-ionized lines are also of interest in plasma 
physics. Ifthe lines are sufficiently strong, they represent pronounced maxima 
in the photo-ionization cross section of the atom and hence also in the rate co- 
efficient for radiative electron recombination corresponding to the inverse 
process. This coefficient can be calculated as a function of the electron temperature 
if the oscillator strengths of the lines are known (Massey and Bates 1942). 

For these reasons we decided to measure the oscillator strengths of the Beutler 
lines in one of the inert gases. In principle argon would have been the best 
choice, because its continuous absorption coefficient has recently been measured 
by Po Lee and Weissler (1955), and the f-values of its resonance lines have been 
calculated by Knox (1958). One can therefore estimate the contribution of both 
these regions of absorption to the refractive index in the quartz ultra-violet. 
However, the Beutler lines in argon are not quite wide enough to be properly 
resolved by the one-metre vacuum spectrograph that was available for the experi- 


ment. We therefore decided to use krypton and to make in addition some rough 
measurements of the continuous absorption. 


§ 2. EXPERIMENTAL METHOD 

The Beutler lines in krypton lie between the *P3 2 and *P,,. absorption edges 
at 885 A and 845A respectively. Their f-values were found from photometry of 
the absorption lines photographed on the continuous background of a mildly 
condensed discharge in helium when krypton was admitted to the spectrograph 
at a few microns pressure. The lines are wide enough to be easily resolved with a 
one-metre normal incidence vacuum spectrograph, used in this case with a 
Bausch and Lomb aluminized grating, of 15 000 lines per inch, blazed for 1500 Ain 
the first order. The plates were calibrated by what is believed to be a novel 
method, involving a photomultiplier. We used as intensity marks the resonance 
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lines of Air at 920A and 932 A, photographed for six different discharge currents. 
The relative intensities corresponding to these currents were then measured 
directly with a photomultiplier in place of the photographic plate. It was not 
possible to avoid plate calibration altogether by measuring the absorption directly 
with the photomultiplier because of the unsteadiness of the helium discharge. 
Moreover, the vacuum spectrograph could not easily have been adapted for 
accurate line-contouring with a photomultiplier. We did, however, use the 
direct method for the rough measurements of continuous absorption. 

The details of the experiment were as follows. The discharge tube used to 
excite alternatively the Ait lines or the He, continuum was a straight Pyrex tube, 
80 cm long and 3 cm in diameter, with hollow, cylindrical, stainless steel electrodes. 
Its open end was connected directly to the spectrograph slit, which was about 
20u wide. The discharge was excited by an 8kv transformer with a variable 
resistance in its primary circuit. For the He, continuum a 0-05 uF condenser 
and small spark gap were inserted in the secondary circuit, and the helium, purified 
over hot copper oxide and liquid air cooled charcoal, was used at a pressure of 
about 8mmHg. The At lines appeared quite strongly in an uncondensed 
discharge run in cylinder argon at a pressure of about 0:25 mm Hg; preliminary 
experiments established that their intensity was constant and reasonably repro- 
ducible at a given current. 

For the absorption photographs, spectrally pure krypton (99-100%, balance 
xenon) was admitted to the spectrograph through a Leybold needle valve, and its 
pressure was measured with a McLeod gauge, via a side arm and liquid air trap. 
In order to avoid pumping krypton too rapidly through the spectrograph, the 
main pump was partly throttled before the needle valve was opened. There was, 
of course, a considerable flow of helium through the slit from the discharge tube, 
so that the krypton pressure had to be measured before the discharge was started 
and checked again at the end of the exposure after the helium flow had been cut off. 
Two exposures at different pressures of krypton between 3 and 10p were taken 
on each plate, together with one exposure with no krypton. Both Hford Q1 and 
Q2 plates were used, exposure times being about 15 minutes with the former and 
30 seconds with the latter. 

For the intensity marks, the argon lines were photographed on every plate at 
six different currents between 360 ma and18ma. Exposure times were 4 minutes 
and 8 seconds for the Q1 and Q2 plates respectively. 

The relative intensities of the A 11 lines at the currents used were then measured 
directly with a photomultiplier in place of the plate and plateholder at the back of 
the spectrograph. The photomultiplier was a modified Allen type electron- 
multiplier of 11 stages with beryllium—copper dynodes and a gold photocathode. 
It had the advantage, owing to the high work function of gold, of being ‘blind’ to 
scattered light from the visible and quartz ultra-violet regions (Walker, Wainfan 
and Weissler 1955). The multiplier was run at 450 v per stage with the collector 
at earth potential, and its signal, of the order 10~‘ to 5 x 10-%a, was fed into a d.c. 
amplifier and read on a microammeter. Light from the grating entered the 
multiplier housing through a 20p slit located on the Rowland circle, and the whole 
housing could be moved with a fine adjustment screw over a range of a few milli- 
metres so as to set accurately on any required line. Although argon from the 
discharge tube streamed continuously through the spectrograph into the photo- 
multiplier chamber, the pressure in the latter could be kept down to 3 x 10-°mm 
by pumping it separately. 
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The plates were photometered on a Jarrell-Ash recording microphotometer. 
For each plate the calibration curve obtained from the intensity marks was used 
to reduce the trace of the absorption spectrum point by point to a true intensity 
curve, which was then plotted logarithmically. If J, and J, are the incident and 
transmitted intensities, the total absorption in each line is defined by 
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where / is the length of light path through the absorbing gas, /p is its pressure 
in mm, T is its temperautre, and «, isthe absorption coefficient at N.T.P. for 
frequency v; it is thus proportional to the area under the absorption curve plotted 
as above, and this was measured with a planimeter. The frequency scale was 
obtained from Beutler’s values for the wavelengths of the lines. 

The f-value of a line is related to its total absorption by 
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where e and m are the charge and mass of the electron and N is the number of 
absorbing atoms per cm* at N.T.p. The f-values found in this way for the Beutler 
lines are given in the next section. 

A different technique was adopted for the measurements of absorption in the 
continuum. The absorption coefficient at the ?P,). series limit could be estimated 
from the plates used for the Beutler lines, but the calibration curves could hardly 
be relied on to much shorter wavelengths. We could have used, say, the Ne! 
resonance lines at 744 A and 736 Ato calibrate the plates in this region, but we decided 
instead to try using the photomultiplier to measure the absorption directly. This 
has been made possible by the development of very low inductance flash-tube 
arrangements as sources of continuous radiation. Recent work in this laboratory 
(Garton, Celnick, Hessberg and Wheaton 1960) has indicated that in such tubes, 
where the necessary high current density is achieved by a very short flash (about 
2 usec) rather than by a constricting capillary tube,and where there is no external 
spark gap, the intensity is fairly reproducible over a hundred or so flashes. The 
other disadvantage of using the photomultiplier directly, the difficulty of accurate 
line-contouring, obviously does not apply to measurements in the continuum. 
By rotating the grating the spectrum could be scanned with an accuracy to +2A. 

A flash tube similar to that described by Garton (1959) was connected to the 
spectrograph slit, and the energy from an 18 wF condenser bank at about 6kv was 
discharged through it about once every 5 seconds. The tube was separately 
pumped and was fitted with an argon leak adjusted so that the discharge could be 
triggered at the desired voltage by a 15 ky trigger pulse. 

The photomultiplier, mounted as in the previous experiment, had its last 
three stages decoupled by 0-02 .F condensers. A positive signal was taken from 
the last dynode instead of a negative one from the collector, and this was fed into a 
pulse amplifier of gain 10 and displayed on an oscilloscope triggered by the same 
pulse as the flash tube. In these rather rough experiments the signal was measured 
simply by noting the peak height of the pulse on the oscilloscope screen. About a 
dozen flashes were observed, then krypton was admitted to the spectrograph, its 
pressure measured, and a dozen more flashes observed. The grating was then 
rotated slightly to bring another wavelength region onto the photomultiplier 
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slit and the procedure repeated. It was not possible to scan the entire spectrum 
first without and then with krypton, because the flash continuum was fairly 
thickly overlaid with emission lines which we could not be sure of avoiding witha 
wavelength setting as crude as +2A. With the notation of equation (2) the 
absorption coefficient at N.T.P. for the frequency v is simply 


760 
1= 7 agin (7). ae (4) 


The voltage on the photomultiplier was adjusted at every wavelength so that 
the output from the pulse amplifier was about 20 v peak, the largest signal obtain- 
able without overloading. ‘The oscilloscope could be read to little better than a 
volt, which was also about the noise level. It must be emphasized that this 
experiment was in the nature of a trial to see whether the method was workable ; 
it was not expected in its present state of development to yield accurate results. 
Experiments are now being carried out to reduce the noise, improve the repro- 
ducibility, and develop a more refined method of recording intensities. It is 
worth mentioning that, although the sensitivity of the photomultiplier had fallen 
by a factor of between 10 and 100 over the period of months since it was activated, 
the signal over most of the region 900A to 500A had to be cut down deliberately 
(by under-running the photomultiplier) to about 200 za to avoid overloading the 
amplifier. Below 500A the reflectance of the grating dropped sharply, and the 
signal became unreliably small. 


§ 3. RESULTS 
3.1. The Beutler Lines 


Figure 1 (Plate) shows the absorption spectrum of krypton in the region of 
the series limits at three different pressures. At the lowest pressure, the broad 
lines classified by Beutler (1935) as the two series 4p® 1S)—4p? (?Pijp)md and 
4p°1S,-4p* (?P,.)ms can be clearly seen, although the continuum starting at 
the ?P,,. edge is barely visible. At higher pressures the ?P,). edge appears, and 
the Beutler lines increase greatly in strength and width. ‘The lines 4p°-4p?ms 
of the second series lie very close to the lines 4p°-4p°(m — 2)d of the first series 
and are partly resolved only in the first two lines (for which m=8, 9 respectively). 
The f-value obtained for each ‘line’ is thus the sum of the f-values of its two 
components. Figure 1 also shows a microphotometer trace ofa typical exposure. 
Certain apparent intensity anomalies (e.g. the fact that the fourth line is weaker 
than the fifth) are due to overlying emission lines and can be corrected from the 
exposure taken on every plate with no krypton. 


ee ee ee ee 


Table 1 
Pane (CX) { 881-0 869-5 862:7 858-5 855:6 853-6 852-2 851:1 
ine (A ‘ 
4+879-4 +868-6 +862-4 +8582 4855-4 
f 0-0431 0:0235 0:0143 0:0086 0-0051 0-0032 0:0021 0:0013 


Probable error 0-0009 0:0006 0-0004 0:0003 0-0003 0-0003  0-0002 0:0002 


Sum for all lines: f=0-101 + 0-003. 
“2 Se eee eee a 


Table 1 gives the results obtained from 14 exposures on nine different plates. 
at krypton pressures between 7-7p and 3-3y. ‘The first six lines were Sipe 
in some exposures and the first eight in the rest. The percentage error for the 
sixth, seventh and eighth lines is high, but as they contribute together only about 
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7°/, to the f-value sum the result is little affected by this inaccuracy. The errors 
quoted are the probable errors calculated from the scatter of the results. 

The f-values found are so surprisingly small that it seems worth discussing 
in some detail the possibility of systematic errors. 


3.1.1. Impurities of gas. 


We used British Oxygen Company ‘spectrally pure’ Kr, 99-100%, balance 
Xe. Accidental contamination of this seems highly improbable since three 
different krypton flasks all gave similar results. No impurity lines or bands 
appeared on the exposures. 


3.1.2. Faulty pressure measurements. 


We relied on the manufacturer’s calibration of the Leybold McLeod gauge. 
Any error due to the rather long path, via a liquid oxygen trap, connecting this 
to the spectrograph should result in too low a krypton pressure being measured, 
which would lead to erroneously high f-values.. The krypton entered the spec- 
trograph near the slit and was pumped out at the middle of the opposite wall, 
so that it seems impossible that the pressure in a side arm could have been higher 
than that in the body of the spectrograph. Sizeable errors under this heading 
are in any case ruled out by the experiment described in § 3.1.5 below. 


3.1.3. Non-linearity of photomultiplier and amplifier. 


The response of the d.c. amplifier was checked directly. ‘The photomultiplier 
had a dynode assembly identical with that widely used in particle counters, and 
it seemed safe to rely on its linearity at the very low currents used (<0-1 pa). 


3.1.4. Errors in plate calibration. 


The Att lines used for calibration are only about 40A from the first Beutler 
line. Exposure times for the calibration and absorption photographs were 
within a factor 4 of one another. A possible source of error is the effect of 
scattered light of longer wavelength, for which a rough correction was made from 
the region beyond the end of the continuum. This type of error would lead to 
lower f-values at higher krypton pressures, whereas in fact the scatter of the 
results shows no correlation with the pressure; indeed, on two plates the f-values 
from two exposures at pressures differing by a factor of nearly two agree extremely 
closely. To ensure that no large systematic errors in plate calibration had been 
overlooked, we made a rough check by using the photomultiplier directly as 
follows. There is a group of Aim lines between 883A and 871A which appears 
in the uncondensed discharge in argon and can therefore be observed with the 
multiplier. The absorption coefficient at these five wavelengths can thus be 
found from the decrease in signal with increasing pressure of krypton and 
compared with the photographic value. The direct measurement is not an 
accurate one, because the argon lines are weak and badly placed, in that they fall 
at wavelengths where the krypton absorption is either very small or else large 
but changing rapidly. At the two most reliable points, the direct method gives 
absorption coefficients about 20°% higher than the photographic method. 
Although this discrepancy is greater than might be expected from the scatter of 
the results, the check does eliminate the possibility of systematic errors in 
calibration very much larger than the random errors. 


Absorption of Krypton in the Extreme Ultra-violet 839 


3.1.5. General 


As a final check on pressure measurements and photomultiplier technique, 
we made one spot measurement of the continuous absorption coefficient in argon 
for comparison with the results of Po Lee and Weissler (1955). This was done 
by setting the photomultiplier on each in turn of the two neon resonance lines, 
744A and 736A (easily excited in an uncondensed discharge at a few millimetres 
pressure of neon), and observing the decrease in signal at increasing pressure of 
argon in the spectrograph. ‘The latter was admitted by the same path as the 
krypton previously, and its pressure was measured in the same way. We found 
for the absorption coefficient at these two wavelengths «=1120+50cm"}, 
whereas Po Lee and Weissler give for this region «=940 +50cm7}. This 
measure of agreement between results obtained by entirely different methods 
seems quite satisfactory. 


3.2. The Continuum 


The results are shown in figure 2. The possible error in each point, based on 
the reproducibility of the signal and the accuracy of reading the oscilloscope, 
is about 20°, and the curve in figure 2 passes within this distance of almost all 
the experimental points. Between 750A and 670A there is a gap due to a deep 
minimum in the intensity of the continuous spectrum. The absorption curve 
did in fact show an apparent dip in this region, but the photomultiplier signals 
were so weak that this dip can almost certainly be attributed to the effect of 
scattered light. As this minimum appears in the spectrum of the helium 
continuum as well as that of the flash tube, it is presumably caused by a dip 
in the reflectance of the aluminized grating. The continuum intensity drops 
sharply again below 500A, probably for the same reason. We did not attempt 
to measure the absorption between the 885 and 845A series limits because of 
the rapid fluctuations of intensity in the region of the Beutler lines. At 
wavelengths longer than 885A the absorption was zero, showing that the 
photomultiplier was unaffected by the increase in pressure in the chamber 
when krypton was admitted to the spectrograph. In most cases the krypton 
pressure was between 2} and 5p (causing a decrease in signal of about a half), 
but at a few wavelengths several readings were taken at a range of pressures 
from 14, to 84 to check the linearity of the absorption. 
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Figure 2. Coefficient of continuous absorption in Kr. 
Possible error in each point = +200 cm™'. 


In 13 of the exposures used to determine the f-values of the Beutler lines it 
was possible to estimate also the continuous absorption coefficient at the *Pyj 
edge. The mean value is 800 + 50cm-, whereas the directly measured value 
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is 1120+200cm-!. The discrepancy is thus a little larger than the probable 
errors, and is actually very similar to that noted between the direct and 
photographic measurements in the region of the Beutler lines, described in 
§3.1.4 above. It is possible that scattered light of longer wavelength may be 
responsible, for the photomultiplier should be less sensitive to this than the 
photographic plates. 

§ 4. DiscussION 


It was first suggested by Beutler (1935) that the auto-ionized lines between 
the 2P,,. and 2P,,. series limits in argon, krypton and xenon might be responsible 
for much of the far ultra-violet absorption deduced from early dispersion 
measurements. The most recent measurements of dispersion are those of 
Larsén (1939) for argon and Koch (1949) for krypton and xenon, 
in each case from the visible region down to 2300A. These authors have 
expressed their results as three-term dispersion formulae of the form (1), in 
which the first two absorption frequencies are those of the resonance lines, and 
the three unknowns, the f-values of the resonance lines (assumed equal) and the 
f-value and frequency of the third term, are found by curve-fitting. Table 2 gives 
their results, together with the wavelengths of the resonance lines and of the 
series limits between which lie the Beutler lines. The discrepancies between 
the observed values of the refractive index and those calculated from formulae 
using the constants of table 2 were in all cases small and entirely within the 
experimental error. 


‘able 2 
f Series limits (A) Resonance lines 
Gas fi, fe fs (fitfe)/fs As(A) apy! =p h. (A) 
A 0-210 4-942 0-085 609 787 778 1067 1048 
Kr 0-266 SAY 0-095 695 885 845 1236 1165 
Ne 0-326 6-109 0-107 846 1022 923 1470 1296 


The third wavelength found in this way may be considered as a sort of 
centre of gravity for the continuum together with any auto-ionized lines in the 
region. In comparing absorption measurements with dispersion data, it is 
not very satisfactory to attribute a specific f-value to the continuum, because 
the effect of the latter decreases rapidly with decreasing wavelength. A rough 
centre-of-gravity calculation from our measurements of the continuous absorp- 
tion indicates that, to account for the balance of f; in krypton, the f-sum for 
the Beutler lines should be about 2:0, i.e. about 20 times larger than our 
measured value. 

A more meaningful approach, however, is to consider the refractive index 
at one particular wavelength and calculate the contribution made to it by each 
of the known absorption regions. The wavelength chosen should be as near 
as possible to these regions, so we have done the calculation for Koch’s shortest 
wavelength, 23034. The contributions of the various lines are obtained from 
equation (1), from which we find for the sum over the Beutler lines 


(i 1);s5,— 0 11 10. 
Unfortunately the f-values of the resonance lines are not known. We have 
estimated the probable value of their sum to be about 0:36 by the following 
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argument: the f-values for the two analogous lines in neon and argon have 
been calculated by Gold and Knox (1959) and Knox (1958) respectively; they 
find 0-133 for the sum in neon and 0-249 in argon, and a step of about the same 
size between argon and kyrpton would give 0:36 for krypton. Some support 
is lent to this extrapolation by the fact that the f-values of the resonance lines 
estimated from the dispersion data do show equal steps between xenon, krypton 
and argon (see table 2). Although the neon dispersion measurements are not 
accurate enough to determine the A—Ne step, they are at least compatible with 
its being of the same size. We have also assumed that the sum of the 
f-values is divided between the two lines in the same way as in argon, Le. the 
shorter wavelength line is about four times as strong as the longer. The 
resonance lines then contribute 0-81 x 10+ to (7—1)oso3. 
The formula for the continuum corresponding to (1) is 


ae pt [- df eee eet (La) 


é; 2 ae 
L7™m ve Vo 


where v, is the frequency of the absorption edge. Using the relation between 


f-value and absorption coefficient from equation (3) gives 
cot dy 
ee eee (5) 


eS ee 
ae: ions 
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The integration extends to infinitely short wavelengths, whereas our measure- 
ments are unreliable below 500A. Since, however, the term under the integral 
sign falls off nearly as \*, the errors arising from extrapolating beyond 500A 
are small—in fact, only 9°% of the total comes from the extrapolated region. 
The even smaller contribution of the continuum between the ?P3. and *Py» 
edges has been estimated from the photographic plates. 

Table 3 gives the contribution of the three absorption regions to the refractive 
index at 2303 A, with the corresponding figures for argon included for comparison. 
In the latter the measured n —1 value is Larsén’s, and the contributions to it are 
evaluated from the calculations of Knox (1958) and the continuum measurements. 
of Po Lee and Weissler (1955). Next to each contribution is given its per- 
centage of the total measured n—1. 


Table 3 
Krypton Argon 

otal (— )\sneae 4-8715 x 10-4 3-0903 x 10-4 
Contributions of 

(a) Continuum 2-558 6 10 (52%) 1620s (52%) 

(6) Beutler lines Ott eels. (257, = cae — 

(c) Resonance lines 0-81 ™«10-* (17% 0-41 x«10-* (14%) 
Sum 3-47 x10-*4 (717%) DOS eNO (66%) 


i ee SS 

It is seen that in krypton nearly one third of the measured refractive index 
is unaccounted for. If the contribution of the continuum were too low by 
20%, and that of the resonance lines by 50% (the estimated maximum errors), 
the discrepancy would be about one tenth of the total, of which a part may be 
contributed by the rest of the resonance series below #Ps.. Beutler considered 
the possibility that there might be additional auto-ionized lines arising from 
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excitation of the s? shell immediately under the p® shell, but his search for such 
lines in xenon was unsuccessful. Obviously more data are required to account 
satisfactorily for the dispersion values. In particular, it would be interesting 
to measure the f-values of the Beutler lines in argon and xenon and of the 
resonance lines in all three heavy inert gases. Another method of attack is to 
extend the dispersion measurements into the vacuum ultra-violet, an 
experiment we are attempting in this laboratory. Wolfsohn (1933) has in 
fact made a rough spot measurement of the refractive index of argon at 18504, 
and his result differs from the value calculated from Larsén’s formula by only 
Ms 

As regards the electron recombination coefficient, Massey and Bates (1942) 
have discussed the contribution to this of the process of dielectronic recom- 
bination, whereby an electron is captured into an auto-ionizing state and the 
excess energy disposed of by radiation. They give the following formula for 
the dielectronic recombination coefficient «(7) for electrons of temperature 
T°x; if the auto-ionizing level is at ycm~! above the ground state of the ion 
and can make a radiative combination of oscillator strength f and wavelength 
A with a lower, singly excited level, then 


4 —1-4y 
a(T)= 5 x 10-108 exp (=) es (6) 
where g, and g; are the statistical weights of the auto-ionizing level and of the 
ground level of the ion. Garton (1956) suggested that the Beutler lines of 
argon might make a significant contribution to the rather high values of the 
recombination coefficient measured in this gas; if the first Beutler line has an 
f-value of order 1, as deduced from the dispersion data, «(300°) would be of 
order 10-!cm*sec"!. However, since the f-values of the Beutler lines in 
argon and krypton are likely to be similar, it seems from the results reported 
here that the above estimate of «(300°) for argon was considerably in error—by 
a factor of at least 25 (Garton, Pery and Codling 1960). 

On the theoretical side, no attempts appear to have been made to calculate 
radiative f-values from auto-ionized levels for atoms as heavy as argon and 
krypton. Auto-ionized lines of apparently very great strength have been 
photographed in the absorption spectra of many metal vapours; Marr’s (1954) 
experimental value of f=0-52 for such a line in Tl1 has already been mentioned. 
In all these cases, however, the auto-ionized levels arise from excitation of an 
electron from an inner shell, so that one might anticipate on the basis of the 
f-sum rule a source of additional oscillator strength associated with this shell. 
For example, the 1126A line of Hg1(5d!° 6s?1S,-5d° 6s? 6p3P,) might acquire 
its high f-value from the ten equivalent 5d electrons. In the inert gases this 
argument does not apply, for no new shell is broken into when exciting the 


Beutler lines. The f-sum rule thus provides no grounds for expecting high 
oscillator strengths in these lines. 
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Isotope Effect in Band Spectra of Magnesium Oxide 
By D. S. PESIC 
Institute of Nuclear Science, B. Kidrich, Belgrade 
Communicated by A. G. Gaydon; MS. received 20th Fune 1960 


Abstract. Some studies of the electronic spectrum given by magnesium 
in a vacuum arc in oxygen 18, and in a mixture of !®O and '8O have been made. 
The measurements of isotope shift are given for the green and for the ultra-violet 
system. The isotope effect in the green system confirms the vibrational analysis 
of Mahanti and Lagerqvist. The bands in the ultra-violet region are again 
attributed to a polyatomic molecule containing magnesium and oxygen atoms. 
The assignment is partly supported by the isotope shift, but the molecule only 
contains a single oxygen atom. 


§ 1. INTRODUCTION 


HE electronic spectrum of magnesium oxide consists of three well-known 
systems. I'wo of them, the green (5200-4800 A) and red (6900-4700 4), 
belong to the MgO molecule (see Pearse and Gaydon 1950). ‘The third, 
very complex system in the ultra-violet, which has not been analysed in detail, is 
considered according to some new data (PeSi¢ and Gaydon 1959) to belong to a 
polyatomic molecule. The spectrum can be obtained by introducing magnesium 
or its salts into an arc in air, but is best obtained in an arc between magnesium 
electrodes in oxygen at reduced pressure. 

One part of the present paper, which is a continuation of our previous work 
(PeSié and Gaydon 1959), deals with the measurements of the bands in the 
ultra-violet system obtained in an 48O, atmosphere. The isotope effect was 
observed in an attempt to identify the species responsible for these bands. In 
addition, the vibrational and rotational isotope effect in the magnesium oxide 
green system has been measured. 


§ 2. EXPERIMENTAL 


‘The spectrum has been excited in a vacuum arc which was slightly modified 
from that used by Gaydon (1955). The arc, maintained by 300 volts d.c. at a 
current of 0-7 to 1-0 amp, was run in an atmosphere of oxygen 18+ at about 
10mmHg. Water-cooled magnesium metal electrodes were used. 

Spectrograms were taken with a 3-4m Jarrell-Ash grating spectrograph, 
giving a linear dispersion of 5-1 Amm_~! in the first order. The exposure times, 
depending on the spectral region used, were from 40 seconds to 5 minutes. 
Ilford Zenith and HP3 plates were employed. For wavelength determinations 
Harrison’s (1939) values for the iron spectrum were used. 


t The gas contained 98-4°% 180 and 0-90% !7O according to the manufacturers; The 
Weizmann Institute of Science, Rehovoth, Israel. 
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§ 3. RESULTS 
3.1. Green System 


The bands of this system (strip e, Plate) appear readily and clearly in the 
vacuumarc. ‘Thesmall number of bands appear free from impurities in emission, 
and the observations with pure oxygen 18 permitted a ready measurement of 
isotope displacement in this system. Determination of the vibrational and 
rotational isotope effect has been done by the following equations : 


yi wy = (p= 1)[we'(e'+ 3) we" (0+ = (6*=1) 
[we'Xe'(v' +4)? —we'xe’"(v" + 4/7] Ss... (1) 
and 
vy,’ —V= (p* — 1)(% El: PM ee (2) 
where vy is the band origin and yp the band head. The other constants have a 
common meaning. The coefficients we’, we’, we'Xe’, we’Xe” are taken from 


Lagerqvist and Uhler’s paper (1949), and together with the masses of magnesium 
and oxygen isotopes are given in table 1. 


Table 1 
w@e =824-1 cm We Xe =4-7 cm 16Q) = 16-0000 
Gg —J/oa20 em ete =o Liens 18CQ) = 18-0049 
24M g = 23-9924 


The results of the measurements and calculations are summarized in table 2. 
This table contains the values of the vibrational and rotational effects, observed 
wave numbers for oxygen 16 and corresponding calculated and observed wave 
numbers for oxygen 18 bands. It can be seen that the agreement between the 
observed shift and those calculated by equations is rather close, and lies within 
the experimental error. 


Table 2. Isotope Effect in the Green Bands of MgO, in cm™ 


v v" Avy Avy Avy+Avy vy lt vy)* calc. 4,18 obs. Vp_8 obs.— 
Vy} calc. 
0) 1 259 1-6 26°9 19204-9 19231-8 19232-0 0-2 
1 ML D3 B {5 24-8 256°3 281-1 280°5 —0:6 
2 s, Diez 1-4 22°6 309-5 39241 33125 —0°6 
0) 0) —0-7 2°6 (ee, 965:2 967-1 967-4 0:3 
1 1 —2-0 2°4 0-4 20007°5 20007°9 20008-0 0-1 
2 2 —3°5 2-3. —1-2 050-8 049-6 049-4 —0-2 
S 3 —4-9 oA —2-8 097-1 094-3 092-4 —1°9 
1 0 —28-0 5-0 — 23-0 747°6 724-6 724-9 0-3 
3 1 —28°8 4-5 — 243 783°9 759-6 ee 0-1 
5) 2 —29-6 4-1 — 25:5 20820-9 20795 °4 20795°8 0:4 


Av, is the vibrational effect, Avy the rotational effect. 
+ Bands from Mahanti’s data (1932). 


ee ee 


These bands have been attributed to the MgO molecule since the first investi- 
gations on this system (see Kayser 1910). The results obtained by measuring 
the isotope effect verify this assignment. Recently, in their work on the magnesium 
spectrum, Barrow and Crawford (1945) gave a new Deslandres’ scheme of this 
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system, with the comment that further work is necessary. These authors proposed 
a scheme in which the bands 5200, 5007 and 48254 are the (0,0), (1,0) and 
(2,1) bands. However, our present results confirm the scheme given by Ghosh, 
Mahanti and Mukkerjee (1930), Mahanti (1932) and Lagerqvist (1943). Accord- 
ing to these authors the above bands represent the first members of the (0, 1), 
(0,0) and (1,0) sequences. 


3.2. Ultra-violet System 


This system (strip c, Plate) in oxygen 18, has the same general appearance as 
the system in oxygen 16, but the bands show definite isotope shift. This effect 
is fairly large, but the directions of the displacement are rather irregular. 

The weak band at 3640A shows marked displacement to the red by about 
20cm-!, In the first part of the second group (3672-3680), the displacement 
is between 0-4 to 2:lcm-!. In the second part of this group (3720-6, 3720-9, 
3721-6), which is the most intense feature of the spectrum, no shift is observed. 
The bands of the third group, lying in the spectral region of 3766 to 38164 are 
displaced, similarly to the second, from 0-6 to 6:3cm~. These displacements 
are rather irregular, although most of the bands are shifted to the red. In some 
bands of this group (3864-3877), the displacement is too complex to permit a 
correlation with corresponding bands in oxygen 16. The bands in the fourth 
group, which extends to 3918A, are displaced to the longer wavelengths by 
between 21 and 26cm. 

In table 3 are given the wavelengths of outstanding bands, wave numbers 
and corresponding isotope shifts. 

From this table it can be seen that the displacement of the band 3640 
and the group 3899-3918 A, agrees in sign and order of magnitude with that which 
would be expected from the equation (1) for sequences Av= +1. Displacements 
of the bands from another two groups (3672-3680 and 3766-3816) are of the 
right magnitude for the zero sequence, suggesting the possibility of more than 
one system existing, if the carrier of the bands is a simple diatomic molecule. 

In order to determine the number of oxygen atoms, some photographs 
(strip 5, Plate) were obtained with the vacuum arc running in a mixture of about 
equal proportions of *O and #0. ‘This spectrum shows only bands already 
obtained with pure oxygen 16 and 18, but no additional features. Absence of 
these bands indicates that the emitter contains only one oxygen atom. If it 
contained more than one atom, we would expect bands due to the molecule 
containing 16O and 18O atoms. 

Observed isotope shifts with '8O clearly show that oxygen is present in the 
emitter. Since hydrogen, nitrogen and Mg, may be excluded (Ghosh, Mahanti 
and Mukkerjee 1930, PeSi¢ and Gaydon 1959), there is no doubt that the carrier 
of the bands contains only oxygen and magnesium atoms. Absence of extra 
bands in the spectrum obtained in a mixture of 16O and 180 suggests very strongly 
that the emitter is a molecule with only one oxygen atom. 

On the basis of the present data it is impossible to give a definite decision about 
the nature of the emitter, but in previous work, the general complexity of bands 
and irregular isotope shift favour a polyatomic molecule. However, until either 
a vibrational or a rotational analysis have been made, the other possibility that the 


carrier may be a diatomic molecule remains. If so, more than one system must 
be involved. 
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Table 3. Isotope Effect in the Ultra-violet Bands 


Mg, *O Mg,, Ot Mg,, %O-Mg,, #*O 
AX (A) v (cm—}) A (A) v (cm~!) AA (A) Av (cm), 
3640-54 27460-6 3637-46 27483-9 3:08 — 23-3 
41-19 4560-7 38-30 477-6 2°89 — 20-9 
41-45 453-8 38-72 474-4 2:73 — 20:6 
42-24 448-8 39-45 468-9 DoehS) — 20-1 
42-52 445-7 80-97, 4604:9 PRS —19-2 
43-52 438-2 40-83 458-5 2:69 — 20:3 
45-02 426-9 42-50 445-8 DNS —18-9 
46-75 Aso 44-40 431°5 2°35 —17-6 
48-80 398-5 46-64 414-7 2:16 — 16-2 
F207 224-9 2a 224-5 — 0-04 0-4 
74-62 205-2 74:74 204-9 —0-12 0-3 
77-48 184-8 77-67 183-3 —0-19 15; 
80-64 161-4 80-92 159-4 — 0-28 Del 
3720-53 26870-3 3720-60 26869-7 — 0-07 0-6: 
20-89 867-7 20-96 867-0 — 0-07 0:7 
21-32 864-6 21-40 863-9 — 0-08 0:7 
66°39 543-1 66-10 545-1 0-29 —2-0: 
71-89 504-4 71-80 505-0 0-09 —0-6. 
P2OL 501-0 G23 50153 0:04 —0-3 
LIAS 468-5 77-40 465-7 —0-25 See: 
77°65 464-0 77°81 462:9 —0-16 [3 
82-78 428-1 82-65 428-9 0-13 —0°8. 
83-78 421-1 84-20 418-2 —0:58 2:9: 
87:89 392-4 88-47 388-4 —0-42 4-0) 
90-13 376°8 90-96 371-0 — 0-83 5°8 
98-6 318 98-3 320 0-3 —2 
3804-37 278-1 3804-16 279-6 0-21 —1°5 
05-29 271-8 05-28 271°8 0-01 0-0 
10-17 238-1 10-30 237-2 —0:13 0-9 
15-43 202-0 15-70 200-1 — 0:27 1.9 
16-40 195-3 17°53 188-5 —1:13 6:8 
64-90 25866-6 
67°47 849-4 
70-42 829-7 
73-74 807-6 
77°30 783°8 
99-31 638°3 3902-60 25616°7 — 3-29 21-6. 
3903-38 611-6 06-82 589-0 — 3-44 22:6. 
07-80 582°6 {ies 559-2 — 3-58 23-4 
12:59 551-3 16-39 20-8 — 3-80 24:8 
3917-92 25516°5 3921-95 25490-3 — 4-03 26:2: 


+ Bands from PeSié and Gaydon’s data (1959), 
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Abstract. The construction, instrumentation and calibration of a pressure-driven 
shock tube is described. Experiments are reported on interactions occurring 
between a magnetic field and ionized argon moving at shock Mach numbers 8 
to 23 and the conditions for these interactions are shown to be well defined in 
terms of the Lundquist and magnetic Reynolds numbers. 

The modifications to the fluid flow which result from these interactions are 
discussed in terms of magnetic body forces on the fluid and steady state flow 
patterns associated with different magnetic field configurations have been 
photographed. These show that a radially symmetric magnetic field may act 
as a nozzle to plasma flow, that an asymmetric field may shear the plasma 
flow and that when the interaction is strong enough a reflected shock wave is 
produced in the plasma. 


§ 1. INTRODUCTION 

HE early work of Alfvén (1950) on the interaction between an electrically 
| conducting fluid moving relative toa magnetic field was devoted to astro- 
physical problems, but the application of this phenomenon to confining 
high temperature plasma in thermonuclear fusion research has widened the 
interest in magnetohydrodynamics. The criterion for such an interaction, derived 
by Lundquist (1952), involves the product of the magnetic induction B and a 
characteristic length of interaction L. In astrophysics where B may be small, 
Lundquist’s condition is satisfied by the large value of L. Ina laboratory 
experiment, the small dimensions of L demand a large value of B. When the 
fluid is a gas, significant interactions may be observed as modifications to the fluid 
flow. In such cases a large value of B demands a high flow velocity and this 
requirement may be met in a shock tube where a slug of partially ionized gas 1s 

driven through a magnetic field at a very high velocity. 

Shock tubes are of two types, pressure driven and electrically driven. 
Experimental work with the first type has been reported by Lin, Resler and 
Kantrowitz (1955), Dolder and Hide (1958) and Patrick and Brogan (1959). 
The latter has been developed by Fowler (1952) and Kolb (10577) 


§2. THe SHocK TUBE 
2.1. Description of the Shock Tube 
The shock tube which has an overall length of 29 feet is shown in figure i 
The high pressure O,-H, combustion chamber (5 feet long, 43 inches internal 
diameter) is separated from the low pressure gas section by a copper diaphragm 
which ruptures when combustion takes place. A 10% O,-90°% H, mixture is 
ignited by discharging sufficient energy from a condenser system to evaporate 
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a fine copper wire along the axis of the combustion chamber. Any irregularities 
should thus propagate a distance equal only to the radius of the high pressure 
chamber and their effects be reduced to a minimum. 

When the diaphragm ruptures, a strong shock wave is sent through the 
low pressure gas at speeds (for argon) between M=8 and M=23. The shock 
Mach number is varied by adjusting both driver and driven gas pressures. he 
gas behind the shock front is heated, compressed and ionized, the degree of 
ionization being approximately 20 %. 

The shock travels along a 17-foot length of steel tube of which 11 feet has 
an internal diameter of 3-3 in. and 5 feet an internal diameter of 21n., the 
reduction of internal diameter occurring over a length of one foot. ‘The shock 
then enters a 15 in. length of 2 in. internal diameter Pyrex glass tubing, 7 in. 
wall thickness, which is followed by another 5 feet of 2 in. internal diameter steel 
tubing. 


Measuring _ Magnetic 
Ports © Field Coil 


J 
= ee ee hee 4 Stes 
Combustion Chamber ean —— aa Ee 
gt __ Diffuser — Copper Diaphragm os a 
U © Pox Field 
Lines / 


Glass 
Section 


Dump Chamber 


Cellophane 
Diaphragm 


Figure 1. The shock tube, showing the combustion chamber loaded as a shell into the 
breech of the gun barrel main section with the copper diaphragm asanose cap. The 
low pressure section is isolated between the copper and cellophane diaphragms. 


This is terminated by a fine ‘Cellophane’ diaphragm which ruptures at 
static pressures slightly in excess of an atmosphere, and which separates the 
shock tube from a large dump chamber. ‘The complete low pressure section is 
thus isolated and can be evacuated to 10->mmHg. Impurity effects are further 
reduced by flushing the low pressure section with argon before each run. 

The main section of the shock tube is an unrifled tank gun barrel modified to 
contain the high pressure chamber and part of the low pressure section. The 
design avoids the physical separation of high and low pressure sections when a 
new diaphragm is fitted. ‘The high pressure chamber is formed by extending 
the breech of the gun in the shape of a hollow, flat-ended cylinder. This chamber 
is loaded with a steel cylindrical shell (4 in. wall thickness, 5 feet long) with the 
diaphragm as a nose. 

The shell is driven home by a heavy screwed plug (12 in. long) which mates 
into the rear of the shell and through which is fed the high pressure gas. 
A perforated brass tube projects from this plug along the axis of the shell to within 
an inch of the diaphragm. This tube diffuses the gas mixture in the chamber 
before combustion and forms the return path for the current through an exploding 
wire stretched along its axis. 

Figure 1 shows the location of the magnetic field formed by a spirally wound 
coil placed at the centre of the Pyrex glass section. 


2.2. Instrumentation 


The steel sections of the shock tube (other than the gun barrel) have Perspex 
plugs inserted in a number of ports along the tube length. For measuring shock 
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speeds of low Mach number these ports were used for gold film resistance 
thermometers after Blackman (1956). For shocks of high Mach number the 
light from the ionized Sas operates a photomultiplier as the shock passes each 
plug and the output signals from these 
on calibrated oscilloscope traces and for 
Kerr cell camera. 


The shock and the following ionized gas are photographed through the glass 
section at the centre of which is situated the magnetic field coil. A time-integrated 
photograph is obtained by leaving open a plate camera and the photomultiplier 
shock speed measurements are checked from the slope of an (x,t) record of the 
plasma flow on a drum camera film (figure 2, Plate I). The speed of the drum 
camera is calibrated by photographing the light output of the spark gap which 
passes the current through the magnetic field coil. This light appears on the 
drum camera film as a series of bright streaks of equal length separated by short 
dark periods. Each streak corresponds to the passage of current for one half-cycle 
and the dark points of separation represent the extinction of light as the current 
reverses. ‘lhe period of the current is separately calibrated by an oscilloscope. 

The field current is triggered so that the shock front reaches the coil position 
just as the field is reaching its maximum value. The period of the field 800 psec, 


is much greater than the time of interaction 20 sec, so that the plasma sees a 
field of constant value. 


are used for shock speed measurements 
triggering the magnetic field switch and 


2.3. Calibration of the Shock Tube 


The equation relating the pressure ratio across the diaphragm P,, to the 
resulting shock Mach number M, for a simple shock tube is given by 


1-1 ee eee 
m+1L(m-1) ¥,+1 AyMsg 


where ya=Cp/Cy (high pressure gas), y,=Cy/Cy (low pressure gas) 


i hoes 


a velocity of sound (high pressure gas) 
CS ae 


and = 
a, velocity of sound (low pressure gas) 


This relationship assumes: 
(1) Operation with both driver and driven gases at room temperature when 
diaphragm is ruptured, i.e. cold burst. 
(11) Perfect gases with constant specific heats. 
(iii) Perfect diaphragm burst. 
(iv) One-dimensional flow without viscosity or heat transfer. 
(v) Constant area of cross section of tube. 


Using the relation for P,,, curves for air driving air (low Mach numbers) 
and H, driving argon (high Mach numbers) are plotted, together with 
experimental results (figure 3) for various pressure ratios. . 

All calibration experiments were made with cold bursts and not by igniting 
O,—H, mixtures. 

At high Mach numbers, that is high temperatures, condition (11) is violated. 
The specific heat of a monatomic gas will change with ionization and a polyatomic 
gas will be excited in its internal energy anodes and may also ionize. Conditions 
(iv) and (v) (for an area decrease) both tend to reduce the shock speed, the 
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attenuation becoming more pronounced at higher Mach numbers. This is shown 
by the increasing discrepancy between the experimental points and the theoretical 
curve for M> 10 in the hydrogen—argon curve. 


| ° 


fae 
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e@ Air driving Air 
© H, driving Argon 


Both gases at room 
temperature 


Pressure Ratio across Diaphragm 


th | = | 
45 


5 3.0 
Velocity (10° cm sec") 


Figure 3. Plot of theoretical curves with experimental points obtained in calibrating the 
shock velocity against pressure ratio across the copper diaphragm at moment of 
rupture. Increase of pressure ratio was obtained by raising the high pressure to 
an upper limit of 60 atm and reducing the low pressure to a minimum of 2 mm Hg. 
All calibration measurements were made with cold bursts and higher shock velo- 
cities were reached by exploding O,—H, mixtures in the combustion chamber. 


2.4. Diaphragms 


Correct diaphragm rupture is essential. Failure of the diaphragm to ‘petal’ 
against the tube wall removes energy from the fluid flow and increases the 
possibility of losing part of the diaphragm down the tube. All diaphragms used 
in these experiments have been taken from copper sheet. Cuts of accurately 
controlled depth are made with a V-shaped milling tool along two mutually 
perpendicular diameters. A cut along the grain of the metal gave a preferred 
direction of bursting and all cuts were made at an angle of 45° to this direction. 

‘Table 1 shows the diaphragm thickness and depth of cut against cold bursting 
pressure. After the cuts had been milled the diaphragm was annealed to give 
an even tearing rate from the diaphragm centre. 

In the shock tube the diaphragm was clamped between two hard steel jaws 
over an annular area 4 in. wide around its circumference. These jaws were 
free running annular collars, the gripping faces of which were cut as a series 
of concentric circular teeth. In the absence of the diaphragm these teeth meshed 
and, when the diaphragm was clamped between them, bit into the soft copper 
on each side to form a series of concentric circular seals. This system was found 
to be gas tight to pressures up to 75 atmospheres. 

Constant volume combustion theory (neglecting heat transfer) gives a 
7-3-fold pressure rise for a 10% O,-90% H, mixture. In practice, it was 
found at Lutont that this factor was reduced to 4:3. 


t Shock Tube Development Report; Guided Weapons Division, English Electric Co., 
Luton, Beds., L.A. t 975. 
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The diaphragms used in these combustion-driven shocks have allowed for 


a four-fold pressure increase and have ruptured in a manner similar to those of 
cold bursts. 


Table 1. Annealed Copper Diaphragms 


Thickness (10-? in.) 32 32 32 62 24 24 24 15 
Depth of cut (10~- in.) 11 13 ibs iby 11 13 5 9 
Cold burst pressure (atm) 60 47 42 35 25 20 15 10: 


§ 3. CONDITION FOR MAGNETOHYDRODYNAMIC INTERACTION 


When the plasma flow velocity uw and the field B are perpendicular an 
e.m.f., E=uB is induced in the plasma. The experimental configuration may 
be chosen so that this e.m.f. generates closed current loops in the plasma of 
current density j=oauB, where o is the electrical conductivity of the plasma. 
The interaction between j and B produces a body force per unit volume F=o uB* 
opposing the flow and the work done by this body force over an interaction 
distance L is FL =a uB?L which produces a pressure difference across the region 
of interaction. 

The extent to which the flow will be disturbed is thus measured by the ratio 
o uB?L/4 pu? where p is the plasma density. If this ratio is of the order of i there 
will be a significant change in the flow pattern and the conditions for interaction 
may be written as 

Eee ee ee Oe) Sa (1) 
Ry 
where ¥ is the Lundquist number o BL(47/p)"* and Ry is the magnetic 
Reynolds number 47Lyuc where p is the permeability. 

Values of Ry, Y and (1) are tabulated for the experimental conditions reported 
here (table 2). The values of o are those calculated by de Leeuw (1958) using 
the theory of Spitzer and Harm. Measurements of the electrical conductivity 
by the present writers (to be published) support this theory. 


Table 2 
L =BLo (4rpu|p2)"?, Ry=4rL,opu, L=1cm 


(1) (2) (3) @) (5) (6) Gy. (8) @)— 010) GA XT) 
0-2 EES /B)< ieee enced leo 245° 1-44. 0-72 0733-50-32 12°60 Si 
0:5 URE eal © earths: 1-03 1-907" 0-99 0-55; 60-31" 234 6-3 1:6 

i! 20 4:6 6:4 Oso 2:01 1:00 0°50 0:36 22:5 5-6 1 
13 24:5 44 5:94 0-71 77 0-85 0-45. (033) 17-5 at sot 

3 AGS 39 5-7 Oes2 1:08 0°54 0-27 0:25 94 2:34 0-6t 
10 108 3 Ser 0-34-9046 023 012 0-12 3:55 0-9F 0°2T 
20 180 Poop Ales 0-26 0-17 0-085 0-04 0-05 1:16 0-037 0-017 
50 400 1 Om: S 0-18 0-03 0-015 0-007 0-009 0:2 F¢ 0-05 0-025+ 


; 2! =aNGe -1)- 10-2 (emus) 
(1) P; (am Hg); (2) p2x10 (ecm); (3) ux 10° (emsec); (4)0x 

(5) (4zr/pa)!!? x 10?; (6) Y for B=4x10'c; (7) Y for B=2x 10's; (8) H for B=10%c; 
(9) Ry; (10) 2H?/Ry for B=4x 10!c; (11) 2.F?/Ry for B=2 x 10*c; (12) 2H?/Ry for 
iB 10.6 


+ Interactions were not observed experimentally. 
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The values of B are those at the centre of the coil. This follows the notation 
used by Dolder and Hide (1958). When the radial component B, is used the 
values of the last three columns of table 2 are reduced by a factor of 5. 


§ 4, DISCUSSION OF THE INTERACTIONS BETWEEN THE MAGNETIC FIELD 
AND THE PLASMA 

The behaviour of the plasma flowing in the interaction region follows that 
of gas flow in a pipe with friction. 

This is described by Shapiro (1951) in terms of the Fanno line, which is a 
curve in the enthalpy—entropy plane giving the locus of states through which the 
gas may pass continuously under frictional influence. Flow which is supersonic 
on entering the interaction region will be slowed down and the experimental 
configuration of Patrick and Brogan (1959) which produced a constant body 
force over the area of cross section of the flow reduced the flow Mach number. 

The magnetic field of the circular coil used in these experiments produces a 
body force which has a large variation over the cross-sectional area of flow. 
A detailed analysis by de Leeuw (1958) of the most favourable case, where the 
effective coil radius is close to that of the tube, has shown that the retarding body 
force is negligible at the centre of the tube where the flow is almost unaffected 
and that its maximum value is restricted to a narrow annular region close to the 
tube walls. 

The components of the body force per unit volume are given byj x B, (inwards) 
and j x B, (retarding) where 7 is the induced current density in the plasma and 
B, and B, are the axial and radial components of the field. 

In the experiments reported here the effective radius of the coil is 10 cm 
and that of the tube is 5 cm, so that B, is sensibly constant over the tube cross 
section. 

Application of div B=0 over a small volume gives B,= 47r(dB./dz) where r is 
the radial distance from the tube axis, so that j=owuB, gives an inward force per 
unit volume, 

Fi=oul SB, ie. eer. 


The retarding body force per unit volume is then 


: 2 
i= ou Gz) be UNG ene 72 


D Gs 


The increase of these forces with radial distance from the axis results in the 
magnetic field configuration from a circular coil acting as a ‘magnetic nozzle’ 
and the flow patterns resulting from such an interaction are shown in figure 4 (a) 
(Plate II) to coincide with those flowing through an annular constriction placed 
in the tube. 

In figure 4(a) the value of B, at the centre of the coil equals 20000c, the 
shock tube channel pressure equals 1mm Hg, the shock Mach number equals 
15 and the value of 2%? divided by Rj, equals 5-6. 

In figure 4 (b) B, equals 40000 c and the channel pressure equals 0-1 mm Hg. 
At these densities the flow is characterized by the behaviour of individual particles 
which will describe helical paths along the magnetic field lines. The constricting 


effect of the magnetic field is shown as the flow appears to follow the lines of force 
and to leave the tube walls. 
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The induced current flowing in the plasma is approximately 2000 acm~? and 
the magnetic pressure gradient j x B, acting radially on a single turn element of 
the plasma radius 2 cm and thickness 1 cm is 7 atm cm-!. 

Figure 4(c) shows the shearing flow pattern which results when the circular 
coil is laid flat on the top of the glass section as shown in figure 5. Most 
interaction experiments are designed with a field symmetry generating closed 
current loops in the plasma. In this asymmetric configuration the body force 


developed at the top of the tube must result from closed current loops formed 
coaxially with the circular field coil. 


—— > Plasma Flow : ——> Plasma Flow 

Figure 5. Explanatory diagram for the shear- Figure 6. Glass section of shock tube 
ing flow pattern of figure 4(c). The coil showing position of coils A and D 
A is placed on top of the glass section of and resulting magnetic field config- 
the shock tube and the retarding mag- uration. ‘he patterns formed by 
netic body force on the plasma flowing interaction between this field and the 
through the field is confined to the upper high speed plasma are shown in 
part of the flow. A shear pattern results. figure 4 (d) (1) and (ii). 


The field strength was equal to 40000cG, shock Mach number equals 22 and 
channel pressure equals 1 mm Hg. 

Figure 4(d) (i) shows the luminosity resulting from the plasma interaction 
with two similar coils arranged as a Helmholtz pair with a field configuration 
shown in figure 6. Heavier filtering revealed a detailed flow pattern as shown in 
figure 4(d) (ii). Attempts to reproduce this flow pattern by scaled pairs of 
annular constrictions have not been successful. 


Shock Tube 
Walls D apy D 
a) r 
A and D: Magnetic Field Coils 
C: Brass Ring-electrode 


Figure 7. Glass section of the shock tube showing position of coils A and D and the 
resulting magnetic field configuration. Plasma flowing with velocity u through the 
field B develops an electric field u x B across the tube. Current of density j is 
generated in the plasma and flows through a circuit closed by the brass ring-electrode 
C which is set in the shock tube wall. The retarding magnetic body force on the 
plasma j x B is sufficient to cause a reflected shock from the interaction region and to 
reduce the plasma flow velocity beyond the ring-electrode as shown in figure 8. 
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Finally the coils were placed, in series, on either side of the glass section of the 
shock tube as shown in figure 7. The resulting magnetic field of 15000 was 
constant across the tube and the clectric field ux B developed was 60vcm™. 
Current was generated in a circuit closed by a brass ring-electrode set in the 
shock tube walls and the retarding body force jx B extending across the 
cross-sectional area of the tube was sufficient to cause a reflected shock from the 
interaction region and to reduce the plasma flow speed beyond the ring-electrode 


as shown in figure 8 (Plate I). 


§ 5. CONCLUSION 


In conclusion it may be seen that the shock tube is a convenient apparatus 
for the study of interactions between ionized plasma and magnetic fields. The 
interaction sets in when the simple theory suggests that it should, that is, when 
2¢7/Ry, is of the order of unity. 

Exploratory work on the effects of magnetic fields in modifying the plasma 
flow has shown that a single circular coil of short axial length is the equivalent 
of a physical constriction in the tube and that a pair of such coils in succession 
give an unusual luminosity pattern between the coils. 

It is also interesting that reflected shocks can be produced by a transverse 
field if this is allowed to induce currents in the plasma. 
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Abstract. Vhe characteristic electron energy loss spectra of the elements of the 
first group of transition metals, ‘Ti to Cu, have been obtained using the reflection 
technique. In the spectrum of each metal one loss peak is identified as a plasma 
loss, and another, except in Ti and V, as a lowered plasma loss. ‘I'wo other series 
of loss values are associated with ionization of the M, and M, , shells, whilst a 
peak observed with most metals at about 5 ev loss could be ascribed to tonization 
of the M,; shell. Other losses have been interpreted as due to interband 
transitions, or as combinations or multiples of other loss values. The plasma. 
loss values were found to agree with the theoretical values of wp, assuming all 3d 
and 4s electrons to be ‘free’, for the first elements of the series and then to fall 
below the predicted values. 


$1. INTRODUCTION 


CONSIDERABLE amount of experimental work has now been carried out 

by many workers on the characteristic energy losses suffered by electrons. 

either on passing through thin foils or upen being scattered from the 
surfaces of solids (Marton, Leder and Mendlovwvitz 1955). 

Most of the work has been done on the pure elements, and of these an emphasis. 
has been placed on those which exhibit plasma oscillations. Such elements are 
characterized by having small binding energies for their valence electrons and 
large binding energies for their core electrons. ‘T'ypical examples are Al, Mg and 
Be. 

On the other hand there are the elements in which there is no sharp distinction 
between ‘free’ and ‘bound’ electrons. The transition metals, in which the 
electronic d band is incompletely filled, are in this class and have received much 
less attention both theoretically and experimentally. 

Although attempts have been made to modify the theory of plasma oscillations. 
to cover such cases, the approach is usually only qualitative. I nterpretation of the 
loss values by associating them with interband transitions of the electrons within 
the solid has also been proposed with varying degrees of agreement with experi- 
ment. . 

The pertinent factor, however, would seem to be that most theories concerning 
the transition metals necessarily consider them as a series, and hence should be 
compared with the experimental data for all the elements in the group. ‘The 
wide disagreement between the results of different workers, and often the same 
worker at different times, renders it unwise to combine independent measure- 
ments made under differing conditions when attempting a comparison with a 
theory which treats the elements as a unified series. 

+ Now on leave at Brookhaven National Laboratory, Upton, New York. 
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The first group of transition metals is the only one in which the majority of 
the elements are easily obtainable and convenient to handle, yet even here there is 
no record of a complete study of the eight elements Tito Cu having been undertaken 
by any one experimenter. Indeed, the reports of Marton and Leder (1954) and 
Watanabe (1954, 1956) are the only two in which the results for more than three of 
these elements are presented as having been studied by the same worker. The 
metal vanadium has not previously been examined. 

With this in mind, the present work on the characteristic energy losses of 
electrons in the eight elements, ‘Ti, V, Cr, Mn, Fe, Co, Niand Cu, was undertaken, 
using the same equipment throughout and as nearly identical conditions as 
possible. The apparatus has proved to be well suited for the study of elements 
under conditions of good bulk and surface purity. 


§ 2. "THEORY 

Marton, Leder and Mendlowitz (1955) have given a very comprehensive 
review of the work on the characteristic energy losses of electrons in solids up to 
1955 and an outline of later work has been given in a recent paper (Powell and 
Swan 1959). 

The plasma oscillation theory of Pines and associates (Pines and Bohm 1952, 
Pines 1956, Noziéres and Pines 1958, 1959) appears to present a satisfactory 
explanation for the dominant energy loss in most materials. "The magnitude of 
the fundamental loss is predicted in terms of hwy where wy is the free electron 
plasma frequency and is equal to (47e?/m)'?, where n is the free electron density. 
For elements where the valence electrons are loosely bound and the core electrons 
are tightly bound, the observed fundamental energy loss value should be close to 
hwy, if nis based on the number of valence electrons. Also the half-width of the 
loss peak should be small compared with hwy. ‘This has been borne out in experi- 
ment. 

The theory also predicts, however, that the observed loss values may differ 
from /wp due to the core polarizability and the occurrence of interband transitions, 
and that these factors would also cause broadening of the loss peak. 

For the transition metals, where the electronic d_ shell is incompletely filled, 
there is no sharp distinction between the ‘free’ conduction electrons and the 
‘bound’ core electrons. It is therefore to be expected that the observed loss 
value may differ from hwy due to the strong influence of interband transitions. 
Noziéres and Pines predict qualitatively that in the first group of transition metals, 
on passing from ‘Ti to Cu, the observed loss values will first be greater than and 
then become less than fiw», if the calculation is made on the assumption that all 
3d and 4s electrons are * free’. Noziéres and Pines also point out the correlation 
between the optical properties of a solid and its characteristic energy losses. They 
show that the loss peaks due to plasma excitation should not appear in the optical 
absorption spectra at corresponding absorption energies and that a large increase 
in the optical transmittivity with increasing frequency should occur at hwy. ‘This 
is a more accurate determination of iw y but unfortunately reliable data in the 
required optical region are scant. 

Ritchie (1957) predicted that the effect of the specimen boundary would cause a 
decrease in intensity of the plasma loss and the appearance of an additional loss, a 


lowered plasma loss, either at hwp/\/2 or at hwy//3, depending on whether the 


specimen is plane parallel-sided or of spherical grain structure. Low-lying 
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losses, which can be interpreted as being lowered plasma losses, have since been 
observed and identified in many materials which exhibit plasma losses (Powell 
1960b). Such losses are very sensitive to the condition of the target surface and 
are affected by substrates, surface layers of oxide, contamination, etc. (Powell and 
Swan 1960). 

Certain workers have proposed that the characteristic energy losses are pre- 
dominantly or entirely due to interband transitions (Rudberg and Slater 1936, 
Watanabe 1954, Leder et al. 1956, Sternglass 1956, Gauthé 1958, Viatskin 1958). 
Watanabe and Leder et al. have compared the characteristic energy losses with 
x-ray absorption data. ‘he values used in the comparison are the energy differ- 
ences measured between the absorption edge (usually the K edge) and the peaks 
observed in the fine structure on the high energy side of the edge. Such energy 
differences are considered to represent the energy difference between the Fermi 
surface and the maxima in the density distribution of the unoccupied states above 
it. Gauthé refers to such energy differences as AE but states that the comparison 
should be made with a value AV where AV=65E+AE. Here dE is the energy 
difference between the Fermi surface and the maximum in the population density 
of the electronic band immediately below it. This he reasons is the initial state 
for the excited electrons, rather than the Fermi levelitself. 6H is determined from 
the x-ray data as the distance between an emission maximum and the correspon- 
ding absorption edge. 

It has been pointed out (Ferrell 1956, Pines 1956, Nozieres and Pines 1959) 
that the plasma oscillations may themselves be responsible for a peak in the x-ray 
absorption fine structure. Gauthé, however, calculates that this is highly unlikely 
in the cases of Ni and Cu. A similar calculation would indicate that it is also 
unlikely in Fe and Co. 


§ 3, EXPERIMENTAL PROCEDURE 


The equipment used for this study has been described elsewhere (Powell, 
Robins and Swan 1958, Powell and Swan 1959). ‘The reflection technique is 
used, whereby electrons which have been elastically and inelastically scattered 
through 90° at the target surface are collimated and analysed with an 127° electro- 
static energy analyser. Slit widths and target position are the same as in the 
latter reference and the methods of recording and calibration are the same. 

Targets were prepared by vacuum evaporation, in situ, and were examined 
immediately after deposition. With all the metals studied, the observed spectra 
changed rapidly with time immediately after deposition of a clean target surface. 
This rate of change was slowed down by prior evaporation of titanium or alumin- 
ium to ‘getter’ the chamber, and the effect was considered to be due to the forma- 
tion of oxide on the target surface. Many observations were made in each case, 
scanning in both directions along the energy scale, and spectra were found to be 
reproducible when they were recorded directly after a new evaporation had been 
made. ‘They are thus considered to be characteristic of the clean metals. 

Spectrographically pure metals obtained from Johnson, Matthey and Co. Ltd., 
were used for the evaporations of all the metals, although samples of lesser purity 
were also used in the cases of Mn, Ni and Cu and were found to give identical 
results. The evaporations of Ti, We Gor. Mn and Cu were made from multi- 
strand tungsten conical baskets, whilst multi-strand tungsten helical coils were 
used for Fe, Co and Ni. No attempt was made to measure the thickness of the 
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layers deposited, but they were of sufficient thickness to eliminate all effects of the 
substrate. 

The pressure was normally less than 2 x 10-*mm Hg, though it often rose to 
about ten times this value during evaporations. ‘The target was at room tem- 
perature at all times and the carbonaceous contamination (Powell, Robins and 
Swan 1958) occurred so slowly that it was usually not detectable for periods of an 
hour or more. Throughout this work a primary electron energy of 1200 ev was 
used. 


§ 4. RESULTS AND DISCUSSION 


The interpretation of these loss spectra, as well as subsequent comparison with 
theory, is made easier and more convincing by having the complete series, 'Ti to 
Cu, observed with the same instrument, and under similar conditions. Our 
results for the transition metals are presented in table 1. Loss values which are 
interpreted as having arisen from similar loss mechanisms have been tabulated 
in the same column and are indicated by the same symbol in figure 1, in which the 
complete set of loss values is shown schematically in order to emphasize the general 
trends which occur throughout the series. 
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Figure 1. Schematic diagram of the characteristic energy losses observed in the transition 
metals, Ti to Cu. The interpretation of the losses is as follows: a, M, 5 shell 
ionization, 6b, lowered plasma loss, c, plasma loss, d, combination or interband 


transition, e, multiple of plasma loss, f, M, 3 shell ionization, g, unidentified, 
h, M, shell ionization. 


The loss values quoted in table 1 are the means of measurements made on a 
number of different spectra taken for each element. The errors shown are the 
probable errors of the means. Allowance has been made for the apparent shift 
in the peak position where it is obvious that the background is sloping but,with 
such complex spectra, there may still be some error in the location of certain peaks 
due to this cause. The numbers in parentheses indicate the number of measure- 
ments used in the determination of the particular loss value. The complete 
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spectrum was not scanned on every occasion, especially when oxidation was 
occurring rapidly, and this is the reason for the smaller number of observations 
of the peaks with greater loss values. 
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Figure 2. Characteristic energy loss Figure 3. Characteristic energy loss 


spectra of Ti, V, Cr and Mn. spectra of Fe, Co, Ni and Cu. 


The normalized characteristic energy loss spectrum for each metal is shown in 
figures 2 and 3. The intense peak of elastically scattered electrons, at zero 
energy loss, is not shown, but its width at half maximum intensity was about 1-5 ev. 
The intensity scale is arbitrary and has been adjusted so that the highest peak in 
each spectrum has an intensity of eight units. 

Our interpretation of the various losses, together with the considerations 
leading to it, is given below. ‘The columns referred to are those in table 1. 

It was assumed that one loss value in each spectrum would be due to the 
excitation of a plasma oscillation (Pines 1956) and the losses in column C were 
interpreted as these plasma losses. These losses in Ti and V are clearly defined 
and their values agree well with the theoretically expected values. This is 
discussed in more detail later and corroborative evidence from optical experiments 
is also presented for Ti. The choice of the plasma peaks in Cr and Mn was 
governed by a consideration of the general form of the spectrain figure 2. In Cu, 
it is generally accepted that the loss of about 19-1 ev is the plasma loss and this 
has been substantiated by recent work on alloys (Powell 1960a). From this 
and a general consideration of the losses in this series of elements it seemed 
most reasonable to interpret the 15-8, 17-9 and 19-5 ev losses in Fe, Co and Ni 
respectively as the plasma losses even though they were not necessarily the most 
intense. 

The loss values listed in column B are interpreted as being lowered plasma 
losses. The use of the reflection technique and very clean target surfaces are 
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conditions suited to the observation of such losses, and it is therefore reasonable 
to expect that they would be observed. Furthermore, the recent work on alloys. 
mentioned above has shown that the loss of about 7-6 ev in Cu is indeed a loss 
of this type. No explanation can be offered as to why such a loss was not 
observed in either Ti or V. Also as the 9-3 ev loss in Cr seems out of place in 
the general pattern of the losses as presented in figure 1, its interpretation as a 
lowered plasma loss may be questionable. 

é The loss values shown in columns F and H are interpreted as being due to 
ionization of the electronic M, , and M, shells respectively. Hillier and Baker 
(1944) who set out to observe this effect, were mainly concerned with loss values. 
of greater magnitude but did interpret a peak at 51-3 ev in Fe as being due to M 
shell ionization. Our values are retabulated in table 2 together with the corre- 
sponding critical x-ray absorption energies taken from the tables of Hill, Churchand 
Mihelich (1952), and the mean M,, absorption edge energies as found by 
Tomboulian, Bedo and Neupert (1957) for Cr to Cu. The agreement between 
our values and those of Tomboulian et al. is seen to be quite good except for a 
constant difference of about 2-5 ev, allowing that our 47-6 ev value for Cr may be 
affected by a multiple of the plasma peak at about 48-6ev. This constant 
difference may arise in the following manner. In these spectra, the so-called 
peak which is due to M, shell ionization should, in fact, be only a steep rise in 
the intensity of the background, but may appear as a peak if the background 1s. 
sloping. As our measurements were made to the top of the observed peaks and 
as the rise is often spread over 5 or 6eyY, it is quite reasonable to suppose that our 
values will be slightly greater than the values of the mean M, , absorption edge. 
The agreement between our values and those of the critical x-ray absorption 
energies of Hill et al. for both the M, , and M, shells are reasonably good, particu- 
larly as their values are acknowledged to be only approximate. Having the results. 
for the complete series of elements shows clearly the increase of these particular 
energy loss values with atomic number and lends conviction to the interpretation 


of these peaks. 


Table 2. Comparison of the Observed Energy Loss Values quoted in columns 
H, F and A of Table 1 with the various M shell x-ray Absorption Energies 


(in ev) 

Metal La V Cr Mn Fe Co Ni Cu 
Atomic Number 22 23 24 25 26 27 28 29 
Present Work (Column H) 61-8 67-4 75:9 82-2 
M, absorption energy (H.C.M.) 61 68 76 85 
Present Work (Column F) 36:6 41:9 47:6 52:0 566 62:5 68:0 77:4 
M, , absorption edge (T.B.N.) 43-5 49:5 54:3 59-6 65:5 76:3 
M, ; absorption energy Bo 41 42 52 56 64 73 77 

(EV GIME) 
Present Work (Column A) 55 5-4 4-9 5-3 4-6 4-3 4-5 
M, ; energy level (HB) 4-2 5-0 2:0 6-4 5-0 6:7 aD) eae 


The references are: (H.C.M.) Hill et al. 1952; (T.B.N.) Tomboulian et al. 1957; (HB): 


American Institute of Physics Handbook 1957. 
_a 


The appearance of peaks due to ionization of the M, and M, ; shells leads us to: 
consider the possibility of M,,; shell ionization, which would give rise to loss peaks 
at about Sev. It would thus seem reasonable to attribute the loss values listed in 
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column <A of table 1 to ionization of the M,,, shell. These loss values are com- 
pared in table 2 with the energy levels of the M, ; shell as presented in the American 
Institute of Physics Handbook (1957). It should be emphasized that the com- 
parison is intended to be indicative only, as these particular energy levels cannot be 
determined with any great accuracy. 

The origin of the three losses recorded in column G of table 1 has not been 
determined. The peaks are all intense and become broader from Ti to Cr; in 
fact the 57-0 ev peak in Cr sometimes has the appearance of two unresolved peaks. 
Presumably they could arise from unidentified interband transitions. 

Only one loss value appears in column E and it is a multiple of the plasma loss. 
The corresponding loss for Ti would be at 35-2 ev and its presence there would 
account for the extended slope on the low energy loss side of the 36-6 ev loss peak. 
The corresponding losses for V and Cr would occur at 43-2 and 48-6ev and are 
possibly obscured by the 41-9 and 47-6 ev losses respectively. For Fe, Co, Niand 
toa lesser extent Cu, the multiples of the plasma losses are not clearly observed 
although there is some structure in the spectra at the expected positions; this 
structure, however, was not as reproducible as the other parts of the spectra. 
In certain cases there also appeared to be indications of multiples of the losses 
tabulated in column D for these metals. 

The loss values in column D correspond, within the limits of experimental 
error, to the combination of a plasma loss and a lowered plasma loss. Such a 
loss is not clearly defined in the Mn spectrum and it is not to be expected in our 
spectra for Ti or V where the lowered plasma loss is absent. ‘The 23-0 ev loss for 
Fe and to lesser extents the 25-7, 27-1 and 27-3 ev losses of Co, Ni and’ Cu 
respectively are much more intense than would be expected so they may well 
arise primarily from interband transitions. 

It is of interest to estimate, from x-ray K absorption data, the energy losses 
that might be associated with interband transitions in Fe, Co, Niand Cu. The 
principle used in the calculation is the same as that used by Gauthé (1958) and 
has been described above. We have used the x-ray results published by Beeman 
and Friedman (1939) because of their completeness for these elements and 
because they appear to agree quite well with more recent work (Cauchois and 
Manesco 1950, Cauchois 1953, Sawada, Tsutsumi and Hayase 1957, Tsutsumi 
1958, Bally and Benes 1959). 

For Fe, one calculates from the x-ray data that AV = 22-2 ev, in good agreement 
with our observed loss at 23-Oev. For Co, AV = 23-6 and 27-5 ev compared with 
the single broad loss at 25-7 ev and for Ni, AV = 19-3 and 28-1 ev compared with 
the observed losses at 19-5 and 27-lev. We have already interpreted the 19-5 ev 
loss as the plasma loss but it is possible that a loss due to an interband transition 
could coincide with it. For Cu one calculates AV = 18-1 and 27-5 ev compared 
with our observed losses at 19-1 and 27-3evy. Again the 18-1 ev loss would have 
to be considered as practically coinciding with the plasma loss. The agreement, 
however, is sufficiently good to justify the interpretation of the losses in Fe, Co, 
Ni and Cu which are tabulated in column D as being primarily due to interband 
transitions. 

Consider again the plasma losses of these transition metals. The complexity 
of the spectra prevents an estimation or even an intercomparison of the half-widths 
of these peaks. We can only note that they are broader than the plasma peaks of 
‘well-behaved’ metals such as Al and Mg, as is predicted by theory. Regarding 
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their values, however, if all the 3d and 4s electrons in each element are considered 
as being ‘free’, the observed losses of 17-6 and 21-6ev for Ti and V respectively 
are very close to the values of 17-7 and 22-0ev predicted by the formula 
hwp =h(4rne?/m)!?. 

‘The observed plasma losses of the remaining elements are less than the theoretical 
values of 26-1, 28-0, 32-6, 33-2, 35-5 and 35-8 ev for Crto Cu respectively. ‘This is 
not in complete agreement with the predictions of Pines (1956) and Noziéres 
and Pines (1958) who expect the observed values to be higher than the theoretical 
values for Ti and V, and then to fall below them as one proceeds through the 
transition group. Indeed, if one accepts for Cr their theoretical value of 24 ev, 
which appears to include some allowance for core polarization, the agreement 
between the theoretical and our observed values is good for Ti, V and Cr. More 
theoretical work of a quantitative nature, however, is needed on this aspect of the 
characteristic energy losses of electrons in solids. 

It has recently been suggested by Powell (1960 b) that the effective free elec- 
tron concentration might be calculated from the lowered plasma loss, denoted by 
AE. Taking \Ey =hwp/. 2 and assuming that the losses in column B of table 1 
are lowered plasma losses, one obtains 1-5, 1-9, 1-1, 1-1, 1-1 and 1-0 as the number 
of free electrons in the elements Cr, Mn, Fe, Co, Niand Curespectively. Although 
this gives the expected value of one free electron for Cu, the validity of this 
procedure has still to be substantiated and these values should be treated with 
caution. 


§ 5. COMPARISON WITH PREVIOUS WORK 


The amount of work previously carried out on the energy losses of electrons 
in these transition metals is not great, and there has been considerable disagree- 
ment between the results presented by various workers. We have, therefore, 
collected all the characteristic energy loss values previously published for each 
element and present them together with our own for inter-comparison. 
Titanium. The only other workers who have studied the characteristic energy 
loss spectrum of 'Ti appear to be Marton and Leder (1954) and Watanabe (1956). 
Their results together with our own are shown in table 3. The agreement is 
poor, possibly due to the rapid rate of oxidation experienced with films of ‘Ti. 
As previously mentioned, the spectrum changes during oxidation and we observe 
the most prominent peaks in the altered spectrum to be at 11-4, 25-1 and 48:3 ev 
loss. 


Table 3. Characteristic Energy Losses in Titanium found in the Present Work 
and by Other Authors (in ev) 


Present Work 5°5 17°6 36-6 48-3 61:8 
Marton and Leder (1954) 11-4 21:4 42-9 
Watanabe (1956) 6°5 13 24 50 


a Se 


It is interesting to note that Rustgi (1959, private communication) has 
observed the onset of transmission in a Ti foil to occur at 18-0 ev, in close agree- 
ment with our 17-6 ev loss which we interpret as the plasma loss. 

Vanadium. No previous investigation of the energy losses in V has been pub- 
lished and our results for this metal are included in table 1. 
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Chromium. The energy losses observed in Cr by other workers, together with 
our own results, are shown in table 4. The agreement is not good between any 


of these sets of loss values. 


Table 4. Characteristic Energy Losses in Chromium found in the Present 
Work and by Other Authors (in ev) 


Present Work 4-9 9-3 24-3 S50 7/ 47-6 57:0 (52s 
Marton and Leder (1954) 9-7 21:8 45-0 

Watanabe (1954) 26 54 

Fert and Pradal (1958) 28 58 85 


Manganese. ‘Table 5 contains the energy losses observed in Mn by other workers 
andourselves. ‘Theagreement here is quite good although we have observed more 


loss peaks. 


Table 5. Characteristic Energy Losses in Manganese found in the Present Work 
and by Other Authors (in ev) 


Present Work 10:2 21-0 41:8 52-0 82-2 
Marton and Leder (1954) 9-9 2PM 
Fert and Pradal (1959) 225 


Iron. ‘The electron energy losses in Fe as measured by previous workers and 
ourselves are shown in table 6. As discussed before, we interpret the 15-6ev 
loss as the plasma loss, although the 23-:0ev loss peaks appear more intense 
(see figure 3, curve a). This latter loss has been considered by previous workers 
to be the plasma loss, presumably because of its intensity, and indeed it seems to 
have obscured the 15-8 ev loss peak in the work of Kleinn (1954) and Watanabe 
(1956). It is interesting to note also that after the spectrum has changed, due 
presumably to oxidation of the target surface, the 15-8 ev loss peak disappears and 
a strong peak at 22-9 ev is dominant. 


Table 6. Characteristic Energy Losses in Iron found in the Present Work and 
by Other Authors (in ev) 


Present Work 5:3 8-0 ies — PSO) 56-6 
Kleinn (1954) 7 AMIS; Sy a595) 56:9 
Marton and Leder (1954) 15-8 19-4 56:1 
Watanabe (1956) 23-2 49 62 


Cobalt. ‘Uhe previously reported energy losses in Co, together with our observed 
values, are given in table 7. Marton and Leder (1954) do not observe the 25-7 ev 
loss peak, whilst Watanabe (1956) may not have resolved the 17-9 and 25-7 ev 
peaks. 


EEE eee 
Table 7, Characteristic Energy Losses in Cobalt found in the Present Work 
and by Other Authors (in ev) 


Present Work 4-6 8-2 17:9 2-7 62:5 
Marton and Leder (1954) 7 18:3 
Watanabe (1965) 22:9 63-3 
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Nickel. Many workers have investigated Ni, as is shown in table 8. It would 
appear quite possible that, apart from the work by Gauthé (1958) and ourselves, 
the 19-5 and 26-4 ev losses have not been resolved, as the other results all show 
a peak at about 23 ev loss. Our ‘> 4:3ev’ loss is tabulated thus, as only a change 


of slope occurs at this point and the location of the peak could be at a greater loss 
value. 


Table 8. Characteristic Energy Losses in Nickel found in the Present Work 
and by Other Authors (in ev) 


Present Work >4:3 8-3 19-5 26-4 68-0 
Lang (1948) 15 24-2 47°5 
Méllenstedt (1949) 22-6 65 
Kleinn (1954) 5-4 21-8 

Marton and Leder (1954) 58 9:4 13:2 17:6 23-4 

Watanabe (1954) 6:5 2 22°5 45 

Simpson et al. (1956) 23 

Gauthe (1958) 20-6 Ao SP 4 Sy? 


Copper. Copper has been extensively investigated and the results are collected 
in table 9. In a few of our spectra there was some indication of a slight peak at 
about 9-5ev. ‘There is general agreement that the plasma loss is about 19 or 20 ev, 
though certain workers do not seem to have resolved the peaks at approximately 
19 and 27ev. The losses tabulated for Simpson, McCraw and Marton (1956) 
and Pradal and Saporte (1958) are estimated from their published diagrams. 
The latter workers report observing a loss at about 360 ev in Cr, Mn, Ni, Cu and 
other materials but do not mention other loss values except for Cu. 


Table 9. Characteristic Energy Losses in Copper found in the Present Work 
and by Other Authors (in ev) 


Present Work Pee He] 19-2 27:3 77-4 
Rudberg (1930) 3-4 6:9 12-3 25-5 34:5 

Rudberg (1936) 4:2 7-3 

Lang (1948) 19-1 

Reichertz and Farnsworth (1949) 3-0 6:0 12-3 20-0 

Mollenstedt (1949) 20:4 

Kleinn (1954) 3°1 4-3 6:4 21 

Marton and Leder (1954) 6-9 1S 19%6 

Watanabe (1954) i 19:5 

Blackstock et al. (1955) 22:6 

Simpson et al. (1956) 24 

Gauthé (1956) ToS 17:4 22:7 27-8 40 49 60 
Gauthé (1958) 73 18:7 23:7 28-4 41 49 
Fert and Pradal (1958) 25 49 
Pradal and Saporte (1958) 5 20 

Powell (1960 b) 4-4 7-2 19-9 27:1 


§ 6. CONCLUSIONS 


The characteristic electron energy loss spectra of the elements of the first 
group of transition metals, Ti to Cu, have been obtained using the reflection 
technique and 1200ev primary electrons. Care was taken to use clean target 
surfaces for the analyses. 
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Two series of losses observed in these metals are associated with ionization 
of the electronic M, and M, ; shells, whilst it is suggested that a third group might 
be associated with M, ; shell ionization. The remaining losses are interpreted 
as plasma losses, lowered plasma losses, losses associated with interband transi- 
tions or losses due to combinations or multiples of primary events. It is found 
possible to correlate certain interband transition loss values with x-ray absorption 
data. 

When compared with the values of wp, as calculated from the unmodified 
plasma excitation theory assuming all the 3d and 4s electrons to be {teem tie 
observed plasma loss values agree for Ti and V but fall below the predicted values 
for the other metals inthe series. This is presumably due to core polarization and 
the influence of interband transitions. 

However, further theoretical work, preferably quantitative, is needed on the 
characteristic energy losses of electrons in the transition metals, and it is hoped 
that the results presented here will stimulate such further studies. 
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Abstract. Optical designers have always had reason to be interested in the 
question: how well can the practical performance of optical systems be predicted 
from calculations based on geometrical optics? A large number of experimental 
investigations have indicated that the scalar wave theory (Huyghens—Kirchhoft 
diffraction theory) can predict the intensity distribution in the image of a point 
object well enough for the purposes of instrumental optics. Thus a natural 
approach to the above question is to consider how well ray-theoretic evaluations 
of image quality agree with those based on the scalar wave theory. In those 
favourable cases where the agreement is good, that is to say where the effects 
of diffraction can be disregarded without introducing unacceptably large 
evaluation errors, geometrical optics can be expected to provide an adequate 
basis for practical optical design. ‘The problem of delimiting the favourable 
cases then arises. 

Some results bearing on this problem are obtained in the present paper. 
In §2 it is shown how, by the use of distribution functions, the contrast 
transmission properties of ray-theoretic images can be discussed in a way which 
overcomes the well-known difficulty connected with infinite ray-densities. 
A sharpened form of a result of Hopkins and Miyamoto is obtained 
(equation (2.18)) and used to discuss the sense in which the wave-theoretic 
image of an extended object by a small-field monochromat with given 
geometrical aberrations approaches the ray-theoretic image as the wavelength A+0. 

In §3 the relations between wave-theoretic and ray-theoretic quality 
evaluations of photographic images are considered. ‘The importance of the 
relation between photographic spread and optical spread to the above question 
is clarified, and it is shown that if emulsion spread is held fixed while the 
aberrations are multiplied by a constant factor A, wave-theoretic and 
corresponding ray-theoretic photographic quality evaluations need not approach 
equality as Aco; they will do so, however, if the emulsion spread is also 
multiplied by A. 

In §4, computed quality evaluations are examined for model photographic 
systems with 1, 2, 4 and 8 wavelengths of fourth-power aberration, working 
at focal ratios 2, 4, 8, 16 over a range of focal settings in each case. Three 
wave-theoretic evaluations (3.9) are considered, together with the corresponding 
ray approximations (3.12). It appears that, over this range of special cases, 
the ray theoretic evaluation (3.13) can safely be used at focal ratios F <4 and 


the error of the ray approximation (3.12) depends much more strongly on the 
focal ratio F than on the amount of fourth-power aberration. 
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§ 1. INTRODUCTION 


HE relations between the ray-theoretic and the wave-theoretic images 

of a bright point by an optical system are of both theoretical and practical 

interest. On the theoretical side we should like to know in precisely 
what sense it can be said that, as the wavelength A tends to zero, the light 
distribution in the diffraction image approaches that in the ray-theoretic image 
as a limiting configuration. On the practical side we should like to know in 
what circumstances it is permissible to use the ray-theoretic image in place 
of the diffraction image in evaluations of visual and photographic image quality. 
The second question is closely bound up with that of the validity of image 
evaluation based on spot diagrams. 

These two questions have recently been discussed by Miyamoto (1958 a, b, 
1959) in three interesting and suggestive papers, from which it appears that 
they can be treated in a simpler way, and can receive more or less satisfactory 
answers in general terms, if we formulate them from the start in terms of 
contrast transfer functions (ct-functions). Accordingly, we first ask: In what 
sense is it true that, as \0, the ct-function of a system with fixed geometrical 
aberrations approaches the so-called ray-theoretic ct-functiont (Fourier transform 
of the geometrical light-distribution) ? 

Miyamoto (1958a) gave a discussion of this question which is complete 
in all essentials, but his handling of the error terms is not quite precise enough 
for the purposes of the present paper. We therefore include in $2 a more exact 
version of his argument, leading to the sharper result: As 0, the wave- 
theoretic ct-function of a system with fixed geometrical aberrations approaches its 
ray-theoretic ct-function uniformly in every finite region of the spatial frequency plane. 

This result calls to mind an observation of Hopkins (1957) to the effect 
that the wave-theoretic ct-function approximates to the ray-theoretic ct-function 
when the aberrations are large and the reduced spatial frequency s is small. 
However, the content of the present result is slightly different; it allows us to 
answer the first question as follows: In the image of an extended object by a small- 
field system with given geometrical aberrations, the Fourier transforms of the 
wave-theoretic and ray-theoretic intensity distributions are nearly equal when is small ; 
as \+0 their difference tends to zero uniformly in every finite region of the spatial 
frequency plane. 

To the second question above we give the more specific formulation : 
In what circumstances do the quality evaluations Strehl definition, structural 
resolution, etc. of an aerial or photographic image agree with those of the corre- 
sponding ray-theoretic image obtained by convoluting the ray-density distribution 
with the photographic spread function ? 

It is clear on general grounds (and can be confirmed by an inspection of the 
particular cases analysed in figures 4, 5 and 6) that the extent of the agreement 
between wave-theoretic and ray-theoretic quality evaluations of a photographic 
image depends not only on the size of the aberrations but on the relation between 
the optical and photographic image-spreads. Evidently the agreement will 
always be good when photographic spread is large compared with optical 

+ Ray-theoretic ct-functions have received attention from a number of investigators, 
notably Hotchkiss, Washer, and Rosberry (1951), Lindberg (1955), Hopkins (1955, 1957), 
Sayanagi (1956), De (1955) Lukosz (1958 a, b, c), Bromilow (1958), Marathay (1959). See 
also Linfoot (1960 a). 
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spread, It is easy to verify} that in the other extreme case, where photographic 
spread is small compared with optical spread, the agreement is not always good 
even when the aberrations are large. Even in the simple case of primary spherical 
aberration combined with variation of focal setting, the wave-theoretic and 
ray-theoretic evaluations of the Strehl definition may be wildly discordant in 
the aerial imaget, whatever the size of the aberrations, and it follows that the 
same is true in images with sufficiently small photographic spread. ‘Thus 
there is no possibility of formulating, in terms only of the size of the aberrations, 
sufficient conditions for the approximate equality of wave-theoretic and ray- 
theoretic Strehl definition either for aerial or for photographic images. Similar 
conclusions hold for the other quality evaluations mentioned in $3. It follows 
rather easily, however, from the result about wave-theoretic and ray-theoretic 
ct-functions established in §2, that the wave-theoretic and the ray-theoretic 
quality evaluations of a photographic system of given aperture approach equality 
if the wave-aberrations of the system and the angular photographic spread are 
multiplied by the same sufficiently large factor. Physically, multiplication of the 
angular photographic spread by a constant factor corresponds either to scaling 
down the image by reducing the focal length or to using a coarser-grained 
emulsion. We call a photographic system ‘matched’ when the optical and 
photographic spreads are comparable. In ‘matched’ systems, therefore, it 
is safe to use the ray-theoretic evaluation in place of the wave-theoretic evaluation 
provided the wave-aberration is sufficiently large §. 

The above general result, proved in §3, does not give any numerical estimate 
of the size of the wave-aberration above which the ray-theoretic quality evaluation 
becomes usable in a ‘matched’ photographic system. A numerical estimate 
only becomes possible when both the aberration type and the matching 
criterion between optical and photographic spread functions are specified in 
some way. Equation (2.17) provides a means of obtaining such an estimate 
in terms of the numerical aperture of the system, the third-order partial 
derivatives of the aberration function ¢(¢,7), and the photographic spread. 
But the estimate obtained in this way is unnecessarily large in many practical 
cases. It seems that we are likely to obtain a truer picture of the situation by 
examining selected special cases computationally. To do this systematically 
for the many different types of aberration met with in fast camera lenses would 
hardly be practicable with currently available electronic computers. But even 
an examination of the special case of primary spherical aberration is of some 
interest in view of the remarks made above. In §4 wave-theoretic quality 
evaluations of model photographic images with primary spherical aberration 
are compared with ray-theoretic approximations over the focal range from 
paraxial to maginal tocus in selected special cases, and some numerical conclusions 
are drawn about the extent of the agreement between wave-theoretic and 
ray-theoretic evaluations of images of this type. 


+ For example, by considering smooth wave-aberrations very near to one of the singular 
cases defined in § 2. 


J In a system with wave aberration 4(€, 7)=Ar‘+ABr?, where r?= (2+ 7?)/sin? 
i ; 3 = (€?+ 7*)/sin?a and 
the constant A #0, the central intensity of the ray-theoretic aerial im is i i 
—2<B<0, finite for B< —2 or B>0. pace wage yo 
§ Compare Miyamoto (1959), p. 61. 
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Figure 1. 


§ 2. WAVE-THEORETIC AND RAY-THEORETIC CT-FUNCTIONS. 


In figure 1 ABA’B’ represents the exit pupil of a centred optical system 
with smooth aberrations of arbitrary form; («’,y’) are Cartesian coordinates 
in the plane image surface. We denote by (u,v) the spatial frequencies relative 
to (x’,y’) in this surface. (€,7) are angular coordinates in the ‘spherical exit 
pupil’ centred on O’ and passing through AA’BB’O. ‘That is to say, if Q is a 
point in this surface its angular coordinates (€,7) are defined by the equations 

F=cos 00's; ay—cosO0'7"X’. 

In the case which mainly interests us here, that of unvignetted systems with a 
circular stop, the clear aperture is specified by an inequality €°+7?<sin’a, 
where sinz is the numerical aperture of the system. It is convenient, however, 
to consider at the same time systems in which the clear aperture is not necessarily 
circular, but may, for example, be rectangular or annular in shape, or may suffer 
from edge-vignetting. We denote by / the (€,7) region corresponding to the 
clear aperture. In an unvignetted F/5 system with circular stop, imaging a 
point near the optic axis, . is represented sufficiently well by a circle + 7° < ao 
in the (€,7) plane. Speaking more exactly, 7 is mapped on to this circle when 
the angular variables (£,7) are given a second interpretation as Cartesian 
coordinates in a mathematical (€,7) plane introduced for the purpose. 

We denote by 4(é, 7) the so-called geometrical wave-aberration in the spherical 
exit pupil centred on O’, and by 41, $2; $y, $ix $223 Pu --- the partial 
derivatives 04/d&, 06/dn; a%p/aé?, 02h/dEdn, 0?4/dn?; Op/0k*, .... We denote 
by w(x’, y’; A) the normalized light-intensity at the point (x’,y’) of the diffraction 
image in light of wavelength A. The normalization is chosen so that 


w(x’, y's A)dx'dy'’=1, = evavee pn 


In a small-field isoplanat the ct-function 1(u,v; X) is related to w(x’, y’; A) and 
to 4(€,7) by the approximate equations 


7(u,v;A)= : w(x, y; A) exp [—2ni(ux' + vy’)] dx’ dy’ 


“iatf fs, {eL# (E+ +3) 
af (<- ig Pe >) |pee Cee (2.2) 


874 E. H. Linfoot 


where the domain of integration 
Sy w= LVL + (fru, $Av)] x [VF — Gru, GAD) | Coe) eaneiene (23) 
while |./| denotes the area of the region ./ in the (7) plane. When 
&47%<4. throughout VS, the errors in this approximation are negligible 
for practical purposes. Making use of the inequality 
le’ —1]<|X| (- 0<X< 0) 
and applying the mean value theorem, we obtain from (2.2) the equation 
° 2 
7=|#|7 | | g. xP —2ni(udy +d e)} dé dy +07 N= Kyiw8, oe. (2.4) 
Au, Av 
in which 6 denotes a number between —1 and +1, w= 1/(w?+v?) is the line 
frequency corresponding to the spatial frequency (u,v) and K; is the greatest 
of the upper bounds in .Y of the continuous functions 


ldinlé 7), lbuolE,7)I, lpro0(E, 7)I, lPooo(E,7)I- SO OCU (2.5) 


(2.4) is a more precise form of a result of Hopkins (1957) and Miyamoto (1957, 
1958a). When A+0 the (€,7) domain S,,, ,, takes the limiting form .~ and the 
first term on the right of (2.4) tends to the limit t(u,v), where 


i(u,2) =|a|7 | i Sep (2a kh ed ee (2.6) 
al 
is the so-called geometrical ct-function of the optical system. 
In those cases where the normalized ray-density p(«,y) in the geometrical 
image is finite at every point, ¢(u,v) satisfies the equation 
iis, a) = | | exp [—2mi(ux’ + vy')]p(x,y) dx’ dy’. ....+. (2.7) 


"The normalization 


| | pay dad? aa re (2.8) 


ensures that 


10020 jet a eee (229) 
just as the normalization (2.1) ensures that 
TOO NN ee (2.10) 


for every 2. 


The condition that p(x’, y’) is everywhere finite seldom holds in a practical 
case. In particular itis not satisfied by folded images of the usual kinds. However, 
equations (2.6) and (2.7) still hold for these images. It can be shown that they 
fail only in the ‘singular’ cases where there is a set of points («’, y’) of two- 
dimensional measure zero which contains a finite proportion of the total 
illumination in the geometrical image. A correctly focused, aberration-free 
image is the simplest example of such a singular case. 

‘To cover the singular cases together with the others, it is necessary to use a 
more sophisticated mathematical technique. In place of the ray-density 


function p(x’, y’) we introduce the distribution function P(x’, y’), defined by the 
equation 


Posy )=lo7{ | di diene 4 hd lees (2.11) 


t 4+ ($Au, $Av) means the region A displaced by the amount (SAu, 


bye 
é NeR : : Av); x denotes the 
product’ (intersection) of the two regions in square brackets ; 


| means ‘ is included in’, 
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in which the integral on the right is taken over those points (€,7) of of at which 
$1(€,9) <x’, Olen ay es “8 ~ se, (Zaz) 


Evidently P(x’, ¥o') is the fraction of the total light in the geometrical image 
which is contained in the part x’ <x’, y’<yy' of the image surface. PE ee) 
is an increasing (>) function of x’ and y’, which satisfies the equation 


Ee) rat 

Saas \ OG Sg nee ae (2213)) 
wherever a finite ray density p(x’,’) exists. Elsewhere, P(x’, y’) need not be 
differentiable nor even continuous. We call P(x',y’) the distribution function 
of the geometrical image. Distribution functions of this kind are familiar in 
modern probability theory.+ 

The geometrical ct-function ¢(u,v) is defined in terms of P(x’, y') by the 

equation 


t(u,v) = | | exp [—2zi(ux' +vy’)]@2P(x',y"); 0.0 (2.14) 
when the image is non-singular, the Stieltjes integral on the right reduces to the 
more elementary integral (2.7). It is easy to show that in all cases the function 
t(u,v) defined by (2.14) satisfies equation (2.6). 

Returning to (2.4) and making use of (2.6), we have 


7(u,v; A)—t(u,v)= —|e¢|4 } | exp { — 27i(ud, + vd9)} dé dy 
J J S—S dau, Av 
+ ae cg ae. re (2.15) 
where |6|<1. Whence 
A — Sry, rv Z 
|r(u, v; A)—t(u, v)|< arin = aS TEEN orton r= (2.16) 


Now the first term on the right of (2.16) is less than K’Aw, where the constant K’ 
depends only on the size and shape of the clear aperture “; when isa circle 
£7 +7? <sin?«, the value of K’ is 2coseca/7. Thus 
|r(u,v; A)—t(u, v)|<K'Aw+ 3K Aw (277) 

It is interesting to note that the right hand side of each of the last two inequalities 
remains unchanged when the (x, y) origin in the image is shifted, and also when 
the focal setting is varied, provided both changes are small enough to alter the 
distortion function ¢(,7) by not more than, say, 20A. For, a small shift of 
(x,y) origin in the image plane together with a small change in focal setting can 
be represented, to the order of approximation here in question, by adding a 
term of the form «£+ By+y(£+77) to the aberration function ¢, where «, B, y 
are constants, and this leaves K, unaltered. 

From (2.17) we draw the conclusion: If the wave-aberration function 
(&,) possesses bounded partial derivatives $11, ¢i12, P122, $oe2, then in any 
bounded (u,v) region D of the spatial frequency plane, the ct-function 
+(u,v; A) tends uniformly to t(u,v) as A+0; that is to say 

max|7(u,v;A)—t(u,v)|\>0 see (2.18) 
D 


with negligible inaccuracy as A+0. 


+ See, for example, Cramér (1937). 
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Figure 2. Contrast transmission of monochromats with primary spherical aberration 
$(r) = AX(r*+ Br?) (see text). In each diagram the abscissa represents the spatial 
frequency w=(s sin «)/A multiplied by a scaling factor AA cosec a; the ordinate is 
the parameter B which specifies the focal setting. Sin a is the numerical aperture 
of the system; AX is the amount of fourth-power aberration. Along each horizontal 
line B=constant, the values of the contrast transmission, read off from the numbered 
curves, give the ct-function of the system at the corresponding focal setting; wave- 
theoretic in the first five diagrams, ray-theoretic in the sixth. In the shaded areas. 
there is contrast reversal (spurious resolution). The differences between the run 
of the curves in the first five diagrams and in the sixth show the effect of diffraction 
in modifying the contrast transmission in each case. At the Rayleigh limit (4=1, 
B=-—1) this effect is large; with four wavelengths of fourth-power aberration 
(A =4) it is already rather small. It tends to zero as Ao. The dotted curves in 
the fifth diagram (4 = 8) reproduce those of the first diagram (4 = 1) for comparison. 


Figure 2 shows the manner in which 7 approaches ¢, as A-+0, in the special 
case of an image with primary spherical aberration, formed by a small-field 
isoplanat with circular exit pupil. For a system with an amount a= AQ) of 
fourth-power aberration, the wave distortion in the exit pupil is given by the 
equation 


$(r)=AA+ Br), 1? = (E+) cosec? a, 
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where the parameter B gives the focal setting, while the polar variable ry runs 
from 0 at the centre of the exit pupil to 1 atits edge. The value B=0 corresponds 
to the paraxial focal setting, B = — 2 to the marginal focus. B= —1 tothe so-called 
mid-focus. 

The first five diagrams in figure 2 each show the values of 7, and the sixth 
the values of t, for a range of values of the line frequency w and of the focal setting 
parameter B. In each figure the abscissa is taken as aw cosec a = AdAw cosec a = As, 
where s is the reduced spatial frequency (Hopkins 1957) and the ordinates B 
cover the range from paraxial to marginal focus. In the first five diagrams, the 
values of 7 are displayed, by means of the numbered curves, for systems with A, 
2A, 4A, 6A and 8A respectively of fourth-power aberration. Along each horizontal 
line B = constant the values of 7 give the contrast transmission at the corresponding 
focal setting, for line frequencies w <(Zsin«)/AA in the image surface. In the 
fifth diagram (4=8) the dotted curves reproduce those of the first diagram 
(A4=1) for comparison. The sixth diagram displays the values of t in the same 
way; for given B, the ray-theoretic contrast transmission ¢ depends on w only 
through the product AAwcosecx. A less detailed t-diagram was given by 
Sayanagi (1956); it covers the cases —1:6<B< —0-6, 0< Adw cosec «<1°6. 

From these six diagrams, which show quantitatively the ‘ diminishing effects 
of diffraction’ as A+0, it appears that, over the range of spatial frequencies 
w<1/aF and over the range of focal settings —2<B<0, the wave-theoretic 
ct-function 7 differs only slightly from the ray-theoretic approximation ¢t when 
a>4\; when a=A or 2A the differences are considerable.t 

It is tempting to draw the inference that, in the practical evaluation of image 
quality in photographic systems with at least four wavelengths of primary 
spherical aberration, the ray-theoretic approximation can safely be used in place 
of the more accurate scalar wave model. Sucha conclusion is by no means always 
correct, however, as will be seen in §4. 

Small-field systems. So far we have considered only the imaging of a single 
isoplanatism patch, but the discussion need not be so restricted. In any practical 
system, the wave-aberration function 4(€,7) changes its form when the object 
point changes its position, but the partial derivatives $441, $iie Pie Poe are 
bounded in ., uniformly over the working field F. The conclusion (2.18) 
can then be shown to hold uniformly for object points anywhere in the field 
of a small-field system, provided that («’, y’) are replaced by ‘local coordinates ’ 
(«",y”) with origin at the centre of curvature of the spherical reference surface 
from which the wave-aberrations are measured{, and that r(u,v; A), t(u,v) are 
understood to denote the corresponding local ct-functions § 


+ Bromilow (1958) has discussed the relations between ¢ and 7 in systems with primary 
and with combined primary and secondary spherical aberration. Their relations in 
defocused aberration-free systems were examined by Hopkins (1955); in astigmatic systems 
at middle focus by De (1955); in comatic systems by Marathay (1959). 

{ It is often convenient to take this centre at the principal point of the geometrical image 
patch (see Linfoot 1958). 

§ The notation is that of two previous papers (Linfoot 1958, 1959). Here x’=x,y=y 
are the coordinates of the point (x’, y’) in the image surface * matched ’ against (x, y) in the 
object surface, and x”=x'—x, f=) =, Wey (4G d)=w(x', vy’; x, v5 A). In (2.20) 
P(x’, y'; ix, y) is the distribution function defined below and the integral on the right is a 
Stieltjes integral. 
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T(u,v; x,y; A)= ie exp [—2ai(ux" + vy") ]@ey(x",y" 5 A) dx" dy" 


=¢exp (Pri(ue-+ey)]| |” exp[—2mi(ux’ + vy')]e(x’,y'; x,y; A) dx’ dy’ 
TE OG te Se pas ee ee (2.19) 


and = i(u,v; x, y)= {| exp [—27i(ux" + vy")] d2yyP(x', 9" 5%, y) 


=exp ri(ue-+eyyl | | exp [ —2m1(ux' + vy’)] 


See aC ema et Me 08 Sos anc (2.20) 


The proof presents no new difficulty and is omitted for the sake of shortness. 
Large-field systems are outside the scope of the present paper. 

The extended result provides, for small-field systems, an answer to the old 
question: In what sense is it true that, as AO, the diffraction image of an 
incoherently illuminated extended object by a system with prescribed ray- 
aberrations approximates to its geometrical image by the system: (The diffraction 
image here means the intensity distribution predicted by the scalar wave theory 
with the usual approximations.) After the above discussion, the following 
answer can be given: As A+0, the Fourier transform of the intensity distribution 
in the diffraction image of an extended object wholly contained in the working field 
of a small-field system tends to that of the light distribution in the ray-theoretic 
image; it does so uniformly in every finite region of the spatial frequency plane. 

Here the system need not be isoplanatic, the ray-theoretic images of point 
objects may be singular in the sense defined above, and the object—intensity 
distribution may be singular in the sense that a finite proportion of the total 
light may originate in a set of object points of two-dimensional measure zero. 

We first prove the result on the assumptions that the object has a finite surface 
brightness o(x,y) at every point (x,y) and that the ray density is everywhere 
finite in the image of a luminous point situated anywhere in F. The extension 
to the general case will then be made with the help of distribution functions. 

On the assumptions just stated, the object brightness o(«, y) is everywhere 
finite and is zero whenever the point (x, y) lies outside the working field F in 
the object-surface. The normalized intensity I(«’,y’;A) at the point (x’, y’) 
in the image of o(x,y) is given by the equation 


I(x, y'5 A) = | | a(x, y)e(x',y'; x,y; A)dudy, ...... (2.21) 
F 


where w(x’, y’; x,y; A) is the normalized intensity at (x’, y’) in the image of an 
object point situated at (x,y). Then the Fourier transform 


Fil {| exp [—27t(ux’ + vy’) ]I (x, y’; A) dx’ dy’ 
= il dx’ dy’ exp [ —2mi(ux' toy’) | a(x, y)w(x’, yy’; x,y; A)dxdy 
ae F 


= i a t0(215 9" 95 A) exp [— Qrri(ux' + vy')] de dy’ ote.) dx dy 


= ae exp [—2mt(ux + vy)|r(u, v; x,y; A)o(x, y) dx ay, a) eee. (2.22) 
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where T(u,V; x,y s A) is the local ct-function (2.19) corresponding to the object 
point (49). Similarly, the normalized ray density I(x’, y’) in the ray-theoretic 
image of (x,y) is given by the equation 


Iw’, y’)= [ 


e 


. Ole viseiwawy)dedy, 9 ..csus (2.23) 


“ 


where p(x’,y’; x,y) is the normalized ray density at (x’,y’) in the geometrical 
image of the object point (x,y). The equation (2.20) which defines t(u, v; %, V)s 
assumes in this case the more elementary form 


exp [— 271 (ux — vy) |t(u, UD : x,y) 


= I exp | —2a1(ux’ +-vy') |p(x',y'; x,y) dx’ dy’, ...... (2.24) 


and we obtain, by the same procedure as before, the result 


F{f]= | | exp [—2zi(ux’ + vy')]1(x', y’) dx’ dy’ 


rnp 


=| | ¥ exp | —2m1(ux + vy) ]t(x’,y'; x, y)o(x,y)dxdy. ....4. (2,25) 


Let D be any finite region of the (u,v) plane. Then by (2.22) and (2.25) we 
have, for all (u,v) in D, 


be 


- « 


|F[Z] — F[Z]|= exp [—271(ux + vy) ](t—t)o(x, y) dx dy 


< } | t—tlo(x, y) dx dy 
F 


J @d 


<( max Loe a(x, y) dx dy 
(u,v) in D, (x,y) in F F 
Sema tl ae g (2.26) 


D, F 
where L is the total luminosity of the object. By (2.17), the second factor in 
(2.26) tends to zero as A+0, since $41;, P12, P22, Poe9 are uniformly bounded 
over the aperture as (x, y) ranges over F. Thus, if L is held constant FJ] — F[/]+0 
as A-+0, which is the required result. 

To extend this result to the general case where the light-flux distribution in 
the object and the ray-theoretic image of a point object may be singular, and 
it is not assumed that a finite light-flux density o(x,y) exists at all points of F, 
nor that a finite ray density p(x’, y’; x,y) always exists, it is necessary to describe 
the object and the image by means of distribution functions. We define S(x,y) 
as the total light flux issuing from those object points (X,Y) for which 
X<x,Y<y. Similarly, we describe the ray-theoretic image of the object point 
(x,y) by means of a distribution function P(x’, y’; x,y), defined as the fraction 
of the total light in those points (X’, Y’) of the ray-theoretic image of the 
object point (x,y) for which X’<x’, Y’<y’. 

Then the normalized distribution function of the ray-theoretic image of 
the extended object is 


F(x',y')= | | (POY HI) Fay SEI) ree (2.27) 
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and the Fourier transform of the (possibly singular) light configuration in this 
image is, by definition, 
= the exp [—2mi(ux’ + vy')d? yd (x,y). .-.20. (2.28) 


(If, for example, the Sia consists of a cluster of isolated, equally bright points 
(XnsVm), m=1, 2,...n and the system is aberration-free except for distortion, 
the last equation gives 


Fd ee 2 > exp [—2mi(ux,, 4-097 ly. see (223) 
© m=1 
where (%p»’, Vm) is the image of («,,,V,) and L is the total luminosity of the 
object.) 
From (2.27) and (2.28) we have 


=|] expl-2riue +e NP vy [[ Pes’ 9) eyS(9)) 
S69 F 
=(|J exp [—2mi(ux’ +ey'y1| | je ry P (Wy 5% Y)G oy S(%, y) 
—=00: F 
7 I ({ exp [—2a1t(ux' + vy’)? yyP(x', "5 »3)) a” yy S(x,y) 
F — © 


=| [ exp[—2ri(urtey)]t(u 05 %y)d%yS(%3) vase (2.30) 
F 


by (2.20). 
The wave-theoretic image is a little easier to deal with, because w(x’, y’; x, y) 
is always finite. We have 


I(x’, y'; #9; A)= | | w(x", y" 5,975 A)d egy S(%, 9), «aces (2.31) 
F 


Fll|= | | exp [—Za(ux a uy ll (x 9 ay A aod 
=| dx’ dy’ exp [ —271(ux’ + vy’)] {| w(x’, y'; x, y; A)d?,,,.S(x, y) 
me F 
= 4 — Dari / yay’ Mumastie F Lana 
ie ‘ie exp | — 271(ux’ + dy’)] w(x’, y’; x,y; A) dx’ dy ) Gk) 


= Ie exp |= 2et(ux oy) |n(U > Xa), Alas (hs V)y ee a deeiae es (2.32) 


where 7(u,v; x,y; A) is the local ct-function (2.19). 
From (2.31) and (2.32) it follows that 


\F[]—FIfl\= | i IL exp [—2ni(ux + vy) (7-12, S(«, y)| 


AND [71] 2°, yS(%y) 
<( om (ew, y)in F iD If @ ry (x, y) 


= L max |r—t|, 
D,F 


where L is the total luminosity of the object. (2.33) is identical i 
in f 
(2.26), and the conclusion now follows as before. te pega 
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§ 3. WAVE-THEORETIC AND RAY-THEORETIC QUALITY EVALUATIONS 


3.1. Wave-theoretic Evaluations 


From the well-known relation 


a i) 


<0 
we 7 .A)= | | exp [271(ux"+vy")]7(u,v; A)dudv ...... (3a) 

J —«© 
between the local ct-function 7 and the local optical spread function zw it follows 
that any local quality evaluation which can be expressed in terms of w can be expressed 
in terms of r. 

For example, in coma-free images with a bright central intensity peak, formed 
by centred systems with circular aperture, the brightest point of the diffraction 
image is at the principal point P, of the geometrical image patch. If we take this 
point as the origin of the local coordinates (x", y"), the local ct-function 7 is always 
real and the Strehl definition V of the system is given in terms of + by the equations 


V= | | T(u,v; A) du do [| TNs OPA) dw ao — osasar. (3:2) 
— 2 fr re r(u wire \) du dv (3 3) 
 msin? « I. Sod cde ed Dy Falolichisifs.e Bea 


where 7, denotes the ct-function in the special case ¢(&,7) =0 (aberration-free 
system) and sin« is the numerical aperture. 

Equations (3.2) and (3.3) remain valid when the diffraction image of a point 
object is no longer biaxially symmetrical about its point of greatest intensity, 
provided that the («”, y”) origin is taken at the latter point instead of at P,. 

An analogous local quality evaluation for photographic systems is the 
photographic Strehl definition 


; a2 fe ies 


—— | | ee (3.4) 

A gt oe 
in which 7,=7,(u,v; A) is the Fourier transform of the photographic spread 
function. Since t=( outside the spatial frequency pass-band ¥ of the system, 
namely the region 

u? + v? < (1/FA)? 

in the spatial frequency plane, equation (3.4) can be written 

V,=4 mean (774). se eeee (sua) 

F 


Other physically meaningful quality evaluations which have been formulated 
(Schade 1952, Fellgett 1953, Fellgett and Linfoot 1955, Linfoot 1956, 1958) 
in terms of ct-functions are 


2 mean (1 —|1—77,|?) (r.m.s. fidelity), Pretia Oo) 
F 
8-72 mean (|77,|*) (structural resolution),  =—.... (3.7) 
F 
10-60 mean In {1+ |77,|?R} (information density), ...... (3.8) 
F 


the last of which measures the statistical mean information density (bits per 
Airy disc) at signal-to-noise ratio R in the photographic images of a low-contrast 
random object set. 
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Each of the evaluations (3.5)-(3.8) is of the form 
mean O(77}), sce (Oe) 
Cd 


where ® is a continuous function of its argument 77, and is zero when 77, =0. 
Thus each evaluation is a 7,-weighted functional mean of 7 over the pass-band F 
of the optical system. The corresponding evaluations of the aerial image can be 
included in this formulation as the special case r,=1. Since 7 is everywhere 
zero outside , the expression (3.9) can be written in the form 


ir oa) 
——— oO dud; “wake : 
—arl|_. (r7,) dudo: (3.10) 
the four evaluations (3.5)—(3.8) correspond respectively to the special choices 
O(z)=4z, 2(1—|1—s|*), 8-72|z/?,  10-601n{1+|zPR} ...... Gal 


of the function ®. 


3.2. Ray-theoretic Evaluations 


Corresponding ray-theoretic evaluations are obtained on replacing 7 by t 
in (3.9) or (3.10), where ¢ is the ray-theoretic ct-function (2.7). The two 
resulting evaluations 

mean O(i7,;) eee (S212) 
F 


and 


r (oa) 
Secel |. D(ig yandeets bow Ieee (3.13) 


are not strictly equivalent because ¢ does not vanish everywhere outside ¥. 
To use the former amounts to using ¢ as an approximation to 7 in ¥ ; to use 
the latter amounts to using the ray-theoretic spread function p(x’, y’) as an 
approximation to the wave-theoretic spread function w(x’, y’). In many practical 
cases, the photographic acceptance factor 7, is so small outside ¥ that the 
integral of O(¢7,) over all spatial frequencies outside ¥ is negligible in comparison 
with the integral over A+. In these cases it is of no practical consequence which 
of the approximations (3.12) and (3.13) is used. It is convenient, nevertheless 
to distinguish between them by calling (3.12) the ray approximation to (3.9) 
and (3.13) the ray-theoretic evaluation corresponding to (3.9). 

. The ray-theoretic evaluations (3.13) are of interest because of their connection 
with the much debated question whether there exist realisticl image-evaluation 
procedures based on geometrical optics. Such procedures presuppose that the 
differences between the intensity distributions in the ray-theoretic and wave- 
theoretic images are harmlessly small for the purposes of image-quality 
evaluation. As already noted in $1, this supposition is sometimes unrealistic 
even for images with rather large aberrations. In many of the more successful 
practical optical designs, the image of a luminous point object consists of a 
bright, compact core surrounded by a faint extended halo or ‘flare’. General 
considerations given elsewhere (Linfoot 1960b) and supported By commie 


t If, for example, w,= 27? exp [—2u(x?+?)], 7, = w3(u? + w2 + y2)- 

If, iple, x+y"), 7, = 8 (u? + u? +v?)/2 and we su 
p-<0-1/FA, then in the case P(t7,)=4t7,, t=1 (ray-theoretic photographic Strehl debtor 
of an aberration-free system) the values of (3.11) and (3.12) differ by less than 0:8°% 


{ By a realistic evaluation of an optical system is h ich, i 
f a eremeant one which, in princi 
the designer to predict the opinion of the user. Es ae 
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special cases indicate that in systems forming such core-and-halo images the 
quality of the aerial image of an extended object depends chiefly on the structure 
of the cores, which is powerfully influenced by diffraction. When image spread 
in the receiving surface is appreciable, these diffraction effects play a less critical 
part. In particular, this is true in photographic systems in which the emulsion 
is ‘matched’ to the lens, in the sense that the photographic spread is comparable 
with the effective radius of an image core. Much less important are the diffraction 
effects in those mismatched systems in which emulsion spread is large compared 
with the effective radius of an image core. In these last systems, at least, realistic 
image evaluations based on spot diagrams should be possible. 

From the above remarks, it appears that we cannot expect to be able to set 
up evaluation procedures based on geometrical optics which will be satisfactory 
in all cases. We can expect to be able to do so only in those cases where the 
wave-theoretic and ray-theoretic images, modified in the photographic case by 
emulsion spread, are sufficiently similar to yield approximately the same 
evaluation when, with some physically reasonable choice of ®, (3.9) is applied 
to the one and (3.12) to the other. It seems that the real problem is to delimit 
these cases. A general result bearing on this problem is proved in §3.3. 


3.3. Relations between Wave-theoretic and Ray-theoretic Evaluations 


Suppose now that the contrast transfer function 7, of the receiving surface 
never exceeds 1 and satisfies the condition 


I i elo ae (3.14) 
This condition is satisfied in particular by the 7, function 
[1+ (2a0)?(u2+07)]-= se a ee (3.15) 


which, as noted by Sayanagi (1957), provides a fairly satisfactory simplified 
model of a thin receiving surface with turbidity. The values o=3-4p, c= 1-6 p 
give moderately good agreement between (3.15) and the contrast transfer functions 
of the emulsions Tri-X and Panatomic-X, as measured near A=5500A by Lamberts 
(1959), over the ranges 0-75 and 0-150 lines/mm respectively. Much closer 
agreement with these experimental values can be obtained by using, in place 
of (3.15), an approximation of the form 
A, {1 + (21701)?(u? + v*)]-9? + Ay[1 + (202)? (Ww? +07)]-9?, eee (3.16) 

which also satisfies (3.14). 


We first observe that if (3.14) holds and $(€,7) is given, then as A+0 


ee D(rr)dudo—[[" O(tr,)dudv sss. (3.17) 


in each of the special cases (3.11). For, since |7|, |t| and |7,| never exceed unity, 
it is easy to show that 


|®(77,) —®(t74)|< Bla [7-4], OC (3.18) 


+ Miyamoto (1957, 1958 a) makes some valuable comments in this connection. 


gi 2 
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where B=4, 4\/5, 17-44, 21-20R respectively in the four cases (3.11). Then 
Je @(r74)dudo— | | (t7,) dude <| | \® (774) — (t7,)| dude 
<B| | [r= | |r| dude 


125) 


oP al [ ,|raldudo+28 | | \7,|dudo, (3.19) 
D C(D) 


where D stands for the region u2 +2? <p,2, C(D) for the region u?+v? > p,? and 
the constant p, is at our disposal. Given e>0, we can, by (3.14), choose p, so 
large that the second term of (3.19) is less than }¢ and then, by (2.18), we can 
choose A, so small that for all A<A, the first term of (3.19) is less than je. This 
proves (3.17). 

Let r(u,v; 4; A), t(u,v; &) denote the values of 7(u, v) and t(u, v) respectively, 
for given wave-aberration function ¢(€,7) and given wavelength A. ‘Then for 
any positive A 

tu, sad; Aj=elAu, Aoyps AVA) ~~ sane (3.20) 
and tu, 0s Ad) =t(As, Avg) | 7) Oca (3.21) 
by (2.2) and (2.6). Therefore 


[ [> ene: 48; A)n (Au, 42)) dude 


l| 


[ O(r(Au, Av; 6; A/A)r,(Au, Av)) du do 
Tre 

= | - @(7(u, v; 6; A/A)z,(u, v)) dudv, 

by a simple change of variable, whence 


a | | @(r(u,v; Ad: \)r,(Au, Av)) dude 


= D(a(u, 03.03 )ry(u,v)) dado, ©... (3:22) 
where \’=A/A. As A- oo the integral on the right tends, by (3.17), to the limit 
nike Dit ll (t(u, 0; Ad)7,(Au, Av)) dudo; 
the last equality eh easily from (3. ye Thus the wave-theoretic evaluation 

a | [- © O( (1,25 Abs A)r(Au, Av) du de 
of the system in which both aberrations and angular photographic spread have been 
increased by the same factor A tends, as A increases, to equality with the corresponding 
ray-theoretic evaluation, which is 1/A® times the ray-theoretic evaluation of the 


original system. 
A similar result is true of the ray approximation (3.12). For by (3.21) 


4? | { , P(t(a, 25 A$) (Au, Av) dude 
=f? | | _ VU(Au, Ae; $)7 (Au, Av) dude 
a | | og Pltls 25 bral 2) du de 


> O(ir, dudug | ee eee (3.23) 
as A->oo, by (3.14), (3.18), and the inequality |z|<1 


Wave-theoretic and Ray-theoretic ct-functions 885 


In particular, the wave-theoretic evaluation (3.9), the ray approximation 
(3.12), and the ray-theoretic evaluation (3.13) of ‘matched’ systems in which 
both wave aberrations and angular photographic spread are multiplied by the 
same factor A all tend to equality as 4d, provided (3.14) is satisfied. They 
need not tend to equality if the photographic spread is held constant as A 
increases. This may be seen by considering the ‘singular’ case of an isoplanat 
in which the wave aberration ¢(€,7) is zero throughout a circular central region 
& +7? <1/1600 of an F/2-5 aperture, and turns off parabolically outside this 
central region in accordance with the equation 


— Pe ra eal pry 1 : 1 2 2 1 

$(E1)=254\( (+1) - a) (om < Bt < 55) 
Suppose the image is received on an ordinary fast emulsion with effective spread- 
radius of order 10. When 4<1, the photographic Strehl definition V, is 
nearly the same on wave theory and on ray theory, since optical spread is here 
small compared with emulsion spread. Let (V,)) denote its value for very 
small A. When A 51 the ray-theoretic value of V’, is very near to (25/1600)?(V4)o, 
and the wave-theoretic value something like half of this, since the core of the 
aerial diffraction image now approximates to an F/20 Airy disc. 


§ 4, PHOTOGRAPHIC QuALITY EVALUATIONS OF SYSTEMS WITH PRIMARY 
SPHERICAL ABBERATION 


From the remarks made at the end of the last section, it seems clear that in 
trying to formulate practically useful conditions which will ensure that the 
ray-theoretic evaluation (3.13) of a photographic system, or the ray approximation 
(3.12), can safely be used in place of the evaluation (3.9) we should not consider 
the optical aberrations alone, but should consider these aberrations in relation 
to the photographic image spread. In particular, it is clear that, even if the 
aberration function ¢ is restricted to the class of polynomials, no general results 
exist of the type: the evaluations (3.13) or (3.12) can be used in place ox (3.)) 
whenever the wave aberration is sufficiently large. It may, however, be possible 
to formulate useful practical rules of the above type when the form of the 
aberrations is more radically restricted in some way corresponding to the needs 
of the practical lens designer and when the lens is matched to the emulsion in 
some well-defined sense. For example, if in order to fix ideas we define a 
matched system as one in which 


(ff ierande) /({f Inttavae) <2 Oe (4.1) 


and suppose that the seventh-order aberrations are the highest which are large 
enough to affect the image quality appreciably, then it should be possible to 
formulate working rules of the desired type for matched systems. 

We do not attempt this difficult task in the present paper, but conclude by 
describing the results of a preliminary exploration of the relations between three 
wave-theoretic evaluations (3.9) and the corresponding ray approximations (3.12) 
in model photographic monochromats with selected amounts of primary spherical 
aberration. The systems are assumed to be working at a selected set of focal 
ratios (F/2, F/4, F/8 and F/16), and to be imaging low-contrast objects on to 
an emulsion with the acceptance factor r, shown in figure 3 (" model emulsion 10 * 
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of the paper by Black and Linfoot (1957))t. 7 is taken as zero at all line 
frequencies greater than 300 lines/mm. ‘The half-width of the corresponding 
emulsion-spread function is about 20 p. 


1000 Ww 
I 


1 l it 
0 50 100 7) 200 250 300 
Lines/mm 


Figure 3. Acceptance factor +, of a model photographic emulsion (‘ emulsion 10”). 


In the sixteen special cases considered, the wave aberration ¢ (r) is given by 

the equations 

d(r) = AX(1r* + Br?) (Aaalc7 45:8 )) dene eae (4.2) 

where the polar variable r runs from 0 at the centre of the aperture to 1 at its edge 
and A=500 mp is the wavelength of the quasi-monochromatic light. Thus 4 
measures the amount of fourth-power aberration in wavelengths and B is a 
parameter which specifies the focal setting. At the paraxial focus B=0; at the 
marginal focus B= —2. The value B= — 1 corresponds to the so-called mid-focus, 
which is by common consent the best practical focal setting in systems with 
very small amounts of primary spherical aberration. 

In figures 4, 5 and 6 are displayed three wave-theoretic quality evaluations 
(solid curves) and the corresponding ray approximations (dotted curves), each 
in the above-mentioned sixteen cases, over the range of focal settings from par- 
axial focus (B=0) to marginal focus (B= —2). he evaluations selected are 
photographic Strehl definition (figure 4), photographic structural resolution 
(figure 5), and statistical mean information density in the images of a low-contrast 
random object set at signal-to-noise ratio 100 (figure 6).[ This value of the 
signal-to-noise ratio corresponds to fairly ‘clean’ imaging. 

Each figure consists of four diagrams, and curves relating to a single value of 
A are displayed on the same diagram. In each diagram, the abscissa represents 
the value of Bb, which specifies the focal setting, and the ordinate the quality 
evaluation at that focal setting. The abscissa of the highest point of each solid 
curve gives the ‘best’ focal setting, according to the evaluation named in the 
figure, of a system working with model emulsion 10 at the focal ratio marked 


t In §5 of this paper, F/2 should read F/4 throughout; on p. 538, line 3, the values 20 


and 5 megabits per cm~™ should read 3-5 and 1 respectively; and on p. 539, bottom line 
+10 should read +32y. : 


} In the sense defined in Fellgett and Linfoot (1955). 


Wave-theoretic and Ray-theoretic ct-functions 887 


on the curve. The closeness of the agreement between the ‘best’ focal settings 
according to the three different evaluations considered is rather remarkable in 
view of their different physical meanings. 

Only one model emulsion has been considered, but it is easy to verify that the 
effect on the quality evaluation (3.9) of halving the focal ratio is the same as that 
of doubling the photographic image spread. Thus, to read off the photographic 
Strehl definition, at any focal setting between marginal and paraxial focus, of a 
system with four wavelengths of primary spherical aberration, working at F/4 
with an emulsion of spread twice that of model emulsion 10, we need only refer 
to the solid curve marked F/2 in the third diagram of figure 4. 

As already mentioned, the dotted curves in figures 4, 5 and 6 display the ray 
approximations to the wave-theoretic evaluations. These are indistinguishable 
from the corresponding ray-theoretic evaluations whenever 7, is negligibly small 


05 025 - 


0-20 i 


0 aa | zal J 
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Figure 4. Photographic Strehl definition (3.4) (solid curves) and its ray approximation 
(3.12) (dotted curves) in monochromats with primary spherical aberration 
d(r) = AX(r* + Br’) (see text), working with ‘model emulsion 10’ at selected focal ratios. 
In each diagram, the abscissa B specifies the focal setting; at paraxial focus B=0, at 
marginal focus B= —2. ‘The value of A gives the number of wavelengths of fourth- 
power aberration. At the focal ratios F/2, F/4 the ray approximation (3.12) agrees with 
the ray-theoretic evaluation (3.1 3). Thus ray- theoretic and wave-theoretic evaluations 
agree well in these eight cases. At F/8 the wave-theoretic evaluation and its ray 
approximation (3.12) begin to diverge. 


+ More explicitly, so small that (if “ “ -{{,) (tr) du dv is negligible in comparison 


with ce ®(t7,) du dv. 
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Figure 5. Photographic structural resolution (3.7) (solid curves) and its ray approximation 
(3.12) (dotted curves) for the sixteen special cases represented in figure 4. In each 
diagram B specifies the focal setting; at paraxial focus B=0, at marginal focus 
B=-—2. At the focal ratios F/2, F/4 the ray approximation (3.12) agrees with the 
ray-theoretic evaluation (3.13); at F/8 the difference between them is very small. 
Thus ray-theoretic and wave-theoretic evaluations agree closely at F/2 and F/4, but 
begin to diverge at F/8. If the emulsion spread were half as great, the divergence 
would begin at F/4. 


everywhere outside the spatial-frequency pass-band ¥ of the optical system. 
This pass-band consists of the spatial frequencies (wu, v) for which the associated 
line frequency w = 1/ (u2 +") does not exceed (2000/F) lines/mm, where F is the 
focal ratio. Since 7, has been taken to be zero at all line frequencies greater than 
300 lines/mm, it follows that at F/2 and F/4 the ray approximation curves and the 
ray-theoretic evaluation curves are identical for this model emulsion, whatever 
the aberrations. ‘hey are almost indistinguishable at F/8, for the aberrations 
here considered. Inspection of figures 4, 5 and 6 shows that at F/2 and F/4 the 
ray approximations agree rather closely with the wave-theoretic evaluations; at 
F/8 and F/16, on the other hand, the differences are considerable. Contrary to 
what might have been expected on general grounds, the closeness of the agree- 
ment between wave-theoretic evaluation and ray approximation shows no obvious 
correlation, over the range of cases and of focal settings examined, with the size 
of the aberration. It seems to depend mainly on the focal ratio. Moreover it is 
highly sensitive, in the F/8 and F/16 systems, to changes of focal setting. 

From the computed special cases it seems reasonable to draw the conclusions 
that (1) a ray-theoretic treatment can provide an adequate basis for the practical 
quality evaluation of photographic systems with up to eight wavelengths of 
primary spherical aberration, working at focal ratios F < 4 with model emulsion 10; 
(ii) at longer focal ratios than F/4 the quality evaluation of these systems should 


take account of diffraction, and this is particularly necessary in the neighbourhood 
of best focus. 
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Figure 6. Information density (3.8) (solid curves) and its ray approximation (3.12) 
(dotted curves) for the sixteen model photographic systems of figures 4 and 5, 
imaging a low-contrast random object set at a signal-to-noise ratio 100 (see text). 
A and B have the same meanings as in figures 4 and 5. At the focal ratios F/2,. 
F/4 the ray approximation (3.12) agrees with the ray-theoretic evaluation (3.13); 
at F/8 the difference between them is very small. Thus ray-theoretic and wave- 
theoretic evaluations agree closely at F/2 and F/4, but begin to diverge at F/8. 
If the emulsion spread were half as great, the divergence would begin at F/4. 


These conclusions gain in interest when the changing relations between. 
optical spread and emulsion spread in the different cases are also kept in mind. 
We can pick out the matched systems in a rough and ready way by comparing 
visually the general run of 7(s) with that of +,(w) and remembering that s = 2FAw, 
or by using (4.1). For images near best focus, the optical and photographic 
spreads are fairly well matched according to (4.1) at focal ratios near F/12 when 
A=1, near F/8 when A=2, near F/4 when A=4, and near F/2 when A=8. 

The fact that the ray approximations are, for each value of F’, about equally 
good whether A=1, 2, 4 or 8 becomes intelligible on observing that photographic 
spread predominates over optical spread in just those cases where the effects of 
diffraction are relatively more important, namely those in which A is small. 

The results just described suggest the conjecture that ray approximations 
may be adequate for the evaluation of photographic systems with primary spherical 
aberration whenever the product of the linear aperture of the system, measured. 
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in wavelengths, and the angular emulsion spread (suitably defined) exceeds a 
certain value K depending only on the error tolerance adopted and the choice of 
evaluation. But at present this conjecture cannot be regarded as anything more 
than a question in need of further investigation. 
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Abstract. ‘The amount of gravitational mass contributed by electromagnetic 
energy is not clear from previous investigations. In the case of the exterior field 
of a charged sphere, the charge appears not to contribute at all to the gravitational 
mass, but other electrostatic and magnetostatic fields give different results. 

The field of a circular wire carrying a steady current is investigated by the 
theory of relativity. An exact solution is obtained for a wire without mass, but 
this contains a singular surface without physical significance. An approximate 
solution without this singularity is then obtained, and this shows that the energy 
of the magnetic field generated by the current contributes to the gravitational 
mass of the system. The order of magnitude of the effect is discussed with a view 
to its experimental detection. 


§ 1. INTRODUCTION 
N the general theory of relativity the field equations for regions containing 
electromagnetic fields but no matter are 
Re=—8tEy, } } teeees (eal) 
4rE i= —F*PF, + 56 FO Rg, tet (152) 
where R,, is the Ricci tensor and F’,, the electromagnetic field tensor. Maxwell’s 
equations in generally covariant form may be written 
Fy =i — Kei OCnG be tco (E38) 
hee ee ne a7 (1-4) 
where a comma denotes ordinary differentiation, and Gothic letters represent 
tensor densities ; x, is the four-potential, and J’ is the charge-and-current density. 
The static, spherically symmetric, exterior solution of these equations Is given 
by the metric 


ds? = — yr? — r2d6? — 7 sin? Oddt+ydt® —————saeeee (159) 
where : 
2m e 
ee eee ee YE | Uta ee 1.6 
ais 1 7 = 72 ) ( ) 


the electromagnetic field tensor has the single component 
Foeer, tees se (1.7) 
corresponding to a radial electric field. . . 

In the usual interpretation, (1.5)—(1.7) represent the field outside a spherically 
symmetric body of mass m and charge é. In this solution m and ¢e are independent 
constants, and we are not prevented from putting m=0. ‘The charge € appears 
not to contribute to the gravitational mass in the ordinary sense, since e does not 
appear in the r~? term in (1.6). 
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On the other hand, examples have previously been given (Bonnor 1953, 1954) 
of static fields in which the electromagnetic energy appears to give rise to gravi- 
tational fields like those produced by ordinary masses. Moreover, in a recent 
work Witten (1960), has studied static, cylindrically symmetric solutions of 
equations (1.1)-(1.4), and has found that the parameters describing the electro- 
magnetic fields are related to the masses of the systems concerned. For 
example, he finds that in the solution representing an infinite straight wire 
carrying a current, the mass of the wire cannot be put equal to zero without 
abolishing the current.  Witten’s solutions, and also those of my own earlier 
papers, are difficult to interpret because they are not flat at infinity. 

There is a definite reason why it seems to me important to investigate this 
question further, quite apart from the general desire to understand the part 
played by electromagnetic energy in gravitation. Mass in gravitation theory 
occurs in a number of ways—for example, as inertial mass, ‘active’ gravitational 
mass, ‘ passive’ gravitational mass and as invariant mass (the density of which is 
given by the trace of the energy tensor, and which vanishes for electromagnetic 
fields). The relations between these masses are not properly understood, but 
we believe that two of them—inertial mass and passive gravitational mass—can 
be compared with great accuracy by the Eédtvés experiment. If it should appear 
from the theory that for electromagnetic energy these two masses are different, a 
repetition of this experiment might offer the possibility of a clarification of the 
whole situation. 

In this paper are described solutions of equations (1.1)—(1.4) corresponding 
to the exterior field of a circular loop of wire carrying a steady current. After 
some preliminaries in $§ 2-4, an exact solution is obtained in §5, but this corre- 
sponds to a wire without gravitational mass and contains a spurious singularity. 
In §7 an approximate solution is obtained without the singularity, and in this 
there appears a gravitational mass arising from the magnetic field of the current. 


§ 2. THE FIELD EQUATIONS 
We assume that the field is static and has symmetry about an axis of rotation 
Oz, and take for the metric 
dst= —e*(d2"4dr*)—e"dd*+erdi® ~~ == | Rak (2.0) 


where A, v and p are functions of z and r only. Labelling the coordinates z=~,, 


=X, 6=X3, =X, we suppose that the only non-vanishing components of the 
electro-magnetic field tensor are F\,= —F,, and Fyg= — Fp. 


The metric (2.1) allows further simplification. Two of the field equations 
(it rare 
Ryg= fe? *(20 4 + 2v 99 + vy? + v9? + 14p1 + Yop) = —Fe’FYF,,, 
Ryy= — feP(2py1 + pao + py? + po? + v1p1 + vop2) = — he°FF.,,, 


where a suffix 1 or 2 after a Greek letter means differentiation with respect to z 
or r. From these we obtain 


2(¥41 + P11) + 2(Yo9+ pos) + (v1 + py)? + (v2 + ps)?=0, 
whence 
02 , 02 

2 eltei2g 2 even — 
72 4 a3 e 0. 
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From this it follows (Weyl 1917) that we may choose 


e('+p)i2 — 
without specializing the metric (2.1). The latter then becomes 
ds* = — e*(dz*+ dr*®)—e-*r’dd?@+erdt®,  ....... (2.2) 


Using the metric (2.2), and a vector potential with the single component xg 
(hereafter denoted by «), we find for the complete gravitational and magnetic 
equations in space-time free of sources 


Ry = 2A + Ag +7 Me + py”) =P *(ay°— 0") oe (2.3) 


Rog= $(Auy + Agg— 71g — 27", + pro?) =C'r—2(ay2@—ay?), kn eae (2.4) 
R33= — pre? "(py + poo +1 "pa) = —e (ay? + a9"), v+++++ (2.5) 
Ryy= — 30° (py + poo +1“ po) SS (a Ge Ni an are (2.6) 
Ryo= 3(pypo—1 1p —7 1”, ) SS Ser eyiee uO a eniee (2) 
FE = Pr ayy t+ ang — Pe t+ Opp + Aopg)=00 ks ae (2.8) 

This system is easily shown to be equivalent to the four equations 
Vipj2er ter to); ane wins (2:9) 
V'a— or 4a, = —(eipyt eps) © i ws (2.10) 
Ng=—PytTpppatAe Tr tats, 8 tw twee (2.21) 
Ag= — pat 4r(po?— ps") +269 (ag? — 07), . 2.5 (2212) 

where 
So a a Fas Sat 


det OF For 
is the Laplacian in cylindrical polar coordinates. Equations (2.11) and (2.12) are 
easily shown to be consistent provided (2.9) and (2.10) are satisfied. ‘The complete 
solution is generated by the functions p and « obtained from (2.9) and (2.10) for, 
given these, A is determined to within an arbitrary constant by (2.11) and (2.12). 


§ 3. A Crass or ExacT SOLUTIONS 
In this section is presented a class of exact solutions which was previously 
given in a slightly different form (Bonnor 1954). 
In the special case in which 


4 P1 + %opo= 0 wie ate) Se (3.1) 
we may introduce a harmonic function such that 
Fy — Tio, Ly —— rip, 2 ECM CAT (3.2) 


pis then a function of ys because of (3.1), and the complete solution of (2.9)—(2.12) 
for the metric (2.2) is 


wae tgekidesy ke (3.3) 

3 3 : m 
ae Ye ot Fe ead), dias (3.4) 
ie pe eee ee (3.5) 
A= — py —4r Abo, Pope MIN (et (3.6) 
eee Fe Ae Bon ©. Gen anes (3.7) 


where A and B are arbitrary constants. Equations (3.6) and (3.7) are com- 
patible if y satisfies (3.5). 
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The solution is generated by a single function 7, which plays a part similar to: 
the magnetic scalar potential of the Maxwell theory, the field components being 
given in terms of it by the usual relations (3.4). 


§ 4. THe CLassicaL FIELD OF A Loop OF CURRENT 
Let the loop have the form of a circle in the plane z=0 centre O, radius a, 
and suppose it to carry a steady current j (relativistic units). The magnetic 
scalar potential ~ is multivalued, but we can remove the multivaluedness by 
considering the magnetic shell equivalent to the current. Let this be the disc 
z=0, roa OY ie (401) 
then the potential at any point is proportional to the solid angle subtended by the 
disc. For a point on Oz we may take (Jeans 1927, page 431, with modifications) 
ob = Zaj[1 —2(a? +27)? ], z> 0; 
ob =2nj[-—1—2(a? +27) 17], 2 U3 } 
when the positive value of the square root is to be chosen. The space may now 
be regarded as simply connected, but there is a discontinuity in % on crossing the 
disc. 
In the usual way (4.2) may be used to obtain the potential at points off the 


g axis; using spherical polar coordinates R, 6,4 with O as origin, we find, (Jeans 
1927) 


R Rs sa Loam on PIR aes 
b=2nj| £1-T P+ Raa eae) 8a (GF) Panat-| 


for R<a, the positive or negative sign being chosen according as 
O<0<4n or 4n<O<z; 
P,, (cos@) are the Legendre polynomials. For R>a, we obtain 


io ery 2 are 4 nag Loe sey Nee 
b=2ni| 4(5) Pi #(R) Pat +0 A oe |B) Payats- |. 


§5. THE RELATIVISTIC FIELD OF A LOOP OF CURRENT 


The values of # given in the previous section are to be substituted into (3.3), 
(ona), (3.6) and (3.7). We first verify that the metric (2.2) then tends to flatness 
as R, given by (2?+7")"?, tends to infinity. From (3.3) we have 

e°= A’sec* B(cosAy—tanBsin Ad),  —......... (Gah) 
so provided that A is finite and non-zero and provided that B is not an odd integral 
multiple of 47, we shall have 
cP consti OG) ea De eee (5-2) 


for large R, since (4.4) shows that ~O(R-). It is clear from (3.6) and (3.7) 
that e* will tend to a similar value. | Hence (2.2) tends to flatness at great divans 
from the loop. 

It follows now from (3.4) that the magnetic field will have at great distance 
the correct classical value, since the components of F,, are formed in the ordinar 
way from the classical potential. We therefore conclude that at great ace 


from the source the magnetic field would be recognized by an observer as that of 
a current loop. 
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We now put 
SSO at eee (5.3), 


and expand e?, given by (5.1), in powers of R“!. This gives 
ef=l+2me@AR“tanBcos@+O(R“), . — ...... (5.4) 


where cos@=3/R. The second term on the right of (5.4), which contains. 
cos 6/R?, corresponds to the gravitational field of mass dipoles, and implies the 
existence of negative mass in the source. ‘This must be ruled out on physical 
grounds, so we put B=0. From (5.3) it then follows that we may take A = 1, and 
(5.1) now gives 

CF seri eS uni seats (35) 


Since A can be found in terms of p from (3.6) and (3.7), it follows that (4.3),. 
(4.4) and (5.5) determine the desired solution. 


§ 6. EXAMINATION OF THE SOLUTION 


It will be seen from (5.4) that e? contains no term in R™, and so the gravi- 
tational mass of the current wire does not appear in the solution. It therefore 
appears that our solution corresponds to the magnetic field of a loop of current 
with zero mass. To investigate further the nature of the solution we consider 
now the singularities of the field. 

It follows from (5.5) that e*? becomes infinite when p= }(2n+1)7. Since 
ranges from an infinite value on the wire to zero at infinity, it follows that e? will 
take on an infinite number of such singular values. However, singularities of 
this type in e? will not occur in the range 


oui | © Pe (6.1) 


and it turns out that this range corresponds to the whole of space, except for a. 
very small region close to the wire. 

To see this, take the expressions (4.3) and (4.4) for ys, and consider the series 
in the square brackets; one finds by putting every coefficient of R” equal to, 
+1 (or —1): 

[bl <2nj (1+ oa): R<a, 
a’? — R? 
ma" 


|| < R2— a’ 


ha: 


Remembering that in the relativistic units being used here j is extremely small for 
any current obtainable in the laboratory (La=3x10-** relativistic units), it 
follows that y satisfies (6.1) except for a region very close indeed to the wire. In 
fact in any conceivable experimental situation the singularities at y= 4(2n+1)7 
lie inside the material of the wire, where of course a different solution of the field 
equations must be used. ‘These singularities resemble the singularity at R= 2m 
in the Schwarzschild solution, which cannot in fact exist because matter cannot 
be sufficiently compressed to realize it. We therefore confine attention to that 
part of the field in which (6.1) is satisfied. . 

A singularity in e? of a different type occurs on the equivalent magnetic shell 
corresponding to the current loop, namely on the surface (4.1). From (4.3) it 
follows that, on crossing this surface from negative to positive values of 2, 
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changes from —27j to +27j. This does not imply a discontinuity in e? itself 
because by (5.5) it is an even function of ys. The derivative of g44 with respect 
to x is, however, discontinuous on (4.1) since 


es = 2, tanysecye 9 aie (6.2) 
changes by 

A(d,)otan2njsec*2mj we ee (6.3) 
as (4.1) is crossed from the negative to the positive side; (%,)p is the value of 
oys/dz on (4.1), and it is a function of r. 

The solution therefore has a singularity on the surface (4.1.). ‘This singularity 
evidently corresponds to no feature of the actual physical situation which the 
solution is supposed to represent, since in fact the only singularity should be on 
wire itself, viz. on s=0, r=a. We therefore ask how the singularity could be 
removed to make the solution conform with reality. 

For many applications to static fields one may take logy/g4, as a represen- 
tation of the Newtonian gravitational potential y. If we do this, with g,, given by 
(5.5), we find that y is continuous on crossing the surface (4.1), but 

Lane 

Qsumde 
is discontinuous. ‘Therefore the Newtonian interpretation of the discontinuity 
(6.3) is that (4.1) corresponds to a surface distribution of mass. 'Vhis distribution 
does not show up in the field at infinity, for by (5.4) e* has no term of order R-1 
for large R. 

The difficulty can be overcome if we can add to our solution a source of mass 
on the surface (4.1) of appropriate density to cancel out that represented by the 
discontinuity (6.3). This will remove the singularity and at the same time give a 
term of order R~ at infinity: and the solution will then represent a current wire, with- 
out a spurious singular surface, but having a mass which depends on the current. 

Unfortunately it has not been possible to carry out this programme using 
exact solutions. ‘The solution of §3 is not the most general solution of the axially 
symmetric magnetostatic problem, and it may perhaps be worth while to point 
out why it cannot be applied to overcome the difficulty. The solution contains 
one source function 7% satisfying (3.5), which one uses to insert the appropriate 
magnetic source. Examination of g,,, given by (3.3), then shows that the only 
mass source which can be inserted into the solution is one which, at great distance, 
gives rise to a gravitational potential proportional to ys. Thus if one uses to 
represent a sheet of magnetic dipoles, the corresponding mass source would be 
one of mass dipoles. This source is actually represented by the second term on 
the right of (5.4), and since it is of no physical interest, it was abolished by putting 
B=0. Thus it is not possible to use the solution of §3 to represent a current 
wire with mass. 


In the next section it is shown how the problem can be dealt with by a method 
of approximation. 


§ 7. AN APPROXIMATE SOLUTION OF THE EQUATIONS 


To find an approximate solution without the singular surface (4.1) we revert 
to equations (2.9)-(2.12), and suppose that p, « and A can be expanded in power 
series in the current j and the mass m of the wire which carries it. Having regard 


The Field of an Electric Current in General Relativity 897 


to the way in which p, « and A enter equations (2.9)-(2.12), we see that the 
expansions will be of the form 


foe) 


foe) 
a= > > meyfal®, 
p=0s=1 


foe] ee) 
N= Ni ee ee Se, i [at oe es eC LS) 
p=08s=1 
N= maA2°) == > SS mP)28\P 8), 
p=0s=1 
From (2.9) the function p) satisfies 
Mp a 8! ations (7.2) 


and the solution of this to be chosen is the Newtonian gravitational potential of 
the circular wire. This can be written down, and the corresponding value of 
X) is then obtainable from (2.11) and (2.12); however, since p®® and A% will 
not be needed in what follows they will not be given here. 
The lowest term in the expansion of « is given by 
V2eD— Dre —0, tes eee Kieo)) 


and here we must choose the solution corresponding to the magnetic field of the 
current j. Equation (7.3) is formally the same as (2.10) with the condition (3.1) 
imposed, so we may put 

fe rhe, jee P= ry nn nee (7.4) 
as in (3.2), and use for ¢ the scalar potential of the current loop, namely (4.3) and 
(4.4). The magnetic field components up to the (01) approximation are then 
given by (3.4). 

We now proceed to calculate p; the equation for this, following from (2.9) 

and (7.1), is 
V29(02) = 24 2(q, Bae aD) =) 
and using (7.4) we obtain 
V2) —2j7-A(py? tye”), eres (7.5) 
A solution of this is 
pO® 7 eye, tn ee ee (7.6) 
and this is the approximate solution corresponding to the exact solution (5.5). 
If we adopt (7.6) we find, as in (6.2), that dp* /dz has a discontinuity on the 
surface (4.1). Let us denote the magnitude of this discontinuity by 47r0*(r), thus 
dp02* 0p 02* 7 
(A-) s ( : ) Ee SBa ilo ole (7.7) 
Oz she 0% = 
where + and — refer to the sides of (4.1) on which z is positive and negative 
respectively, and where, as before, (x), denotes the value of oyb/0z, as a function 
of r, on the surface (4.1). 

As explained in §6, this singularity has no physical meaning, and we will 
remove it by adding another function to p*, From (7.5) it follows that to 
p©2” we may add any harmonic function. Let us therefore add a term 

ponrs = | 2 rr (7.8) 
z 


el EN ect 
|r—r*| : 


where = denotes the surface (4.1), r is the position vector of a field point, r’ is 
the position vector of a point on >, and o**(r*) is a function to be specified shortly. 
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We know from ordinary potential theory that dp®**/dz will be discontinuous in 
crossing 4; in fact 


eS A (=) = SAnat trl © Dee (729) 
oz A oz i 
If now we put 

ot G) = arin) acces (7.10) 


and take as the complete solution of (7.5) 


p= poe + pO** 7 ae | 


it follows from (7.7), (7.9) and (7.10) that p© will be continuous on crossing %, 
and the singularity will have been removed. 

The integral in (7.11) will show up at great distance as the gravitational 
potential of a mass which must be attributed to the presence of the current. To 
find this mass, we recall that at great distances }p ~ y, where x is the Newtonian 
potential. Hence the mass concerned is 


o*(r*)dS* 


> jr—r*| 


ee: (7.11) 


Mee Ee | eG ds ee (7.12) 
z 
and we can evaluate the integral by using (7.7): 


a Qu 
Were | 2ilds)odS* = —j | | (y)or*dgpdr®. 
0 
Finally using (7.4), we have 
M =2nj? [al] ,¢ = 2nj2a(a), 


where «®(a) denotes the value of «© on the wire itself, since « vanishes at 
the origin. 

Our approximation method has given us « up to the (01) approximation (by 
(7.4)), and p up to the (02) approximation (by (7.11)). By expanding (3.6) 
and (3.7) in powers of j we could in principle find A up to the (02) approximation. 
One can verify that X is singular only on the wire itself, and beyond this no 
interest attaches to A®) from our point of view. We assume that in higher 
approximations any spurious singularities in ps) can be removed by a procedure 
similar to that above, accumulating meanwhile additional increments of mass, 
suchas) (7.13). 

To compare (7.13) with the energy of the magnetic field due to the current, 
we “ee note that the vector potential A of elementary theory is given in terms of 
a) by 


1AS= jC) 2 ie 2 ee Gene (7.14) 
and that the magnetic energy is 


W= tj [Ads ee (7.15) 


the integral being taken round the wire. Comparing (7.13) with (7.15), and 
using (7.14), we see that 


A NK (7.16) 
The gravitational mass is therefore twice the magnetic energy. If the wire is 
regarded as having zero cross section, «°), M and W are infinite, but as we saw 


in §6, it is not permissible te neglect the cross section of the wire. 


The Field of an Electric Current in General Relativity 899 


§ 8. CONCLUSION 


It has been shown that to obtain a physically reasonable solution, within 
general relativity, for the field of a loop of steady current, it is necessary to endow 
the wire with a gravitational mass which corresponds to the energy of the magnetic 
field created. The result is surprising in that, as explained in §1, no such mass 
appears in the solution for a point charge, at least if one considers only the exterior 
solution. Otherwise, it is physically reasonable that the energy of the magnetic 
field should exert gravitation and therefore lead to a gravitational mass term. 

The factor two in (7.16) is not entirely unexpected since factors like this are 
known to occur in relating electromagnetic to mechanical energy (see, for example, 
Papapetrou 1947). It presumably arises from the fact that non-Maxwellian 
stresses are present in addition to purely electromagnetic ones, and these contribute 
to the gravitational mass. 

The gravitational effect of the current is not very far below the limit of experi- 
mental detection. For (7.16) we may write 

M=L;?, 
where L is the self-inductance of the wire. Taking L=10%cm and j=10%a, we 
find, paying due regard to the units, a value of 1:1 10-°gfor M. A rather thick 
wire would be needed to carry such a current, of mass, say, 100g. | Hence the 
mass of the magnetic field would be about 1 part in 101° of the mass of the wire. 


REFERENCES 


Bonnor, W. B., 1953, Proc. Phys. Soc., 66, 145. 

1954, Ibid., 67, 225. 

Jeans, J. H., 1927, The Mathematical Theory of Electricity and Magnetism (Cambridge: 
University Press). 

PapaPETROU, A., 1947, Proc. Roy. Irish Acad., 51 A, 191. 

Wev 1, H., 1917, Ann. Phys., Lpz., 54, 117. 

Witten, L., 1960, Centre Belge de Recherches Mathématiques, Colloque sur la Théorie de la. 
Relativité, p. 59. 


3M2 


900 
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Formed by Copper in Germanium 


By D. L. GREENAWAY+ 
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Abstract. Infra-red absorption measurements from 1 to 34 have been made 
on germanium containing varying amounts of antimony and copper at 
temperatures down to 20°x. The results indicate that the three acceptor levels 
introduced by copper into germanium can be identified by their effect on the 
low temperature absorption spectra of suitably doped samples. The appearance 
of the levels is in good agreement with the existing theory, and in addition to 
this, an excited state of the shallow acceptor level has been identified which has 
not been previously reported. 


§ 1. INTRODUCTION 


LEMENTS which have an s! electronic configuration (e.g. copper and gold) 
R= act as triple acceptors in germanium. ‘These impurities, if present 

substitutionally, can accept at first one, then a second, and finally a third 
electron as the Fermi level of the material is raised. ‘Thus their acceptor action 
is determined by the tendency to complete the tetrahedral bonding arrangement 
with the four nearest neighbour germanium atoms. The positions of the acceptor 
levels formed by both copper and gold in germanium have been determined 
electrically (from measurement of Hall effect etc.) by Woodbury and Tyler 
(1957), but little work has been done on the effect of these acceptor impurities 
on the optical absorption spectra. Copper has been chosen in preference to gold 
for this research owing to its very high diffusion coefficient, and the consequent 
ease in preparing copper doped specimens. It is shown in this paper that the 
three acceptor levels formed by copper in germanium can be identified by an 
examination of the infra-red absorption spectra of suitably doped samples. 
According to the results of Woodbury and Tyler, the levels are situated at 0-04 ev 
and 0-32 ev from the valence band and 0:26 ev from the conduction band. These 
energies correspond to wavelengths of 31, 3-9 and 2:5 1 respectively, and are thus 


accessible using a spectrometer equipped with caesium bromide and rocksalt 
prisms. 


§ 2. Previous WorK 


In 1952 Fuller and Struthers showed that copper was responsible for the 
introduction of some of the acceptors into heat-treated germanium. In the 
‘same year Slichter and Kolb associated the electrical properties of heat-treated 
and quenched germanium (thermium) with the very rapid diffusion of copper 


+ Now at Standard Telecommunication Laboratories, Harlow, Essex. 
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into germanium. Morin and Maita (1953) using Hall etfect conductivity measure- 
ments located an acceptor level at 0-04 ev from the valence band, and also inferred 
the presence of an electron trap deeper in the forbidden gap. The inference was 
substantiated by Rank and Cronemeyer (1953) in a paper on the infra-red 
absorption of thermiated germanium, but no specific impurity was postulated. 
Photoconductivity measurements by Burstein et al. (1954) and Kaiser and Fan 
(1954), identified the 0-04ev level and also suggested a deeper level at about 
0-3 ev from the valence band. Optical absorption measurements by the latter 
workers located the shallow acceptor level at 0-055 ev above the valence band, 
and a deeper level at about 0-25ev above the valence band. The conclusive 
electrical identification of the three copper acceptor levels was made by Woodbury 
and Tyler (1957). They studied the Hall effect and mobility of both copper 
and gold-doped germanium, using a method of systematic double doping, 1.e. 
presence of a known concentration of donor in addition to the copper, to fill up: 
the acceptor levels from which excitation was not required. Woodbury and 
Tyler located two levels below the centre of the forbidden gap, and a third level 
above the centre of the gap, i.e. at 0-04ev and 0-32 ev above the valence band, 
and at 0-26ev below the conduction band. 


§ 3. PREPARATION OF COMPENSATED SPECIMENS AND EXPERIMENTAL 
PROCEDURE 


The germanium used was grown by Standard Telecommunication. 
Laboratories, Harlow. Single crystals were pulled from a melt of zone-refined 
intrinsic material (resistivity >40Qcm) in a silica crucible. Antimony was 
introduced by adding the appropriate amount of antimony-germanium alloy to the 
melt, and programming the growth to give the required concentration gradient. 
The concentration of unwanted electrically active impurities was less than 
1014 cm-*. To investigate the two deeper acceptor levels two crystals (PP155 
and DS4) were grown (each some 2 in. long) containing approximately linear 
concentration gradients of antimony (7 x 10% to 14 x 10° carriers per cm? in 
PP155, and 13 x 10" to 6 x 10" carriers per cm® in DS4, determined from room: 
temperature Hall effect measurement). ‘The ingots were sawn into half-inch 
square cross section bars, and each bar cut into eight slices 0:25 in. thick. 
Several of the specimens were optically polished and the absorption measured. 
in the 1-15p region at room temperature and at 80°k. Before diffusion, 
specimens were plated with a visible layer of copper from a pyrophosphate 
solution and sealed in evacuated silica tubes. A copper concentration of 
4-5 x 10! carriers per cm* was then introduced into the specimens by diffusion: 
for 46 hours at 717+1°c to obtain samples in which either empty double 
acceptor states, empty triple acceptor states, or no acceptor states at all were 
present. The diffusion was carried out in a large resistance furnace and 
specimens were quenched by dropping them into oil. 

To investigate the lowest acceptor level, copper was diffused into nearly 
intrinsic germanium for a period of eight hours at 800+5°c in a small 
hydrogen-flushed resistance furnace. 

Absorption spectra of the samples were obtained with a Perkin Elmer 12B 
single-beam spectrometer modified for double-pass operation, and equipped 
with rocksalt and caesium bromide prisms. ‘The resolution was 0-05 at 4p, 
and rather better at 30. A Golay pneumatic detector was used and the amplified 
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output displayed with a Brown recorder. Specimens, placed at a beam focus 
between the exit slit of the spectrometer and the Golay cell, were mounted in an 
all glass cryostat fitted with KRS5 windows. This cryostat is a simplified version 
of one used in Bristol University (Pappalardo 1957); the exchange gas system 
has been omitted, the specimens being inserted in a rectangular slot in a hollow 
copper cold finger. Specimens are held in position by two short rectangular 
copper tubes inserted from each end of the slot. Figure 1 shows the cold finger 
together with the bottom section of the cryostat. The complete spectrometer, 
enclosed in an airtight case, was flushed continuously with a stream of dry 
air which provided protection for the prisms and also considerably decreased 
the absorptions due to atmospheric water vapour. 


i Liquid 


F Hydtogen 


= Liquid 
fia Air 


oie 
Slot 


KRSS 
Windows 


Figure 1. Lower section of the glass cryostat. The specimen is surrounded by the coolant 
on four sides. 


Corresponding Compensation sae 

optical sample (N= concentration) Typo ee cocaine sete 
BBS 5 (1) 2NCu>NSb>NCu p 0:30+0-02 
PP155 (2) 2NCu>NSb>NCu p 0:33 40-02 
levels) (G)) 3NCu>NSb>2NCu n 0-24+0-02 
PS) (7) 3NCu>NSb>2NCu n 0-24+0-02 
DS4 (2) NSb2~3NCu n low but indeterminate 
DS4 (6) NSb>3NCu n low but indeterminate 


To check the diffusion and quenching techniques and the compensation of 
specimens, and also to provide some verification of the results of previous workers 
the activation energy of each of the two deep acceptor levels was detern ane 
from the variation of Hall effect with temperature; the specimens used were 
companion samples to the optical specimens from the copper doped ingots PP155 
and DS4. The temperature was varied from 180°-290°K, and a correction for 
the T°? dependence of the density of states applied to all Hall effect values. The 
results obtained are given in the table, which also contains the correspondence 
between the Hall effect specimens and the optical samples referred to in §4 
These results locate the deep levels at 0-32 ev above the top of the valence erent 
and 0:24ev below the bottom of the conduction band; they represent poad 
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agreement with the values given by Woodbury and Tyler. The last two results 
shown in the table for specimens with heavy antimony doping, indicate that at 
temperatures down to 180°K, as would be expected, the antimony donor level 
situated at approximately 0-01 ev below the conduction band is still fully ionized. 


§ 4. OpTicaL ResuLts—THE DEEP LyING ACCEPTOR LEVELS 


In the near infra-red, absorption spectra at 80° and 20°K of specimens before 
copper doping gave similar results. All spectra showed an absorption coefficient 
of less than 0-3 cm~ in the 2-7 region. Measurements extended to 15, for 
several specimens showed no features other than a slight increase in absorption 
at long wavelengths due to the effect of free carriers. Figure 2 shows the 
behaviour at 80°K of one undoped specimen (i.e. before copper diffusion) and 
six copper doped specimens each containing a substitutional copper concentration 
of 4-5 x 10" carriers per cm*® and varying antimony concentrations. Compared 
with the spectra of undoped specimens, there is a difference in the shape between 
the absorption edge and about 44, probably due to the two deep acceptor levels. 


Photon Energy (eV 
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(31) (3:92) (251) 


Figure 2. Spectra of six antimony—copper Figure 3. 


doped germanium specimens at 80°K: 
Ce EPAS Si): Dee as (2)c, be li 5.(5)< 
d, PP155 (7); e, DS4 (2); f, DS4 (6). Curve 


g shows an antimony doped specimen. 


The acceptor levels should manifest themselves as absorption thresholds, i.e. 
increases in the absorption coefficient at wavelengths shorter than either 3-9 or 
2-5 p for suitably compensated specimens. ‘The energy scheme for the acceptor 
levels and the optical transitions is shown in figure 3. Specimens PP155 (1) 
and (2), in which 2NCu>NSb>NCu show an increase in absorption 
starting at 4 and levelling out at about 3p. PP155(5) and (7), in which 
3NCu>NSb>2NCu, show a second increase which starts at 2-5. and levels 
out just before the band edge. DS4(2) still shows evidence of the two levels 
(NSb~3NCu), but for DS4(6) in which NSb>3NCu, there is little 
evidence of the levels. The acceptor steps are by no means clearly defined, 
and indicate considerable thermal broadening. Spectra taken at room 
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temperature show none of the above features except a gradual increase in 
absorption starting at about 5 and continuing until the band edge. Figure 4 
shows the spectra of four of the above specimens remeasured at 20°K. The 
acceptor steps are much more clearly defined; in PP155 (1), (5) and (7), there is 
evidence of both the levels, but the 3-9y (0-32ev) level of DS4(2) has been 
completely filled and only the 2:5, excitation is visible. Also the magnitude 
of the absorption caused by the 0-32 ev acceptor level appears to decrease with 
the filling of the level. The size of this step is 1-0 cm™ for PP155(1)/0-7'cone 
for PP155 (5), 0:6 cm-! for PP155 (7), and zero for DS4(2). ‘The presence of 
Photon Energy  (2V) 
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Figure 4. Spectra of four antimony—copper doped specimens at 20°K: a, PP155 (1); 
6, PP155 (5); ¢, PP155'(7) and d, DS4 @)- 


both levels in spectra of the same specimen would seem to indicate microscopic 
inhomogeneity giving rise to more than one degree of compensation in each 
sample. Calculation of the expected magnitude of the deep lying acceptor 
absorptions has not yet been made, and hence comparison of theoretical and 
experimental results has been limited to those obtained in the next section for 
the 0-04ev acceptor level. There is also the possibility of excitations out of 
filled acceptor levels into the conduction band, giving rise to further absorptions. 
The above results imply that these transitions, if they are present, are very weak, 


and are dominated by the transitions from the valence band into the acceptor 
states. 


§ 5. OpticaL RESULTS—SHALLOW ACCEPTOR LEVEL 


Optical investigation of this level must be done using p-type copper doped 
material at temperatures low enough for the majority of the acceptor states to be 
un-ionized. Absorption curves for undoped high resistivity germanium at three 
temperatures in the 1-34, region (figure 5) show the strong masking effect of 
the lattice absorption bands in the 18-30» region; it is thus necessary to subtract 
the lattice contribution from all absorption curves of copper doped specimens. 
Figures 6 and 7 show the absorption spectra of copper doped germanium 
(containing 9-6 x 10! carriers per cm?) at room temperature, 80°K and 20°x: 
these results are replotted in figures 8 and 9 after subtracting the lattice absorption 
contribution (taken from figure 5) at the appropriate temperature. In figure 8 (a) 
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it can be seen that the room temperature curves have a very similar shape, the 
difference in magnitude being due to the presence of free holes in the copper 
doped material. Quite different behaviour is seen at low temperatures however 
(figure 8 (b) and figure 9); a sharp band has appeared at 31. (0-04 ev) followed 
by an absorption edge which rises to a maximum between 24 and 26, and falls 
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Figure 5. Spectra of high resistivity 
germanium showing the effect of 
temperature on the lattice absorption 
bands in the 15-30 yu region. 


Figure 6. Spectra of PP228 Ge/Cu (I) at 
room temperature, 80°K and 20°. 
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Figure 7. Spectra of PP228 Ge/Cu (II) at room temperature and 20°K. 


off gradually towards shorter wavelengths. It would appear that the 31. band 
is due to an excited state of the shallow copper acceptor level. Analogy with 
spectra of Group III acceptors in silicon (Burstein and Egli 1956) indicates 
that any other excited states would lie beyond the useful range of the caesium 
bromide prism. Results obtained with silicon also show that as the activation 
energy for an acceptor increases, the excited states become much less evident, 
and the absorption threshold much less clearly defined. The shape of the 
absorption due to the two deep copper levels is therefore quite reasonable. 
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Figure 8. Shows the result of subtracting the lattice absorption (figure 5) at room tempera- 
ture and 80°K from the spectra shown in figures 6 and 7. 
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‘Figure 9. Shows the result of subtracting the lattice absorption (figure 5) at 20°K from the 
spectra shown in figures 6 and 7. 


It is possible to calculate the expected absorption for the shallow acceptor 
level from a consideration of the photoelectric effect of a hydrogenic-type impurity 
in a semiconductor. From the treatment given by Heitler, it can be shown 
that the absorption cross section for a K-shell electron in free space is 


a 220nie (2)" ii & See (1) 


C= SS 
3e2cm? \p 


where 


_ 9 (vi) exp (= 46 cot) By ak 
Ao)=2n(*) steers ts and t=() : 


v is the frequency of the incident radiation and 1; the frequency of the absorption 
threshold. The factor f() represents the influence of the ion on the wave function 
of the emitted electrons. (1) can be applied to photoelectric emission in a 
semiconductor if e” is replaced by e?/n? (n= refractive index of the semiconductor), 
m by m* the effective mass, and c by c/n. It can then be shown that a is given by 


256mh3 (1 m Eg\ (v,\ 72 
a (-% =)(2) f(D) Ses 


where E,, is the ionization energy of hydrogen and E, the ionization energy of 
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the localized state. For values of » S1;, f(¢)>1, but in the neighbourhood 
of the absorption threshold v>vj, (+00, and f(f)+27 (exp—4)(vi/v)!”. Thus 
near to the absorption threshold (0-046ev) for the copper acceptor level 


4 7243 
o= 5 =e exp (-4) € E) (“) Gorn (3) 


3e2cm? nm* Ey v 


where K is the optical absorption coefficient and N the concentration of acceptors 


Hence 
K 6-303 x10-18 f/m Eq\/(vi 4 
ee (= 2)(2) ort fae (4) 


It should be noted here that Fan (1956) wrongly quotes (4), and gives (vi/v)®% 
as his expression for the cross section near to the absorption threshold. 

If the following values are taken: E;=0-046 ev (from figure 9), FE, = 13-6ev, 
m|m* =4 and n=4 then the absorption cross section at the wavelength threshold 
is K/N=1-86x10-%cm?. From figure 9, K=8cm-1, and from resistivity 
measurements N= 9-6 x 10" carriers per cm’, thus K/N=0-8 x 10-cm?. This 
represents reasonable agreement with the theoretical value. A note of caution 
should be added here on the use of Heitler’s models (1954) to calculate o, as the 
ionization energy used (0-046ev) differs by a factor of 4 from that given by the 
model. There may thus be some error in the calculated absorption cross section 
of 1:86x10—-%cm?. The experimental result is in very good agreement with 
the cross section obtained by Kaiser and Fan (1954) of 0:9x10-%cm®. The 
shape of the acceptor absorption has also been calculated from (2) and the broken 
curves in figure 8(b) and figure 9 show the theoretical shape in the region of 
absorption threshold. Comparison between theoretical and experimental curves 
indicates that at 20°K some of the acceptors are still ionized, and a small amount 
of free hole absorption is present. Kaiser and Fan (1954) showed that at 4°K 
nearly all the acceptor states are empty, thus it would be expected that 
remeasurement of the spectra shown in figure 9 at liquid helium temperature 
would give better correlation with the theoretical curve. 


§ 6. CONCLUSIONS 


The results indicate that the acceptor levels formed by copper in germanium 
can be identified from their effect on the absorption spectra, and also show the 
presence of an excited state of the 0-04 ev level. These results suggest that further 
work could be done on the copper acceptor levels using a spectrometer of higher 
resolution to investigate any excited states of the deep levels, and a range extending 
further into the infra-red to locate possible excited states of the shallow acceptor 
level. The possibility also arises of the optical identification of the three acceptor 
levels and the one donor level formed by gold in germanium (see Johnson and 
Levenstein 1960). These suggested measurements should preferably all be made 
at liquid helium temperature. 
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Abstract. A corrected proof is given of the result of Garcia-Moliner and 
Simons obtained in 1957 showing the equivalence of the variational formulation 
and the transport (Boltzmann) equation in the case of an applied magnetic field 
and effective crystal boundaries. ‘lhe proof in the paper takes into account the 
existence of a hyper-surface (in phase-space) of discontinuities of the distribution 
function. 


§ 1. INTRODUCTION 


few years ago Garcia-Moliner and Simons (1957) extended the variational 

formulation of transport theory to the inclusion of the effects of a magnetic 

field or of the vicinities of crystal boundaries (see also Tauber 1958). 
It might have been thought that the variational method will prove very useful 
for calculations of cyclotron resonance, where just these effects are operative. 
It seems a pity that the method has not been put to use (or to the test) so far, 
notwithstanding the difficulties in the way of exact calculations (Azbel and 
Kaner 1956, Mattis and Dresselhaus 1958). 

In the first-mentioned paper there are two Appendixes, A and B, on which 
the thesis of that paper rests. Examining these appendixes for cases where both 
the metal boundaries and magnetic fields play a role, we find that they both 
contain one error each. We shall discuss these in §3 of this work. More im- 
portant, however, is the fact (brought out in § 4) that the two errors exactly cancel 
each other, leaving the final result of the authors intact. After this happy 
conclusion, the re-establishment of status quo ante, any further comments may 
appear superfluous. There will emerge, however, in the course of the discussion 
a number of points relating to the surfaces of discontinuities (in phase-space) 
of the solution of the Boltzmann equation. It is the opinion of the writer, 
supported among others by written and oral communications, that this aspect 
of the distribution function has not been sufficiently considered and that attention 
might profitably be focused on it. 

A concrete example of the general situation is first given (in the following 
section) to pave the way for more general treatment. The notation of Garcia- 
Moliner and Simons will be used. 


§ 2. A SIMPLE CASE 
Zt 


Consider a straight metallic wire with a circular cross section. ‘This is 
shown in the figure. Constant and uniform electric and magnetic fields are 
applied, both normal to the plane of the paper. The conductivity of a metal of 
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this geometry was obtained by Chambers (1950) by considering the trajectory 
of an arbitrary electron. For our purposes we are concerned with the trajectory 
of a limited class of electrons only: those which, in the course of their helical 
paths, just fail to hit the boundary. 


In the figure we have drawn the projection of such a trajectory, due to elec- 
trons whose direction of motion makes an angle 6 with the magnetic field. Then 
the radius of the projection of the trajectory 

r= “Tp Sind =r9(v) sin 8 
for electrons with velocity v. Standard notation is used. 

The importance of the circle drawn is that the electrons (with v, @) will be 
scattered by the boundary when just outside the circle, but will escape scattering 
when inside it. Now boundary scattering will necessarily reduce the ordering 
of the electronic distribution. In this the boundary plays the same role as 
other scattering centres (impurities, phonons, etc.) within the solid which are 
responsible for the relaxation mechanism. Where the boundary differs is that, 
in terms of the phenomenological transport theory, an electron will be scattered 
by an impurity, say, with some probability, whereas, since it cannot escape from 
the metal, it will be scattered at and by the boundary with absolute certainty. 
It follows, therefore, that the electronic distributions in, and outside, the 
circle will in general be very different. In other words, the circle shown is a 
curve of discontinuity in the distribution function for the electron of the type 
(v, 0) considered. 

(Occasionally, as in some of the cases reviewed by Sondheimer (1952), per- 
fectly specular scattering at the boundary has been considered; this would not 
cause any discontinuity in the distribution function, neither would it enhance the 
disorder. For the reasons given, this particular type of scattering cannot be 
physically quite correct, though for the problems in which it has been invoked, 
it may form a valid and useful approximation.) 


22 
It is not difficult to show that all the circles satisfy the equation 
R? + 2r,(v) sin 6 [a— Rsin(w—¢)]—a?=0. eee Gl.) 


The electronic coordinate systems are in real space the cylindrical (R, ¢, x) and 
in velocity space the spherical one (v, 0, a); a@ is the radius of the wire. 


Equivalently, equation (1) represents the hyper-surface of the discontinuities 
in the distribution function in phase-space. 
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§ 3. THE VARIATIONAL FORMULATION 
oat 
The transport equation to be solved for ® (R, k) is written by Garcfa-Moliner 
and Simons (their eqns 2.5—2.8) as 


L(®)+MO+BO=X  —.,.... (2) 
where 


L(®)= | P(k, k’) [O(R, k) —® (R, k’)] dk’ 


= (R, k) O(k) — | P(k,k’)®(R,k’)dko (3) 


is the collision integral for the carriers. Ifthe problem demands it (cf. cyclotron: 
resonance), the partial time derivative of ® may also be incorporated in this 
term. The other symbols in the equation carry their conventional meaning. 

The transport equation is to be solved subject to the integral relation at the 
boundaries 


o(k)= | Gk k)O(k)dk. ae (4) 


This integral gives the distribution of the scattered particles in terms of the 
distribution of all incident particles. 

The variational integral is next considered (eqn 5.2). ‘The brackets denote 
integration over phase-space. 

E(®)= (O=, L(O+))+ (D=, MOL) + (O-, BOT) —2(D=,X). ....e. (5) 

The definition of ®= in terms of the solution ®+ of the original transport 
equation (2) is: 

® ~(R,k, H) = + (R, —k, —H). 
(The extension of this definition to cyclotron resonance, where a time dependence 
also enters, is straightforward. ) 

The variation formulation yields the transport equation (2) on putting the 
first variation of E(®) equal to zero. Our concern is only with the second and 
third terms in E(®), so let us see whether or not the corresponding terms in (2) 
can be regained from the variational principle. Considering the variation of the 
second term we find 

(S@-, MO+) + (Oz, MbOt Y= (60-, M+ )— «Ot, Md@— ). 
The equation holds good since, by the argument given by Garcia-Moliner and 
Simons, the bracket suffers a change in sign (since M is an operator odd in H) 
on changing the signs of both k and H. 

To proceed to our goal we should have to show that 

| (D+, MbO= ) + (80=, MO; )=0. 

We shall in fact show that this result of the authors is not in general true, neither 
is the formula with B in place of M. On the other hand the same formula with 
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M+B replacing M does indeed hold good. This conclusion is however not 
trivial and we shall have to prove it (§4). 


3.2 
Writing out the brackets in full, we find that 


eof? a 
(ot, Moo=) + b=, Mo+)= | [aRdk {Ot FevxH. V.d0- 


é of? 
== = Hv eos 
+ 60= z, 3B, * Ve + 


AG Che ee 
=< | [anaev,.[ van (4) 02 902 | 


This integral would be zero if the expression in the square bracket were to vanish 
on the boundary and if it were continuous throughout the region of integration. 
But with an applied magnetic field the distribution function will in general be 
discontinuous. In such circumstances the integral considered, far from being 
zero, will give an integral, over the whole surface of discontinuity (in kR-space), 
of the discontinuities. Analogous arguments apply of course to the integral 
involving B as an operator. 


§4. THE SurRFacEs OF DISCONTINUITY 
4.1 


We inquire now what is the nature of the surface of discontinuity of the 
distribution function ? 

Let this surface be written as 

S(R, k)=0. 
We shall now show that 
(M+ B)S(R,k)=0 
on the surface itself. (It can be verified that this is actually true for (1).) 

It is best to start by showing that the discontinuities of © indeed form a 
surface in phase-space. We argue first of all that the discontinuities will be the 
loci (in phase-space) of collision-free trajectories of the carriers. ‘To see this we 
consider equation (3). ‘The first term on the right-hand side gives the prob- 
ability per unit time of carriers being scattered out of their position R,k; this 
term cannot shift the position of the discontinuity in phase-space, it can only 
affect the magnitude of the jump. The second term in (3) gives the rate of 
scatter ¢to a particular position: it is necessarily continuous, being an integral 
of the function ® (R,k) (P (k, k’) is supposed continuous) and cannot therefore 
influence the location of the discontinuities. It follows then that the collisions 
are irrelevant as to where the discontinuities are. 

We consider now those carriers which just graze the physical boundary of the 
solid at some point. Such carriers mark the discontinuity of the distribution 
function at these boundary points and, by the foregoing, the subsequent collision- 
free trajectories will coincide with the discontinuities inside the solid. Now the 
contact of the grazing carriers with the boundary requires four parameters 
(u, WU, U3 U4). Of these, two give the physical boundary surface of the solid; two 
more will give the starting values of the carrier velocity. (Only two parameters 


are necessary since, for grazing contact, the normal component of the velocity 
is zero.) 
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The points of the discontinuities in phase-space will therefore be given by 
R = R ee 4, Uo, U3, Us), 
k=k (t, uy, Up, Us, Uy), 


where the additional parameter ¢ will describe the time of flight, say. 
The elimination of the five parameters between the six quantities gives the 
equation for the hyper-surface of discontinuities, say, 


S(R,k)=0. 


The total time derivative of S is also zero on S=0. 


da . ra . 
0= es S=(k.V,+R.V,_)S=(M+B)S, 
if we neglect terms of higher order than linear in the electric field. This is the 
result we strove to obtain. 


Bie 
It is easy to show now that 


[= (60, (M+ B)O+)+ (OF, (M+ B)s®-)=0. 
Proceeding as in §3 we obtain 
I= \JdRdk(M+B) [(®}{60=]. 
Now the discontinuities of ®~, the surface S, =0, satisfy (M+ B)S,=0. Since 


®— differs from = by interchanges which change the sign of M+ B as a whole, 
therefore the surface of discontinuities (S_=0) of ®~— also satisfies 
(M+ B)S_=0. 

This means that the linear differential operator M+ 8B always refers to a 
variation in a direction tangential to the surfaces of discontinuities of the product 
®~6@_, or, in other words, if S or S_ be one of the curvilinear coordinates then 
M-+B may be exactly written as the derivative operator with respect to another 
of the set of coordinates. Consequently, the surface integral to which J may be 
transformed does not involve integration over the surface of discontinuities and 
will vanish as the boundary surface of k-space tends to infinity. 

This provides the justification of E(@) as the variational functional. 
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Abstract. The (t, p) reactions induced in the target nuclei 1B, #C, 1®O and *“Al 
have been investigated at an incident triton energy of 5-5mMev. ‘The angular 
distributions of the observed proton groups have been compared with a theory of 
double stripping and good agreement has been obtained with the theoretical pre- 
dictions for transfers of 0, 1, 2 and (more tentatively) 3 units of orbital angular 
momentum. 

A new level in !2B at an excitation of 4-297 Mev is reported. Spin and parity 
assignments have been made for the levels of 1*C at excitations of 6-582 Mev (17), 
6:725 Mev (probably 3-), a hitherto unreported level at 7-009 Mev (0+) and at 
7:335 Mev (probably 2-). ‘The existence of levels in 48O at 3-634 and 4-448 Mev 
has been confirmed and the spins and parities have been determined to be 0* and 
3- respectively. The spin and parity of the state in 8O at 3-915 Mev excitation 
have also been determined as 2+. 

The behaviour of the O(t, p)!8O reaction leading to the ground and first 
four excited states of !8O has been found to be consistent with the 18O configurations 
predicted by the intermediate coupling theory. 

The atomic mass excess of ?°Al has been found to be — 9-647 + 0-015 Mev and 
the excitations of forty-two new levels of 2°Al have been measured. 


§ 1. INTRODUCTION 


UBLISHED information about *He induced reactions is now steadily 
Pp accumulating (e.g. Hinds and Middleton 1959 a, b, Forsyth et al. 1960, Taylor 

et al. 1960) and previous work on these reactions has recently been reviewed 
by Bromley and Almqvist (1960). Relatively little information has previously 
been available, however, about mass-3 reactions induced by tritium except in the 
lightest nuclei and at very low bombarding energies (cf. Ajzenberg-Selove and 
Lauritsen 1959). 

The mechanism of tritium induced reactions is of considerable interest and, 
as will be seen, they can also become a useful tool in nuclear spectroscopy. Many 
nuclear states may be reached by them that have not previously been observed 
or studied in detail because of the absence of suitable alternative reactions; the 
(t, p) process described here may be particularly valuable in this respect since it 
is governed by exceptionally stringent selection rules. In the course of these 
experiments the (t, d) and (t, «) reactions on several of the target nuclei have also | 
been investigated, and the results will be treated separately in subsequent papers. 
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§ 2. EXPERIMENTAL TECHNIQUES 

Tritium ions were accelerated in the Manchester University Van de Graatf 
generator. Initially, 4+cm* of tritium (supplied by the Atomic Energy Research 
Establishment, Harwell) was mixed with 200 cm? of heliumand beams of up to 0-44 
of tritons were obtained on the target spot. This mixture provided about 25 hours 
running time. The gas pumped from the accelerator was collected and purified by 
absorption in activated uranium turnings at 150°c (Allen and Almqvist 1953). The 
remaining gas in contact with the uranium was presumed to be fairly pure helium but 
it possibly contained some tritium. A further 200 cm? of helium and 4 cm! of tritium 
were then added to this residual gas together with the tritium recovered by heating 
the uranium to 400°c. This second mixture provided a tritium beam for more than 
70 hours and was still not completely exhausted. Unfortunately, the beam current 
at the target could not then be increased above 0-1 4. a and was usually much less. 
Contamination of the beam with *He ions was estimated as less than 0-05, though up 
to about 0-5°,, of singly ionized HD molecules was present especially in the second run. 

The targets were evaporated on to backings of thin carbon foil. ‘The thickness 
of the backings and targets were measured by an alpha-particle gauge and an 
accuracy to + 15% in the cross sections appears to be justified by the consistency 
of the results obtained from the same reactions in several targets of different 
thicknesses (for example, C (t, py)“C). The targets consisted of natural boron, 
carbon, silicon dioxide and aluminium respectively. The reaction products were 
analysed with a broad range magnetic spectrograph which has been described 
previously (Barros et al. 1959). In the case of the boron and carbon targets two 
different settings of the spectrograph field were required to cover the desired range 
of energies of the outgoing particles. The spectrograph was recalibrated with 
a-particles from ?!°P, and ThC’ immediately before these experiments. 


§ 3. RESULTS 
The peak differential cross sections for the observed (t, p) reactions leaaing to 
discrete final states were found to be, on average, lower than those of either the 
(t, d) or (t, ~) reactions produced in the same targets. 


10B(t, p)2B. 
The ground state Q-value for the 1°B(t, p)!?B reaction was found to be 


6-346 +0:006 Mev. States of 7B were found at excitations of (1) 0-955, (it) 1-673, 
(iii) 2-627, (iv) 2-73, (v) 3-393, (vi) 3-754, (vil) 4-297, (viii) 4514, (ix) 5-00, 
(x) 5-612 and (xi) 5-724 Mev. With the exception of the fourth and ninth excited 
states the accuracy of the measured excitations is within +0-008mev. The level 
at 4-297 Mev has not been previously reported. . 

The fourth excited state group was observed only at the larger angles with an 
low cross section of about 40ubnsterad. The ninth excited state 
erved at 40° only; the measured excitation agrees with that pre- 
viously reported but it is of low intensity and particularly difficult to observe 
because of its width, which was found to be very approximately H = 40) kev. 

The widths of several other groups could be measured directly provided they 
were greater than about 20 kev. Thus, the widths of the levels at 3-754, 4-514 
and 5:61Mev were found to be ['=45, 50, and 145 kev respectively. . The 
measured width of the level at 4-514 Mev, which is identified with that previously 
reported at 4-54 + 0-02 Mev, is much smaller than that derived from observation of 

the resonances of the “B(n, n)"B reaction (Bockelman et al. 1951). 
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Our result is obtained from the spectra at two angles where the proton group 
leading to this level was clear of the intense proton group from the OE pO 
reaction (which overlapped with it at some angles as it does, for example, in the 
20° spectrum shown in figure 1). The effect of overlap with a large group would, 
of course, tend to zmcrease the observed width. A proton continuum, attributed 
to the B(t, pn)"B reaction was present increasing in intensity with decreasing 
proton energy down to the lower limit of observation. 
neutron emission at excitations above 3:36 Mev. 
rapidly in intensity with the angle of observation. 


B is unstable against 
The continuum does not vary 


1-0 


0-8 | 7B (p,) 
| 
06 | 


O4 


Differential Cross Section (mbn sterad™') 


0 40 80 
Angle (c.m.system) (deg) 


7 2 
Figure 2, Angular distributions of some of the proton groups from the cae 10B(t, p)2B 
and #2C(t, p)#C. The curves shown are the calculated values of j?(Ar). 
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The peak differential cross section of the 'B(t, po)*B reaction which has 
been described in a previous publication (Muto, Barros and Jaffe 1960) is very 
much larger than that of any from the !°B(t, p)!*B reaction. 

Angular distributions for the po, py, Pg 2nd py» groups of the “B(t, P) reaction 
are shown in figure 2. The p4, py and p,, groups were too weak to yield reliable 
angular distributions and the p, group overlaps with the strong PC(t, Po) group 
at angles below 40°. The maximum observed differential cross section for the 
Pz group was 0-70 mbnsterad— (at 40°). The pg group overlaps at lower angles 
with that from 16O(t, p,)#8O but its cross section is approximately constant in the 
range of from 30° to 70° in the centre-of-mass system at about 0-25 mbn sterad. 
The pz and p; groups are essentially isotropic in the range from 20° to 70° and they 
have differential cross sections of 0:20 and 0-45 mbnsterad~! respectively, the P; 
group does not show a stripping pattern and reaches a maximum differential 
cross section of only 0:17 mbnsterad. 


2C(t, p)MC, 

A proton spectrum from the C(t, p) reaction at an angle of observation of 
30° and at the lower field setting is shown in figure 3. The ground state proton 
group was observed in a series of exposures at higher magnetic fields. At the 
lower field settings a further six proton groups were observed, corresponding to 
excited states in 4C at (i) 6-090, (ii) 6-582, (iii) 6-725, (iv) 6-893, (v) 7-009 and 
(vi) 7-335 Mev to within +0-010 Mev. The level at 7-009 Mev has not, apparently, 
been reported previously but the remainder are in good agreement with the 
accepted values. 

The differential cross sections of the proton groups leading to the seven states 
of *C have been measured at a number of angles and the angular distributions 
are shown in figure 2, with the exception of the weak and relatively isotropic p, 
and pg, groups, which have peak differential cross sections of only 0-4 and 
0-3 mbnsterad~ respectively. 
16Q(t, p)!80. 

A proton spectrum obtained from the silicon dioxide target is shown in figure 4. 
No attempt has yet been made to analyse all the proton groups leading to 
levels of 9°Si which correspond to excitations in the approximate range of 7 Mev 
to 12Mey. Levels in 4*O were observed corresponding to the ground state and 
to excitations of (i) 1-979, (ii) 3-552, (iii) 3-634, (iv) 3-915, and (v) 4-448 Mev 
(+0-005 Mev). The levels at 3-634 and 4-448 Mev appear to correspond to those 
recently observed by Jarmie (private communication). 

VANE Pp): 

The *“Al(t, p)?°Al reaction was observed at nine angles in the range from 10° 
to 90° in the laboratory system. The proton spectra have been scanned across 
the whole width of the exposed plate at five angles (15°, 30°, 50°, 60° and 90°) 
but only partially at the remaining four angles. The 50° spectrum is shown in 
figure 5. Proton groups corresponding to transitions to the ground state and 
forty-two excited states-of ®°Al were identified by the variation of energy of the 
protons with angle. The chance that any of the weak proton groups in the 
spectrum, although showing the correct angular energy variation, might be due 
to the *Al(?He, p)*Si resulting from *He contamination of the beam, seems 
negligible. ‘This conclusion is based on intensity considerations (using values of 
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Figure 5. The 50° proton spectrum from the *’Al target bombarded with 5-5 Mev tritons. 


the 27Al(He, p)®*Sicross sections which we had observed in previous experiments) 
and on a search for any groups at positions calculated for known levels in °Si. 
It thus appears certain, for example, that the weak p, group does not arise in this 
way. The energy resolution is 15-20kev depending slightly on the position 


Excitations of Levels of ?%Al 


Level Excitation Level Excitation Level Excitation 
number (Mev) number (Mev) number (Mev) 
1 1-406 i Us 4-411 (4) 29 5-869 
2 1:762 16 4-646 (3) 30 5-916 
3 2:334 17 4-716 (4) hl 6:002 
4 2°875 18 4-846 32 6:063 
5 3-071 19 4-939a 33 6:152 (4) 
6 3-191 20 5-024 34 6°358 
7 3-434 21 5-154 35 6°412 (4) 
8 3°584 De 5-190 36 6°449 (3) 
9 3:646 (4) 23 5-267 ASU 6°469 (3) 
10 3:676 (4) 24 5-395 (3) 38 6°517 
11 3-941 25 5-424 39 6°588 
12 3°993 26 55614 40 6:674 
13 4-064 (4) D7, 5-654 41 6:758 
14 4-228 (4) 28 5-732 42 6:840 (4) 


Most of the levels were observed at five different angles, if not, the numbers in parenthesis 
indicate the number of angles at which they were identified. 
a Levels suspected of having multiplet structure. 
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along the plate. ‘The measured excitations of the levels of ®*Al are given in the 
table. These excitations were derived, in most cases, from observations at five 
angles, except in the region of the strong proton group from the C(t, po) reaction 
which interfered with part of the spectrum (usually obscuring only one group 
from 2°Al). The relative position of this C(t, py) group varies rapidly with 
angle. Some weaker groups at the lower energy end of the spectrum were also 
observed at fewer than five angles, as indicated in the table. 

The beam energy was accurately determined at four angles of observation from 
the reaction C(t, py)!4C, and from the relatively intense ?’Al(t, dy)?*Al reaction. 
It was also derived from the energies of elastically scattered deuterons present in 
the beam as HD molecules. Good agreement was obtained, between the values 
of the beam energy derived in the above way using the accepted O-values for the 
reactions. 

The ground state Q-value for the ?“Al(t, p) reaction was then found to be 
8-678 + 0-006 Mev, a value which differs by about 300 kev from that obtained using 
the accepted mass excess for ?°Al (— 9-35 + 0-1 Mev, Endt and Braams 1957). An 
accurate value of the atomic mass excesses of ?°Al may be found from our results 
using the known mass excesses for ?”Al (— 9-219 + 0-010 Mev) and for the triton 
and proton (15-835 and 7-585 Mev respectively). Thus, the atomic mass excess 
of ?°Al was found to be — 9-647 + 0-015 Mev. 

The angular distributions of two of the many proton groups from this reaction 
are shown in figure 6. "The angular distributions of the remaining groups require 
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Figure 6. Angular distributions of some of the proton groups from the reactions O(t, p)#*O 
and *’Al(t, p)?®Al. The curves are the calculated values of jz7(kr). 
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further analysis; but they appear in general to vary in intensity less rapidly with 
angle than the two shown. 


§ 4. Discussion OF RESULTS 
4.1. Theory 


Recently Newns (1960) has developed a theory of double stripping using a 
method similar to that used by Bhatia et al. (1952) in the treatment of deuteron 
stripping. ‘This theory may be applied to both (*He ,p) and (t, p) reactions and 
the form of the angular distribution is essentially given by },«,j,2(kr), where L 
is the total angular momentum transferred in the process. The selection rules 
which determine L are Js=Jj+L+S; where S is the combined spin of the two 
captured nucleons. JL must take even values if the initial and final states have 
the same parity and odd values if they have different parity. L=1,+1, where 
1, and /, are the orbital angular momenta of the two captured nucleons. For 
(He, p) reactions S may be 0 or 1 but in the case of (t, p) reactions S is restricted 
to 0 only. Thus, for the (t, p) reaction the selection rules are exceptionally 
restrictive compared with either (d, p) or (?He, p) reactions. If the spin of 
either the initial or final states is zero, then at the most one value of L is possible 
and, if found, it uniquely determines the spin of the other state. A zero value of 
L indicates that the initial and final states have the same spins and parities. In 
contrast with the (d, p) or (#He, p) reactions, some (t, p) stripping transitions 
would be completely forbidden, for example, between states one of which had 
zero spin and positive parity and the other even spin and negative parity. In 
transitions in which more than one L value is allowed, the relative values of the 
coefficients «, depend on the configurations of the states involved. 


4.2. Transition to Ground States 


Particularly simple angular distributions with relatively large peak differential 
cross sections have been observed in the ground state transitions of #C(t, p)MC, 
16QO(t, p)8O, ?’Al(t, p)?*Al (figures 2 and 6) and in the case of the previously 
published result for B(t, p)!¥B (Muto, Barros and Jaffe 1960). In all the above 
transitions a strong L =0 transfer is indicated: this is the only value of L allowed 
by the selection rules for the transitions *C -C and ®O >**O using the known 
initial and final spins and parities (0* in both cases). The ground states of *7Al 
and 2°Al have spin and parity $+ (Endt and Braams 1957) and the results may be 
regarded as confirmation of this assignment for *°Al. However, additional L 
values of 2 and 4 would be allowed by the selection rules in this case. The 
1B(t, p)*B transition (3--+ 8-) also has an additional allowed L value of 2. 

The distinctive angular distributions and relatively large cross section which 
have been observed in these four ground state transitions suggest that the final 
nuclei (?3B, #C, 18O, and *°Al) have configurations consisting of a core composed of 
the target nucleus which is essentially undisturbed by the addition of the two 
neutrons stripped off the triton. The predominance of the L=0 transfer which 
is observed in these transitions indicates that the orbital angular momenta of the 
two neutrons added to form the final nucleus (J,, /,) must be equal (and antiparallel, 
if they are greater than zero). ; ; 

The 1O(t, p)#8O angular distribution has been referred to in a previous 
publication (Jaffe, Taylor and Forsyth 1960) ; by comparing it with the known 
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angular distributions of the protons from the 16Q(3He, p)!8F reaction the 
1-044 mev excited state of !8F has been identified as the first 7 =1 state of that 
nucleus. In the (t, p) angular distribution the observed differential cross section 
falls to a strikingly low first minimum which is only 1/200 of the peak value. ‘This 
indicates that direct reaction mechanisms are probably the only type which con- 
tribute significantly to the cross section. The second maximum is larger than 
that predicted by the square of the Bessel function j,*(kr) and the discrepancy 
with the fit of this second maximum with theory would be even greater if the 
theoretical curve was multiplied by the form factor proposed by Newns. ‘The 
size of the second maximum may be caused by partial absorption of the outgoing 
protons by interactions neglected in the Newns theory of double stripping ; such 
effects have recently been reviewed in terms of a semi-classical model by Austern 
(1960). 

In contrast to the ground state transitions discussed above, the !B(t, p)!*B 
angular distribution could not be fitted with the theory and the peak differential 
cross section is small; it is doubtful if double-stripping contributes significantly 
to this reaction. This result may be a consequence of the relative configurations 
of the 1B and !B ground states or alternatively to deficiencies in the theory. 
Macfarlane and French (1959), however, have been able to interpret the results 
of some (d, p) stripping data reasonably well in terms of jj coupling configurations 
of (psj)® and (ps2)py2 for 1°B and !B respectively, and on this assumption (t, p) 
stripping might be expected with ,=/,=1; L=2. ‘This mechanism is not 
observed. Similar difficulties are also found for the !°B(t, p) reaction leading to 
most of the excited states of ?B. 


4.3. Transitions to Excited States 
WB(t, p) 2B. 

The !°B(t, p) reaction is especially difficult to interpret because of the relatively 
complicated configuration of the target nucleus and the fact that the spins and 
parities of the first five excited states have not previously been determined by 
alternative methods. ‘The measured differential cross sections leading to all the 
observed excited states except that at 5-612 Mev(p,)) are small and the angular 
distributions are not characteristic of double stripping. The p,) group, however, 
is strong and has an angular distribution which can be fitted with a curve for L=1, 
indicating that the level has negative parity (figure 2). The configuration of this 
level is perhaps relatively simply related to the B ground state and may corre- 
spond to a '°B core with two additional neutrons, one added to the p shell and the 
other entering either a 2s or 1d state. 
2C(t, pC. 

The first and second excited state groups of the !#C(t, p) reaction have angular 
distributions which can both be fitted with theoretical curves having L=1 
(figure 2). This value of L is the only one allowed for the transition to the first 
excited state which has the known spin and parity 1-. The spin and parity of the 
second excited state of '*C is determined unambiguously as 1— from the observed 
angular distribution. The fifth excited state at 7-009 Mev, which has not previously 
been reported, can be fitted with a theoretical curve having L=0. Because of the 
low Q-value ( — 2-375 Mev), the maximum of the experimental curve corresponds to 
the relatively low second maximum of the spherical Bessel function of zero order. 
Hence, this transition must be considered to be a relatively strong one. The 
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selection rules determine a spin and parity of 0+ for this new level. This state 
could be identified with the state having the configuration (Psy) ” having spin 
parity and isobaric spin 0*; 1 discussed by Inglis (1953). It seems unlikely, 
however, that such a configuration would be strongly formed by "C(t, p)#C 
double stripping since, assuming strong jj coupling for !2C, considerable re- 
arrangement of the !*C nucleus would be required. Also, intermediate coupling 
calculations (Wilmore 1960, private communication) suggest that the lowest 
0* excited state of #C arising from the p’ configuration would have an excitation 
of at least 12mMev. ‘The observed result therefore suggests that the 7-009 Mev 
level is predominantly a p*d? + p*(2s)” configuration. Formation of the state by 
strong (t, p) stripping on *C would then be expected. 

The C(t, p,) differential cross section is very small; if the spin and tentative 
parity assignment of (~ is correct, (t, p) stripping is forbidden. ‘The !C(t, pg) 
group is also weak and almost isotropic; a spin of either 2 or 3 has been assigned 
to this level and it is known to have negative parity from the °C(d, p)“C stripping 
reaction. A spin and parity of 2~ for this state would forbid (t, p) stripping and 
explain the observed result. 


14¢ 180 


Figure 7. The level schemes of the nuclei '*C and 18Q), summarizing the spin and parity 
assignments including data derived from the present results. 


The pz group has been very tentatively fitted with a theoretical curve having 
L=3, though a somewhat large radius has been used. ‘The differential cross 
section is relatively large and stripping appears to be allowed. ‘The spin and 
parity of the third excited state has previously been assumed to be either 2-0 3°; 
since (t, p) stripping on ?C to this level would be forbidden if its spin and parity 
were 2-, the large observed cross section and the shape of the angular distribution 
appears to indicate that3~ is the most likely alternative. Improved angular 
distribution data over an extended range of angles are required, however, to 
confirm this result. The information obtained about the levels of “Cand =o 
(see below) is summarized, together with the previously available data, in 
figure 7. States of spin and parity 3~ have been discussed in terms of collective 
octupole vibrations by Lane and Pendlebury (1959). 
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16Q(t, p)!8O. 

The angular distributions of the p, and p, groups agree quite well with j,”(Ar) 
using 7=7:51 and, 7-01 respectively. The previously unknown spin and 
parity of the fourth excited state is therefore determined unambiguously 
by the selection rules as 2+. An identical result is also obtained for the first 
excited state, already known to be 2+. The peak differential cross sections 
for the transitions to the two states are roughly similar. The first excited 
state is expected to have configuration which is predominantly singlet 
(DY) +1D4)) with an admixture of the triplet configurations *P‘%®), oD 
and ®D(s) as is also the fourth excited state.+ (t, p) stripping should proceed to 
both these excited states to an extent depending on the proportion of the singlet 
states present in the configuration. Hence the fairly good L =2 transfers and the 
roughly similar cross sections which are observed are in good agreement with the 
above assignments. 

The spin and parity of the third excited state at 3-634 Mev is also determined by 
the observed angular distribution and is found to be 0*. ‘The peak differential 
cross section for the (t, p) reaction leading to this state is only one-fourteenth as 
large as that to the 0+ ground state. The ground state configuration is very pre- 
dominantly !S(¢” whereas that of the 3-634 Mev state is chiefly 1S‘). For the (t, p) 
stripping reaction the transition to the ground state which should proceed with 
1, =1,=2 should be enhanced relative to that of the third excited state (/, =/,=0) 
by a factor of five from purely statistical factors contained in the stripping theory. 
There is also a difference in the O-values for these two transitions and in fact the 
products of the squares of the spherical Bessel functions j)?(Ar) (with the appro- 
priate arguments) and the statistical factors are found to be quite closely 
proportional to the observed cross sections. 

The known spin and parity of 4+ of the second excited state of 8O un- 
ambiguously predicts an L=4 angular momentum transfer for formation of this 
state by double stripping of the triton. The differential cross section of up to 
1-2 mbnsterad which is observed is somewhat larger than that of the weakest 
transitions discussed here, but there is no agreement between the angular distri- 
bution and the theoretical predictions. ‘The double stripping theory of Newns, 
in its complete form, contains a series of terms in the expression for the angular 
distribution the first of which corresponds to the capture of two nucleons at the 
same point of the nuclear surface. ‘The remaining terms are neglected when the 
single Bessel function is used. ‘The terms of this series were computed, taking 
1, =1,=2, L=4, corresponding to the capture of two neutrons into d states to form 
the 4* level of O. ‘The summation of the series up to »=3 was computed and 
it was found that the effect on the shape of the theoretical curve is negligible, so 
that the disagreement between the observed distribution and the theory cannot be 
accounted for by the neglect of such terms. However, the configuration of this 
ao state is predominantly triplet (@F) though quite a large admixture of the 
singlet ee should be present. In view of the fact that (t, p) stripping to the 
triplet configuration is forbidden and transitions involving large values of L 
should, in any case, be relatively weak, the absence of clear evidence of a stripping 
process is perhaps not surprising. 

- The quoted configurations for the levels of '*O are based on the intermediate coupling 
calculations of Elliott and Flowers (1955) which have recently been recomputed by 


D. Wilmore using a revised exchange mixture. The new spins and parities determined 
in this investigation are entirely consistent with the predictions of the theory. 
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The final group from the 'O(t, p)!8O reaction is that leading to the fifth 
excited state at 4:-448mev. The protons from this group were sufficiently 
energetic to fall within the observed spectra only at the smaller angles, though the 
relative cross sections at 40°, 50° and 60° could be obtained approximately from 
the boron exposures where '©O was present as an impurity. The observations 
indicate an L = 3 transfer to this state and the spin and parity 3~ may be tentatively 
assigned to the level. 


27Al(t, p)P2AL 


Insufficient information is available about the levels of ?°Si at energies high 
enough to compare any levels of isobaric spin 7’=3 with the observed levels of 
29Al. The ground state spin and parity of ?“Al is 8+. The observed L=0 
stripping transfer to the ground state of ?°Al indicates that it may be formed by 
the simple addition of two neutrons with antiparallel spins and most probably 
these both enter the 2s shell. The angular distribution of the p, group also 
indicates some simple relationship between the configuration of this level and that 
of the ground state of ?’Al and that this level has positive parity. ‘The relation- 
ship between the remaining levels observed in **Al and the ®’Al ground state is 
apparently more complicated. 


§ 5. CONCLUSIONS 


For all the observed (t, p) reactions in which reasonably large peak differential 
cross sections occur (i.e. > ~ 1-5 mbnsterad~') angular distributions in agreement 
with the theory of double stripping have been obtained. Good agreement with 
theory is apparent in several cases involving orbital angular momentum transfers 
L=0, 1, 2 and (more tentatively) L=3. In all cases where the spins and parities 
of both the initial and final states were known from other data the expected 
value of L was obtained in the (t, p) reaction. The validity of the theoretical 
selection rules for (t, p) stripping has been established and the results suggest 
that where (t, p) stripping is forbidden, only relatively small differential cross 
sections (of less than ~0-5 mbnsterad~*) may be expected. Verification of the 
selection rules confirms that the two neutrons can only be stripped from the triton 
with antiparallel spins. The probability of (t, p) stripping may also be reduced 
because of unfavourable configurations of states of the initial or final nucleus (as 
for the !°B(t, p) reaction). In such cases, failure of the angular distribution of 
the outgoing protons to conform with the predictions of the theory is observed, but 
such transitions have only small cross sections (~0-5 mbnsterad™). 

Comparison of the observations with the theory can usually best be made 
using it in its simplest form (Newns 1960). There is evidence that inclusion, of 
the proposed form factor would tend to reduce excessively the predicted relative 
cross section at the larger angles ; also, our calculations have shown that the 
inclusion of the higher order terms of the more complete theory of Newns would 
not significantly change the predicted shape of the angular distribution (though 
the effect on the absolute cross section may not be negligible). 
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Abstract. Eleven resonances have been observed in the yield of gamma radiation 
produced by the bombardment of chlorine with protons of energies between 500 
and 1000key. ‘These have been assigned to their parent isotopes either by the 
use of isotopically enriched targets or from the gamma rays emitted. 

The decay schemes of six capture states of 9*A have been studied in detail 
and interpreted in terms of bound states at 1-97, 4-17, 4:45, 4-94, 5-85 and 
6°85 mev. Angular distribution measurements have confirmed that the spin 
of the 4-17 Mey level is 3; from the modes of decay, tentative spin and parity 
values have been assigned to some of the other levels. 


§ 1. INTRODUCTION 


Brostrom, Madsen and Madsen (1951) for proton bombarding energies 
between 500 and 2150 key. In the range 500 to 1000 kev they ascribed 
resonances at 858 and 888 kev to radiative capture by *Cl. ‘Towle, Berenbaum 
and Matthews (1957), using single counter and coincidence techniques, studied 
the y-rays from resonances due to *°A for incident proton energies of 855, 1484, 
1510 and 1580kev and proposed decay schemes involving bound states of *°A at 
1:95, 4:10 and possibly 4-90mev. The level at 1:95 Mev had been observed 
previously by Sperduto and Buechner (1955) from a study of the reaction 
39K (p,~)®®A. Angular distributions and angular correlations of the y-rays from 
the 855 kev resonance (Berenbaum and Matthews 1957) indicated that the levels 
at 1-95 and 4:10 Mev were 2+ and 3~ respectively. 
38A is known to possess excited states at 2-15 and 3-75 Mev with spins and 
parities 2+ and 3~ respectively (Endt and Braams 1957). Other levels have been 
found by Towle, Berenbaum and Matthews (1957) at 5-0 and 6:7 Mev froma study 
of the y-rays from resonances in the *’Cl(p,y)*°A reaction at 1070, 1135, 1533 
and 1725 kev bombarding energy. 


R SONANCES in the yield of the Cl(p, y)A reaction have been observed by 


§ 2. ExPERIMENTAL METHODS 


The proton beam was obtained from a 1-2 Mev Cockcroft-Walton generator 
after separation from molecular ions by magnetic deflection. ‘The voltmeter of 
the generator was calibrated by using the fF (p, xy)!O resonances at 669, 331 
and 873-5kev. ‘The proton beam was collimated by two jg in. diameter tantalum 
diaphragms 6 inches apart, so that all the beam hit the target which consisted 
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of evaporated barium chloride films supported on copper foil. Fluorine contamina- 
tion was minimized by polishing the backing mechanically and by the use of 
‘specpure’ barium chloride recrystallized from de-ionized water. Such targets 
withstood a power dissipation of 50 watts with little deterioration. 

Excitation curves and single counter spectra were investigated with a scintilla- 
tion counter which consisted of a 4in. x 4in. Nal(T1) crystal (manufactured by 
the Harshaw Chemical Co.) mounted on an E.M.I. 6099A photomultiplier. 
The background count was reduced by 2in. lead shielding. After amplification, 
the pulses from the photomultiplier were fed into a 75-channel pulse height 
analyser made by Sunvic Controls Ltd. The resolution of the spectrometer for 
the 0-662 Mev 18*Cs gamma ray was 9%, 

The relative intensities of the gamma rays from a given resonance were 
obtained from spectra taken with the crystal 4 inches from the target; measure- 
ments were made at 0° and 90° with respect to the incident beam in order to 
reduce the effect of possible anisotropy of the y-rays emitted. The ratio of the 
area under the full energy peak to that of the total was determined experimentally 
for the spectra of y-rays of energy (Mev) 0-662 (387Cs), 1-28 (2Na), 2-14 
(@B(p,p UB), 2:37 (C(p,7)PN)) 2°62 (The”). 3-57 “CBelp, oy) Lees 
(EN(p, xy)#C), 6:14 (F(p, ay)*O), and 8-06 (#C(p,y)4N). By using the 
total efficiency curves of Wolicki, Jastrow and Brooks (1956) a graph of the ratio 
of the full energy peak area to the intensity was plotted against the gamma-ray 
energy; similar graphs were constructed for the single and double escape 
peaks so that the relative intensities of gamma rays in a spectrum could be deter- 
mined by using conventional subtraction techniques. The errors placed on 
relative intensity measurements were based on the scatter of points about the 
smoothed calibration curves; although they have no absolute significance, they 
serve to indicate approximately the relative magnitude of the errors due to 
cumulative subtractions. 

The three-crystal pair spectrometer was of conventional design (Butler 1958), 
the centre crystal being a 1 in. x1 in. cylinder, and the side crystals being 
2 in. x 2 in. cylinders. ‘The resolution for a 4-43 Mev y-ray was 8:5%. 

Coincidence measurements were made using two 4 in. x 4in. NaI(T1) spectro- 
meters. ‘The pulses from the first of these were fed to a single-channel pulse 
height analyser, the output of which opened a gate, of resolving time 2:5 psec, 
which allowed the amplified pulses from the second crystal to pass to the multi- 
channel analyser. 

Angular distribution measurements were made with three 2 in. x 2in. Nal(T1) 
crystals mounted on a vertical ring so that the front surfaces of the crystals were 
4 inches from the target which was situated on the centre of the ring. Two 
counters were held on either side of the beam at an angle of 145° so that their 
combined count was independent, to the first order of approximation, of move- 
ment of the beam. ‘These counters were used to normalize the intensity of 
gamma rays recorded by a third counter whose angle relative to the beam was 
variable, Errors due to beam movement were reduced by performing short 
runs in which the third counter was moved alternately from one side of the beam 
to the other. The alignment of the system was checked by measuring the angular 
distribution of the 8-06 Mev gamma ray from the 550 kev resonance of the reaction 
13C(p,y)44N which is known to possess an anisotropy of only 1% (Broude et al. 
1957); a small correction factor (<2%) due to imperfect centring, was obtained. 
and used to correct the measurements. 
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§ 3. EXCITATION CURVES 


By measuring the yield of gamma rays of energy greater than 1-28 Mev as a 
function of the beam energy, resonances from a natural chlorine target were 
found at 725, 736, 744, 769, 819, 824, 847, 861, 883, 890 and 896kev; the 
uncertainty in beam energy in each measurements was +5kev, and the width 
of every resonance was less than 5kev. Use of enriched isotopes showed that the 
resonances at 736, 819, 861 and 896 kev were due to *°Cl, those at 725, 744, 769, 
824 and 847 kev being attributed to 8’Cl. No assignments could be made for 
the resonances at 883 and 890 kev using enriched isotopes owing to the resonance 
at 873-5 kev from the reaction F(p, xy)!®O, but the gamma-ray spectra, discussed. 
later, have shown that both these resonances are associated with *°Cl. 


§ 4. GAMMA Ray SPECTRA 
4.1. 736 and 896 keV Resonances 


The gamma rays observed from the 896kev resonance, together with their 
relative intensities are given in table 1. Weak evidence for gamma rays of 
energy 1-00, 1-70, 2:20 and 3-50 Mev was also obtained; these might be associated 
with a cascade which is observed more strongly in other resonances to be discussed 
later. 


Table 1 
Relative Relative 
#, (uev) intensity a intensity 
896 kev resonance 736 kev resonance 

7-35 +0-10 10-0+0-8 9:20 + 0-10 10:0+0°5 
4:90+0-05 4-5+0-4 72022010 13-0+1°0 
4-45+0-05 15-0-5 4:75 +0-05 4:0+0°5 
2°50+0-05 4-0+0°5 4-45+0-05 3:0) 3240) 
1-97 +0-02 14-04-1-5 2:50+0-05 3:0+0-6. 

phe) Viel OOK — 
1-97+0-02 16-0 21-5 
0-77 + 0-01 2: cele) 

861 kev resonance 819 kev resonance 
7°35 +0-10 22-01 4-8 +0-1 232 0-1 
5-17+0-05 20:0+1°5 4-4 +0-1 0-8+0:2 
4-40 +0-05 6:3 0-9 4-0 +0-1 1:5+0-2 
4-00 + 0-10 1-5+0-4 3-40 40-05 3°3+0-4 
3-50+0-05 4:0+1-0 2:47 + 0-03 10-2+0-8 
2:50+0-05 G2 = 17 2:20 +0-03 8:3+0-7 
2:20 + 0:03 260) 2-3 1:97+0-02 12-3 11 
1-97 40:02 28:0 + 3-0 1-702 0-05 4-1+1-1 
1-70 40-05 6:1 +2:-6 1:00 40-01 4:9+0°-6 
1-00 +0-02 3°741-6 0-77 +0-01 3-3+0-6 
0:77 + 0-01 Wf aE NEP 


The 1-97 and 7:35 Mev gamma rays were coincident, and are consistent with a 
cascade passing through the 1-98 Mev level. The value of the excitation energy 
of the capture state (9:32 Mev) agrees with the value (9:38 Mev) obtained from 


the known Q-value of the reaction (Endt and Braams 1957). 
The 2:50 Mev gamma ray was coincident with either the 4:45 or the 4:90 Mev 


radiations which were themselves mutually coincident. This evidence, together 
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with that from the relative intensities, is consistent with a level at 4-45 Mev which 
is fed by the 4:90 Mev gamma ray and which decays either to the ground state, 
or to the 1:98 Mev level by emission of a 2:47 Mev gamma ray. 

The gamma rays produced from the 736kev resonance are given in table 1. 
The calculated excitation of °*A for this resonance is 9:23 Mev and the 9-20 and 
7:20 Mev gamma rays can be interpreted respectively as transitions to the ground 
and first excited states. The presence of 4:75, 4-40 and 2-50 Mev gamma rays 
suggests the existence of the same cascade as that found in the 896 kev resonance, 
and the change in energy of the 4-90 Mev quanta, found in the 896 kev resonance, 
to 4-75 Mey provides good evidence that these gamma rays are primary. 

The 2-20 and 0-77 Mev gamma rays in the 736 kev resonance are characteristic 
of another cascade which features more strongly in the 861 kev resonance. ‘This 
cascade is shown in figure 1 by broken lines. After allowance has been made for 
the intensity of a 4-3 Mev gamma ray appearing in this cascade, the ratio of the 
intensities of the 4-45 Mev to the 2-5 Mev gamma rays produced in the decay 
of the 4:45 Mev level is approximately 0-33, and compares reasonably with the 
ratio (0-38) found for the 896 kev resonance. 

No coincidence measurements were feasible for the 736 kev resonance because 
of its low intensity. 


9-23 
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Figure 1. Decay scheme of **A; 736 and 896 kev resonances. 


4.2. 861 keV Resonance 


The gamma rays observed using a single counter are also shown in table 1 
In order to confirm the interpretation placed on the complicated series of peaks 
between 2 and 6 Mev, this region was also examined by using a three-crystal pair 
spectrometer ; in addition to those listed, a weak gamma ray of energy 4:2 Mev 
was also observed. ‘These results agree broadly with those of Towle et al. (1957) 
except that the latter did not record gamma rays of energy 2-50, 1-70 and 1-00 Mev 
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and also no gamma ray of energy 3-0 Mev was observed in the present experiments ; 
the intensity of the latter, if present, was less than 30°, of that of the 0-77 Mev 
gamma ray. 

Coincidence measurements confirmed the 5-17—2-20-1:97 Mev and _ the 
5:17-4:17 Mev cascades found by Towle et al.; these are consistent with the 
population of a level at +-17 Mev which decays by emission of a 4:17 Mev gamma ray 
or by a 2-20-1-97 Mev cascade, to the ground state. The relative intensities of 
these two modes of decay are approximately 1:10 respectively. 

The coincidence of the 4:40, 2:20, 1:97 and 0-77 Mev radiation confirms the 
presence of a level at +-94 Mev proposed by ‘Towle et al. No evidence was found for 
the 3-0 Mev gamma ray reported by these authors. 

Owing to the complexity of the spectrum it was not possible to make any 
conclusions regarding the 1-00 and 2:50 Mev gamma rays observed in this resonance, 
but it was established that the 3-50, 1-70, 2-20 and 1-97 Mev radiations were mutually 
coincident. "The decay scheme for this resonance is shown in figure 2; the 
transitions corresponding to the 4-0, 3-50, 2-50, 1-70 and 1-00 Mev gamma rays are 
discussed in the following section. 
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Figure 2. Decay scheme of **A; 861 kev resonance. 


4.3. 819 kev Resonance 


In table 1 are also listed the gamma rays and the relative intensities found. 
No 4:17 Mev gamma ray was observed, but the results from the 861 kev resonance 
showed that this must be present with an intensity of approximately 10°% of that 
of the 2:20 Mev radiation. 

The 3-40, 1-70, 2-20 and 1-97 Mev radiations were coincident and were con- 
sistent with a cascade passing through the 4-17 Mev level, the primary gamma ray 
being either that of energy 3-40 or 1-70 Mey. Coincidences were also found 
between the 2:47, 1-00, 1-70, 2:20 and 1-97 Mev gamma rays so that it appears that 
the level responsible for the emission of the 3-40 Mev gamma ray may also decay 
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by the emission of a 2:47—1-00 Mev gamma-ray cascade. Intensity considerations 
preclude the possibility that the 1-70 Mev radiation is primary, so that the capture 
state must decay by the emission of a 3-40 Mev gamma ray to the level at 5-85 Mev. 
A careful comparison of the energy of the 2-5 Mev radiation in this and the 861 kev 
resonance showed that there was a small energy shift corresponding to the change 
in excitation of the capture state, so that the 2-5 Mev gamma ray is probably primary 
and leads to a level at 6°85mev. The 1-00, 1:97 and 4-0 Mev gamma rays were 
mutually coincident and the latter probably corresponds to a transition from the 
5-85 Mev level to that at 1:97 Mev. 

The 0:77 Mey radiation was coincident with the 1-97, 2:20 and 2:47 Mev gamma 
rays but not with those of energy 1-00, 1-70, 3-50 and 4-00 Mev. Since the 0-77 Mev 
gamma ray is associated with the decay of the level at 4-94 Mev (see § 4.2), the 
latter must be populated by a transition, or a cascade, from the 6°85 Mey level. 
The energy difference between these levels is 1:90 Mev; no gamma rays could be 
found whose energy sum was equal to this, but it was concluded that a 1-9 Mev 
gamma ray might exist and that it was not observed owing to the proximity of the 
1:97 Mev gamma ray. Examination of single-counter spectra under large ex- 
pansion failed to show any broadening of the peak at 1-97 Mev when compared with 
that from the 896kev resonance. However, the 1:97 Mev peak in the spectrum 
coincident with the 0:77 Mev gamma ray showed both an enhancement and a 
broadening when compared with that in the 1-00 Mev coincidence spectrum, the 
widths of the 2:20 and 2:47 Mev peaks remaining exactly the same in both spectra. 
A similar broadening was found when the spectra coincident with the 2-20 and 
1-70 Mev radiations were compared, the width being greater in the former case; 
the other peaks in these spectra remained the same, thus eliminating the possibility 
of instrumental drift. In all cases the broadening was consistent with that 
expected had a gamma ray of energy less than 1-97 Mev been present, and a 
transition from the 6°85 to the 4-94 Mev levels may be inferred. 

The 4-8 and 4-4 Mev radiations were too weak to study by coincidence methods, 
but it is possible that they are associated with a cascade through the 4-45 Mev level 
discussed earlier; in this case, part of the observed intensity of the 2:47 Mev 
radiation would be required to allow for the decay of this level to that at 1-97 Mev. 
The complete decay scheme, with tentative transitions denoted by broken lines is 
shown in figure 3. It should be noted that the intensities required to populate and 
de-excite the 5-85 Mev level are not in good agreement. 


4.4. 883 and 890 keV Resonances 


‘The principal features of the 883 kev resonance were a ground state transition 
and one to the first excited state having an intensity of approximately 15° that of 
the ground state transition. ‘There was weak evidence for a cascade proceeding 
through the 5-85 mev level. 

The spectrum from the 890 kev resonance only showed gamma rays of energy 
7:53 and 1:97 Mev corresponding to a transition to the first excited state. An 
upper limit of 5% was placed on a direct ground state transition. 


4.5. 984 Resonances 


Very little information has been obtained from the °8A resonances owing to 
their weak intensities which precluded coincidence measurements. 
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The principal characteristics of the 724 and 744 kev resonances were gamma rays 
of energy 2-15 and 1-6 Mev corresponding to the de-excitation of the first and second 
excited states. The lack of any clearly resolved gamma rays of higher energy 
implies that the decay scheme is complex. 

The main features of the 769kev resonance were gamma rays of energy 
8-75, 7-15, 2:15 and 1-6Mev which indicated transitions through the first and 
second excited states. The spectrum from the 847 kev resonance was similar, 
except that no 7-15 Mev gamma ray was observed. In both resonances a 4-0 Mev 
gamma ray was prominent, but no other gamma rays could be assigned as its 
cascade partners. 

The energies of the principal gamma rays from the 824kev resonance were 
10-90, 8-75 and 2-15 Mev, indicating transitions to the ground and first excited 
states. The presence of 1-60 Mev radiation showed that the second excited state 
was also populated. 


3-0 7-8 2-4 


1-97 
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Figure 3. Decay scheme of **A; 819 kev resonance. 


§ 5. ANGULAR DISTRIBUTION MEASUREMENTS 


5.1. 736keV Resonance 


The capture state of the 736kev resonance decays predominantly to the 
ground and first excited states of *°A (figure 1). The ground state is known to be 
0+, and from the systematics of even—even nuclet, the first excited state will most 
probably be 2+. If it is assumed that the transitions to these are dipole or electric 
quadrupole, the capture state must be Labor 2%. . ; 

Owing to the weak intensity of the resonance it was not possible to determine 
the angular distributions of the 9-2 or 7-25 Mev gamma rays with accuracy and 
their relative distribution was therefore measured and found to be 


W.5| Wo.05= 1 — (0:06 + 0-02) Po. 
This result was consistent with a 1~ state produced by p-wave interaction, if a 
value of 2 (the ratio of the intensity in channel spin 1 to that in channel spin 2) 
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equal to 13-7 was chosen; this value of ¢? can be greatly reduced by a small con- 
tribution from f-wave excitation. Alternatively the 1+ or 2+ states, resulting from 
the capture of s-waves with a small (< 1%) admixture of d-wave could also account 
for the observed distribution. No final conclusions regarding the capture state 
can therefore be made. 

5.2. 861 kev Resonance 


The angular distributions of the 7-35, 5-15, 4-40, 2-20 and 1:97 Mev gamma rays 
were measured and corrected for the finite angle subtended by the movable counter. 
The distribution of the 7-35 Mev gamma ray was made at 0°, 45° and 90° only 
because of its weak intensity. The accuracy of the final result for this gamma 
ray is poor owing to the accumulation of fluorine impurity in the target and the 
consequent increase of background radiation. 

To reduce the number of theoretical distributions to be compared with those 
found, the following assumptions were made: 

(i) The 1-97 Mev level has spin and parity 2°. 

(ii) The spin of the 4:17 Mey level cannot exceed 4, since a transition from this 
level to the ground state of spin zero was observed in coincidence with the primary 
gamma ray feeding this level, using a resolving time of 2-5 usec. 

(iii) The principal contribution to the orbital angular momentum cannot be 
greater than f-wave. ‘Towle et al. have observed that the quantity wl T,/(L,,+ P,), 
where w is a statistical weighting factor, is 1-2ev. For g-wave, and higher orbital 
momentum interactions, this quantity would need to be at least an order of magni- 
tude smaller to be consistent with the Wigner limit. 

(iv) ‘The 5-15 Mev gamma ray must be dipole or electric quadrupole, since 
for magnetic quadrupole and higher multipolarities the observed width would 
again be too great. 

In the analysis of the angular distributions, the possibility of an admixture of 
electric quadrupole radiation was always considered in cases where magnetic 
dipole transitions were allowed. Allowance was also made for interference effects 
between the primary in-going proton wave and waves carrying two more units of 
angular momentum. 


Table 2 
Gamma-ray energy 
(Mev) Angular distribution 
Observed Theoretical 
7°35 1+ (0-01 +0:10)P, 1—0:22P,4+0-456P, 
+ 6°(1+0-08P,—0-11P,) 

5:15 1+ (0:28+0-01)P, 1+0-26P, 
4-45 1— (0-26 + 0-06)P, 1—0-09P, —0-906P, 

+(0:04+0-06)P, +81 —0-19P,+0-03P,) 
2:20 1-0 19=210-O1) Ps 1—0:16P, 
1:97 ((O-20e2 0:01 )\es 1+0:23P,+0-01P, 


6 is the E2/M1 mixing ratio 
a ee a ee ee eee 


The measured angular distributions are shown in the second column of table 2. 
The interpretation of the angular distributions of the 1:97 and 2-20 mev gamma 
rays has been made by assuming that the 4-17 Mev level is fed predominantly by 
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the 5-15 Mev gamma ray; theoretical distributions of the succeeding gamma rays 
were rejected only if their signs were different from those observed experimentally, 
and little attention was paid to the magnitude of the anisotropy coefficients which 
might be modified by the weaker cascades feeding the 4:17 Mev level. 

The 5-15, 2-20 and 1-97 Mev gamma-ray angular distributions are most easily 
satisfied with a 4-17 Mev level of spin 3 and a capture state of spin and parity 
2, 3~, 3* or 4-. However the observed anisotropy of the 7-35 Mev gamma ray 
is too small to satisfy the cases involving a capture state of 2~,3- or 4. A spin 
value of 2 for the 4-17 Mev level with a capture state of 3+ gave agreement which, 
although by no means good, was just acceptable in view of the alternative modes 
of feeding the 4-17 Mev level. The observed decay scheme, involving a much 
stronger transition to the 4:17 Mev level than to the first excited state, favours the 
assignment of spin 3 to this level. 

The 4-17 Mey level is therefore assigned a spin of 3, and the capture state is most 
probably a 3* level. The best theoretical angular distributions for this case are 
obtained with a value of the channel spin parameter of unity and with pure d-wave 
excitation and are shown in the third column of table 2. The E2 to M1 mixing 
parameter for the 7-35 Mev transition has been left undetermined in the table. 

From its mode of decay, it is possible that the 4-94 Mev level could be of spin + 
with even parity. The measured angular distribution was consistent with this if a 
value of 5 (the E2 to M1 mixing parameter) of +0-2 was assumed (using the 
sign convention of Sharp et al. 1954). However, a spin value of 2 was also con- 
sistent with this distribution and the assignment of 4* is therefore tentative. 


§ 6. DiscUssION 

While the analysis of angular distributions gives no definite information about 
parities, save that of the capture state, the fact that the experimental data could 
be satisfied without introducing any quadrupole term into the 5-15 and 2:20 Mev 
transitions suggests that these may both be electric dipole. In this case the 4-17 
Mev level is an odd parity state analogous to the 3-73 Mev second excited state of 
884. Lane and Pendlebury (1960) have recently discussed the existence of 3~ 
states of a collective nature in even—even nuclei, and the excitation of the present 
level appears to follow the trend of others in this mass region. 

If the 4:17 Mev level is 3~, certain anomalous features in the decay scheme of 
36 may be explained on the assumption that isotopic spin selection rules are still 
valid in this mass region. Wilkinson (1956) has predicted that the first level of 
unit isotopic spin will be at 6-06 Mev, lower levels having T7=0. ‘The electric 
dipole transition between the 4-17 and 2-20 Mev levels should therefore be for- 
bidden. The intensity of the E3 cross-over transition from the 4-17 Mev level to 
the ground state is 10°, of the E1 transition, which is therefore strongly retarded. 
This can be partly accounted for by an enhancement of the E3 transition owing to 
its collective nature. If the speed of the E3 transitions in '©O and *°Ca are taken as 
typical (Lane and Pendlebury 1960), a value of | M?| of 10 for such transitions 
appears reasonable; comparison with the observed intensities gives a value of 
| 7? | of 10~* for the El transition, a nuclear radius of 1-241? fermi being assumed, 
Comparison with the best values of |/M 2| for allowed E1 transitions (Wilkinson 
1957) indicates that the width is reduced by a factor of the order of 10 and that 
the inhibition is at least as great as any reported for the lightest nuclei. Such an. 
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explanation would be consistent with the absence of a similar E3 transition 
in 984 (Myers and Wattenburg 1949) where isotopic spin selection rules are 
inoperative. 

Barrier considerations make it improbable that the spin of the capture’ state of 
the 819 kev resonance exceeds 4, and direct transitions to the low lying levels should 
occur readily. The absence of such transitions and the predominant population 
of levels of high excitation might also be explained by the operation of isotopic spin 
selection rules. The assignment of the 5-86 Mev level as the first state with PL is 
in agreement with the predictions of Wilkinson (1956), and possibly provides 
further confirmation of his observation that the first 7'= 1 level in alpha-like nuclei 
often has a lower excitation than that calculated. By analogy with *°Cl, this level 
should have spin and parity 2+. Such an assignment is consistent with the decay 
of this level and with its mode of population providing that the capture state has 
T=0 and spin 1, 2 or 3 with odd parity. However such an interpretation gives 
rise to considerable difficulty in choosing any spin, parity and isotopic spin quantum 
numbers for the 6-85 Mev level which are consistent with its observed modes of 
excitation and decay. 

The ratio of the excitations of the 4-45 and 1-97 Mev levels is approximately 2-2, 
-and is consistent with the interpretation that the two levels are the first and second 
excited states of a vibrational spectrum (Scharft-Goldhaber and Weneser 1955). 
Further, the 4-94 Mev state may be the 4+ member of the vibrational second excited 
band, but the modes of decay of these states are not in good accord with such an 
interpretation. 
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Abstract. A series of detailed measurements of the absorption spectrum of 
high quality single crystals of n-type indium antimonide has been made in 
the wavelength range 15 to 130, and over the temperature range 4:2 to 90°K. 

Some new absorption bands have been found, and an explanation is offered 
for the positions and temperature dependence of all the principle absorption 
peaks in terms of multiple phonon interactions involving phonons with energies 
-corresponding to temperatures of 259, 224, 169 and 62°K. 


$ 1. INTRODUCTION 


Spitzer and Fan (1955) in the wavelength range 5 to 115 »; they found 

four bands at 28-2, 30, 52 and 95 p respectively. These bands arise from 
the direct interaction of infra-red radiation with phonons in the crystal lattice. 
"The strongest of such interactions in indium antimonide is the absorption of 
a photon and the emission of a single long wavelength optical phonon. Spitzer 
and Fan have clearly demonstrated that the very strong band at 52 in indium 
antimonide is due to this process. The remaining absorption bands which are 
weaker arise from multiple-phonon interactions, but no detailed interpretation of 
these has yet been offered. 

Lax and Burstein (1955), and more recently Mashkevich and Tolpygo 
(1957), investigated theoretically the polarization induced in atoms when they 
are displaced from their equilibrium positions during elastic vibrations. In 
diamond type crystals with filled valence bands, the electric moment M can 
be expressed as a power series in the atomic displacement by an equation of 
‘the form 


Ts lattice absorption bands of indium antimonide were investigated by 


M= YA*+ DxeBe+ DxeCyPaP+ ...-- 
a 4,4 4,4 
B,j 
-where x," is the displacement of the atom of type « in the 7th unit cell, and A’, 
B®, and C* are in general tensors of the Ist, 2nd and 3rd rank respectively. 
‘The constant term does not give rise to any optical processes, but the remaining 
terms lead to interactions between photons and phonons. In particular, the 
jinear term results in single-phonon interactions and the quadratic term results 
in two-phonon interactions. In all these interactions, the energy E’ and the 


-wave vector k’ of the photon must be conserved, thus 


fe ald OF 
Pp 


k’+nK=> +k, 
Pp 
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where E,, and k,, are the energy and wave vector of the pth phonon (positive 
for emission and negative for absorption), K is any reciprocal lattice vector, 
and n is any integer, positive or negative including zero. Since the wave 
vectors of photons are very much smaller than the wave vectors of phonons, 
the second equation can be written as 
nK= > ak: 
p 

The particular forms these equations take for one-, two- and three-phonon 
interactions are set out in the first two columns of table 1. 


‘Table 1 
Energy Wave vector ‘Temperature 
dependence dependence dependence 
Single-phonon interactions 
E,=E' k,=0 (46) —14 
‘Two-phonon interactions 
E,+Eh,=E k,+k,=0 (1+F,)04+ F,)—-F iF, 
E,—E,=E' ki—k=0 (1+F,)F,—F\1+ F) 
Three-phonon interactions 
E,+2£,+2,=E' k,+k,+k,;=0,+K (1+F)04+F,)04+ #3) -F iF Fs 
EB, +E,—E;,=E' k,+k,—k,;=0,+K (1+ F,)(1+F,)F;3— FF. + Fs) 
E,—E,—E,=E' k,-—k,—k,;=0,+K (1+F))F,F;—F,(1 + F2)(1 + Fs) 


E’=photon energy; £,, E,= phonon energies; 
k,, k,=phonon wave vectors; K=reciprocal lattice vector; 
P= /fexp(Ey/kP 1]. 


Each of these interactions has its own characteristic temperature dependence. 
The net absorption is equal to the difference between the forward process—the. 
absorption of a photon and the emission and absorption of phonons—and the 
reverse process—the induced emission of a photon and the absorption and 
emission of phonons. For every phonon emitted there is a temperature 
dependent factor 1+, where F=1/[exp (E/kT)—1], and for every phonon 
absorbed there is a temperature dependent factor F associated with the 
interaction. The specific form of the temperature dependence of one-, two- 
and three-phonon interactions is set out in column three of table 1. At the 
lowest temperatures only those interactions involving the emission of phonons. 
(summation bands) will be observed. The remaining interactions involving 
the absorption of one or more phonons (difference bands) will not become 
appreciable until the temperature becomes comparable with E/k for the absorbed 
phonon. 

The equations in table 1 indicate that multiple-phonon interactions will 
result in band spectra, since there would, in general, be a range of phonon 
energies and wave vectors which could satisfy the appropriate equations. The 
main contribution from a particular branch of the vibration spectrum will be 
from the region where the density of states for this branch is a maximum. 
Since this occurs when the energy is varying least rapidly with wave vector, 
one would expect the greater part of the contribution from this branch to be. 
concentrated within a relatively narrow energy range. It follows that the 
more sharply defined the maxima in the density of states, the more sharply 
defined will be the resulting absorption maxima, and the more nearly will the: 
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energies of the phonons producing the peak absorption become characteristic 
of the particular branches involved. It also follows that if the energies of the 
phonons producing an absorption peak are characteristic of the branches involved, 
then the temperature dependence of this peak will also be characteristic of the 
phonon branches. 

In general the maxima in the density of states tend to occur for wave vectors 
nearer the edge of the reduced zone, and thus one would expect the characteristic 
phonon energies associated with lattice absorption peaks to be close to the 
energies of phonons near the edge of the reduced zone. 

Recently an analysis of the lattice absorption bands of silicon in terms of 
characteristic phonon energies has been published (Johnson 1959), and although 
these characteristic energies were completely at variance with the values of 
phonon energies deduced from the fine structure in the absorption edge 
(Macfarlane et al. 1958), they were subsequently confirmed by the neutron 
scattering results of Brockhouse (1959). In particular the energies for the 
fundamental Raman frequencies agree to within 0:3%. In order to attempt 
a similar analysis for indium antimonide it was necessary to make a careful 
redetermination of the positions and temperature dependences of the lattice 
bands of this material. 


§ 2, EXPERIMENTAL 


In order to cover a sufficiently wide wavelength range, the measurements 
‘were made with three different spectrometers. For the first set of measurements 
two indium antimonide specimens approximately 45mm and 1-5mm thick 
were cut from a single crystal of n-type material (carrier concentration 
approximately 5 104cm~*) and mechanically polished. ‘lhe transmission 
coefficients of these specimens were measured as a function of wavelength over 
the range 15 to 31, and over the temperature range 20 to 90°x.” The 
measurements were made with a double monochromator using KBr and CsBr 
prisms for the appropriate parts of the spectrum. The method has been 
described previously (Johnson 1959) and the curves shown in figures 1 and 2 
are the best values obtained from approximately 100 000 readings taken during 
the course of the experiment. 

For the second set of measurements a specimen approximately 1-1mm 
thick was cut from a single crystal of n-type material (carrier concentration 
approximately 2-5 x 10" cm~*) and mechanically polished. Its transmission 
coefficient was measured as a function of wavelength over the range 24 to 78 p, 
and over the temperature range 20 to 291°K. ‘These measurements were made 
swith a Leiss monochromator fitted with a brass echelette grating as the main 
dispersing element in an arrangement similar to that described by Fray and 
Oliver (1959). This grating was ruled with 10 lines per mm, and blazed for 
80 y in the first order; it was used in first order in the range 40 to 784, and 
in second order in the range 24 to 40p. The details of this spectrometer 
and its associated optical system will be described by one of us(R. H. J.) elsewhere. 

For the third set of measurements, two specimens approximately 4:5 mm 
and 1-2mm thick were cut from a single crystal of n-type material (carrier 
concentration approximately 4 x 10!*cm~*) and mechanically polished. ‘The 
shape of their transmission curves was measured at 4:2°K over the wavelength 
range 90 to 130. ‘These measurements were made with the spectrometer and 
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photodetector described by Fray and Oliver (1959). ‘The brass echelette grating 
used, was ruled with 7:16 lines per mm, and blazed for 140 w in the first order. 

The indium antimonide specimens were placed in the helium Dewar directly 
in front of the photodetector, and could be moved into or out of the optical 
path as required. Although this arrangement is very convenient experimentally, 
it suffers from the disadvantage that the specimen filters out some of the back- 
ground radiation falling on the photodetector, thereby altering its sensitivity. 
It follows that this equipment is suitable for determining relative transmission. 
curves only. 


§ 3. RESULTS 


The results obtained with the first spectrometer in the range 15 to 3ly 
are shown as absorption coefficient, plotted against wave number in figures. 
land 2. In figure 1 only the 90°K curve is shown. The 77°K and 20°K curves. 
were very similar, but the extreme weakness of the bands prevented the accurate 
determination of the temperature variation. When measuring weak absorption. 
bands the relative accuracy of points on a given curve is usually much greater 
than their absolute accuracy, since the latter depends on the reflection correction 
used. Figure 2 shows the two strong bands between 26 and 3ly. Here the 
90°K curve is shown complete, and the 77 and 20°K curves are shown where 
these differ appreciably from the 90°K curve. In addition, the 20°K curve has. 
been displaced towards smaller wave numbers by 1-0cm- in order to bring: 
the three curves into alignment. 
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Figure 1. Absorption coefficients for indium ant- Figure 2. Percentage transmissions: 
imonide in the range 600 to 350 cm™. for indium antimonide in the: 
range 400 to 320 cm7!. 


The results obtained with the second spectrometer in the range 24 to 78 p. 
are shown as percentage transmission of a 1-11mm sample plotted against. 
wave number in figure 3. At room temperature the transmission is zero between. 
128 and 230cm™ and at higher wave numbers the transmission is shown by 
the 291°K curve. No attempt was made to calculate the absorption coefficient. 
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Figure 3. Absorption coefficients for indium antimonide in the range 400 to 100 cm™. 


in this range because of the difficulty of estimating the reflection correction to 
be applied near the strong reflection band at 52 pu. 

The results obtained with the third spectrometer in the range 90 to 130% 
are shown as the transmission in arbitrary units of the 4.5mm sample only, 
plotted against wave number in figure 4. The curve shown is the mean of five 
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Figure 4. Transmission of indium antimonide in the range 110 to 80 cm™?. 


separate determinations, and the maximum deviations from the mean curve 
are indicated by the short vertical lines on the curve. ‘The results obtained 
with the 1-2mm sample were very similar except, of course, that the absorption 
band centred on 85:5cm-! was very much weaker, and was not significantly 
greater than the uncertainty of the individual points. This result indicates that 
the 85-5 cm— band cannot be due to the absorption of stray second-order radiation: 
in the 52. band. The band shown by Spitzer and Fan at 95 w was not found. 
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An examination of the temperature dependence of the bands in figures 1 to 3 
shows that, with the exception of the band at 136cm™ all the bands are 
summation bands. Since the fundamental Raman frequency corresponds 
approximately to 190cm—! (52), one would expect all two-phonon summation 
bands to lie below 380 cm—, and all three-phonon summation bands to lie below 
570cm~!. Thus the very weak bands shown in figure 1 are probably three- 
phonon summation bands and the stronger bands shown in figures 2, 3 and 4, 
two-phonon bands—except of course the single-phonon band at 190 Cie. 
The relative strengths of the two sets of bands lend support to this view. A 
more detailed interpretation of the individual bands will now be given. 


§ 4. DIscUSSION 

One would expect the highest energy phonon band at 538cm™ to be a 
summation band of the three highest energy phonons, to which we shall give 
the arbitrary label TO. The corresponding two-phonon bands at 360-5cm™ 
should be a summation band of two ‘TO phonons. ‘This would require the 
characteristic temperature of the TO phonons to be 258°K in the first case, 
and 259°K in the second. For the two-phonon band an independent check is 
provided by the temperature dependence which should be given by the 
expression (1+/,)?—F,?, where F,=1/[exp (259/T)—1]. The relevant infor- 
mation is set out in table 2, and it will be seen that there is good agreement 
between the calculated and observed values. 

The probable assignment of the remaining bands is shown in table 2 along 
with the calculated and observed temperature dependences. It will be seen 
that again the agreement between the observed and calculated temperature 
dependence is good. 

We shall now consider the polarizations which can probably be assigned to 
the four different characteristic phonons. ‘The zinc-blende lattice of indium 
antimonide is very similar to the diamond lattice of silicon apart from the absence 
of spatial inversion symmetry. ‘Thus one would expect that, as in silicon, 
the two transverse optic branches (and the two transverse acoustic branches) 
would be degenerate in the symmetry direction 111 and 100, but unlike silicon, 
there would be an energy gap in all directions between the longitudinal optic 
and acoustic branches in indium antimonide. Further, on the basis of the 
classical dispersion theory of ionic crystals (Born and Huang 1954), one would 
expect that, if the bonding in indium antimonide is partially ionic, then the 
longitudinal optic branch will have a higher energy at k=0 than the transverse 
optic branches, the difference being dependent on the effective ionic charge. 

‘The maxima in the density of states for the transverse optic and transverse 
acoustic branches will be closely associated with one or other of the two symmetry 
directions because of the degeneracy in these directions, and this in turn would 
account for the fact that only four different phonons are found. We therefore 
conclude that the two lower energy phonons are acoustic and the two higher 
energy phonons are optic phonons, and in addition the 169°x phonon is 
longitudinal acoustic, and the 62°k phonon is transverse acoustic. The 
assignment of the polarizations of the two optic phonons is less straightforward. 
In a purely homopolar crystal such as silicon the longitudinal optic branch 
lies below the transverse optic branch except at k=0, where the three optic 
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Table 2. Assignment of Absorption Peaks and Comparison of Theoretical and 
Experimental Values for ‘Temperature Dependence 


(dd) ——— —— (2)-———— ——- —— 8) —— —— 4) —— 
v(em-!) — hev/k (°K) 20°k 77°K 90°K 205K 77K 90 
538 LES — TO+T0O+TO 

258 + 258+ 258 1 on alle) 


513 738 — TO+TO+LO 
258 + 258 + 222 1 1:14 1-23 


488 702 = TO+LO+LO 
258 + 222 +222 1 HONG! Shee 


475 684 —_— TO+TO+LA 
258+ 258+ 168 1 1233 


456 656 = LO+LO+LO 
PAU a PHO SE 2G) 1 L203 

Ze ARG aIWOSeIEN 
258 + 2224-176 1 233) 


426 614 = LOLLOTLA 
2922274170 A 1-26 1-41 


413 594 —— AMOS iN ION 
258+ 168+168 il Weagy) thea’) 


360°5 519 1 1-08 1713 TO+TO 
259+ 259 1 Oy Neil 
336 484 1 110115 TO+LO 
259+ 225 1 HOS) aleils 
Zo 7 4285 1 tel eZ5 GiGi e ILva\ 
259+ 169 1 1-16 ©6124 
394 1 147 «61-26 LO+LA 
ae 225 +169 1 118 1°27 
196 0 0-8 1 TO-TA 
a 259-63 0°06 0:83 1 
oD 123 TA+TA 
: 62+62 


(1) Position ; (2) relative intensity (observed) ; (3) suggested assignment and 
characteristic temperatures ; (4) corresponding relative intensity (calculated). T= trans- 
verse, L=longitudinal, O= optic, A=acoustic, 'Three-phonon cut-off 815°K=3 x 272°K 3 

> 
two-phonon cut-off 544°K=2 x D1 2s 
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branches become degenerate, while in an ionic crystal such as sodium chloride, 
the longitudinal optic branch lies entirely above the transverse optic branch. 
Now the situation in indium antimonide must be intermediate between these 
two extremes, and it would be reasonable to assume that the longitudinal optic 
branch lies above the transverse optic branch at k=O, but falls below it at the 
zone boundary. If this is the case then the 259°K phonon is transverse optic, 
and the 225°K phonon is longitudinal optic. Further, since the two transverse 
optic branches are degenerate in the symmetry directions, the maximum in 
the density of states for these branches will be greater than the maximum for 
the longitudinal optic branches, and thus one would expect the intensity of 
the lattice band due to three transverse optic phonons to be stronger than that 
due to two transverse and one longitudinal optic phonon. ‘This is clearly seen 
to be the case in figure 2. 

The final point we shall consider is the values at k=0 of the frequencies 
of the longitudinal (#;) and transverse (wt) optic branches. Assuming that 
these frequencies are higher than those at the zone boundary, one would expect 
that the absorption on the high-energy side of purely optical phonon bands 
would tend to zero at frequencies given by the appropriate combination of 
w, and w;. For example, one would expect the band due to two transverse 
optic phonons to have a high-frequency limit 2wt, while the band due to a 
transverse and longitudinal optic phonon would have a high-frequency limit 
of (wi+wt). In practice, because the experimental curve is the sum of these 
various contributions, extrapolations are only possible for the highest energy 
two- and three-phonon bands. The high-frequency limits of the 360-5 and 
538cm-! bands are 378 and 566cm~! respectively. As these bands are 
attributed to two and three transverse optic phonons respectively, one concludes 
that the fundamental Raman frequency wt, is equivalent to 189cm~ between 
77 and 90°K. Further, if w) is greater than w;, then the bands at 336 and 
513cm™ should have a higher limiting frequency than the two bands just 
discussed. ‘This should show up as a change in slope and it will be seen that 
there is a change in slope on the high-frequency side of both the 360-5 and 
538cm~+ bands very near the high-frequency limits just discussed. If this 
change in slope is due to a frequency difference w, and wt, then one can estimate 
roughly the maximum value of this difference consistent with the experimental 
curves, and in both cases this maximum frequency difference is found to be 
equivalent to 8-Ocm~!. This result would indicate that the maximum value 
for w; is 197cm~, and that (w/w) = 1-04. 

The internal consistency of the results shown in table 2 is very satisfactory 
and we shall now consider what external evidence there is for their correctness. 
The relatively very low energy of the transverse acoustic branch would suggest 
that a pronounced anomaly should be found in the specific heat curve at low 
temperatures. By making a simple comparison with the calculation of the 
specific heat of germanium from neutron scattering results (Johnson and Lock 
1958, Phillips 1959) one concludes that the Debye temperature curve for 
indium antimonide should show a pronounced minimum at 12-5°K. Phillips 
has quoted some unpublished results of Keesom and Pearlman indicating that 
such a minimum is found at approximately 12°x. 

The value estimated for the Raman frequency (w+) can be compared with 
values deduced from reflection measurements. If the classical dispersion 
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theory for ionic crystals is applicable, then the dielectric constant is related to 
w, and w; by the equations 
Ey — €00 


* T=(@/en?—iwofeo) (y/o) 


e(w) = €,, 
and 
€9/€xm = (wi/wt)” 
where «(w) is the dielectric constant at the frequency w, €) and «,, are the low- 
frequency (static) and high-frequency (infra-red) dielectric constants, and 
(y/wt) is an arbitrarily introduced damping constant. Spitzer and Fan found 
that at 78°K the maximum reflectivity occurred at 52 and that ey=e,, within 
the limits of experimental error. ‘They concluded from this that the maximum 
value for «,—«,, was 1-5, and from the shape of the reflection curve they found 
that y/wt was approximately 0-04. For small damping constants Havelock 
(1924) has shown that the frequency of the maximum reflectivity (wm) 1s 
simply related to the Raman frequency by the equation 
(wm/w,)? = 1+ (€9— co) | (6€0 —4). 

Now for indium antimonide «,, is approximately 15-2 and using Spitzer and 
Fan’s results we find that w; is equivalent to 190-5cm™ and that w/w_=1-05. 
This value is only a little higher than the value of 189cm™ found in this 
investigation. More recently Yoshinaga and Oetjen (1956) have measured the 
reflectivity at 238°K and find the maximum reflectivity to occur at 54-6 4 which 
would indicate that w, was equivalent to 181:5cm™ at this higher temperature. 
Picus et al. (1959) using Yoshinaga and Oetjen’s values conclude that wt is 
equivalent to 174cm~ and that w/w, = 1:05, but the method they used to arrive 
at these results is not given in detail. 

The results obtained in this analysis can be compared with the results found 
by Johnson for silicon by normalizing both sets to unit Raman frequency. 
When this is done one obtains the following results : 


wt TO LO LA TA 
Si 1 0-946 0-810 0-653 07272 
InSb 1 0-953 0-823 0-622 0-228. 


It will be seen that for indium antimonide the optical frequencies are 
relatively slightly higher, and the acoustic frequencies lower than the corres- 
ponding values for silicon. This is consistent with the fact that indium 
antimonide, unlike silicon, has a complete energy gap between the optic and 
acoustic branches of the vibration spectrum. 
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Abstract. The experimental results for the elastic scattering of high energy 
electrons from *Li have been fitted using a charge distribution derived from 
a smoothed finite potential V(r)= —V)+4Kr’, r<ry and V(r)= —Ae™, r>1, 
which has identical parameters for s- and p-nucleons. An r.m.s. radius of 
2:72 + 0-08 fermi and a central nuclear density of 0-14+0-01 particles per cubic 
fermi are obtained. The form factors for inelastic scattering are calculated for 
three models which fit the elastic scattering and it appears that the inelastic 
scattering is much more sensitive to choice of parameters. The total energy 
of the ®Li nucleus is calculated on the independent particle model, including 
a correction for the spurious energy of the centre of mass. 


§ 1. INTRODUCTION 


HE experimental cross sections for elastic scattering of high energy electrons 
| from most p-shell nuclei may be fitted very well using nuclear charge 
distributions derived from independent particle wave functions with an 
infinite oscillator potential. The results of several workers have been summarized 
by Hofstadter (1957) and a more recent survey has been carried out by Meyer- 
Berkhout, Ford and Green (1959). For ®Li, however, Burleson and Hofstadter 
(1958) have shown such a fit is not possible unless the s- and p-protons are assumed 
to move in different oscillator potentials. Similar calculations for inelastic 
scattering using oscillator wave functions have been carried out by Morpurgo 
(1956) for #C, by Tassie (1956) for *Be and by Cazzola and Foglia (1958) for 
6]i and *N. We shall look for a modification of the oscillator potential with 
identical parameters for both s- and p-nucleons, which will give rise to a charge 
distribution to fit the *Li results for elastic scattering. The modifications 
considered affect principally the p-nucleon wave function and since this alone 
determines the form factor for inelastic scattering, the inelastic case will also 
be considered. As we are starting from a potential, i.e. solving the wave equation 
to obtain the wave functions and the charge distribution, the energy levels in 
this potential can be found at the same time, and the total energy of the °L1 nucleus 
may be calculated. 


§ 2. ELASTIC SCATTERING 


The nuclear form factor F(q) for elastic scattering is defined as the ratio of the 
experimental scattering amplitude to the point charge amplitude, 


F(Q)=f)exolf goin FQ)P= Lay Fae 
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where the momentum transfer g is given by g=2ksin }0=2Esin 46/he and E is 
the kinetic energy of the incident electrons, in the centre-of-mass system. Since 
the electron energies being considered are extremely relativistic and Z is small, 
Born’s approximation is valid and the form factor becomes 


F(q)= uD ie rp(r) sin gr dr 
q 


0 
for a spherically symmetric potential V(r). The charge density distribution in 
the ground state is Zep(r) and the normalization is such that the integral of p(r) 
over the nuclear volume is unity. 

The infinite oscillator potential has the form V(r)=—V,)+ Kr? with 
4K =1Mw?, where M is the nucleon mass, Vy) a suitable well depth and hw is 
the energy interval between the energy levels of the oscillator; fw is related to 
a length parameter a by the relation a@=h/Mw. The density distribution for 
a p-shell nucleus becomes 


_ 2 ; fife (Z—2)r? 
= zara? (a) Pe aa | 


and the form factor is (Amaldi, Fidecaro and Mariani 1950) 


F(g)= [ = ae Sie & ) 


The corrections to this elastic form factor to allow for the finite size of the proton 
and the centre-of-mass motion in the shell model are given by Tassie and Barker 
(1958). The essential result is that the length parameter a? is altered to 
(1—1/A)a? + ap” in the exponential factor of F(q) only, where 3ap? is the mean 
square radius of the proton. This correction assumes a Gaussian distribution 


for the proton and is applicable only to oscillator wave functions. In particular 
for ®1ia, 


where 
Ge = 5q + ay’. 


Eltont has shown that the ®Li results can be fitted with the modified oscillator 


distribution 
: 1 7? 2 2 
p(r) = 303? E exp G 5) ~ = exp ( = 3) | 


with a=1-72 fermi and b=2-24 fermi. This is equivalent to considering the 
p-proton in a more extended potential well than the s-protons. Burleson and 
Hofstadter take a=2-65f, b=1-07f and Meyer-Berkhout et al. (1959) 
interpret this distribution with a> as corresponding to Z protons in a potential 
more square in shape than the oscillator potential. With a modified oscillator 
distribution the corrected expression for the form factor is 


2 2 272 2h 2 
F —2 By ces 1 ag sg 0c 
(q) sexp ( 4 ) +3 (1 6 )exo( 4 


where b,” obeys a similar relation to that for a-*. Elton has shown that for the 
parameters a=1:72f, b=2-24f the correction to a is small (figure 1). The 
correction to 6 is slightly more important but the effect on the total form factor 


t Physical Society Conference, Oxford, 1958. 
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is small. We shall assume that this is also true for the elastic scatterin 

calculations which follow. We see from figure 1 that this cancellation of ie 
corrections is peculiar to the very light nuclei, otherwise the finite size effect 
dominates the correction. 

The infinite oscillator potential is mathematically convenient but the form 
of this potential at large distances is quite different from the shape we would 
expect for a physically reasonable nuclear potential. This difference should not 
have much effect on tightly bound states but will affect loosely bound states 
high up in the well. This is exactly the case for "Li where the separation energy 
of the last proton Sp is only +:5 Mey. We therefore modify the infinite oscillator 
potential so that V(r)+0 as r+, which should give rise to a more extended 


p-proton distribution. 
0-6 T 
a 2 
| a6 i / 


4=4 f 


a (fermi) 


Figure 1. The correction to the length parameter a. F(q) is altered by the factor 
exp[q2(a?—a,”)/4} so that if a?—a,° is positive F(q) is increased and if a?—a,” is 
negative F(q) is decreased. ‘The arrows indicate the values of a for He, 1°C, '®O 
given by Hofstadter (1957) and the modified oscillator parameters of Elton for ®Li. 


The first step is simply to take a finite oscillator potential, 

V(r)= —V.+4Kr’, Vr<To and V(r)=0, r>7o 
where V7, is adjusted so that the 1P energy level is equal to —Sp. For a 
length parameter a=1-7f, 7) becomes 3-97f and the p-proton density for 
r<%q iS pp(r)& Dr exp (—7°/b?) with D=0-0021 and b=1:79f. The con- 
tribution to the density distribution from the solution of the wave equation 
for r>r, is negligible. The p-wave components of the form factor for the 
finite oscillator are very little different from the corresponding infinite oscillator 
values. 

It is evident that the change in potential beyond ry has little effect on the 
wave functions. Since the potential is finite it does give rise to a more extended 
distribution in the sense that it allows a ‘spilling out’ from the well beyond 75, 
but cutting off the potential at 7, has the effect of lowering the energy levels in 
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the well by amounts AE,, AE, for /=0,1 respectively. This means that the 
levels are now in a narrower part of the well compared with the corresponding 
levels for the infinite potential and this has exactly the opposite effect on the 
density distribution. 


3 
22 25) 28 3: 3-4 37 mae 
“2 
Tp (fermi) ¢ (fermi ) 


Figure 2. Elastic form factors calculated Figure 3. Elastic form factors from the 


with the smoothed finite oscillator smoothed finite oscillator potential for 

potential compared with the ex- a=1-:64f. The full line corresponds 

perimental results of Burleson and to %=2°50f and the broken lines to 

Hofstadter. Curve h corresponds ¥9= 2:75 f (above) and 75=2:30f (below). 

to the length parameter a= 1-64 f, g to The first three experimental points 

a=1-70fand ktoa=1-79 £. are those of Streib at 187 mev (taken 
from Meyer-Berkhout, Ford and Green 
1959). 
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Figure 4. ‘The smoothed finite oscillator Figure 5. Total radial distributions r? o(r) 
potential ’(r) with a=1-64 f, 75> =2-50f which fit the elastic scattering data. 
and the corresponding density distri- Curve c corresponds to the smoothed 
bution p(r). finite oscillator parameters a= 1-64 ff 


7 =2:50f. Curves d, e correspond to 
the modified oscillator parameters of 
Hofstadter (a=2-65 f, b=1-07 f) and 
Elton (a=1-72 f, b=2-24f) respectively. 
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Now we require the first effect above and to do this we cut off the oscillator 
at a smaller value of r and add an exponential tail 


V(r)=—Vy+ IK, 


7 = —ur 
V(r) = — Ae’, 
0-010 + . 
L 40:4 
2 e 
= 0905 + r S 
— 0:2 ca 
= ; \ Pa af —7 
ES. f\ \ N i) 
< PED gala 
a : 3 
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a ¥ é a 
Sf. = 
1 J -0:2 
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Figure 6. The p-wave components of the total 
distributions in figure 5. The notation 
c, d, e, applies as in figure 5 and curve f 
is the Bessel function j.(qr) for q=2. 


T<=T 5; 


T>To. 


g’ (fermi~*) 


Figure 7. Inelastic form factors. c, d, e, 
apply as in figures 5 and 6. ‘The correc- 
tion for finite size etc. is applied to the 
modified oscillator results d, e, giving 


corrected curves D, E respectively. 


This potential will be referred to as the smoothed finite oscillator. The 
parameters A, py are determined by the requirement that V(r) and its derivative 
should be continuous at 7), which gives 


p= Kr,/(Vo im $Kr,*) 
and 
A=(V,.— 4Kr,*) exp [Kry?/(Vo— 4 Kr,*)]. 


As before V, is fixed so that E,= — Sp. 
The radial wave equation with an exponential potential gives an analytic 
solution only when /=0) (Rosenfeld 1948). In this case the solution for r> rq is 


R= Cr7*J (be) 

where 

b?=8AM|p*h?, p? = —8ME,|pPh? 
and E, is the 1S energy level. The solution for r<7 is 

te CO ie 
R(r) = Bexp ie 33) iFy (« > =) 

with c=AE,/2hw. With this potential the 25 level is not bound as would be 
expected since a change in potential beyond 7, will have little effect on states 
with zero orbital angular momentum. In order to obtain an accurate solution 
for /=1 and cover a range of parameters the calculation was programmed for the 
London University Ferranti Mercury computer. Density distributions and 
form factors were obtained for a range of ry values with a= 1-64, 1-70 and 1-79 ie 
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In figure 2 the computed form factors are compared with the experimental 
results of Burleson and Hofstadter. There is no fit at all for a=1-79f; 
a=1-70f gives a reasonable fit with ry>=2:8+0-2f although F(q) is too small 
at large q values, and for a=1-64f there is good agreement with r)=2-4 + 0-2 ie 
Results for a= 1-64 f are shown in detail in figure 3. The total density distribution 
for a=1-64f, ry=2°:50f is shown in figure + with the corresponding potential. 
This density is negligible beyond about 4 fermi, as was also the case for the finite 
oscillator potential, although the smoothed oscillator potential has a much longer 
tail. This distribution gives an r.m.s. radius of 2:72f, a p-shell radius of 3-53 f 
and a central density of p,,,, =0°023 + 0-002{-* which, if it is assumed that 
protons and neutrons have the same distribution in ®Li, corresponds to a nuclear 
mass density of 0-14+0-01 particles/f%. All these values agree well with those 
found by Meyer-Berkhout et al. The total radial distribution 7?p(r) for the 
parameters 7,=2:50f, a=1-64f is compared in figure 5 with the modified 
oscillator distributions of Elton and Hofstadter, and the p-wave components 
of the same distributions in figure 6. 

A smoothed oscillator potential which was proportional to an inverse power 
of y beyond 7, has also been considered. For the same value of ry this potential 
was little different from the exponential form already discussed and the 
‘corresponding form factors were almost identical. 


§ 3. INELASTIC SCATTERING 
®Li has a first excited state (J=3+, T=0) at 2-18mMev above the ground 
state (J=1*, T=0). he ground state configuration is 1s*1p for both protons 
and neutrons, so that in LS coupling J=1, L=0, S=1 and the excited state 


will be given by re-coupling the p-nucleons to L=2. ‘The transition density 
is defined as 


Z 
Po ™ (r) = : s | | MW MM dry... dr; ad 741. dr, | 


<4=1 


my=r 
where ‘ly, ‘’y are the ground and excited state wave functions respectively 
and M, M’ are the M, quantum numbers. ‘The inelastic form factor is defined 


as 
Pol alee ee 
MM 


where J belongs to the ground state and 


ne oa i Pore (res dt. 
In the individual particle model the ground state wave function is given by 
Vo=> C(LSJ; M,M,)¢ Mty™s 
M 


where we have written down the p-nucleon part only, C is the appropriate 
Clebsch—Gordan coefficient and y,™8 is a triplet spin function. $,™t is a linear 
combination of individual wave functions of the form 


o,ML=> Cll; m,m,) on $)0 
My 
where 
cn) = Ry)", $1), $7" = Ry(72)¥,"0(8,, $2). 


The excited state wave function can be written down in a similar way. Due to 
the normalization of the individual wave functions, the transition density depends 
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only on the form of the radial wave function for the p-proton. If this is an 
oscillator function R,?(r) = A?r? exp (—r?/a®) the inelastic form factor is given 
by Cazzola and Foglia as 

7 -¢°a 


Fin? = 7 VR exp(— ig?a*). 


If we differentiate this expression with respect to q, the condition for a maximum 
is g’a*=4 and this gives a maximum value for |Fin|* of 62:5 x 10-4 which is 
independent of g and a. 

In the elastic scattering calculation the radial wave functions corresponding 
to the smoothed finite oscillator potential were tabulated in the form 


PAVH=Fke@)- 


In this case the inelastic form factor becomes 


i { “nlanP2@ ar] 


where the radial integral must now be evaluated numerically. ‘The momentum 
transfer q is taken along the = axis so that e’” may be expanded in spherical 
harmonics. At large g values, there is considerable difference between |Fin/? 
calculated with the smoothed finite oscillator and with the modified oscillator 
forms of Elton and Hofstadter (figure 7). Now, the inelastic form factor is 
proportional to 


. 


| i jo(qr°pp(r) ar 


and we see from figure 6 that the effect of the spherical Bessel function is such 
that a small difference in the positions of the maxima of the density distri- 
butions will greatly affect the negative contribution to the integral and hence 
the magnitude of the form factor. A separation of 0-5f between the maxima 
of curves e and c in figure 6 causes the values of |Fin|’ at q=2 to differ by a 
factor of 10. Since the elastic form factors involve the total proton density 
and the p-wave contributes only one third of this, they will not be very sensitive 
to such small changes in p-proton distribution, whereas the inelastic form 
factors are clearly much more sensitive to such changes. 

At present the only published result for inelastic scattering with a discrete 
energy loss from °Li is a ratio of inelastic to elastic cross section for a laboratory 
angle of 40° and 426 mev incident electrons (private communication by Burleson, 
quoted by Meyer-Berkhout et al.). With the definitions of charge density, 
transition density, inelastic and elastic form factors chosen, both the inelastic 
and the elastic differential cross sections are given by 

do= (35) sania Va 
2E/ sin* $0 
provided the angle @ is not near 0° or 180° and the excitation energy is small 
compared with the incident electron energy E (Morpurgo 1956). ‘Then we 
may write doin/doei=|Fin|?/|Feil? and the ratios at 6=40°, g=1-47 £1 are given 
in table 1. The values in the second line are those obtained when the correction 
for finite proton size, etc. are applied to |Fin|. 


956 Daphne F. Fackson 


Table 1 
Experiment Modified oscillator Smoothed finite 
b=2:24f bj leOiats oscillator 
a=1-64f 
j= 250 
0:-6+25% 0-10 0-34 0-15 
0-16 0:27 


Even if the inelastic form factor had its maximum value |F in|? ~ 0-006 
at g=1-47, the ratio would be 0-41 and thus still outside the experimental 
error. The discrepancy probably arises from neglect of correlations between 
the p-nucleons in the independent particle model derivation of the inelastic 
form factor. The probability of re-coupling these nucleons to another state in 
the same shell will be dependent on the form of the coupling between the spin 
and orbital angular momenta of the nucleons. Clearly this coupling effect 
will be important only in the inelastic case. In particular, consideration of 
intermediate coupling might lead to markedly different transition probabilities 
(Lane and Radicati 1954). Similar conclusions have been reached by 
Morpurgo (1956) for-“C and by “PFassie (1956) for *Be. “In the case of 
Morpurgo found that the theoretical LS coupling values differed from the 
experimental results by a factor of 2-5. 


§ 4. ToTaL ENERGY oF ®LI 


The basic assumption of the independent particle model, that each nucleon 
in the nucleus moves independently in a field which is the average effect of all 
interactions with the other nucleons, leads to a total wave function ¥ which is 
a product of individual wave functions %,; suitably anti-symmetrized with 
respect to complete exchange of any two nucleons. In addition, the sum of 
the interactions on the 7th nucleon due to all other nucleons, assuming these 
interactions act in pairs, is represented by a potential which depends only on 
the coordinates of the nucleon itself, i.e. U;V;;=V,. Then the total energy is 


B=(11h| > t+4 Sv] TH) 
= SE- 3D) 


where (V;) stands for (#,|V;|f;) and E; is the energy of the ith nucleon in the 
independent particle model. Strictly we should be using that linear combination 
of products Il; which gives the correctly anti-symmetrized wave function cee 


but as we are considering expectation values of single particle operators, no 
exchange terms can arise. 


In the shell model the coordinates are referred to an arbitrary fixed origin 
(the centre of the potential well) instead of the centre of mass of the system. 
This means that the shell model Hamiltonian describes an additional collective 
motion in which the centre of mass fluctuates about the origin of the coordinate 
system. In the special case of the infinite oscillator potential V = — Vo+4Kr 
the total anti-symmetrized wave function factorizes into two parts, one of 
which depends on the relative coordinates of the nucleons and the other on the 
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centre-of-mass coordinate R, where R=A™2Xr, and r, is the shell model 
coordinate of the ith nucleon (Elliott and Skyrme 1955, Peierls 1959). The 
second factor has the form exp(— 4 R2/2a2) and is the wave function of a mass 
AM, moving in a 1s-state in an oscillator which has the single particle parameter 
K replaced by AK. ‘This represents the centre-of-mass motion, the energy of 
which is $h(AK/AM)'?=3hw where w is the same quantity as for the single 
particle motions. ‘This centre-of-mass energy must be subtracted from the 
shell model energy to give the internal energy of the nucleus (Lipkin LOS) 
ie. 
E, 4= E— show 
= DE;-—4>(V,) — dhe. 

The energy of the centre-of-mass motion in the smoothed finite oscillator poten- 
tial will not be exactly $hw. However, the height of the 1s level above the well 
depth in this potential V+ E, differs by only a small amount from the same 
quantity in an infinite oscillator well with the same parameter a. For a=1-64f, 
ro=2°50f the difference is 1 Mev. Since in the infinite well, 3hw=V,.+E, we 
take as the energy of the centre of mass in the smoothed finite oscillator potential 
the corresponding value of V,+£s. Calculated values in Mev are given in 
table 2. From these values we conclude that for the smoothed finite oscillator 
potential with a=1-64f, r)=2-50f the expectation values of kinetic energy in 
the s- and p-states are (T;)=9-4Mev, (7Tp))=12-0Mev. Since it is generally 
accepted that the shell model potentials for different states depend on these 
energies the potentials in which the s- and p-nucleons move are apparently 


quite similar and the assumption of the same potential for both is reasonably 
justified. 


‘Table 2 
Vo Ee Ey LE, <Vee <Vy> E Eint 
Infinite oscillator 
a=1-64 fermi 43-1 -—-199 —45 -—886 -—31°5 -—23:8 -—-1:9 —25-1 
Smoothed finite 
oscillator 39°70 —16°8 —45  —76:2 —26:2 -—165 —7:3 —29°5 


a=1-64 fermi, 79 = 2°50 fermi 


We now have a calculated total energy for °Li of —29 Mev compared with the 
experimental value of —32-0mev. In addition there is a small positive contribu- 
tion to the calculated value from the Coulomb repulsion of the protons of 
approximately 2mev. Part of the discrepancy between the calculated and 
experimental results is due to neglect of re-arrangement energy. If one nucleon 
is removed from the nucleus but nothing else is changed the remaining nucleons 
will be left in a state which is not an equilibrium state of the system and the 
formula for the well depth should include an additional energy term which 
represents the energy change due to re-arrangement of the residual nucleons to 
the equilibrium state. In general, the LS coupling scheme is more appropriate 
to light nuclei than jj coupling, which means that the residual two-body inter- 
actions should not be neglected. For ®Li the interaction between the p-nucleons 
will be important and can be expected to contribute several Mev to the binding 
energy. 
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Note added in proof.—W. C. Barber, F. Berthold, G. Fricke and F. E. Gudden 
(private communication) have recently obtained experimental values for the 
ratio of elastic to inelastic scattering to the first excited level for two other values 
of g. Their results are compared below with those obtained theoretically. 


gq Experiment Modified Oscillator Smoothed Finite Oscillator 
De A (AT) it a=1-64 f 7, =2:50F 
0:36 2:9 x 105°. 100%, led se Oe Oe) s< 110)== 0-9 x 1058 
—50% 
0:39 2-6 x 10-+ 100% 1A} se 1KO-& Hos STO" 4 10m 


—50% 


959 


Anisotropy in Ionospheric Diffraction and its 
Effect on Drift Measurement 


By R. B. BANERJI 


University of New Brunswick, Fredericton, N.B., Canada 
MS. received 2nd March 1960, in final form 2nd Fune 1960 


Abstract. An attempt was made by the author a few years ago to combine the 
geometrical approach of Piitter and the statistical approach of Briggs and Spencer 
to the problem of ionosphere drift measurement. The combination gave rise 
to a method of wind measurement which was nearly as simple as that of Piitter 
and yet vigorous enough to eliminate the effect of random changes in the ground 
diffraction pattern. However, the method could not be proved valid when the 
ground pattern was statistically anisotropic. The present paper develops a 
method involving the use of five statistical parameters and a few simple algebraic 
formulae, which takes into account the effects of random motion as well as 
anisotropy. ‘The intuitive clarity of the geometrical picture is, however, 
unfortunately lost. 


§ 1. INTRODUCTION 

HE method of measuring ionospheric winds pioneered by Mitra (1949) 

has been reconsidered by Ratcliffe (1954) in view of the random nature of 

the diffraction pattern on the ground caused by ionospheric irregularities. 
His work led to the concept of ‘lines of maxima’. ‘This concept was exploited 
independently by Piitter (1955) to show that in the absence of any random 
changes in the ground diffraction pattern the lag between maxima in two pairs 
of receivers will be perfectly correlated, 1.e. the plot of one lag against the other 
would bea straight line. It can be easily shown that this result will be unaffected 
by an anisotropy in the ground pattern. ‘These analyses have shown that, while 
the validity of the Mitra method remains unaltered if the ground pattern is 
isotropic, the effect of anisotropy is such as to make the direction as well as 
magnitude of the drift computed by the Mitra method drastically different from 
the true value. On the other hand, Briggs and Spencer (1955), extending 
Ratcliffe’s work, showed that in the presence of random changes the Mitra 
method would yield values for the drift magnitude much higher than the true 
value—so much so that an infinite drift velocity might be obtained when drift 
was entirely absent. 

The rectilinear plot of lags in one pair of receivers against another is related 
in a very simple manner to the magnitude and direction of the drift and leads 
to a method for the evaluation of drift which involves very little computational 
labour. Moreover, the evaluation leads to the correct value even when the 
ground pattern is anisotropic when there is no random change. Using Briggs 
and Spencer’s results, the author has demonstrated (Banerji 1958 a) that in 
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the presence of random motion the direction of drift can be obtained with 
equal ease by drawing the mean straight line through the plot if the ground 
pattern is isotropic. However, the magnitude of the drift obtained from the 
mean straight line has to be corrected for by using the coefficient of correlation 
between the two lags. It still remained to be seen whether this geometrical 
method remained valid if anisotropy and random changes in the ground pattern 
were simultaneously effective. 

The considerations in the next section will show that this is not the case. 

Weare, therefore, forced to an analytic method following Briggs and Spencer. 
The mean lags in the two receivers #,,f,, as well as the standard deviations 
«1,01, have been evaluated by these authors as functions of the drift velocity 
V, the direction of drift @ and the rate of random change V¢ of the ground 
pattern. By the evaluation of the four quantities f,, f,, o, and o, from the 
data, their relationships can be used for the evaluation of V, @ and V¢ in the 
isotropic case. 

However, in the presence of anisotropy, two additional unknowns appear in 
their equations, namely ¢ the tilt of the autocorrelation ellipse and K the ratio 
of the major to minor axis. This necessitated the evaluation of another statistical 
parameter. Briggs and Spencer suggested the correlation coefhicient p between 
t, and ft, as such a parameter. However, this coefficient was not given by them 
as a function of the five unknowns mentioned earlier. 

In our previous paper we have already had occasion to evaluate the correlation 
coefficient as a function of V, 0, and V~. ‘The same techniques used in that 
work have been found effective in the anisotropic case. In §2 we shall proceed 
to evaluate the correlation coefficient as a function of the five ionospheric 
unknowns. In §3 we shall demonstrate that our results do not lead to a simple 
geometrical relationship between the (t,,¢,) plot and the ionospheric unknowns. 
In §4 we develop a few simple analytic formulae expressing V, 6, Ve, 6 and K 
as functions of 7¢,, fo, or, or, and p. In the concluding section, §5, we shall 
have occasion to compare the value of V and 6 obtained by this method in a 
specific case with those obtained by the previous geometrical method. 


§ 2. ‘THE DISTRIBUTION OF LAGS IN THE ANISOTROPIC CASE 


Following Briggs and Spencer and our previous paper, we shall consider 
the signal strength as a function of space and time to be represented by a contour 
of signal strength in a three-dimensional (x, y, t) space, plotted with respect 
to a coordinate system moving with the drift. Due to the presence of anisotropy 
as well as irregular temporal changes of the pattern (our moving coordinate 
system having removed effects of regular temporal changes), this three-dimen- 
sional pattern has asymmetric statistical properties. If we plot the correlation 
between the signal strength at two points separated by a certain distance and 
time interval (as found by averaging over all pairs of points with this separation) 
we shall obtain the contours of equal correlations of signal strength as ellipsoids, 
one of its axes lying along the ¢ axis. Let the major axis on the (x, y) plane 
make an angle ¢ with the x axis and be K times the minor axis. The anisotropy 
in this plane will therefore be absent in a coordinate system (x’,y’,t) where 


Kx'=xcos¢d+ysing \ 
y' = —xsind+ycos¢. 


eas 
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The wind vector (V,@) in the old system will be transformed into (V’, 6’) 
in the new system, where 


V’cos@’=(V/K)cos(@—¢), V'siné’=Vsin(@—¢).  ......(2) 


If the receivers are at (0,0), (&,0), (0,79), their position in the new 
coordinate system will be (0,0), (&,7,), (€, 72) where 


&,=(€,cosp)/K, ym=—f)8ind ewes (a) 


Eg==(HgSin@)/K, qe=7oCOSd. ssi ws (4) 


The only anisotropy remaining now will be in the ¢ direction. This is 
removed by multiplying this coordinate by a fictitious velocity Ve which will 
form a measure of the random changes in the pattern. 

In this new, (X’, Y’, Vet), system drifting with the ionosphere, the receivers 
will appear to move opposite to V’ and their motion can be taken to be in a 
direction making an angle (7+06’) with X’ axis and an angle 6 to the 
(x’, y’) plane where 


and 


ara trey sd bere (5) 


Figure 1. Relative positions of maxima in two correlated time series, 


These lines will cut the three-dimensional signal strength pattern to form 
three random time series, the correlation between two points on them being 
smallest when one is on the perpendicular drawn through the other point to 
these lines. s 

Briggs and Page (1955) have analysed empirically the lag between maxima 
in correlated time series, which is obtained by cutting a three-dimensional time 
series by two lines, as in figure 1. According to their results, if there is a 
maximum at P in one time series, the probability is highest that there will be a 
maximum at R on the other. The probability of a maximum at an arbitrary 
point Q is given in terms of the angle y as 


P(s)ocexp(—tan?yp/0-74). wen ees (6) 


Longuet-Higgins (1957) has analysed the distribution of tan fb theoretically, 
leading to a distribution of which Briggs and Page’s formula is an approximation, 


PROC. PHYS. SOC. LXXVI, 6 23 (9) 
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In what follows we shall continue to use Briggs and Page’s formula for its 
mathematical simplicity. 

Let us now consider figure 2. 

A and B are the initial positions of two of the receivers and O that of the 
third one. If there is a maximum at O, i.e. at the third receiver at time t=0, 
the most probable times #, and #, for a maximum at each of the two other TECeivers 
correspond to the points P and Q, the feet of the perpendiculars from O on AA 
and BB’. Concentrating on Q we have 


BOsne=Ver, BO=OB.cos(, aera (7) 


- Figure 2. Geometry of the diffraction maxima in space and time. 


Taking direction cosines of OB and BB’ along BB” and perpendicular to 
BB” on the X’Y’ plane and along the ¢ axis we have cos€=cosdcosk«. 
However «=A—0" where cosA=€,/OB and sinA=7/OB whence 

BQ = OB cos 6 (cos A cos &’ + sin 4 sin 6’) 

and, from (7) and (5) 
oo Vel 
rele TV aVe 
and, expressing V’ and 4’ (equation (2)) in terms of V and 0, the actual velocity 
vector, and putting values for £, and 7, (equation (4)) in terms of n) we have 

ty V K~™ sin ¢ cos(6—4)—cos ¢sin(@—¢) 

No V.2+ VK * cos? (6—¢) +sin? (06—¢)} 


(eices'0+449,sin 07) seen eee (8) 


and similarly 


E Ve2+V4{K— cos? (@—¢) +sin? (@—¢)} 

Having obtained the mean values of the lags in terms of the receiver positions, 
velocity of drift, V_ and the shape of the anisotropic correlation ellipse, we 
proceed with the distribution of the actual lags. Let us turn to figure 2 once 
more and consider the probability of a maximum occurring at the point R. 


Lf V K * cos ¢ cos(#— 4) —sin ¢ sin(@ — p) 
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According to Briggs and Page’s analysis the tangent of the angle v=QOR is 
normally distributed. We have to evaluate this angle in terms of ty, the lag 
between the maximum at O and R. 

We have 


Ve=(tg—t,)=QRsind 
tanvy=QR/OQ 
OQ? = OB? — BOQ? 
= Re Re cocks So 6 J12.\° 
='OB*— OB? cos* 8 | cos @ =2- + sin @ 


OB OB 


whence 
tan? y = c(t eit 
sin? 6(€,? + np”) — cos? 6(€, cos @’ + ng sin 6”) 


whence, putting values of 5, €, 7, 6’ and V’ and remembering 


P(v) «exp (—tan? v/0-74) 
we have 


ro 
S 


ts 7) 70 Vet PAK cos? (@—¢4) +sin2 (a—4)} 


and similarly 
0. 


Sane (10) 
4 2 °° V2+ VK cos? (9—¢) +sin? (@—¢)} | 


Equations (9) and (10) are identical, except for a change of symbols, with 
those of Briggs and Spencer and are reproduced here only for completeness. 

We shall attack the problem of correlation in a manner similar to our previous 
work, i.e. by considering initially the distribution of t,—t,. To this end we 
shall concentrate on the angle y in figure 2. 

We have 

tan? x = NR?/MN? 
where 
MN=ABsin« 


NR=QR—QN=QR-—- PM 
= V{(t, —#,) — (te —#,)}/sin 6. 


Now, expressing cosa in terms of the direction cosines of AB and BB’ we 
have 
cos %=cos6 E woke +sin qe 
whence 


(MN)? = (AB)? —cos?8[(&—&) cos 4’ + (q2—1) sin 8’. 


Remembering AB?=(£,—€,)?+(y2.—7)* and putting values of ¢;, fa) 
n2 and & in terms of original coordinates and parameters we obtain, using 
equation (6), as the standard deviation of (t,—t,)— (é, —4,) 


7 V 2+ V2{K~ cos? (6—) + sin? (8—¢)} 
it Aare (11) 
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If we now compare this with the expression for the standard deviation of 
the difference between two correlated normal deviates, i.e. with 
On = 20,01, = oe BOG0 Bt (12) 
we obtain for the correlation coefficient between ¢, and f, 
1 a Eqn sind cos d{1 — K~} 
sees thet Ta VUK— cost (0-9) + sin? OO) 3 Gk (13) 
We therefore have the following expressions for the parameters of the joint 
distribution between t, and f, 


i, _ 1 K~*cosdcos (6—$)—sin ¢sin (9— 4) ] 
& VV2/V2+ K-*cos? (¢—¢)+sin? (6—¢) | 
i, 1 K~*sindcos(@—¢) +cos¢sin(4—¢) | 
no VVe/V2+K cos? (8—¢)+sin? (—¢) | 
Va Fetes ad K-2sin? 6 + cos? } | 
O74 2  V2Ve/V2+ K ®cos? (0-4) + sin® @—4) 
ie : il. K~* cos? ¢+sin? ¢ | 
0:74 &2 V?V.2/V2+ K-* cos? (6—¢)+sin® (6—¢) 
me tty Pe a sin ¢ cos ¢ (K~*— 1) 4,01, 
Eg) V2 Ve] V2 + K 2 cos (0-9) + sin (O— 5 eae 


J 

eee (14) 

From this we can deduce the position of the major axis of the distribution 
ellipse as in our previous paper. Unfortunately, however, this does not come 
out to be independent of ¢ as in the case of Piitter’s analysis of pure drift cases. 
We shall describe in the next section the results of certain efforts we made towards 
obtaining an idea of how the distribution ellipse behaves in the anisotropic case. 
To our mind, this section fulfils very little useful purpose except bringing home 
the conviction that any effort at geometrical analysis is beset with great 


difficulties. In §4, therefore, we shall proceed to an entirely analytical method 
of analysis. 


§ 3. ‘THE ORIENTATION OF THE DISTRIBUTION ELLIPSE 
In this section we shall, for ease of manipulation, consider the plot, not of 
t, and tz, but that of X=Vt,/€) and Y=vt,/y). This will not subtract from 
the practical usefulness of the resulting formulae (if an application is found) 


since £) and 7m») are known and the factor V is merely a scale factor which does 
not affect angles. 


3.1. The Slope of the Major Axis of the Distribution Ellipse 


It has been pointed out in our previous work that the angle « made by the 
axes of the distribution ellipse to the axes is given by 


This would yield two values of ¢, one for each axis. 
Remembering that 


V V 
c= zs and o,= ue 
ete St UA 
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we obtain, after some work, 


K~ cos 20— (Ve2/V2)(K 2 — 1)cos 26 * 


For either /.=0 or K=1 this resolves to tan2@ so that the minor axis 
indicates the direction of drift in both the turbulence-free anisotropic case as 
well as the isotropic case with turbulence. This is in accordance with Piitter’s 
results as well as our previous result. However, when both the effects are 
present, the ellipse tilts away from its convenient position and we have not been 
able to find out any way of separating the two effects. 

It may also be of interest to see how the position of the centre of the ellipse 
i.e. the means X and Y, shift as a result of anisotropy. For this purpose we 
first evaluated the position of the mean in the isotropic and anisotropic case and 
found the slope of the line joining them. It may be pointed out that this line 
a actually be drawn in practice and is useful only in the way of clarifying 
ideas. 


tan 2e = 


3.2. The Line foining the Isotropic and Anisotropic Means 
The values of X and Y in the anisotropic case K=1 are cos 6/(V¢?/V? + 1) 
and sin6/(V.2/V2+1) respectively. Hence the line joining this point to the 
actual mean has slope 
Y —sin 6/(V.2/V?+1) 
X —cos 6/(V-2/V?+1) 


which reduces to 
(V.2/V?) cos¢ +sin @sin(9—4) - 


This slope is independent of anisotropy. ‘This independence has some 
significance in the case of V,=0 where this slope is —cot6 so that the mean 
moves along the anisotropic major axis. However, since the major axis passes. 
through the mean anyway, this is really not new information. 


Late 


3.3. The Line Foining the Origin to the Mean 


It will be recalled that in the anisotropic case—with or without random 
changes—the line joining the mean to the origin was perpendicular to the 
major axis. However, in the anisotropic case this relation does not hold. 
Generally this line has a slope given by 


K sin ¢ cos(4—¢) + cos sin(9— #) (18) 
K cos 60s (0 $) sin gsin(O—4) pa 


which is independent of Vc. 

It seems that the position of the major axis is no longer a very convenient 
parameter for wind measurement. The line joining the mean to origin has a 
somewhat simpler expression for slope but even this involves three parameters 
of the pattern at the same time. It is doubtful whether any easily realizable 
geometrical property of the distribution ellipse will be found which will be as 
directly related to the motion as the Putter line is in the case of pure drift. At 
best we can eliminate variables between the measured parameters of the 
distribution. This we shall proceed to do in the next section. 
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§4. AN ANALYTICAL APPROACH TO WIND EVALUATION BY THE Lac METHOD 
The method we are about to suggest depends on formulae (14). For 
convenience of discussion (and later, of manipulation), we shall call the left-hand 
sides of these equations A, B, C, D and —E respectively. 
It can be shown that 
E,/(CD)+AB _ —sin¢cos¢ _ 
C=D ~ cos?¢—sin?¢ 
which immediately yields one of the five parameters of the pattern. The value 
of ¢ so obtained can then be used for later work. We also obtain 


GoD wre sleek: 
C=D  cos2¢61—K~ 
or putting cos 24(C + D)/(C —D)=P we have 


feet ee ee (20) 
OE | 
obtaining another parameter of the ellipse. 
From the first two equations of (14) we obtain after some work 
PN fe Saeed cone |e TP (21) 


K*sin¢+(A/B) cos ¢- 


Since ¢ and K have already been calculated, this gives us 0, the direction of 
drift. 


We shall also introduce the following symbols at this stage for convenience 


L= 7 (cos $c0s (8-4) —sin g sin (8-4) 


1 2 nz 
N= 7098 (@—¢)+sin? (9-9). 


It will be noticed that all of these can be calculated at this stage. We obtain 
in terms of these 


12 CL/A 

Vo k= sin?P+cos?d “) 
Vie 1b. 
a — AV —N. eeeeee (24) 


The procedure outlined below on the basis of these equations is comparable 
in length to the six-point correlation method of Yerg (1955); however, two of the 


five parameters to be calculated are means and involve much smaller labour than 
autocorrelations. 


A possible procedure for calculation is given below. 

1. Calculate Evates Cred, Ay ps 

2. Calculate 

A=i,|f, B=t2)/n9; C= (2/074) (0,2/n9%), D=(2/0-74) (0,2/£,2); p=E. 


3. Calculate $tan-! EVA EN ate 0: 
D-C 


4. Calculate cos 2¢ = =P, 
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5. Calculate = 


Ar OEE ae Sey erate een ea eed a Raa) 
K? sing+(4/B)cos¢ 
7. Calculate 
L=K~ cos ¢cos (@—¢)—sin¢sin (0—¢) 
M=K~ sin? ¢+ cos? 
N=K-~* cos? (0—¢)+sin? (0—¢). 


8. Calculate V= = = 
Gos 
9. Calculate Y= = — NV?. 


§ 5. CONCLUSION 


Up to the present three basic approaches to wind measurement by spaced 
receivers have been suggested. Mitra’s method of lag analysis was the first 
to be proposed. This method was refined to take account of the random shape 
of the diffraction pattern by Piitter and to take account of the random motion 
of the pattern by Banerji. Both these latter methods suggested a graphical 
analysis of the data which was very quick and convenient. However, the simple 
graphical approach seems to be ineffective when there is significant random 
motion in the anisotropic case and a purely statistical technique has to be used. 
This technique, which we have developed in this paper, can be taken as a 
development of the work of Briggs and Spencer. 

Briggs, Phillips and Shinn’s (1950) autocorrelation analysis method, which 
is rather laborious, has the advantage that some of the basic assumptions can 
be tested in the course of the analysis. The method is primarily applicable to 
isotropic cases. ‘The errors introduced in the method by anisotropy have been 
discussed by Phillips and Spencer (1955), and their methods can be used for 
deducing the correct velocity geometrically in the anisotropic case. 

Yerg’s recently suggested numerical—analytical method (1959) has brought 
a new approach to the field and can be considered a third basic method of wind 
measurement. 

We have had previous occasion to point out the basic identity of the models 
used in the lag and the autocorrelation methods. If there is any essential 
differerice between these methods it is in their sensitivity to statistical errors. 
To our mind, it is highly desirable that the limits of error of each method be 
calculated and compared. This has so far only been done (Banerji 1958b) 
for the Yerg (1955) six-point method. 

Sales (1956) has analysed a series of data by several methods and compared 
the wind velocities obtained by different methods. ‘This might be a fitting 
place to record that we have used his (t,, ft.) plot once more to calculate the 
velocity by the method proposed here. Our results indicate a velocity of 
79 msec~ inclined at —67° to the X axis. Our previous calculations, assuming 
isotropy, yielded 63 msec™ at — 39°. 

It will be noticed that the anisotropy (if neglected) introduces a definite 
veering of the apparent wind direction towards the minor axis. ‘This is in 
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accordance with the relationship deduced by us (Banerji 1956) regarding the 
relationship of the true and apparent velocity as dependent on the anisotropy. 
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Abstract. ‘The results of the measurement of the specific heats in the range 
76°K to 250°K of two samples of manganous sulphide are reported. ‘The samples 
used crystallized in the zincblende and wurtzite structures and are the same as 
were used in the magnetic susceptibility measurements reported previously. 
The large anomaly in the specific heat of sample 1 confirms the onset of anti- 
ferromagnetic ordering in the zincblende structure at 100°K. The absence 
of a similar large anomaly in specimen 2 above 76°K shows that the wurtzite 
structure remains unordered at this temperature, but there is a small anomaly 
at 110°x. A study of the x-ray powder photographs, and the calculation of 
Madelung’s constant for several possible types of stacking faults, show that this 
anomaly in the specific heat is consistent with magnetic ordering within stacking 
faults. 

The possibility that the presence of ordered stacking faults may depress and 
smooth out the Néel temperature of the rest of the sample is also considered, 
and is suggested as a possible explanation for the absence of a Néel temperature 
above 76°K in specimen 2 whilst a specimen composed entirely of the wurtzite 
structure was shown to order above this temperature by Corliss et al. 


$1. INTRODUCTION 


N a previous paper (Carter and Stevens 1956), the results of susceptibility 
measurements made on the zincblende and wurtzite modifications of 
manganese suphide were reported. 

As mentioned previously, this compound is of interest from the point of 
view of antiferromagnetism because it can exist in any of three crystalline 
structures below a temperature of about 500°K. 

The best known, or green, modification has a sodium chloride structure in 
which the atoms are octahedrally co-ordinated and the Mn-S distance is 
2:6064. The zincblende and wurtzite modifications are cubic and hexagonal 
respectively and are related to each other in the same way as the cubic close 
packed structure is related to the hexagonal close packed. _In these two structures 
the atoms are tetrahedrally co-ordinated with practically the same Mn— 5 distance, 
i.e. 2-425 A and 2-427A respectively. 


+The work reported here formed part of a Ph.D. Thesis submitted to Nottingham 
University 1957. 

¢ Now at International Computers and Tabulators, Ltd., Gunnels Wood Road, Stevenage, 
Herts 
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The geometry of the octahedral co-ordination of the sodium chloride structure 
is favourable to a dominant antiferromagnetic super-exchange interaction between 
manganese atoms which are next nearest neighbours, and this probably involves an 
interaction between the (32?—r?)/r? and (x?—y?)/r? 3d orbitals of the manganese 
atoms and the 3p orbitals of the sulphur atoms as suggested by Nesbet (1955) and 
Pratt (1955). ; 

In the zincblende and wurtzite modifications the basic antiferromagnetic 
interaction is between the four manganese atoms of each tetrahedron which. has 
a sulphur atom at its centroid. These tetrahedra are the fundamental unit of 
these structures, and the energetically most favourable arrangement is for two 
manganese atoms to have their spins pointing east, whilst the other two have 
west directed spins. When an ordered arrangement for the whole lattice is 
built up on this basis it is found, in both the wurtzite and zincblende cases, 
that each manganese atom has eight of its twelve nearest neighbour manganese 
atoms with spins aligned antiparallel, and four aligned parallel to its own. 

By contrast with the sodium chloride structure, the tetrahedral co-ordination 
geometrically favours a super-exchange interaction via the xy/r?, y/r? and zx/r? 
3d orbitals, but the 3p sulphur orbitals are not directed to give a maximum overlap. 
This may be partially compensated for by a hybridization of 3p and 4s states. 

In the above mentioned measurements the susceptibility of sample 1 (com- 
posed mainly of the zincblende structure) showed an anomaly at 100°K, which 
was assumed to be due to the onset of antiferromagnetic ordering. In contrast, 
the susceptibility of sample 2 (composed mainly of the wurtzite structure) 
showed no anomaly above 76°K. 

Using the assumptions that both the nearest and the next nearest neighbour 
interactions are antiferromagnetic in nature, and that the interactions between 
nearest neighbours is much larger than that between next nearest neighbours, 
it was shown that the antiferromagnetic ordered arrangement represented in 
figure 1 (a) could be predicted for the zincblende structure. This arrangement 


corresponds to that known as improved ordering of the first kind (Anderson 
1950). 


Yor /a\/ 
\/e\ \ /\/o\ 
\/e\/ 


© East pointing spins 

@ West pointing spins 
Figure 1. (a) represents the ordered arrangement found in the zincblende structure. Here 
only the manganese atom sites are shown, The black and white circles represent 
atoms with east and west pointing spins respectively. In this diagram the sites 
on the mesh lines represent the arrangement in alternate (100) planes, and the other 
sites show the arrangement in intermediate planes (i.e. the atoms form ferromagnetic 
chains in the <110> direction normal to the plane of the paper). (5) represents the 
ordered arrangement found in the wurtzite structure. Here the sites on the mesh 
lines represent the arrangement of alternate hexagonal planes and the others show 


the arrangement in the intermediate manganese planes. In this case ferromagnetic 
chains are formed in the c direction. 
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The same assumptions did not enable us to predict an ordered arrangement 
for the wurtzite modification, though it was realized later that the arrangement 
represented by figure 1 (5) does in fact follow from the above argument. 

The neutron diffraction experiments of Corliss, Elliott and Hastings (1956) 
showed that both structures have an ordered antiferromagnetic arrangement 
at low temperatures, and that these are as expected on the above arguments. 
Corliss et al. also made susceptibility measurements, but at such wide temperature 
intervals that no sharp transitions, corresponding to Néel temperatures, were 
found. At high temperatures our measurements are in good agreement with 
those of Corliss et a/. but in the vicinity of the Néel temperature there is some 
divergence. However both measurements agree in showing that the Néel 
temperature for the wurtzite modification is below that for the zincblende type. 

The purpose of this paper is to report the results of measurements of the 
specific heats of the two modifications, made on the same samples as were used 
in the susceptibility work. 


§ 2. Speciric Heat MEASUREMENTS 


The apparatus was constructed according to the well-established practice 
of having a copper calorimeter, with an electric heater, surrounded by a shield, 
which was suspended in a vessel which formed part of a high vacuum system. 
The powder specimen was sealed in the calorimeter with an atmosphere of 
hydrogen, and the specific heat measurements were made by heating the calori- 
meter over successive intervals of 1° or 2° from 80°K to 250°k. During the 
measurements the shield temperature was automatically kept within 1° or 2° 
of that of the calorimeter. The time of heating was fixed at 90 seconds by a 
decatron controlled circuit, which was activated by the 50 c/s mains. 

The heat input was calculated from potentiometric measurements of the 
p-d. across, and the current through, the calorimeter heater. ‘The current and 
voltage, as well as the time of heating, were considered to be accurate to better 
than 0-1°%. The rise in temperature was measured in terms of the change in 
e.m.f. produced by the thermocouple. The cold junction of this thermocouple 
was placed in a Dewar flask of liquid nitrogen so that the most sensitive range of 
the potentiometer could be used when the calorimeter temperature was in the 
vicinity of the boiling point of liquid nitrogen. As the change of e.m.f. due 
to a temperature of 1° or 2° could be measured to about 1% it was expected 
that the thermal capacity could be obtained to this degree of accuracy, as errors 
in the other measurements were small enough to be ignored. Unfortunately, 
the temperature rise could not be measured with the accuracy anticipated because 
of large fluctuations in the output of the thermocouple, even when the calorimeter 
was at a steady temperature. ‘These were partially reduced by lagging all the 
‘connections external to the vacuum system with cotton wool. ‘The remaining 
fluctuations appeared to originate at the cold junction and limited the measurement 
of thermal capacity to an accuracy to 5%.- 

Despite the rather large error involved in making each measurement of 
the specific heat, the trend of the specific heat curve could be obtained with 
more certainty by making several series of observations over the same temperature 
range. Had more time been available the apparatus could have been improved 
by using a platinum resistance thermometer in conjunction with an appropriate 
bridge circuit to make the temperature measurements. 
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Figures 2 and 3 are the result of the best of four or five series of measurements 
in the range 80°K to 240°K. Figure 2 shows the variation of the specific heat 
with temperature of specimen 1, which it was estimated consisted of 3-5 parts 
of the zincblende structure to 1 part of the wurtzite structure. This curve shows 
a large anomaly at 100°K, which corresponds to the Néel temperature as estimated 
by susceptibility measurements made on the sample. There seems to be little 
doubt that this sudden increase in specific heat as the temperature is lowered 
corresponds to the onset of antiferromagnetic ordering in the zincblende structure. 

The specific heat of specimen 2, which it was estimated contained four parts 
of the wurtzite structure to one part of the zincblende modification, is shown 
in figure 3, and has a small anomaly at 110°K. ‘Though this anomaly is only a 
little larger than the experimental spread of results it is thought to correspond 
to a genuine anomaly, as it appeared at the same temperature in each series of 
measurements. It is possible that this small excess specific heat is associated 
with ordering in the fraction of the sample which crystallized in the zincblende 
structure. However, as this anomaly appears at 10°K above the Néel temperature 
of specimen 1, it seems likely that it can be associated with antiferromagnetic 
ordering within stacking faults. 
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Figure 2. Specific heat plotted against Figure 3. Specific heat plotted against 
temperature of sample 1, which is temperature of sample 2, which is 
mostly zincblende. mostly wurtzite. 


§ 3. PossIBILITY OF ORDERING WITHIN STACKING FAULTS 


The occurrence of stacking faults has been examined by Edwards. Li : 
and Wilson (1942, 1943) in the case of hexagonal cobalt; aa by eae 
and Laves (1948) in a single crystal of zinc sulphide. 

The results of the x-ray investigation of a single crystal of hexagonal cobalt 
showed that all the spots on an oscillation photograph are elongated along one 
of two lines, which correspond to the c direction in reciprocal space, with the 
exception of such reflections as 0001 (i.e. those due to the hetagonal planes) 
which remain sharp. This elongation of the spots, which is due to the presence 
of stacking faults, shows up in a powder photograph as a broadening of the lines 
but in this case the line for which 4(h— k) is an integer and / is even (ie. those 


which coincide with cubic reflections) are also sharp becaus 
th 
along Debye—Sherrer lines. P e they are elongated, 
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Examination of the x-ray powder photograph of specimen 2 indicates that 
the above mentioned lines are sharper than the others, and this is more noticeable 
for lines which correspond to large Bragg angles. From this it can be concluded 
that stacking faults must exist in specimen 2, though it is impossible to estimate 
their proportional contribution to the total amount of cubic phase present. 

The nature of these stacking faults is more easily described if the crystals 
are thought of as though they were composed of a sulphur lattice, with the 
manganese atoms entering the appropriate tetrahedral sites as interstitial 
components. When thought of in this way two distinct types of fault can be 
envisaged. ‘The first type arises as a fault in the sulphur lattice which is copied 
by the manganese lattice. This gives the following cases: 


AgabbCcAaBbhCe AaBbAaBb | rcuAcanls biG vores (1) 


and AaBbCcAaBbCcA | bB | tA De Cah BCC ye... (2) 


in the cubic structure, and 


AaBbAaBb A<a* Br b? C«e* BeECecBaCc hb Cc etn. (3 a) 


AaBbAaBb Aa Bu Cec BA Aa OA 4. Coes (35) 
AaBbAaBbAaBb | AaBcCb Bec beh cee.acm: (4a) 
AaBbAaBbAaBb AaBcCb BaAbBaAbBa. cessiez (4b) 


in the hexagonal modification. Here the capitals refer to the hexagonal layers 
of sulphur atoms, and the lower case letters to the layers of manganese atoms. 

Considering the cubic case first: In (1) there are four manganese layers 
whose relative positions are the same as in the hexagonal lattice. In case (2) there 
is an odd manganese layer which separates two portions of the crystal in which the 
relative stacking arrangement of manganese layers is displaced with respect to each 
other. This case also contains the arrangement c A b which does not occur in either 
of the parent lattices but would be characteristic of an inverse nickel arsenide 
structure. In cases (3a,b) and (44,6) there are three layers of manganese atoms 
which have the same arrangement as found in the cubic lattice. Cases (44, b) also 
have the arrangement a Bc, which is equivalent to the cAb found in case (2). 

The other type of fault that can be postulated is that of a misarrangement of 
the manganese stacking order whilst the sulphur lattice remains regular. ‘This 
gives the following cases: 


bCcADBC | CaAbBeCaAbBcC ....e. (5) 


for the cubic case, and 


AaBbAaBb A” a’ B’a? | A™ bBaAbBaAbB ...... (6) 


for the hexagonal case. 


AaBbCcAaB 
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Case (5) gives a manganese lattice which contains four planes of the hexagonal 
structure and is, from the point of view of the manganese atoms, the same as. 
case (1). This case also contains the arrangement cAb as found in case (2). 

In case (6) the arrangement a Ba which is characteristic of the normal nickel 
arsenide structure is found. 

The probability of each of these faults occurring will largely depend on the 
ratio of the Madelung constant of the fault to that of the parent lattice. The 
Madelung constants were only calculated for faults of types (3) and (6), because 
the wurtzite structure was of more interest from the immediate point of view. 
Faults of type (4a,b) were considered as unlikely to occur as they contained 
the arrangement cAb, which is characteristic of the unknown nickel arsenide 
structure. 

The Madelung constants were calculated by the method proposed by Frank 
(1950), and details are given in Appendix 1. Asa check, the Madelung constants 
for the normal zincblende and wurtzite structures were calculated first. ‘These 
were found to be M,=2-67(1) and M,=2-67(5) which compare well with the 
values M,=2-675 and M,=2-680 (Mqa=1-6381, and Ma=1-641) given by 
Seitz (1940). For the calculation it was assumed that the lattice was composed 
of monovalent ions. 

In the case of both faults of type (3) values of M,=2-67(5), M,=2-68(1), 
M,=2:67(2); and M,=2:67(5), M,=2-67(1), Ma=2-67(1), were found for 
the planes indexed «, 8, y; and 6, « and pw respectively. The values obtained 
for fault type (6) were M,z=+10-1, Ma=—3-92, M,=21-88 for the planes 
indexed p, 7, o when the spacing was fixed so that the distance between sulphur 
planes remained constant across the fault. The values M,= 13-51, Ma= —3-72, 

a= 3-51 were obtained for these three planes when the spacing of the planes 
in the fault was adjusted to correspond to that which might be predicted for 
manganous sulphide if it crystallized in the nickel arsenide structure. 

The constant value of M, obtained for faults of type (3a,b) which also 
corresponded to the value obtained for the parent crystal was taken as indicating 
that these faults are quite likely to occur. On the other hand, the oscillating 
value obtained for the planes in fault type (6) was taken as indicating that this 
fault is not favoured electrostatically and is therefore unlikely to occur. 

When considered from the magnetic point of view it would appear that 
the four manganese planes of fault types (1) and (5) could order independently 
of the rest of the lattice, and that the ordered arrangement would be compatible 
with the ordering in the neighbouring cubic planes. However there is no 
reason to suppose that ordering within these faults is likely to occur at a higher 
temperature than it does for the rest of the crystal. The question of independent 
ordering does not arise in the case of fault type (2), as the odd layer of manganese 
atoms only serves to separate two portions of cubic crystal whose stacking 
arrangements are displaced with respect to each other. 

Faults of type (3a) and (36) and (4a) and (46) in the hexagonal structure 
contain three manganese planes which conform to the cubic structure, and if 
the same assumptions as were applied to determine the ordering of the hexagonal 
structure are also applied here it seems reasonable to suppose that these faults 
may order independently of the rest of the crystal (especially when it is realized 
that a manganese atom of the central plane is unaware of the fact that it is not 
in an infinite zincblende lattice, as long as nearest and next nearest neighbour 
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interactions only are considered). However, each manganese atom of the outer 
planes has three of its nearest and three of its next nearest neighbours in the 
rest of the crystal. Fault type (6) may be supposed to order so that each of 
the manganese planes forms a ferromagnetic sheet but with the direction of 
magnetization of these planes arranged antiparallel to each other. This would 
then correspond to the ordered arrangement found in CrSb. 

From the above discussion and calculation of Madelung’s constant, it 
can be concluded that faults of type (3a) and (36) only are likely to occur in 
the wurtzite structure and that these faults are capable of ordering independently 
of the rest of the crystal. Though no definite estimate can be made of their 
Néel temperatures, it is reasonable to assume that they would be virtually the 
same as that of the zincblende structure. 

By comparing the respective areas under the anomalies in the specific heat 
curves of specimens | and 2 it was estimated that that of specimen 2 was due 
to antiferromagnetic ordering occurring in 10°% to 20°% of the sample. Because 
this occurs at 110°K, which is 10°K above that of specimen 1, it is suggested 
that this anomaly should be associated with antiferromagnetic ordering within 
stacking faults of types (3a) and (36) rather than ordering in separate crystals 
of zincblende structure. ‘This assumption then implies that the cubic phase 
identified in the x-ray photograph of the specimen, which was estimated at 
25°, must be considered as being composed entirely of stacking faults. 

If both these values are taken as estimates of the proportion of stacking faults 
in specimen 2, though rather approximate, they are consistent with the average 
value of a stacking fault in every 14 planes, which was given by Edwards, Lipson 
and Wilson (1942) for hexagonal cobalt. 

If 10% to 20° of the sample comprises stacking faults of types (3a) and 
(36) then, on the average, there are 10 to 30 manganese planes between each 
consecutive pair of faults. Since this number is small, especially when compared 
with the number of hexagonal planes in a crystal entirely composed of the 
wurtzite structure, the stacking faults may influence the temperature at which 
the intervening planes order. 

When the temperature is reduced sufficiently for these regions to order, the 
ordering already present in the stacking faults will act as nuclei, and each region 
will be influenced by the ordered arrangement of the two stacking faults which 
define its boundaries. 

As the probability of these arrangements being compatible is one in twelve 
(see Appendix 2) most of these regions will have to accommodate a magnetic 
ordering fault and the reduction in internal energy will not be as large as it will 
be in a region where the ordering is compatible. 

The effect, in any one region, will be to depress the Néel temperature by an 
amount that will be a function of the number of planes in the region. Because 
of the statistical variation of the number of planes in these regions the effect on 
a large sample will cause a smoothing out of the Neel temperature as well as 
depressing the mean value. <i-a 

It is not possible to say how large this effect should be, or even if it is 
significant, but it is interesting to note that this could explain why one sample 
used by Corliss et al. which was entirely composed of the wurtzite structure 
ordered above 76°K, whereas no ordering was detected in sample 2 apart from 
that found in the stacking faults. 
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§ 4. CONCLUSION 


The specific heat measurements help to confirm that antiferromagnetic 
ordering occurs at 100°K in the zincblende structure, and that ordering is not 
apparent above 80°K for the wurtzite structure. However the work of Corliss, 
Elliott and Hastings has shown that both structures order when the temperature 
is reduced sufficiently. 

The small anomaly in the specific heat of specimen 2, which occurs at 110°K, 
cannot be explained with certainty, but it has been shown that it is possibly due 
to antiferromagnetic ordering within stacking faults, and this in turn suggests 
that the structure of specimen 2 (and probably that of specimen 1 as well) is 
largely composed of stacking faults, rather than being composed of a mixture 
of the two types of crystals. 
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The calculation of the Madelung constant for the zincblende and wurtzite 
structures as well as for the stacking faults, were performed by applying the 
method suggested by Frank (1950) to these lattices. 

In the results of these calculations the value of M quoted (which is given in 
terms of the unit distance a in the hexagonal plane) corresponds to a crystal 
composed of monovalent ions. The divalent nature of the ions in the compound 
manganous sulphide (assuming it is entirely ionic in nature) was ignored as 
we are only interested here in the relative values of the Madelung constants. 

For this method each charge e is replaced by two charge distributions A 
and B, about the same lattice site. Charge distribution A consists of a charge 
—e at the lattice point and n charges of + e/n each, at a distance r from the lattice 
point and arranged so that it coincides with their electric ‘centre of gravity’. 
Charge distribution B consists of n charges of —e/n which coincide with the n 
charges of value +e/n of distribution A. The two distributions are equivalent 
to the original charge, but if the resultant potentials are summed over the lattice 
separately, distribution A is a high order multipole whose effect very rapidly 
diminishes with distance. In the case of the wurtzite structure the calculation 
was made by considering the hexagonal prism, represented in figure 4, of height 
2c and extending over 19 atoms in a ‘B’ plane. The potential at the central 
site was calculated by considering the effect of the charges within the prism 
directly, and dividing the charges of the rest of the lattice into distributions 
A and B, where the fractional charges were taken as — e/4 and placed tetrahedrally 
about their associated site so that they were at the bond centres. The potential 
resulting from the multipoles of distribution A was ignored and the charges of 
distribution B due to neighbouring hexagonal planes cancelled out except at the 
edge of the hexagonal prism. The resultant potential was then found by adding 
the potential due to the charges within the prism and the fractional charges at 
the edges of the prism, which are shown in figure 4. 
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Figure 4 represents the charge distribution used to calculate the electrostatic potential at 
the central site of plane B2. The left-hand side shows the charges within a prism 
of height 2c, and the potential due to these charges is calculated directly. The 
right-hand side shows the result of summing charges of distribution B over the rest 
of the lattice, and the potential due to these charges is used to represent the effect of 
the remainder of the lattice. 


In the calculation of fault type (6) the fractional charges that appear in 
distributions A and B had to be given the value e/6 and placed three on each 
side of the plane containing the lattice site in question. In order to obtain 
the cancellation of charges in distribution B, it was found necessary to place 
these fractional charges at a greater distance from the lattice point as the distance 
from the central plane to the plane considered increased. This means that 
neglecting the multipole moments of distribution A is no longer such a good 
approximation, and may even invalidate the use of the method in this case. 
The difficulty of applying Frank’s method to this type of fault is a reflection of 
the fact that the atoms within the central (or B) plane of the fault have six-fold 
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co-ordination so that the atoms of the neighbouring (A) planes have to satisfy 
six-fold co-ordination on one side of their plane, whilst they are tetrahedrally 
co-ordinated on the other side. This fact alone probably provides sufficient 
reason to reject the possibility of the occurrence of this type of fault. 
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If two regions, such as stacking faults, of one of these crystals are already 
ordered then the probability of the ordering being compatible is the same as 
that of making a tracing of figure 1(b) register on the original diagram so that 
circles of the same shade correspond, when the only restriction imposed is that 
the mesh lines should register. 

It is readily seen that there are four different sites in each hexagonal plane so 
that the probability of exact registration is one in four if the tracing is not 
rotated, but if it can be rotated then it may be put down in one of three orien- 
tations. Out of these three orientations there is only one in which the pattern 
can register, so that the total probability is reduced to one in twelve. 
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Abstract. ‘The microwave Zeeman spectra of atomic chlorine and bromine have 
been observed. From measurements on several lines in the spectrum of the 
?P3 ground level, the electronic g-factors are found to be 

S3002) (5% 10-5) 

339215 4 (38 10-*): 

An estimate of relativistic and diamagnetic corrections to the g-factors, based on 
self-consistent field wave functions, is in satisfactory agreement with the experi- 
mental results. A comparison is made with the g-factors of fluorine and iodine. 


§ 1. INTRODUCTION 


ARAMAGNETIC resonance has been observed in free atoms of bromine 
and chlorine, and measurements have been made with a precision of a few 
parts per million. 

The ground electronic configurations of these elements consist of closed shells, 
together with an outermost incomplete p shell containing five electrons. The 
only Russell—-Saunders spectral term which can be formed from this configuration 
is a ?P, the ground state being ?P;).._ Bromine possesses two stable isotopes, of 
masses 79 and 81, which occur naturally in the ratio 50-5: 49-5; chlorine also has 
two stable isotopes, of masses 35 and 37, which occur in the ratio 75-5: 24-5. 
Each isotope of each element has a nuclear spin of 3/2, and therefore gives rise to 
2J(21+1)=12 transitions of the form AM,= +1, AM,=0, all of which were 
observed experimentally. Six bromine and six chlorine lines were selected for 
accurate measurement, and some six runs were made on each line. 

In magnetic fields of the order of a few kilogauss the energy of the Zeeman 
splitting in an atom is considerably greater than that of the hyperfine interaction. 
We have therefore used values of the hyperfine structure constants obtained in 
low fields by atomic beam methods to interpret our results, which then yield 
accurate values for the electronic g-factors. 

The interest in the g-factors lies in their departure from the value predicted 
by the Landé formula. If the electronic wave functions are sufficiently well 
known, an experimental result can be interpreted to give a value for the spin 
magnetic moment of the electron. In the present work this is not the case, and 
the experimental results serve as much as a test of the precision of the available 
wave functions as of the validity of the underlying theory. It is also interesting to 
compare the g-values of all the halogens ; this is done in the last part of this paper. 


§ 2. EXPERIMENTAL 


The experiments were performed with the paramagnetic resonance spectro-~ 
meter of Bowers, Kamper and Knight (1957) which was slightly modified. The 
free atoms of bromine and chlorine were produced by an 80 Mc/s electrodeless 
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discharge, power at this frequency being coupled into a tuned circuit located 
above the cavity resonator. A quartz tube containing the low pressure gas passed 
straight through the coil of the tuned circuit into the cylindrical cavity resonator, 
along its axis. At the far end the tube was led out through a hole in the base of 
the cavity and connected to a condensing trap and fast pumping system. The 
flow of gas was maintained by vacuum distillation, the bromine (or chlorine) 
evaporating from a reservoir at —70°c, flowing through the discharge tube and 
condensing in the cold trap which was maintained at — 180°c. Signal-to-noise 
ratios obtained for the bromine and chlorine lines averaged about 15 or 20:1, 
indicating about 1°%, dissociation of the molecular vapour inside the cavity. 


S73. RESULTS 


We interpreted our measurements on the basis of the following Hamiltonian, 
which is based on that of Abragam and Pryce (1951): 

H =€(L.S)+ BH. (L+gsS) —g;By(H-1) 

+2g,BBy<r*) ((L.1) + 3L(L + 1)(S I) — 3(L.$)(L.1)— 3(L.I(L. S)5 
2 —3 
= Soret . Billet (LaLa 
in the conventional notation. ‘The first term has eigenvectors characterized by 
values of J, the total electronic angular momentum. It gives rise to the fine 
structure splitting (3685 cm~! in bromine and 881 cm~t in chlorine) and is more 
than three orders of magnitude greater than any of the others. ‘The whole 
Hamiltonian was therefore diagonalized with respect to J using second-order 
perturbation theory. ‘The secular problem within the J =3/2 manifold was then 
solved numerically, using the Ferranti MERCURY computer at the Oxford Uni- 
versity Computing Laboratory. ‘The hyperfine structure interaction constants 
in the ?Ps/. level had previously been measured by the method of atomic beams 
by King and Jaccarino (1954) for bromine, and by Holloway, Aubrey and King 
(1956) for chlorine. ‘The nuclear gyromagnetic ratios for bromine and chlorine 
were also known from the work of Sherriff and Williams (1951) and Ting and 
Williams (1953) respectively. Our results confirm the atomic beam values of the 
hyperfine structure constants to within 0-01 Mc/s, and yield the following values 
for the electronic g-factors, expressed in terms of the gyromagnetic ratio of the 
proton, gp: 
g (Br; ?P53/.)/gp = 438-5026 + 0-0013 
g (Cl; ?Ps2)/gp =438-5048 + 0-0007. 

The error quoted represents twice the root mean square deviation of the six 
results from their mean. Combining these with the current theoretical value for 
the spectroscopic splitting factor of a free electron (gs=2-0023192), and the 


experimental result of Koenig, Prodell and Kusch (1952) for gp/gs, the electronic 
g-factors may be written: 


g)(Br; ®Pyy)=1-333921 + (5 x 10-8) 
g)(Cl; ®P5/.)= 1:333927, + (3 x 10-5). 


Independent measurements. 


The g-value given above for bromine is the only one of this precision known 
to us. 
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‘The result for chlorine is notin agreement with the value of 1:33379 + (7 x 10>) 
obtained by Wolga (1959) in a paramagnetic resonance experiment. It is, how- 
ever, consistent with the result recently announced by Beltran-Lopez and 
Robinson (1960), who find g, = 1-333916 + (15 x 10-8), The theoretical g-value 


(see $4) agrees with the higher values. 


§ 4. Discussion 
Electronic g-factors of the Halogens 
The foregoing studies of bromine and chlorine complete a series of precise 
experimental measurements of the electronic g-factors of the halogens from 


. - . = 
fluorine to iodine. These other g-values are: 


£(F; ?Ps.)=1:333861 + (2 x 10-*) (Radford, Hughes and Beltran-Lopez 1960)+ 
£,(1; ?Ps)=1:333995 + (4x 10-*) (Bowers, Kamper and Lustig 1957). 

On the basis of pure Russell-Saunders coupling and including the theoretical 
value for the spectroscopic splitting factor of a free electron, the Landé formula 
predicts a g-value of 1-334106, for a?P;,. level. Abragam and Van Vleck (1953) 
showed how various relativistic and diamagnetic corrections to the g-value could 
be calculated, provided the radial wave functions are known. ‘The effect of an 
external magnetic field may be included in the Hamiltonian for an atom by taking 
all the velocity-dependent terms and replacing the linear momentum p by 
p+(e/c)A, where A is the vector potential. (In a non-relativistic approach the 
spin magnetic moment must be introduced separately, but it does not lead to any 
extra corrections to the Landé formula of the kind we are seeking.) When this 
is done to the spin-orbit, spin—-other-orbit and orbit—orbit interactions it leads to 
small terms which are linear in H and hence must contribute to the g-value of the 
atom. Also, the mass m of the electron in the formula for the Bohr magneton 
should be replaced by its relativistic value m(1—v*/c?)**. ‘This relativistic 
correction and that generated from the spin-orbit coupling together form the 
Breit-Margenau correction which may be obtained by a proper relativistic treat- 
ment of a single electron in a central field. The other two terms give the effect 
of the diamagnetism of the inner electrons on the spin and orbital spectroscopic 
splitting factors respectively. 

We have followed Abragam and Van Vleck’s method for calculating theoretical 
g-values for the halogens. These are shown in the table where the contributions 
of the different correction terms are separated. For fluorine, the self-consistent 
field wave functions of Brown (1933) were used. This calculation has already 
been reported by Radford, Hughes and Beltran-Lopez (1960). ‘Two sets of 
wave functions were available for chlorine: one from a self-consistent field 
calculation by Hartree, Kronig and Petersen (1934) and the other froma variational 
co-detor calculation by Boys and Price (1954). The latter were slightly simplified 
for the calculation of the diamagnetic corrections. The error introduced in the 
predicted g-value should not be greater than one or two parts per million. Arnot 
and McLauchlan (1934) have calculated a self-consistent field wave function for 
bromine. Calculations using the self-consistent field wave functions are subject 
to asmall uncertainty, depending on the method of interpolating the wave functions 
between the tabulated values, which is magnified in the case of one of the 


+ We are indebted to Professor V. W. Hughes for communicating his results in advance 
of publication. 
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corrections (see below) because the major contribution to it comes from a small 
region of space near the origin. ‘The only wave functions available in a suitable 
form for iodine were the approximate screened hydrogenic ones of Slater (1930). 
These were tested by calculating the g-values of all the other halogens in the hope 
of being able to judge the amount and direction of their error in iodine. 

It can be seen from the table that the g-values of fluorine, chlorine and bromine 
are all predicted to within a few parts per million on the basis of the more elaborate 
wave functions. ‘The residual deviations are within the limits of accuracy of the 
theory, in which exchange integrals were ignored. Kambe and Van Vleck (1954) 
showed that in oxygen the exchange integrals accounted for a proportion of the 
order of 10 parts per million of the g-value, so that the uncertainty introduced by 
leaving them out makes it unprofitable to attach any significance to such small dis- 
crepancies. The experimental results show an overall trend to larger g-values 
with increasing atomic number, except that the g-value for chlorine is a little 
higher than that for bromine. This anomaly is reflected in the theoretical pre- 
dictions, which show that although the Breit-Margenau and spin—other-orbit 
corrections are almost identical for the two elements, the orbit—orbit correction 
is appreciably smaller in chlorine. ‘This latter correction has an almost constant 
value of 35 parts per million in the other halogens. 

The Slater wave functions appear to give reasonable agreement with the 
others for the diamagnetic corrections but give rather poor values for the Breit- 
Margenau term. This term depends on (7), the mean value of the kinetic 
energy of the outermost p electrons, which is very sensitive to the electron density 
near the origin. A comparison with the values predicted for this term by self- 
consistent field wave functions shows that the Slater wave functions over-estimate 
{T) in fluorine, predict only half its value in chlorine and little more than a third 
in bromine. A smooth extrapolation suggests that the value of (7) predicted 
for iodine may be too small by a factor of about 3. If we multiply the Breit— 
Margenau term by 3, the new g-value predicted for iodine falls some 35 parts per 
million below the experimental result. This discrepancy is significantly greater 
than, and of opposite sign to, those found with the self-consistent field wave 
functions in the other halogens. It strongly suggests the occurrence of a small 
breakdown of Russell-Saunders coupling in the ground level of the iodine atom. 
Such a breakdown is more probable in iodine than in the other halogens because 
of the greater spin-orbit interaction in iodine and the closer proximity to the 
ground level of the excited states which it must admix. The admixture of other 
terms required to make this change in the g-value is less than one part in 2000 
(amplitude squared), so Russell-Saunders coupling is still a fair approximation 
for most spectroscopic purposes. An admixture of this size is quite plausible in 
order of magnitude, but a proper theoretical prediction is impossible without 
reasonable wave functions for the excited states. 
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Electric Conduction in Antiferromagnetics 


By Ge L. SEWELL 
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N a previous note by Frohlich and the author (1959), it was pointed out that 

there are two theoretically-possible mechanisms which can lead to a very low 

mobility in a semiconductor. Our alternative is that the conduction takes 
place in an energy band rendered very narrow by the electron—lattice interaction 
(cf. Sewell 1958). However, there are circumstances where the band model 
becomes invalid, namely when the electron-phonon coupling is so strong that the 
electrons move from ion to ion more easily by means of phonon-activated processes 
than by tunnel effect; and in such cases, electric conduction may be regarded as a 
diffusion process in which the electrons jump from ion to ion through the agency 
of the phonons. The theory of the jump mobility may be based on a model in 
which an electron can move along a line L of cations spaced at intervals of a. 
Assuming that jumps between non-nearest neighbours of L occur with negligible 
probability, it suffices to consider procesess in which an electron jumps from a 
cation A to one of its nearest neighbours on L. We shall denote these neighbours 
by A. and A_; and we shall let P_ denote the probabilities per unit time that an 
electron jumps from A to A. when an electric field F'is applied in the direction of 
AA... The meanelectronic velocity in the direction of Fis thus a (P.,—P_),sothat 
the mobility is given by the relation 

pF=a(P-—P.). 2 wanes (1) 

It is important to note that the only processes which yield contributions to P., are 
phonon-activated ones, since the requirement of energy conservation ensures that 
an electron cannot migrate by tunnel effect from A to A. in the presence of the 
applied field. 

A characteristic feature of the jumping mechanism is that it does not lead to a 
Hall effect. This is because a single jump is a process in which an electron starts 
from a state of zero velocity at one ion and finishes in a similar state at another ion, 
Thus, as the electron jumps along L from A to A,, the Lorentz force due to an 
applied magnetic field transmits no velocity to it in the direction perpendicular 
to L, and therefore no Hall effect is produced. 

The object of the present paper is to provide a simple qualitative explanation, 
based on the above ideas, for the anomalous electrical properties observed in 
impure specimens of the antiferromagnetic oxides NiO and a-Fe,O, (Morin 
1954). The main facts to be explained are that, in these materials, the electron 
mobilities are very small (<1cm?sec"!v~*), increase with T and possess activa- 
tion energies of the order of 0-1 ev; and also that no Hall effect has been detected. 
It should be pointed out that, in Morin’s experiments, both the conductivity 
o and the density of conduction electrons n were measured, so that the activation 
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energy in » could be separated from that in o. ‘The density ny which ye 
measured by observing the Seebeck effect, was simply the density of extra 
d-electrons introduced by the impurities. 5 

We shall base our theoretical explanation of these properties on the hypothesis 
that conduction takes place by jumping. ‘This hypothesis appears to be justified 
by the fact that no Hall effect has been observed in the materials concerned. 

In setting up our theory, we must first note that a special situation arises when 
conduction takes place by jumping in an antiferromagnetic compound. For, as 
pointed out by Heikes (1955), the atomic d-states on different cations overlap very 
little in such materials, so that the only significant processes in which an electron 
can move from cation to cation are indirect ones involving the participation of 
anions. ‘Thus, Heikes was able to show that, if L is a line along which an electron 
can move, the nearest-neighbouring cations of L are strongly coupled by super- 
exchange, so that their spins are antiparallel in the perfectly ordered state. It 
should be pointed out that, though Heikes’s arguments were originally employed 
in connection with electronic motion by tunnel effect, they are nevertheless 
applicable to cases when the electrons move by phonon-activated jumps, as in our 
theory. 

A further restriction in the jumping motion arises from the fact that an electron 
will have less energy when bound to an ion J, with spin parallel to its own than 
when bound to an ion I, with antiparallel spin. An energy e will therefore be 
required to transfer the electron from I, to I,. This energy will clearly be of 
the order of the mutual potential energy of a pair of electrons in an 1on, 1.e. > 1 ev. 
Therefore, since any jumping processes involving ions of antiparallel spin will 
require an activation energy «, it follows that such processes cannot contribute 
significantly to ,. at the temperatures (<1000°K) that we are considering. 
(These are the temperatures at which Morin’s experiments were performed.) 
Consequently, at such temperatures, an electron moves in localized states based 
on ions of parallel spin. 

Let us now consider the motion of an electron along a line L in the presence of 
an applied electric field, according to the model specified at the beginning of the 
note. ‘The electron may move by jumping from Ato A,. However, ajump from 
A to A, say, can only be accomplished if both of these ions have spins parallel to 
that of the electron. Now, as shown above, the spins of these ions are anti- 
parallel in the perfectly ordered state. Consequently, at temperature 7, an 
energy E will be required to render the spins of these ions parallel when the electron 
isat A; and consequently the transition rate P, for jumping from A to A, contains 
a factor exp(—E/kT). Since the transition rate P_ will likewise contain this 
factor, it follows from equation (1) that an activation energy E is required for 
conduction by jumping in an antiferromagnetic. 

Thus, according to our theory, ~ contains an activation energy E, which is 
simply the energy required to align the spins of a pair of neighbouring cations 
coupled by superexchange so that a conduction electron can jump from one to the 
other. This energy EF is temperature-dependent and does not vanish above the 
Néel point Ty since some local order persists above that temperature. At 
temperatures very much lower than Ty, E is of the order of kTy, though it is not 
equal to that energy because of the presence of the conduction electron. This 


certainly means that, in NiO and «-Fe,Os, E is of the same order of magnitude 
as the activation energy observed in pu. 
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been investigated intensively, for a considerable period, both experiment- 

ally and theoretically. At low incident energies attempts at calculating 
cross sections have met with two major difficulties. The approximations that 
are easily applied, such as the impulse approximation and Born’s approximation, 
are invalid and it is only recently that the details of the nuclear potential are 
becoming clear. ‘To meet the first of these difficulties wave functions of resonating 
group form may be used. Calculations using the variation method support the 
view that even when no allowance is made for target deformation, such wave 
functions give a good description of the system over a considerable energy range 
(see, for example, a review by Massey 1960). 

Calculations with a realistic nuclear potential have so far not been possible 
(although this remains the ultimate aim and work is in progress towards this end) 
and many calculations have been made employing an ‘equivalent’ central 
potential between nucleons of the form 

W (ij) = V(r {w+mMij, + bB;, + hiiys 

V(r)=Aexp(—Ar?); A=-—45 Mev, A=O2609T,  scivnons (1) 
where M, B, H are the Majorana, Bartlett and Heisenberg exchange operators and 
w, m, b, h are constants which determine the exchange nature of the potential. 
Among the systems investigated with this potential have been the elastic scattering 
of nucleons by deuterons, *H, *He and *He. This work has been recently reviewed 
(Bransden 1960, Burke 1960, Massey 1960). In these and other examples the 
experimental results agree quite closely with the theoretical predictions and it is 
interesting to examine the domain of applicability of the model by applying it to 
further systems. 

In this note the elastic scattering cross section of *He by 3He is calculated 
with the potential (1) and the wave function 

= (1— Pho Pas —Paa—Paa— Poa) 04(125 5 346) x (125) x (1346) F4(125— 299) 


oe both elastic and inelastic, between the lightest nuclei have 


and F,(125 — 346) = (— 1) F, (346 — 125) 
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where 1, 2, 3, 4 are protons and 5, 6 neutrons and P;; is the exchange operator and 
where y is the internal wave function of *He, approximated by 


x=Nexp—pdyn; 


(1 =0-1404 f -), 


o, is the spin function appropriate to the singlet or triplet state and /’,(r) is a wave 


function describing the relative motion of the colliding nuclei. 


By inserting (2) 


into the Schrédinger equation, integro-differential equations for the radial 
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Figures 1-3. Angular distributions in the centre-of-mass system for *He of 20, 26 and 
29 mev laboratory energies elastically scattered by *He. 
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functions f,(7) in a harmonic expansion of F’,(r) may be obtained. ‘This technique 
has been described in detail several times before and need not be repeated here 
(cf. Massey 1953, Bransden, Robertson and Swan 1956). 

Numerical solutions of the appropriate equations have been obtained for 
laboratory incident energies of 20, 26 and 29 Mev, for potentials having exchange 
properties of the Serber, symmetrical and Biel (70°) Serber +30°% symmetric) 
types and the results are shown in figures 1 to 3. The experimental results 
shown are those of Rosen, Stewart and Brolley (1960) at 20 and 25 Mev and of 
Bredin et al. (1960) at 26 and 29 Mey. 

From the figures it is evident that although the cross section at large 
angles is in reasonable agreement with experiment, the deep minimum observed 
in the experimental cross section at 35-40° is not reproduced. It may be 
concluded that for the He + °He system the model fails. ‘This may be contrasted 
with 4He elastic scattering by *He (Butcher and McNamee 1959) for which 
system good agreement was found, with the same model. ‘Two effects may con- 
tribute to the differences between the systems. The alpha particle is very tightly 
bound compared with *He, and the alpha group correspondingly more stable 
during the collision, also as *He is a spin 3 particle, the /=0 partial wave is associated 
only with the singlet state and the /=1 (triplet) state is relatively much more 
important. ‘The opposite is true for *He+*He, the odd angular momentum 
states being completely excluded. As itis likely that the /=0 phase shift is not very 
model dependent (approximating to hard sphere scattering), it is seen that for 
3He + 3He the model dependent terms are emphasized. 
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The Knight Shift in Alloys 
By W. G. HENRY 
Division of Applied Chemistry, National Research Council, Ottawa 2, Canada. 
MS. received 19th May 1960, in revised form 25th Fuly 1960 


§ 1. INTRODUCTION 


LANDIN AND DANIEL (1959) presented an explanation of the Knight shift 
in silver alloys based on a finding by Friedel (1958) that the charge density 
about a solute atom has a component which oscillates with a decreasing 
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amplitude as the distance from the solute increases. ‘The mean density of the 
charge in the matrix is calculated on the assumption thatexactly Z units of 
electronic charge are accumulated around the solute atom, where Z is the excess 
valency. Their calculated shifts per unit of concentration of solute for the solvent 
agree well with the observed shifts. They do not attempt, however, to calculate 
the shift for the solute and in fact the assumption that exactly Z units of charge 
are accumulated at the solute would appear, on the basis of the present work, to 
preclude this possibility. 

In the present note a different picture of the charge distribution in an alloy is 
described. It is pointed out that it is reasonable to expect excess charge, the 
excess being proportional to Z, over and above the excess valency Z, to accumulate 
at polyvalent solute sites with a corresponding decrease in charge at the mono- 
valent solvent sites. Thus it is suggested that there is associated with each solute 
site Z+ 1+ electrons, where qg is the excess charge. On this basis, the order of 
magnitude of the Knight shift and its Z dependence for the solvent may be 
estimated. A reason may be given for the shift of the solute resonance to lower 
frequencies. 

The rigorous interpretation of the present approach suggests that the shift 
should be linear with concentration even at infinite dilution. 


§ 2. CHARGE DISTRIBUTION IN ALLOYS 


The problem of the distribution of charge at a solute atom has been con- 
sidered, in connection with calculations of the heats of solution of alloys, by Huang 
(1948), Arafa (1949), Varley (1954) and Henry (1958, to be referred to as I). 
The agreement between the investigations, regarding the sign and the order of 
magnitude of the accumulation of excess charge over and above the excess valency 
Z, is good. In almost all cases it is found that charge accumulates at either the 
solvent or solute sites in excess of the excess valency Z. ‘The amount of charge 
which accumulates depends on the difference in the attractive potential of the two 
constituents. ‘The differences in the amounts calculated by the different investi- 
gators, depend in general on the degree of self-consistency and on the method of 
estimating the relative potentials. 

Huang, who studied the copper—gold system by a self-consistent Thomas— 
Fermi method, assumed that the difference in the attractive potentials was equal to 
the difference in the Sommerfeld potentials of the valence electrons in the pure 
metals. For monovalent metals the Sommerfeld potential is approximately 
equal to the negative value of the sum of the absolute values of the sublimation 
energy, the first ionization energy and the mean kinetic energy. For monovalent 
metals with equal volumes the difference in Sommerfeld potential is equal to the 
difference in the mean energy of the valence electrons in the pure metals. Varley, 
who used a two-band model, used this same approximation for monovalent— 
monovalent systems and extended the idea to monovalent—polyvalent systems. 
In I, where an approximately self-consistent one-band model was used, this same 
idea was used for monovalent-monovalent systems and no attempt was made to be 
specific regarding the relative potential for monovalent—polyvalent systems. Arafa 
who made a quantum mechanical study of the copper-silver system, used the 
Hartree self-consistent field potentials for copper and silver. 
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Huang found a charge accumulation of about 0-5 unit round a gold atom ina 
silver lattice. Varley found 0-18 unit and in I, 0-18 unit was found for the accumu- 
lation at a gold site in a silver lattice. Arafa found a charge accumulation of 
0-32 unit round a copper ion in a silver lattice and a diminution of 0-29 unit 
round a silver ion in a copper lattice. Arafa states that if a higher approximation 
had been examined, a different change, presumably smaller, in the charge distri- 
bution would have been obtained. Varley, who calculated the charge transfer at a 
concentration of one half, found a zero charge transfer in the copper-silver system. 
In I, an accumulation of 0-11 unit and a diminution of 0-10 unit, in qualitative 
agreement with Arafa, was found. If the difference in the mean energy of the 
electrons in copper and silver is taken as a measure of the difference in attractive 
potentials, a zero charge accumulation would be predicted. It thus appears that 
gold in silver attracts more charge than copper in silver and that in the copper-— 
silver system the accumulation of charge may be slight. 

In | a relatively simple expression was derived for the excess charge q; it is 


q=V,/W3° eee (1) 


where W’,° is the mean energy of the electrons of the solvent and Vy is the self- 
consistent perturbing potential which is proportional to the relative attractive 
potentials of the two species. ‘The excess charge q as given by equation (1) was 
calculated from an approximation to the first-order perturbed wave function 
suggested by Lennard-Jones (1930). The approximation to %, is given by 


d=? (1 —A,,,’/W,2) + H'/ Wr ee eed ©) 


where H’ is the perturbation; Axx’ = fpx°* H’ px? dz and W;,° is the energy 
associated with the unperturbed state. In the present work H’=Vp. The 
approximation is independent of the form of the wave function. ‘The form of 
indicates that the accumulated charge comes uniformly from the lattice; that each 
wave function contributes to the localized charge, and that the more energetic 
electrons contribute least. Arafa also concluded that the charge comes uniformly 
from the lattice. 

In I the nature of the relative potential or perturbation for polyvalent solutes 
was not discussed in any detail. It is to be expected however that the attractive 
potential will increase in the series: silver, cadmium, indium, tin and antimony. 
Slater’s (1930) method of calculating the effective nuclear charge N-—Ss, where Nis 
the atomic number and s an empirical screening constant, yields for the singly 
charged ions of this series: 3°70, 4:35, 5-00, 5-65, and 6-30 units respectively. The 
differences in the effective nuclear charges for the polyvalent solutes with respect 
to silver are 0-65, 1-30, 1-95, and 2:60 respectively. The differences and hence Vp 
are in the ratio 1:2:3:4 and thus it is to be expected that the excess charge q; 
as given by (1), accumulated at the solute sites will also be approximately in the 
ratio of 1:2:3:4.  Slater’s method predicts identical effective nuclear charges 
for the singly charged, noble metal ions and hence no charge accumulation. ‘he 
more detailed treatments described earlier show that this is not exactly trie. it 
seems safe to conclude, however, that the charge accumulations in monovalent— 
monovalent systems are less than in monovalent—polyvalent systems. 
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§ 3. KNIGHT SHIFT IN ALLOYS 


The Knight shift is a measure of the change in the field at the nucleus due to 
the magnetization of the conduction electrons. It has been suggested by ‘Townes, 
Herring and Knight (1950) that the shift may be represented by 


AHIH= Gri3) pil oa) ae eee (3) 


where X p is the spin paramagnetism of the conduction electrons per gramme ; M is 
the weight of a gramme atom, and ¢|/,(0)[? )av is the probability density at the 
nucleus, of a given species, for all electronic states on the Fermi surface. It is 
assumed in what follows that the variation in yp is negligible in comparison with 
variations in ¢|y,(0)|?)av. ‘The form of the approximate wave function, equation 
(2), indicates that the probability of all states is increased at a solute which has a 
greater attractive potential than the solvent. It is suggested that this is the 
essential reason for the concentration dependence of the Knight shift of silver 
in the silver-copper and the silver-gold systems (Rowland 1960, private 
communication), and in the silver-cadmium, silver—indium, silver—tin and silver— 
antimony systems reported by Rowland (Blandin and Daniel 1959). 

The excess charge g would appear to be a measure of the change in probability 
of all states at a site. The shift for the solvent, assuming yp is constant, may be 
written in terms of g as 


AH/H=const[\—qu/(l—x)] = = “suntas (4) 


where x is the mole fraction of solute; g is the excess charge accumulated at the 
solute at infinite dilution, and [1—gqx/(1—.)] is the charge density at a solvent 
site. The rate of change of AH/H with respect to the mole fraction is thus pro- 
portional to g at small concentrations. Rowland (1960, private communication) 
reports that the rate of change of the silver shift is much greater on the addition of 
gold than on the addition of copper and less than for any polyvalent solute. This is 
in accord with the relative magnitudes of the charge accumulation discussed earlier. 

Blandin and Daniel, when discussing the alloys of silver with the elements 
following it in the periodic table, let K=AH/H. The expression —AK/xK may 
be expressed in terms of g, by making use of (4); the result is 


—AK/xK ~ q. 


In §2, it was pointed out that it was to be expected that g for the series of 
solutes; cadmium, indium, tin and antimony, would be approximately in the 
ratio of 1:2:3:4. Equation (5) suggests, therefore, that —AK/xK for this 
series of solutes should be in the ratio of 1:2:3:4. Blandin and Daniel have 
determined — AK/«K from the data of Drain (1959) for the silver-cadmium system 
and from the data of Rowland (Blandin and Daniel 1959) for the silver-cadmium, 
silver-indium, silver—tin, and silver—antimony systems. For the four systems 
—AK/xK is: 0-34-0-4, 0-7, 1-1 and 1-2 respectively. It is seen that they are 
approximately in the ratio of 1:2:3:4. The implied absolute values of q are 
not unreasonable in view of the values found for monovalent-monovalent systems. 

Regarding the cadmium shift at infinite dilution (Drain 1959), it should be 
noted that the shift for cadmium in silver is greater than in purecadmium. This is 
in agreement with the present suggestion that charge is accumulated at the cadmium 
site. ‘To explain the decrease in the cadmium shift with increasing concentration, 
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it is only necessary to make the reasonable suggestion that the amount of charge 
accumulated at a cadmium site per cadmium atom decreases as the concentration 
increases because of the increasing opposition of the silver atoms to the withdrawals 
of charge and the competition of other cadmium ions. 
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The Identification of Precipitate Particles in Single Crystals of Silicon 
by Reflection Electron Diffraction 
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~ has been shown that impurities diffuse to and precipitate at dislocations and 

other crystal defects in silicon containing aluminium during annealing at 

temperatures between 1000 and 1250°c (Bullough e¢ al. 1959 a, b, 1960). The 
size of the precipitates was found to be much greater than could be accounted for 
from the known quantity of aluminium present and its known diffusion coefhicient, 
and hence the presence of other electrically inactive impurities was indicated. 
The only impurities likely to have been present with a sufficiently high concen- 
tration of about 10!*atoms per cm® or greater were oxygen and carbon (Kaiser 
and Keck 1957, Papazian and Wolsky 1956). ‘The precipitation of oxygen on 
dislocations has been demonstrated previously by Lederhandler and Patel 
(1957) who used infra-red spectrographic techniques, and provides a ready 
explanation for the co-precipitation of aluminium due to the high bond energy 
between aluminium and oxygen (Bullough et al. 1959 a, Fuller 1959). It has 
now been found that precipitates can form in silicon grown with an oxygen 
concentration of less than 10!’ atoms per cm? (see Gasson 1959) and which do not 
contain aluminium; hence it seemed that carbon might also be involved in the 
precipitation process. ‘This would be in accord with a previous suggestion that 
part of the carbon in the f-silicon carbide layer formed at external surfaces, 
during similar annealing, originated from the bulk silicon (Newman and Wakefield 
1958). A technique is now described whereby the precipitate particles can be 
examined directly by reflection electron diffraction. From the observed patterns 
it has been possible to make some deductions concerning the crystal structure and 


hence the chemical composition of the particles. 
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In order to examine internal precipitate particles, it is necessary to etch the 
crystal with an etchant that does not attack these particles, but leaves them free 
of the matrix material. A suitable etchant has not yet been found which satisfies 
the latter condition when undoped silicon or silicon doped with aluminium only is 
used; that is, the silicon around the precipitate particles is found to etch more 
slowly than in other regions and the particles remain embedded in a relatively 
thick coating of silicon. This difficulty does not occur, however, if silicon con- 
taining both aluminium and an n-type impurity such as phosphorus is used: 
aluminium is incorporated into the precipitate particles, thus leading to adjacent 
regions which are electrically n-type, while the main bulk of the crystal remains 
p-type, assuming that the aluminium was originally in excess (Bullough et al. 
1960). Etchants such as mixtures of hydrofluoric and nitric acids attack the 
n-type regions of the crystal preferentially, compared with the p-type regions, due 
to the built-in electric field across the junctions, and it is found that the precipitate 
particles can be exposed without a coating of silicon. 

In order to obtain a sufficiently high density of particles on the surface, crystals 
with a moderately high grown-in dislocation density of up to 3 x 104 lines per cm? 
were used, since the precipitates form preferentially at these sites. When the 
annealing temperature is below about 1150°c, a cloud of precipitate particles is 
formed in the n-type region immediately surrounding each dislocation. ‘These 
particles are also exposed by the etching, and up to twenty to thirty particles, of 
diameter between 0-3 and 0-7, are frequently observed. Some particles at 
random sites away from dislocations are also exposed. Such a total density of 
particles smeared out over the surface would be equivalent to a layer of about 12 Ain 
mean thickness, and hence should be detectable by electron diffraction (see 
Newman and Pashley 1955, Griinbaum, Newman and Pashley 1958). 

The surface preparation of samples prior to examination was of the utmost 
importance, since their surfaces were covered with silicon carbide after the heat 
treatment (Newman and Wakefield 1958). Samples were therefore etched first 
in a mixture of 50% hydrofluoric and 50% nitric acids to remove this layer. They 
were then ground down with diamond powder and alcohol and re-etched in fresh 
etchant contained in cleaned dishes; these two steps were repeated to ensure that 
all effects due to the original surface had been removed. 

A typical reflection diffraction pattern obtained after this procedure from a 
sample heated at 1132°c for 64 hours is shown in the figure (Plate). The elong- 
ated spots are due to the etched silicon which has a locally smooth surface; the 
removal of surface damage due to grinding is apparent from the appearance of 
the strong Kikuchi line pattern. In addition, it is seen that there is a second spot 
pattern due to a substance which is basically face-centred cubic with 
a) = 4-37 + 0-03 (the silicon spot pattern was used as a lattice spacing reference 
pattern), and oriented parallel to the silicon substrate. ‘There was sometimes 
evidence for twinning and well-defined {111} facets in this material, and some 
randomly oriented particles were always present, as indicated by the ring pattern. 
It seems reasonable to identify this material as B-silicon carbide which has a 
zinc-blende structure with aj=4-348 A. This type of pattern has been obtained 
from samples heated at various temperatures between 1000° and 1200°c, and is 
found to be the strongest on samples heated to about 1100°c. This is to be 
expected since the size of the precipitates is a maximum at about this temperature 
(Bullough et al. 1960). The fraction of material ina parallel orientation decreases 
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as the temperature is reduced, and thus shows a similar behaviour with temperature 
as the silicon carbide deposits formed on external surfaces (Newman and Wakefield 
1958). A diffraction pattern due to silicon only was found after grinding and 
etching unheated samples and samples heated to temperatures above 1250°c, 
consistent with previous observations that no appreciable precipitation occurs 
at these higher temperatures. This proves that the extra pattern described above 
could not have arisen from contamination in the etchants or from the surface 
deposits of silicon carbide, since these were also formed on the samples heated in 
the higher temperature range. 

The general absence of a diffraction pattern from the precipitated aluminium is 
not unexpected, since the quantity which can precipitate has been shown to be 
between two and three orders smaller than the observed size of the particles. 
However, in a few cases, a further very weak square array of spots was observed 
at the [001] azimuth. ‘These could be interpreted as due to a face-centred cubic 
type lattice oriented parallel to the silicon with aj=3:96+0-04A. A plausible 
explanation is that these spots were due to y-aluminium oxide, which has a cubic 
spinel type structure with an a)=7-895 A, i.e. approximately double the experi- 
mental value given above. The strongest reflections for this structure, i.e. 
(400), (440) etc., coincide with the observed spots, and hence we may tentatively 
identify this very weak pattern with y-aluminium oxide. (Metallic aluminium 
with an a,=4-04A is unlikely to be present in a non-chemically combined form.) 
There was no evidence for the presence of any silicon oxide particles. It cannot 
be concluded, however, that such precipitate particles were not present, since 
they would almost certainly have been dissolved in the etchant, whereas neither 
silicon carbide nor aluminium oxide is soluble. It should again be noted that 
there was no evidence for a thin coherent oxide film over the silicon surface pro- 
duced by the etching (Holmes and Newman 1959). 

It is concluded that the crystal structure of a large fraction of the precipitate 
particles, formed in silicon during annealing, is consistent with that of B-silicon 
carbide. A second structure has also been found in a few cases which could 
be attributed to y-aluminium oxide. It must be stressed that, in general, the 
identification of chemical compounds from diffraction patterns where no inform- 
ation is obtained about the relative intensities of the various reflections, as in the 
present work, is not entirely satisfactory. It is hoped later to examine the 
precipitate particles using an X-ray microanalyser to ascertain which elements 
are present directly (see, for example, Mulvey 1959). The associations of 
silicon and carbon to form silicon carbide and aluminium and oxygen to form 
aluminium oxide are, however, reasonable chemical reactions as deduced from 
the thermodynamic properties of these materials, and, moreover, all of these 
elements were present in the silicon samples used. Some further properties of 
carbon in silicon, as determined from experiments using !C, and a more detailed 
discussion of the observed precipitation phenomena will be given in a later 
publication. 
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optics of a Hilger large quartz and glass spectrograph. The Kodak IZ 
plates cover this spectral range and were sensitized in 4°4 ammonia 
solution, rinsed in methanol and dried. 

The crystal samples were immersed in liquid nitrogen contained in a glass 
Dewar with a transparent tip. The light from a projection lamp was incident 
normal to the axis of the samples and polarization spectra, hereafter denoted 
m and o, obtained by passing the transmitted light through a Nicol prism set 
with its E-vector direction parallel and perpendicular respectively to the crystal 
axis. ‘The #-vector direction of the Nicol prism was initially determined by 
noting the orientation of the prism when set to extinguish light reflected off a 
glass plate at the Brewster angle. 

‘The potassium manganicyanide crystals used were prepared by the method 
described by Fernelius (1946). They are dark-red needles whose symmetry 
has been reported by Gottfried and Nagelschmidt (1930) to be orthorhombic. 
However, the atomic arrangement has not been established (Wyckoff 1951) and 
some doubt exists regarding the symmetry and space group of the crystals. 


The crystal axis was taken to coincide with the needle axis in the determinations 
of the polarization spectra. 


Te spectra were recorded in the range 7000—-12000A using the glass 


Earlier work on the absorption spectrum of potassium manganicyanide 
(Samuel and Despande 1932, Szego and Ostinelli 1930) has been confined to 
determinations of the spectrum of the solution at room temperature. 


t+ Now at Clarendon Laboratory, Oxford. 
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For the crystals at liquid nitrogen temperature there is a detailed line spectrum 
in the region of 105004. At least four lines are visible on the photographic 
plates and all show partial polarization. The figure gives their approximate 
relative intensities, spacings and polarizations. Their wavelengths are difficult 
to measure as the lines are weak and somewhat diffuse. To the nearest 10A 
they are: 10410; 10470; 10570 and 108504. 


Unpolarized 
absorption 


1032 104! 1047 1057 1085 (mj) 


7 polarization 


oO polarization 


1022 «1041 «1047 ~—«1057 1071 1075 (mu) J041 1047 1057 1085{mu) 


Diagram of the approximate relative intensities, spacings and polarizations of the lines present 
in the absorption spectrum of potassium manganicyanide. 


These values were obtained by use of the Hartmann formula: 


Cc 
es ree 
PO 


in which the constants A,, c and dy were determined by use of the mercury lines 
at 10 140 and 11 2874 and of a sodium line at 8195 4 as calibration lines. 
Although only four lines are positively identified there appear to be one or 
two more lines present (shown broken in the figure), but these are still doubtful. 
In some respects, it is unfortunate that lines occur close to the limit of 
response of the Kodak IZ plates as it is quite likely that there are lines further 
in the infra-red. The variation of the sensitivity of different batches of Kodak 
IZ plates makes attempts to extend the range by large overexposure difficult. 
For interpretation of the line spectra, the starting point is the anabe— 
Sugano diagrams, and these apply to d" compounds possessing cubic symmetry. 
Potassium manganicyanide is a ‘strong-field’ d* compound and the corres- 
ponding diagram (‘Tanabe and Sugano 1954) shows the existence of two possible 
line transitions, namely ?T',+'E and ®T,>'*T, which give rise to two lines at 
wavelengths of approximately 12 500 and 14 500A respectively, if one assumes 
the B parameter to have the free-ion value of 965cm~!. The detection of lines 
in potassium manganicyanide crystals in the same spectral region is certainly 
satisfactory, especially when one considers the assumption of cubic symmetry 
for our compound and also the fact that B values for trivalent ions are appreciably 
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lower than the ‘free-ion’ values. If, instead, we redetermine the B value by 
fitting the °T,-'E transition to the 10 500A lines, we get B=810cm™ and 
8 = B (complex)/B (free-ion) =0-84. These values are in only fair agreement 
with Jorgensen’s table of B values given as the parameters f, g, and k 
(Jorgensen 1958). For, from our value of 8, we get k=0-42 for the Mnut 
ion and this may be compared with the values of k=0-24, 0-21 and 0-30 for 
Fei, Cru and Coin, respectively, given by Jorgensen. ‘The absorption 
band peak in the solution at 3230A (31 000cm~') gives g=18 000cm™ for 
Mni, which is consistent with the values (Feu, 14400cm™‘; Cru, 
17 400cm— and Com, 19 000cm~!) for other transition ions. 

At present, the theoretical explanation of the observed spectra seems a 
formidable problem because of the low symmetry of the crystals. Furthermore, 
the possible existence of other lines either too weak to detect or beyond 11 000A 
prevents any more than tentative deductions to be made from the observed 
line pattern. 

The absorption spectrum of vanadium corundum has already been studied 
by Pryce and Runciman (1958). We can now report that the infra-red line 
at 9660 cm~! is largely 7 polarized. This is in agreement with the energy level 
scheme, for d? in a trigonal field, of Pryce and Runciman. From this same 
diagram one would expect the other two infra-red lines, only one of which is 
yet reported, to be both mainly o polarized. This prediction still has to be verified 
as the line at 8770 cm is too weak and too far into the infra-red for a positive 
identification to be made. 
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The Lifetime of the He- Ion 
By D. R. SWEETMAN 


Atomic Weapons Research Establishment, Aldermaston, Berks. 
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spectrograph. Confirmation of its existence was not forthcoming for 

many years but Holoien and Midtdal (1955) showed on theoretical grounds 
that the (1s 2s 2p)*P state was not subject to auto-ionization and was therefore 
expected to be metastable with a lifetime long enough to account for the 
observations of Hiby. 


T= He~ ion was first identified by Hiby (1939) as a weak trace in a mass 
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More recently information on the formation of He~ ions has been obtained 
from ion source investigations (e.g. Windham, Joseph and Weinman 1958) 
and the cross section for their formation on electron capture by positive ions 
has been measured by Dukel’skii, Afrosimoy and Federenko (1956), Jorgensen 
(1958) and others. 

As far as is known, no measurements of the He~ lifetime have been made. 
Recent attempts to accelerate He~ particles to high energies in a tandem Van 
de Graatf machine have met with difficulties and the suggestion has been made 
that the lifetime may be sufficiently short to result in loss of particles along the 
flight path. Reported in this paper are measurements we have made which set a 
lower limit on the lifetime and which indicate the size of the loss cross sections 
for interaction with gas molecules. 

The figure is a diagram of the apparatus used. A beam of Het ions, of 
intensity a few microamperes, was accelerated to 1Mev in a Van de Graaff 
machine. After magnetic analysis it was passed down a tube, of length about 
2 metres, the pressure in which was held at 0-6 microns Hg of air. Some of 
the beam was converted to the He~ state in this tube and this was separated 
from the other charge states by a 4” bending magnet. ‘The separated beam then 
passed down a drift tube, 60cm long, evacuated to better than 10-*mmHg. 
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At the far end of the drift tube the beam was analysed by magnetic separation 
and the individual particles were counted using CsI crystal counters, so that 
both the energy of and e/m for the particles could be determined. ‘This part 
of the apparatus has been described previously (Sweetman 1959, 1960). / 
The experiment consisted, essentially, of counting simultaneously the He 
particles produced by the decay of the He~ beam in the 60 cm length of drift tube 
and the He- beam itself. The ratio R= He®/(He®+ He~) is then related to the 
lifetime 7 by the expression R= 1 —exp (—L/vr) where L is the drift tube length 
and wv is the velocity of the particles. . 
The beam was identified by the magnetic field settings and by the pulse height 
in the crystal. The He particles gave the same pulse height and appeared 
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at the same (but reversed) magnetic setting, as the He* beam and were therefore 
clearly separated from the reaction products of possible contaminants of the 
original beam such as D,*+ or H,D*+. An He> count rate of approximately 1000 
per second was obtained. Under these conditions, the ratio He®/(He~ + He®) 
determined from the average of several runs was 7:75 x 10~*. This small He® 
beam could have been produced by (a) dissociation of the He~ by residual gas, 
(6) dissociation by beam defining stops in the system, and (c) natural decay of 
the He-. Process (b) is estimated to be insignificant. With the residual gas 
pressure obtained, process (a) is sufficient to account for the He® beam observed 
and we can set therefore only a maximum limit to the natural decay rate and a 
minimum value to the lifetime. The minimum lifetime (obtained assuming all 
the He® beam is due to process (c)), is 1-0 x 10~° second. 

We have measured also the cross section for the reaction He —He? on inter- 
action with helium gas. ‘This was obtained by varying the pressure of helium 
in a gas cell inserted in the 60cm flight path and observing the change of 
He®/(He~+ He®) ratio with pressure. The ~detailed technique has been 
described previously (Sweetman 1960). The cross section measured was 
2:13 + 0-20 x 10-18 cm? per molecule at 1-09 Mev energy. 

The beams of He~ ions in a tandem Van de Graaff machine are appreciably 
attenuated if the He~ lifetime is short compared with the flight time in the machine, 
which is of the order of 5x 10~‘ second. ‘The measured lifetime of 10~-° second 
would give negligible attenuation. ‘The effect of residual gas in a tandem Van 
de Graaff machine may be estimated from the value of the electron loss cross 
section we have measured. On general theoretical and experimental grounds, 
the cross section per atom would be expected to vary as ZE~! (where Z is the 
atomic number of the target gas and E is the particle energy). Using such a 
dependence, and assuming the residual gas to be nitrogen, we calculate that the 
gas pressure in such a machine must be reduced to below 3 x 10->mm Hg for 
the particle loss to be less than 20%. Such a vacuum is well within present 
technological capabilities. 
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ERETERS TO THE EDITOR 


Hot Carriers in Germanium 


In a semiconductor, if excess charge carriers are excited by radiation, the mean 
energy of the carriers may be considerably greater than that corresponding to the 
lattice temperature (Honig and Levitt 1960). We have investigated the properties 
of hot carriers excited in germanium at low temperatures by measurement of the 
resistivity p and the Hall coefficient R, from which the Hall mobility jp= Rip 
is obtained. It is known that y, if determined by lattice scattering only, should 
be inversely proportional to the lattice temperature 7, and will also depend 
on the energy of the carriers whereas, if determined by ionized impurity scattering 
only, » should be independent of 7|, and depend only on the carrier energy. 

The results obtained for ,, as a function of 7, for a specimen of p-type copper 
doped germanium (V,=1-3 x 1016 per cm*, Ny ~10 per cm? with all shallow 
states compensated) are shown in figure 1. Curve a was obtained with no incident 
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Figure 1. Variation of mobility with temperature: a, with no incident radiation; 6, with 
room temperature radiation. 


Figure 2. Variation with temperature of: a, carrier density with no incident radiation 
nc; 6, excess carrier density with room temperature radiation my. 


radiation and down to 17:5°k, where impurity conduction becomes important, 
y is proportional to 7,3” as expected when ionized impurity scattering is pre- 
dominant. Curve b was obtained when the specimen was illuminated with 
black body radiation from room temperature. It seems probable that the 
increase of p with decrease of 7’, is due to the fact that, at these temperatures, 
carriers lose energy mainly by interaction with phonons, so that the mean carrier 
energy increases as 7', decreases. At lower temperatures the mobility reaches 
a constant limit and, between 4-2 and 1-8°k, is found to be independent of 7{. 
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In fact no variation with temperature of the mobility of carriers excited by room 
temperature radiation has been observed over this temperature range in copper 
doped or high purity n-type (shallow impurity) germanium specimens. A possible 
explanation of this result is that the carrier energy is now independent of 7), 
because interaction with phonons is no longer the predominant process for loss 
of energy. 

Interesting results were obtained with a high purity n-type specimen 
(Np =6 x 10” per cm’, Ny, =1-6x 10! percm’). At 4:2°K, when illuminated 
with room temperature radiation, the mobility was 1:2 x 108m? v— sec 
and was constant between 4:2 and 1:8°K. When illuminated with intrinsic 
radiation (A< 1-8 microns) the mobility was 3%x10®cm?vtsec™ at 
4.2°x, and 7 x 10®cm?v-!sec-! at 1:8°x. We think the explanation of these 
results is that, with only room temperature radiation, p is limited by ionized 
impurity scattering but, with intrinsic radiation, there is a reduction in the 
number of ionized impurities due to trapping of hole-electron pairs generated 
by the radiation, so that the mobility is now limited by lattice scattering. If 
this is correct, the increase of j with reduction of 7), can be attributed to 
the reduction of lattice scattering. The hypothesis that radiation reduces the 
number of ionized impurities is supported by the observation that, for low 
illumination, the increase of mobility with increasing intensity of radiation is 
approximately proportional to the increase of carrier density. 

The very high mobility observed with intrinsic illumination is in good 
agreement with the relaxation time deduced from cyclotron resonance experiments 
when carriers are excited by radiation (Fletcher, Yager and Merritt 1955). 

From the experiments reported with the copper doped specimen illuminated 
with room temperature radiation, it is possible to obtain information about the 
‘cross section o for capture of holes by ionizedimpurities. It is observed (figure 2) 
that the excess carrier density n, varies approximately as 7\* between 20 and 
16°K at which temperature the number of carriers excited by radiation (nq) 
begins to exceed appreciably those thermally excited in the dark (m,). Since 
@ is inversely proportional to 7,,, ¢ is proportional to T~ over this range. This 
should be compared with the experimental result of Koenig (1959) and the theory 
of Lax (1959) (temperature dependence of T-** and T~ respectively). This 
agreement appears to indicate that the carriers which are captured (i.e. those with 
low energy) are in approximate equilibrium with the lattice. 


The Clarendon Laboratory, BY Vo ROLEIN 


Oxford. J. M. Rowe t. 
2nd September 1960. 
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CORRIGENDUM 


The Spin—Orbit Potential in Proton—Proton Scattering, by D. W. L. SPRUNG and 
J. B. Wituis (Proc. Phys. Soc., 1960, 76, 539.) 


In equations 1(a) and 1(5) and following text 2+ should read ++. 
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REVIEWS OF BOOKS 


Electronics, by A.'T. Starr. 2nd Edition. Pp. viii+-429. (London; Pitman, 
1959.) 35s. 


The first edition of Electronics appeared in 1954 soon after the old Tele- 
communications course in London University had been split into ''elecommuni- 
cations and Electronics. The need for a second edition was primarily due to 
the need to deal with the rapid developments in the field of semiconductors. 
In addition, the author has taken the opportunity to add a very brief mention 
of the klystron and travelling-wave tube, though the magnetron is still omitted. 

Not the least value of the textbook to the undergraduate student is the 
author’s close familiarity with the University requirements. No one who 
works through the many examples, some new to this edition, should have 
difficulty in satisfying the examiners, and when that hurdle is past the book, 
especially the 58 pages of appendices (chiefly mathematics) will still be found 
useful. 

Physicists, however, will undoubtedly experience some shocks, which are 
the more serious because they will probably pass unnoticed by the engineering 
undergraduate. It is not altogether surprising that the first equation in the 
book should give the mass of the electron in kilogrammes, but it is disappointing 
to find the m.k.s. system dropped forthwith only to reappear spasmodically. 
Fortunately the erroneous material on the energy levels in atoms will probably 
be ignored by the young engineer, and though it occurs in the first few pages it is 
no true augury for the value of the volume. Roe BOvD, 


The Theory of Space Time and Gravitation, by V. Fock. ‘Translated by N. 
KeMMER. Pp. xviii+411. (New York, London, Paris, Los Angeles: 
Pergamon Press, 1959.) 100s. 


The first four chapters of this book are an account of the theory of special 
relativity that shows the workmanship of a master’s hand but that, at the same 
time, will be recognized as being on the whole a fairly standard treatment. 

The rest of the book is an exposition of what most of us call the theory of 
general relativity but which Professor Fock prefers to call Einstein’s theory of 
gravitation. This part does differ from other treatments and in the following 
respects, amongst others: (a) In nearly the whole of the work, Fock deals with 
systems such that the associated space time tends to that of special relativity 
‘at infinity’. This is his way of handling boundary conditions and of ensuring 
uniqueness in his results. It is an effective way of dealing with an aspect to 
which Einstein and most of his successors have given insufficient attention. 
(b) Fock gives a special place to what he calls ‘ harmonic coordinates ’ which 
are, roughly, the analogues of the usual inertial coordinates of special relativity. 
Although these prove to be very convenient, I have not understood why Fock 
regards their employment as being of basic significance. (c) Most of the latter 
part of the book deals with the derivation of the equations of motion of a body 
from the field-relations. Here Fock treats the mass-tensor (or ‘ matter - 
tensor) as having essential significance, whereas Einstein regarded it as a make- 
shift device that ought to be avoided in this part of the theory. 
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To put the position briefly, the theory of gravitation is not yet a unique, 
well-defined theory. Fock has given what is probably the most thoroughly 
developed theory so far published. He gives powerful reasons for his views, 
although he explicitly recognizes the possibility of others. His book, so ably 
translated by Professor Kemmer, will have a great influence both as a source 
of new knowledge and as a challenge to others to produce as thorough-going 
accounts of their own contributions. It is an addition to the literature of 
first-rate importance. W. H. MCCREA. 


Methods of Experimental Physics, Vol. 6, Part A, Solid State Physics. Edited 
by K. Larx-Horovitz and V. A. JoHnson. Pp. xvit+466. (New York, 
London: Academic Press, 1959.) $11.80. 


Once upon a time the properties of solids tended to be studied in compart- 
ments isolated by techniques—‘A’ knew about low temperatures, ‘B’ was the 
optics man, ‘C’ did work with magnets, ‘D. studied creep and so on... 
Nowadays a solid state physicist has to be prepared to turn his hand to anything. 

There is no doubt that the only way of learning techniques is by using them. 
However, it is very desirable to benefit from the experience of others and the 
present volume provides a collection of such experience covering some of the 
experimental methods involved in the preparation, structure and mechanical 
and thermal properties of solids. The ‘ preparation’ chapter includes articles 
on purification techniques, single crystal growing and the preparation of thin 
films and surfaces—including etching. X-ray and electron diffraction methods 
are discussed in the ‘ structure’ chapter. 

In all, there are twenty-one essays, mostly by different authors, together with 
an introduction about errors of measurement and a seven-page summary of 
the theory of the solid state. ‘The essays are of varying lengths and the balance 
achieved between the principles of the methods and the purely experimental 
techniques varies considerably. But the book is none the worse for that. 
The x-ray diffraction section is concise and to the point, and while only sixteen 
out of the thirty-six pages by Professor Amelinckx are concerned with detecting 
and counting dislocations, many research students will find that the twenty pages 
of theoretical discussion form a very useful summary. ‘There is a technically 
useful article on the production of thin films, although to understand it completely 
one needs to know how a Japanese fan operates. The ‘ mechanical’ chapter 
includes a helpful little discussion about high precision density determinations. 

Most authors provide plenty of references. An exception to this is the article 
on agglomeration which has a blanketed reference to five textbooks and a 
published bibliography. The man who wants to sinter something will not 
find that this article is of much assistance, nor will his understanding of sintering 
be improved much by reading ‘‘The temperature of initiation of self agglomera- 
tion of a powder consequently bears a fundamental relationship to the pre- 
dominant bond type and strengths.’’ The final chapter dealing with high 
pressure techniques provides an experimentally useful summary, although the 
authors have omitted to discuss the joint use of high pressures and high 
temperatures. 


Most people will find something useful in this book and research students, 
particularly, will find it invaluable. E, W. J. MITCHELL, 
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Tantalum and Niobium, by ~G. 1” Mitire. Pp. xxii+767. (London: 
Butterworths Scientific Publications; New York: Academic Press, 1959.) 
120s. $21.00. 


This volume forms one of a series of monographs on the metallurgy of the 
rarer metals. Dr. Miller is an excellent choice in this case since he has a wide 
knowledge of the metallurgy of tantalum and niobium, both in its scientific and 
industrial aspects. 

The purpose of the book is to assemble and arrange all the available chemical 
and metallurgical information on the science and technology of these two metals. 
After introductory chapters on the history, occurrence and use of the metals, 
there are long chapters related to processing; these cover all the stages to finished 
products, and deal both with production practices and the underlying scientific 
principles. ‘This material is well-organized and is broken down into extraction 
from ores, separation of the two metals and their reduction, methods of consolida- 
tion to massive material and its fabrication into useful shapes. This is followed 
by chapters on physical and mechanical properties, corrosion behaviour, binary 
alloys and on refractory compounds; the chapter on alloys is particularly 
thorough. ‘There are appendices on chemical analysis, metallographic tech- 
niques and thermodynamic data for some compounds. 

The book runs to over 750 pages and the treatment is equally painstaking 
and comprehensive over every aspect covered. This is made even more useful 
by an exhaustive bibliography at the end of each chapter, very carefully cross- 
referenced in the text and by excellent subject and author indices and a detailed 
table of contents. Anyone seeking factual information will readily find it here, 
lucidly set out and with a complete guide to original sources. 

The book reveals, almost incidentally, a fascinating transition from traditional 
chemico-metallurgy to the most up-to-date and complex techniques, which are 
rapidly revolutionizing the technology of these metals. ‘This underlines the 
only real regret one can have about this book, that the author did not provide 
the reader with as much critical analysis and judgment as might be desired; 
this is the case both in the comparison of processes and in the appraisal of data 
presumably obtained on material which is unsatisfactory by present standards. 
The commendable desire to make the collated information available quickly no 
doubt accounts for this. 

The book is clearly and accurately printed, the only error noticed being the 
insertion of an incorrect figure (10.60). Unfortunately, the binding is unsatis- 
factory both for the excellence of the book and its price (£6). 

Dr. Miller is to be congratulated on what will undoubtedly become a standard 
work; it is to be hoped that in future editions further critical comment, which 
he is so well fitted to provide, will be added. L. GRAINGER. 


Einfiihrung in die Physik der Leiterwerkstoffe, by K. M. Kocu and R. REINBACH. 
Pp. vii+255. (Vienna: Franz Deuticke, 1960.) 222 Austrian sh. 


Engineers nowadays have to be physicists, and electrical engineers have to 
be solid-state physicists. The book under review is intended to help in building 
the requisite bridges between science and technology. Its central chapter 
presents a useful descriptive review of the physical properties of technically 
important conducting materials—copper, aluminium, zinc, iron, various 
associated alloys, and materials with specialized uses as_ resistors, heating 
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elements, resistance thermometers and thermoelectric circuit elements. These 
technical matters are given a scientific framework in four chapters of introduction, 
and one of conclusion, which contain an elementary treatment of the relevant 
aspects of modern solid-state physics. Unfortunately the theory of the 
conduction process forms a complex branch of the electron theory of metals 
and is difficult to popularize intelligibly without becoming superficial. In the 
account given here there is, apart from a few minor errors of interpretation, a 
general tendency to quote detailed formulae applicable to models of doubtful 
validity, when a more general discussion of the physical basis of the phenomena 
in question might have been more illuminating. But the authors have success- 
fully avoided the major pitfalls and can be said to have made a creditable attempt 
at a difficult task of exposition and synthesis. E. H. SONDHEIMER. 


Structure Reports: Supplementary Volume and Cumulative Index for 1940-1950, 
Vol. 14, general editor: A. J. C. Witson. Pp. vii+215. (Utrecht: 
N. V. A. Oosthoek’s Uitgevers Mij—Published for the International Union 
of Crystallography, 1959.) 

Volume 14 is mainly concerned with cumulative indexes for the volumes 
covering the period 1940 to 1950 (Volumes 8-14). The cumulative indexes 
provided are as follows: Metals, Subject, Formula, Compounds and Author. 
The Subject Index includes all substances referred to in the Reports except 
metals, group headings, e.g. organic compounds, geographical names giving 
mineral localities, and some physical properties such as expansion coefficient. 
A few corrigenda to be applied to the volumes 8 to 13 are also included. .c.s. 


Structure Reports for 1952, Vol. 16, general editor: A. J. C. WILSON. 
Pp. viii+651. (Utrecht: N. V. A. Oosthoek’s Uitgevers Mij—Published 
for the International Union of Crystallography, 1959.) 

The Structure Report Volume 16 follows the same pattern as previous 
volumes in the series and covers the year 1952. The Subject Index has been 
slightly modified as a result of the experience gained in the preparation of the 
cumulative indexes contained in Volume 14. ACS 


Elements of Wave Mechanics, by N. F. Morr. Pp. ix+156. (London: 
Cambridge University Press, 1958.) 15s. 

Elements of Wave Mechanics, was first published in 1951 to replace the 
author’s earlier 1930 An Outline of Wave Mechanics. The present edition 
is an offset-litho reproduction of this 1951 edition, and is one in the new series of 
Students’ Edition textbooks recently introduced by Cambridge University 
Press. ‘This neat and inexpensive edition will be much welcomed by students. 

ACH 
Confluent Hypergeometric Functions, by L. J. StateR. Pp. ix+247. (London: 
Cambridge University Press, 1960.) 65s. 

The confluent hypergeometric functions are Kummer’s function and the 
Whittaker functions which the physicist frequently meets in the solution of 
partial differential equations. The first part of the book gives a full discussion 
of the main properties of the functions and of the analysis necessary to develop 
their asymptotic expansions. In the second part are three appendices giving 
tables of the function ,F\(a; 5; x) over the ranges most useful to the computer. 
These tables are stated to be the most complete yet to be published. Arise 
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Electronic Computers: Principles and Applications, by Lely iva, Pp. vill +263; 
(London: Iliffe and Sons; New York: Philosophical Library, 1960.) 25s. 


This is a second edition of a book first published in 1956. Developments 
have been so rapid that much of the new edition is modified and three new chapters 
have been added dealing with analogue computer circuits, programming of 
digital computers and a discussion of computers of the future. 

The fundamental approach is, as in the first edition of the book, intended as 
a non-mathematical introduction to the principles and applications of computers, 
and is designed to appeal to technicians, engineers and students with some know- 
ledge of electronic or electrical engineering. BOOKS. 


Theory of A.C. Circuits, by S. Fiscu and J. L. Porter. Pp. xi.+453. (London: 
Macmillan, 1959.) 35s. 


In writing a book on such a topic as this for which there is already a wealth 
of literature, the authors should be convinced of their ability to throw con- 
siderable new light on a well studied subject. Apart from a few minor instances. 
the book gives little evidence of any new approaches and in at least one case 
reverts to an outmoded explanation; the quantity j is defined as ,/(—1) and 
not as an operator rotating through 90° as is now generally accepted. This is. 
merely an instance of the general trend throughout the book whereby the 
engineering phenomena are subjugated to the mathematical analyses. 

Despite the preceding rather condemnatory remarks the book is well presented 
and covers the field of a.c. circuit analysis applied to lumped circuits with com- 
mendable clarity. In attempting to be comprehensive, chapters dealing with 
Laplace transform and circuit synthesis have been included. The former is. 
very well developed from Fourier analysis via the Fourier integral and transform 
and gives an admirable introduction to the subject; it does, however, limit the 
discussion to the use of Laplace transform as a mathematical tool. ‘The chapter 
on synthesis is naturally so restricted that it is only possible to deal with the four 
simplest canonical reactance forms. Nevertheless the significance of even 
these could have been enhanced by a more comprehensive survey of the analysis 
of frequency dependent networks earlier in the book. The more elementary 
topics are dealt with in a very detailed manner at times bordering on the pedestrian ; 
a student who would require explanation at this level would find some of the 
later parts of the book too sophisticated. It will therefore take its place among 
the large number of standard texts on circuit theory from which the student 
must make his selection. R. A. KING. 


Luminescence Cristalline, by D. Curte. Pp. x+209. (Paris: Dumond Mono- 
graphs, 1960.) 14.50 nfr. 


The monograph is one of a series intended as up-to-date introductions to 
specialized scientific topics. ‘The author is an established research worker in his 
field and the text represents his lectures to students which form part of a wider 
grounding in solid state physics given in the University of Paris. Much of the 
subject matter is concerned with emission processes, but there is brief treatment 
of effects such as thermal and optical stimulation of luminescence and modes of 
energy transfer in phosphors. ‘The brevity of the volume restricts ifs critical 
approach. For example, exciton theory is presented without mention of current. 
doubts as to the significance, if any, of excitons in sulphide phosphors. 


1008 Reviews of Books 


The bibliography is restricted to review articles in general. However, the 
book is a useful contribution to the teaching of the subject and will help many 
postgraduate students entering the field. G. F. J. GARLICK. 


Paramagnetic Resonance in Solids, by W. Low. Solid State Physics, Supplement 2, 
edited by F. Seitz and D. TuRNBULL. Pp. viili+212. (New York, London: 
Academic Press, 1960.) $7.50. 


Paramagnetic resonance spectroscopy now finds a wide application in the 
field of solid state physics. A particular aspect of the study, namely para- 
magnetic resonance of transition group ions, has been extensively investigated 
and because of the rapid accumulation of data has already been the subject of 
a series of review articles in Reports on Progress in Physics. Professor Low 
has been prolific in the field and his book is mainly concerned with this subject. 
The second chapter deals with the effects of crystalline electric fields of different 
symmetries on the energy levels of transition group ions and with the spin 
Hamiltonian. ‘Tables of matrix elements of crystal field operators are collected 
here and examples given of the manner in which they are used to calculate the 
splitting of degenerate orbital levels by crystal fields. The following chapter 
gives a detailed discussion of measurements on individual magnetic ions. It is 
pointed out that a knowledge of the optical spectrum of a magnetic ion is usually 
necessary for a full understanding of the paramagnetic resonance spectrum and 
examples are given of cases where optical and microwave measurements in the 
same crystal have been profitably combined. Both these chapters contain a 
large number of references to original papers and are the most extensive and 
useful review of transition ions now available. The following chapters dealing 
with relaxation times, colour centres and experimental techniques are less 
specialized and not so well developed and do not add greatly to the usefulness 
of the book. W. HAYES. 
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Drum camera record of ionized argon shock front moving through the glass 
[he speed is measured from the slope of the 


Figure 2. 
section of the shock tube at Mach 15. 
trace in the (x, t) plane and checks the speed recorded by photomultipliers. 


Time 


described in figure 7. “The highly 


brass electrode position and the 


Drum camera record of plasma interaction 
The luminous contours of the 


Figure 8. 
luminous region displays the shock reflected at the 
effect of the interaction on transmitted flow speed. 


plate are indicated in the explanatory diagram. 


Plate I 


MY) 


H. J. PAIN AND P. R. 


IE] SBREK 


‘(1) (Pp) § e4nsy ul UMOYS st uOTIsod 

L ‘9903 94) Jo yred sasddn 94} OF pouyUos st YSIYM ploy oouseul eB YIM sjovtojUr BUUseyd ay} UZYM SULIOF YOIYM UtO}Ied MOLY Ieays 
soul] play Ooeuseu ay} suoje syied [BoTJaY esqiuosap saposed [PNpIAIpul 9yi Jey} YyOns st Ayrsuop euuseyd 94} puke DOO) OF SI an[RA 
P[PY PY} e19FY “991OF FO SOUT] JY} SMOT[OF pur s][BA 9qny YOOYS 9} VAva] OF stveadde Moy ay} UIYM P]9Y IJIUSLU JY} JO JIT fo BUIJDLI}SUOD JY} SMOYUS (@) 
‘oyIp[ese FO opelu 9/ZZou Iepnuue ue Aq paovyda udeq SvY play 9ouseUI 
OHouseUl 


[109 play 2y 
B SMOYS (J) 


941 a19yM Ydeisojoyd W0}}0q ay) Ul UdeS oq ABUT MOP AeIIWUIS B puR , ayzzou 


¢ 


, UU1OfF O] SI P[eY dU} jo JIIfo oY, T, “‘ydeisojoyd 91JUND Ae pl ul UMOYS Se poYi pow ST MOLY 9} 2 000 Od S! IN[BA P[eY oy} UIU MA “pley 
douse B jo ds IUISe dYy ul ‘[r09 Ply ayy pure 9qny YOOYS 


= 


Direction of Plasma Flow 


= 

oO = = 

= RS 3S 
— — 


941 FO UWONSS sse[s oy} Ysnoryy surmoy vurseyd smoys ydessojoyd do} ayy, (V) “p sans 


PROC. PHYS. SOC. VOL. 76, PT. 6 (R. C. NEWMAN) 


Diffraction pattern from etched silicon after heat treatment at 1132°c. Streaked spots due 
I I 


to silicon and sharp spots and rings due to precipitate particles. (100) surface; [011] 


azimuth. 
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